
Lecture 22: Macroeconomics

Today will be a lecture on resource allocation.

In Lecture 20, we saw that if f, g are functions continuous on [0,∞) which are twice
continuously differentiable on (0,∞) and satisfy f ′′(x), g′′(x) < 0 for all x ∈ (0,∞) and
also satisfy

lim
x−→0

f ′(x) = lim
x−→0

g′(x) =∞,

then the function
Ft(x) = f(x) + g(t− x),

has a unique maximum. We discussed that this maximization may be thought of as an
optimal allocation for a resource for which t units are available and which has two uses
whose values are given by f and g.

Today’s lecture can be viewed as a very basic introduction to a field called by its
practitioners, “modern macroeconomics”, which consists entirely in the study of such op-
timization problems.

A more precise description of macroeconomics is that it is the field of study that
concentrates on the behavior of the economy as a whole. Macroeconomics is not well
represented here at Caltech. (Perhaps one reason is that the reputation of macroeconomics
as a subfield of economics is that it is one of the least mathematically rigorous subfields.)
However, it is an extremely important subfield, at least in terms of its impact on society.
The federal reserve bank, which controls the money supply of the United States ( as well
as many other central banks around the world) models the economy almost entirely based
on theoretical ideas from modern macroeconomics. (They use statistical input, as well, of
course.) Today we’ll se a hint of how that works.

Before I can explain how a macroeconomic model works, I have to explain what
functions economists are maximizing. To do this, I have to explain the notion of a utility
function.

Roughly speaking, a utility function u(x) is a function of x, which is a quantity of
a good or amount of money, which says how happy someone is to have that quantity of
the good or that amount of money. You might ask why we need such a function. Why
shouldn’t I imagine that I am a million times happier having a million dollars than having
one dollar. Why not just use x?

Economists often explain that this is to avoid gambling paradoxes. We begin a short
aside on gambling. A fair coin is one that if you flip it, the probability of landing on heads
is 1

2 and the probability of landing on tails is 1
2 . If we play a game of chance where I flip

a coin and I give you x dollars when the coin lands on heads and y dollars when the coin
lands on tails, we say the “fair price” for playing this game is x+y

2 dollars.
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Now I’ll describe a slightly more complicated game of chance. I flip a coin. If it lands
on heads, I give you one dollar. If it lands on tails, I flip again. Now if it lands on heads, I
give you two dollars. If tails, we flip again. If heads, I give you four dollars, if tails we flip
again. And so on. In general, the game ends the first time I flip heads. I pay 2j−1 dollars
if this happens on the jth try.

What is the fair price of this game? There is 1
2 probability of head on the first flip.

So this contributes 1
21 = 1

2 dollars to the fair price. There is 1
4 probability of getting to

the second flip with heads. This contributes 1
42 = 1

2 dollars to the fair price. There is 1
2j

probability of getting to the jth flip and getting heads. This contributes 1
2j 2j−1 = 1

2 to
the fair price. Each j contributes 1

2 to the fair price. So the fair price is ∞. No one would
pay this price however.

This creates a problem for economists. They have to explain the behavior of people
in the real world. If they won’t pay ∞ for this game, they aren’t using the fair price
model. Economists explain this by saying that people have a concave utility function.
(They just don’t like large amounts of money that much.) Really they are calculating the
fair utility they are giving for the utility they might expect. Incidentally, if you ask the
same economists why people actually play lotteries, they are likely to say, “Those people
are just stupid!”

Now we introduce the simplest version of a modern macroeconomic model. This is
sometimes called the neoclassical growth model.

The idea is going to be that people make forecasts about the future and that they
are trying to optimize their happiness taking the future into account. This will be an
optimization problem. In our economy, there will be one kind of good. You might think of
seeds. You can eat them or you can plant them. You have a utility function u of x. The
number u(x) represents how happy you are when you eat x seeds. The utility function u
is a nice function. It is defined and increasing on (0,∞), it is concave and

lim
x−→∞

u′(x) =∞.

The rules of the economy are that you are the only person in the economy. Time is
divided into discrete periods. (Think harvests.) In the jth period, you might eat xj . There
is a number 0 < β < 1 called your discounting factor, so that your happiness is given by

H(x0, x1, . . . , xj , . . .) = u(x0) + βu(x1) + β2u(x2) + . . . .

At time period zero, you start with k0 seed. You eat x0 and plant k0 − x0. The seed
you plant goes into a Cobb Douglas machine as capital. Like the little red hen from the
story, you are happy to work to get the harvest. So labor is 1. And k1 = (k0 − x0)α with
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0 < α < 1. In general, at time period j, you have kj seed, you choose 0 < xj < kj and
you get

kj+1 = (kj − xj)α.

Your problem, starting at k0 is to play this game to optimize H(x0, x1, . . . , xj , . . .). How do
we do it? It looks hard because it is an optimization problem in infinitely many variables.

The key is to notice

H(x0, x1, . . . xj , . . .) = u(x0) + βH(x1, . . . , xj , . . .).

Let V (k0) be the solution to the game, the optimal value you can get from k0. Then V (k0)
is the maximum of

u(x0) + βV ((k0 − x0)α),

where x0 lies between 0 and k0. This is exactly a resource allocation problem like in lecture
20, provided that V is a concave function with derivative going to infinity at 0. However,
so far our reasoning is circular. We can only get to this allocation problem, by assuming
our problem is already solved.

There are various ways of converging to a solution though. Suppose you know you
are only going to live for two time periods. Then in the last time period, you should eat
all your seed. So you are optimizing

u(x0) + βu((k0 − x0)α),

which you can do. Call the optimum V1(k0). Next imagine, you will live for three periods.
You should optimize

u(x0) + βV1((k0 − x0)α).

Call the optimum V2(k0). Proceed likewise for arbitrarily many lifetimes and just let

V (k0) = lim
j−→∞

Vj(k0).

Basically the limit will converge, because the difference comes from consumption multiplied
by high powers of β which are getting quite small. You should ask how we can prove
concavity of the Vj ’s so we can continue this process. One of your homework problems
this week addresses that.

Robert Lucas, who basically founded modern macroeconomics, got his nobel prize for
showing that a number of somewhat fancier models can be solved in the same way. The
single agent, which I’ve described as “you”, which is the only consumer in this model,
plays the role of a representative agent. We figure all consumers are about the same, and
we determine how they will behave based on how the representative one behaves. It is
possible to think that a macroeconomy consists of a lot of consumers who are different
from one another. Can one extend this theory to them? That is a major open problem ...
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