
Lecture 7 Limits and Continuity

Today, for the first time, we’ll be discussing limits of functions on the real line and
for this reason we have to modify our definition of limit. For the record:

Definition A function f from the reals to the reals is a set G of ordered pairs (x, y) so
that for any real number x, there is at most one y with (x, y) ∈ G. The set of x for which
there is a y with (x, y) ∈ G is called the domain of the function. If x is in the domain, the
real number y for which (x, y) ∈ G is called f(x).

Don’t panic! I don’t blame you if the above definition, beloved of mathematicians, is
not how you usually think of functions. The set G is usually referred to as the graph of
the function. The condition that there is only one y for each x is the vertical line test.
However all of this is still a little drier than the way we usually imagine functions. We like
to think there is a formula, a rule, which tells us how we compute f(x) given x. Certainly
some of our favorite functions arise in that way, but it is not the case that most functions
do, even granting some ambiguity in what we mean by a formula or a rule. Nonetheless in
this lecture, we will deal with functions at this level of generality. One consolation might
be that when you are out in nature collecting data to determine a function, your data will
come as points of the graph (or rather approximations to them since in reality, we don’t
see real numbers.)

Definition If f is a function on the reals, possibly except for a, we say that

lim
x−→a

f(x) = L,

if for every ε > 0, there is δ > 0 so that if |x− a| < δ then |f(x)− f(a)| < ε.

The definition of the limit should by now look somewhat familiar. Because we are
looking at limits of a function instead of limits of a sequence, the quantity N(ε) which
measured how far in the sequence we had to go to get close to the limit is replaced by the
quantity δ(ε) which measures how close we have to be to a for the function f to be close
to its limit.

To get a handle on how a definition works, it helps to do some examples.

Example 1 Show that

lim
h−→0

(2 + h)2 − 4

h
= 4.

Here the function f(h) = (2+h)2−4
h is technically not defined at 0. However at every

other h, we see that the function is the same as 4 + h. Hence the problem is the same as
showing

lim
h−→0

4 + h = 4.
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Thus what we need to do is find a δ(ε) so that |4 + h− 4| < ε, when |h| < δ(ε). Since
|4 + h− 4| is the same as |h|, we just use δ(ε) = ε.

A lot of the limits we can take in elementary calculus work like Example 1. We rewrite
the function whose limit we are taking on its domain in a way that makes it easier for us
to estimate the difference between the function and its limit.

The rules that we had for taking limits of sequences still work for limits of functions.

Squeeze theorem for functions Let f ,g,h be functions which are defined on the
reals without the point a. Suppose that everywhere we know that f(x) ≤ h(x) ≤ g(x) and
suppose that

lim
x−→a

f(x) = lim
x−→a

g(x) = L.

Then
lim

x−→a
h(x) = L.

The proof basically repeats the proof of the squeeze theorem for sequences.

Proof of the squeeze theorem for functions We can find a common function δ(ε)
so that |x− a| < δ(ε) implies that |f(x)−L| < ε and |g(x)−L| < ε. Then we observe that
f(x)− L ≤ h(x)− L ≤ g(x)− L. Thus

|h(x)− L| ≤ max(|f(x)− L|, |g(x)− L|) < ε,

where the last inequality only holds when |x− a| < δ(ε). Thus we have shown

lim
x−→a

h(x) = L.

The notion of limit allows us to introduce the notion of a continuous function. We
first write down a helpful Lemma

Lemma Let {xj} be a sequence of real numbers converging to a. Suppose that

lim
x−→a

f(x) = L,

then
lim

j−→∞
f(xj) = L.

Proof of Lemma We need to show that for every ε > 0, there is N(ε) so that if n > N(ε)
then |L − f(xj)| < ε. What we do know is that for every ε > 0 there is δ > 0 so that if
|x− a| < δ then |f(x)− L| < ε. Thus it would be enough to show that there is N so that
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if j > N then |xj − a| < δ. This we know from the convergence of the sequence to a, using
δ in the role of ε.

Definition A function f on the reals is continuous at a point a if

lim
x−→a

f(x) = f(a).

We say that f is continous on an interval [c, d] if it is continuous for every a ∈ [c, d]

We shall now take some time to prove as theorems some of the basic properties of
continuous functions that we tend to take for granted.

Extreme Value Theorem Let f(x) be a function which is continuous on the interval
[a, b]. Then f(x) attains its maximum on this interval. More precisely if M = l.u.b.{f(x) :
x ∈ [a, b]} then M exists and there is a point c ∈ [a, b] so that

f(c) = M.

Proof The hardest part of proving this theorem is to show that the set {f(x) : x ∈
[a, b]}, which is clearly nonempty, is bounded above. We prove this by contradiction.
Suppose not. Then for every natural number n, there is xn ∈ [a, b] so that f(xn) > n.
(Otherwise n is an upper bound.) Now we apply the Bolzano-Weierstrass theorem. This
tells us that there is a subsequence xnj

converging to some point z ∈ [a, b]. But by the
definition of continuity

lim
j−→∞

f(xnj ) = f(z) <∞,

which is impossible since by assumption f(xnj
) > nj .

Now we know that M exists. Since M is the least upper bound, it is the case than
for every n, there is a point xn ∈ [a, b] so that

M − 1

10n
< f(xn) ≤M.

(Otherwise M − 1
10n is also an upper bound and so M is not the least.) Now applying the

Bolzano-Weierstrass theorem again, we see that there is a subsequence {xnj
} converging

to some point c ∈ [a, b]. By the definition of continuity, we have that

lim
j−→∞

f(xnj
) = f(c).

Thus we see that
f(c) = M.

The key ingredient in the proof of the Extreme value theorem was the Bolzano Weier-
strass theorem. It was there that we used seriously the important hypothesis that the
domain on which the function is continuous is a closed interval.
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We are now ready to prove the other most iconic property of continuous functions:

Intermediate value theorem Let f be a function on the interval [a, b]. Suppose
that f(a) < L < f(b). Then there is some c ∈ [a, b] so that f(c) = L.

Proof We will prove this theorem by contradiction. Suppose there is no value c for
which f(c) = L. We consider the midpoint of the interval a+b

2 . By assumption, either

f(a+b
2 ) < L or f(a+b

2 ) > L. If f(a+b
2 ) < L, we define new endpoints a1 = a+b

2 and b1 = b.

If f(a+b
2 ) > L, we define instead a1 = a and b1 = a+b

2 . In either case, we have that
the hypotheses of the theorem are retained with a replaced by a1 and b replaced by b1.
Moreover, we have that each of the three numbers a1 − a, b− b1, and b1 − a1 is bounded
by b−a

2 .
We keep repeating this process, shrinking the interval by a factor of two each time.

Thus we obtain sequences {al} and {bl} so that f(al) < L, so that f(bl) > L and so that
the three numbers al − al−1, bl−1 − bl, and al − bl are all non-negative and bounded above

by bl−1−al−1

2 = b−a
2l

.
Thus we have that {al} and {bl} are Cauchy sequences converging to the same point

c. Thus by the definition of continuity, the sequences {f(al)} and {f(bl)} both converge
to the same limit f(c). But since for all L, we have

f(al) < L < f(bl),

by the squeeze theorem, we have that f(c) = L. This is a contradiction.
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