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We introduceanextensionof complexscaling whichis applicableto moleculesin theBorn—Oppenheimerapproxima-
tion andwhichreducesto theusualcomplexscalingwhenthattheoryis applicable.

Themethodofcomplexscalinghasbecomea stan- In this context,it is of obviousinterestto beable
dardtool in theunderstandingof atomicresonances. to apply thetheoryto thestudyof molecularreso-
Thetheoryis closely relatedto thenotionof Gamow— nances.At first glance,thereappearsto be no problem
Siegert [1] boundaryconditions,i.e. of looking for here sinceCoulombpotentialsare dilationanalyticso
solutionsof the Schrodingerequationwith exponen- thatonecanscaleall thecoordinates,bothelectron
tial falloff in somecomplexdirection.Versionsof the and nuclearand geta systemto which the Balslev—
theoryon the level of ordinarydifferentialequations Combestheoryapplies.However,asemphasizedby
[2] anddeformationsof integrals[3] werebyproducts McCurdy andResigno[15] ~, thereare problems
of the developmentof Reggetheory.A versionof the with thisview: (i) Becauseof rotationalandvibration-
theorywhich isregardedasthedefinitive onefollows al excitations,therearesomanythresholdsin the full
a suggestionof Combes[4] thatone dealwith analytic problemthatevenif onecoulddo the full calculation,
continuationon theoperatorlevel of hamiltonians in somefinite basis,it would bedifficult to determine
movedunderthereal scaling which eigenvalueswere associatedto a cut andwhich

3N8/2 0 0 to true resonancesandwhich resonanceswererelevantU(O)~i(r1,...,r)e i~(er1 ... e r ). (1) . . . *4n n m someparticularphysicalprocess . (n)The neces-

Thissuggestionwasimplementedby Aguilar, Balslev sity to scalethenuclearvariablespreventsone from
and Combes[5] with further developmentby others working in a Born—Oppenheimer(BO) approximation.
[6—8].The scopeof applicationrunsthe gamutfrom Thismeansthat onehasamuch morecomplexprob-
subtlemathematicalquestionslike theabsenceof sin- lem both from the pointof view of calculationandin-
gularcontinuousspectrum[5] andthe convergence

It shouldbenotedthat thereis oneexperiment(of Peart
of time-dependentperturbationtheory[8] , through andDolder [9]) whichviolatesthegeneraltheorem,see
detailedtheoreticalfeaturesof resonancesin Coulomb ref. [10]. Sincethegeneraltheoremdependson no ap-
fields,suchasthe absenceof resonancesat energies proximation(otherthanthatof takingahamiltonianwith
sufficientfor total breakup[7—12] *1,2 and the reso- purelycoulombicpotentials,i.e.droppingrelativisticcor-
lution of the Stillinger problem [13] and finally to rections)andsincetheenergyis too largefor the“reso-

nance seento besomekind ofthresholdeffectpretend-
thedetailedcalculationof resonancepositionsin few- lagto bearesonance,it seemsimperativethat theexperi-
electronatoms[14]. mentbechecked.

*2 Ref. [11] sketchesaveryelementaryproof of Hunziker
[12] of theno-resonanceresult.

Researchpartiallysupportedby USNSF underGrant *3

MCS 78-01885. This paperin preprintform stimulatedtheresearchde-
*i,2 Seenextcolumn. scribedhere.

* Thisargumentwasgivento meby W. Reinhardt.
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terpretationthenin theBO approximation.(iii) Most R(x) = x, 0 <x ~R0, (4a)
significantly [15], thereshouldbeBO resonance
curveswhich do notcorrespondto resonancesof the =R0 + e°(x— R0), R0 ~<x. (4b)
full system:after all, evenon the levelof boundstates,
therewill be BO electroniccurveswhich arerepulsive The boundaryconditionsfor matchingthat onewould

try in this caseare clearly (for ~,L’(R(x)))
— thesewill not correspondto boundstatesof the
full systembutare veryusefulfor theunderstanding 0(R0—0) = ~ti(R0+ 0),
of certainprocesses.

Wethusseethat it is importantto be able to dis- i,Li’(R0 — 0) = e—°iIi’(R0 + 0). (5)
cussresonancesfor severalelectronsmovingin the
Coulomb field of severalfixednucleiandherethe Motivated by this we introducean operatoron wave
crunchcomessincethe resulting potential, functions i~of n threevectorsr, = ~ with i-~E (0,oo),

k k3~Hlby:

V(r)=E z1lr—r~I~, (2) (UR0(O)0)(rl,~l, ~
i=1

is notdilation analytic aboutany center [11]. This
canbe seenby noting that(e~r— r0)

2 = 0 (r = (x,y,z) = J(~
1)... J(r,~)~Ji(R(r1), ~ ...,R (rn), ~ (6)

andr0 = (0,0,r0) real)correspondsto whereJ(r,) is (the squareroot of the jacobian):

z = r0 C05 4), X

2 +y2 (r
0 sin ~)2 (3) J(r) = [R(r)/r] [dR/dr] 1/2

so,underscalingthe singularity atr0 turnsinto a circle necessaryfor U to beunitarywhen0 is realandR is
of squareroot branchpoints! Onemight thusgive up given by eq.(4) with 0 real.
on applyingcomplexscalingto this situationbutour SinceUR0 is a one-parametergroup it will havevec-
experiencewith complexscalingandthe Starkprob- tors analyticin 0 sayin the region lIm 01 <ir/4. In
lem ~ shouldconvinceusof theflexibility of the fact [18], whenn = 1, anyvectordilation analyticin
methodand leadusto find somemodified approach theusual sense(i.e. for R0 = 0) is analyticfor UR0 in
which is applicableto this situation, this strip: this canbe seen,for example,by making

We wishto describesuchanapproachhere;some partial-waveexpansionsandreducingtheresult to the
of themore technicalaspectsof the problemwill be fact that a function analyticin IArg zI c~4) and L

2 for
describedin a longerpaper [181.The methodis moti- lArgzI ~ 4) is also L2 for IArg(z — R

0)I ~ 0. Forn
vatedin partby considerationof theGamow—Siegert electronsthesituationis morecomplicated[18] but
boundarycondition [1]; also,it clearlyhassomeover- thecritical fact is that thereis a set :)~of vectorsana-
lap withR-matrix ideas.Forobviousreasons,we sug- lytic for UR0which is densein thesevectorsin the
gest calling themethod“exteriorcomplexscaling”, norms IIUR0(iO)’ II, 101< irI4 with ~ universalin the

Considerfirst a one-dimensionalproblemon a half- sensethat it is independentofR0. For example[18],

line with a potentialV(x)which is not necessarily onecan let ~ltconsistof vectorsi~so thatexp(6Er~)ri
analyticin (0,R0)butwhich is analyticin {zlRez is dilation analyticin theusualsensein eachelectron
>R0}. TheGamow—Siegertmethodsuggestswe look coordinateseparatelyandhas
for solutionswhich falloff exponentiallyalonga curve
x -* R(x) (0 = i4), 0 real)with~6 exp( 6 ~ r?) i~ED (ft (1 — ~~)1/2)

*5 As in thepresentcase,theextensionof thetheoryto asit-

uationnotcoveredby the Balslev—Combespaperwas moti-
vatedby calcuiationalwork,especiallyby Reinhardt[i6]. 6 runsthroughall strictly positivereals.
The mathematicaltheorycanbefoundin ref. [171. Let H~

0)= ~ and
*6 Thereis nothing sacredaboutthis curvefromtheGamow—

Siegertpointof view. However,ithastheimportant prop- H~°Ø~(0) = UR
0(0)H0 UR0(0)~

erty thatwhenoand0’ arereal,R(R(r,6),0’)R(r,0
+ 0’), whichwill yield thegrouppropertyfor ourunitaries This operatoris analytic for urn 01 <r/2 in the sense
UR0(O)definedbelow, that it hasan analyticresolvent[18]; it is notanalytic
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of type (A) but ratherof type(B) [19] — that is, the (iii) If 4) is UR0(O)analytic,then (4), (HR0(0)
operatordomain is not invariantessentiallysince, — z)~0)canbe continuedin the usualway. Because
afterpassingto partialwaves,it involvesbothbound- theset q~describedaboveis densein the UR0 analytic
aryconditionsin eq.(5) but its form domain is invari- vectors,onecanshow thatEis a discreteeigenvalue
antsincethatonlyinvolvesthe first boundarycondi- of HR0(0)if andonly if it occursasthe pole of some
tion which isO independent.Moreover (0,(HR0(O)— z)_i iji) for some~,Li,4) in ~ Since~ is
a(Hj~”(O))= e”~

0[0,00), (7) independentof R
0,this has theimportantconse-

quencesthat thepositionsofresonancesare indepen-

which might be surprisingat first blush,canbeproven dentofR0so long asone runs throughpermissibleR0
asfollows: the essential(~continuous)spectrumof and in particular,if V is dilation analyticin the usual
H~°~comesfrom statesthat live nearinfinity * ~where sense,thepositionscoincidewith thosein the Balslev—
,J ~..Y~39/2and theparticleis unawareof the special Combestheory.

natureof a tiny regionnearzero.Thus In this wayonehasa frameworkfor definingreso-
nanceBO curves~, 10, Thisprocedureis clearly not

aess(HA°~(O))= csess(Hi~°~(0))= e
20[0,00). asconvenientas in the atomiccasewherethe same

Therecanbeno eigenvaluessincesolutionsof theequa- matrix elementsneededfor bound-statecalculations
tion H~°~(0)4) = E4) regularnearri = 0 aresumsof canbe usedfor resonancecalculations;indeed,it is
productsof Besselfunctionstimessphericalharmonics clearthat oneneedssomeconsiderablethoughtbefore
and sonotsquareintegrable. attemptingcalculationsin our framework.Wehadorig-

Onecannow mimic theusual theory[5] and in inally hopedthatwewould find ajustification for the
particularconsider calculationalproceduresuggestedby McCurdy and

Reseigno[15]. It doesnot appearthatwe succeeded
HRO(O)=Hj~°)(0) on that account.It remainsto beseenwhethersome

synthesisispossiblewhichretainsthe firm mathemat-
n

+ E VR
0(O)(r~)+ E WR0(0)(rl,r1). (8) ical basisof our approachandthe calculationalcon-

venienceof the approachof McCardy andReseigno.
j=1 i<j

For molecularresonancetheory,the main results [18] It is a pleasureto thankBill Reinhardtfor stimula-
arethe following: ting my interestin this problemandbothheand

(i) If V is local,centralanddilation analyticin the Bob Junkerfor usefuldiscussions.
usual form sense[7] underscalingcenteredat some
pointr1 with i’~I<R0, then V is UR0(0)analytic. In *9 Of course,asthenuclearseparationchanges,wehaveto
particular,the Vof eq.(2) is UR0 analytic.Moreover, changeR0butby theindependenceof the curveson per-

missibleR0,this doesnot matter.
since((R(r1), t.~) — (R(r2), w2))

2 = 0 impliesthat ~ Theframeworkalso impliesanumberof o~herresults,all
= ~ r

1 = r2, theCoulombrepulsion(r1 — r2Y~ familiar in the Balslev—Combesframework,e.g.conver-
is UR0(O) analytic.Thuseq.(8)makessensefor (BO) genceof time-dependentperturbationtheory.

hamiltonians.Onedefinesresonance,etc. in the usual
way.

(ii) aess(Il~o(0))consistsof(E + Ae
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