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Local Ward Identities and the Decay
of Correlations in Ferromagnets

Michael Aizenman* and Barry Simon**
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Abstract. Using local Ward identities we prove a number of correlation
inequalities for N-component, isotropically coupled, pair interacting fer-
romagnets ; some for all N =2 and some for N =2, 3,4. These are used to prove
a mass gap above the mean field temperature, for all N>2. For N=2,3,4 we
prove an upper bound on a critical exponent, and a lower bound on the
susceptability which diverges as m—0.

1. Introduction

Recently, Dobrushin and Pecherski [1] announced some new results about the
possible rates of clustering in equilibrium states of lattice systems with finite range
interactions. One of the results is that if the clustering falls-off faster than a certain
(dimension dependent) power of the separation, then it is exponential. In the above
work, the clustering is expressed by a rather strong condition, which measures the
independence of the statistical distribution of spins in any region from all the other
spins which are further then a given distance away. Subsequently, in a work
published in this issue, Simon [2] formulated, and proved for ferromagnetic Ising
models, a new inequality which implies such a property for the two point
correlation function. Thus, this inequality leads to an upper bound on the
corresponding critical exponent. Furthermore, the inequality was used in [2] to
provide upper bounds for the critical temperature of the mass gap. In fact,
incorporating an improvement due to Lieb [3], one obtains a sequence of upper
bounds, calculable by finite algorithms, which converge to the exact value. The
derivation of the mass gap from the above mentioned inequality of [2] is related to
its derivation from Griffith’s third inequality [4], see [5,6]. The latter is a
particular case of the new inequality, in its improved version of [3].

The main purpose of this note is to prove inequalities similar to those of [2] for
multicomponent, ferromagnetic, spin models with O(N) symmetry. We use in the
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derivation local Ward identities [7, 8] and certain correlation inequalities. For the
case N=2 (plane rotor), a somewhat weaker result, is already contained in [2].

In particular, our results imply a mass gap above the mean field transition
temperature for any N =2, an upper bound on suitable critical exponents for
N=2,3,4, and a lower bound, in terms of m, on the susceptability, which diverges
as m—0.

2. Local Ward Identities

Local Ward Identities were developed by Driessler et al. [7]; similar ideas were
discovered by Frohlich and Spencer [8]. Certain special cases go back to Mermin
[91.

We consider a classical system of spins with an a-priori (uncoupled) measure,
for which the expectation value is denoted by {-),, and an interacting expectation

(A>={Ae™ P} [Ce™ P, 2.1)

Let y, be a family of automorphisms [i.e. y,(4B)=y,4)y,(B)] which preserve the
a-priori expectation values of the functions, i.e.

Ao =<4, (2.2)
and let

A= d A 2.3

—E%( )It=0' ( . )

Then, the local Ward Identities assert that
(Ay=p{AH). 24)

This comes from
d —ye(BH)
= oAy =0

which follows from (2.2).

Driessler et al. applied the local Ward Identities to prove an inequality on the
local magnetization function (somewhat similar to Griffith’s third inequality),
which was then used to prove the vanishing of the magnetization above,
approximately, the mean field transition temperature (the full mean field bound
requires for N =5, an improvement, made in [10]). In the next section we apply a
similar procedure to prove an inequality for the correlation function. For
temperatures above the mean field transition, the inequality implies a mass gap, by
a general argument which, in one way or another, was used in [5, 6, 2] (and which
we reformulate in yet another way here).

3. Mass Gap Above the Mean Field Transition Temperature

The systems we consider consist of N-component spin variables, 6;=(0; ;)
J=1,...,N, which are associated with lattice sites ieIL=2Z¢, where d is the space
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dimension. The spins have as the a-priori measure the isotropic distribution on
(8"~ Y% and interact through the Hamiltonian
H=— ZJijciﬂj,
ij
with some J;;=0. We consider states which are limits of the finite volume states

(2.1), with either free or periodic boundary conditions, for sequences of domains
which increase to IL.

Theorem 3.1. Under the above hypotheses :

(6;-6,)<P/N ) Jy{0,-6, (3.1)
kel
for any i=j.
Proof. Let y¥ be the family of maps on ($"~!)" with
G4 j¥Ei or A£1,2
Yo, )= q(cost)o, | —(sint)s, , j=i, A=1
(sint)o; y +(cost)o, , j=i, A=2.

Then (2.4), with A=0, ,0; , and y,=y{", becomes:

<°'i, 10, w=p Z Jik<6i2, 204,10k,1—0;20; 10}, 1°'k,2>

kel
§ﬁZJik<af 2071017 (3.2)
éﬁ/N;Jik<aj,1o-k,1>' (3.3)

In (3.2), we use the elementary (] ]o, ;> =0, obtained by expanding e~*#. (3.3)
follows by the symmetry:

(67,0, 101> =X0},0,,0,,), for Az2,
an inequality of Simon [10]:
€6710,101,1> 2072051041 s (3.4)

and the constraint
N

Z <a§ =1
A=1

By the isotropy, (3.3) is the same as (3.1). [
As it was shown in [2], (3.1) implies a mass gap. Thus we may conclude:

Theorem 3.2. If for some ¢>0
sup Y Jyeli < oo, (3.5)

el kel

then for any p such that
B~t>supN~t ) J, (3.6)

ielL kel
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there is some m>0 with which
(6;-6,y<e "7l (3.7

Of course, for translation invariant finite range interactions, (3.5) is superflous.

While we could give a number of references, and in particular [2], for the
deduction of Theorem 3.2 from Theorem 3.1, we prove it here both for
completeness and to offer still another point of view on the derivation.

Proof'. By a continuity (or, alternatively, interpolation) argument, the assumptions
imply that for some u>0
sup B/N Y JetliM=e*<1. (3.8)
iell k

Let us define now an auxiliary Markov random walk process on the lattice,
with discrete time. Denoting its paths by x(t), (teZ, xell) we choose for its
transition probabilities from i to k:

iy =P/NJ et =M, (3.9)
with
e =p/N Y JuetliH<e <1,
kelL

Thus, if it is only known that x(t) =i, then the conditional distribution of x(t+1) is
given by ¢ ;.

For a fixed pair i3 we shall consider the walk starting at x(0)=1, and for each
N =0 define the stopping time, Ty, as either the earliest time te[1,2, ..., N] for
which x(t)=j, or N, if x(t)%j on [1, N]. Equation (3.1) can now be rewritten as
follows::

<°'x(;) : 6j> = E¢(<°'x(t) : 6j>)

< E0,+1y 00 exp[—o —ux(t+1)—x(@)1) x(0)+j
- x(1)=j
denoting by E(-) the expectation over the random walk process x(-), and using the

subscript ¢ to indicate the conditioning on x(z).
Replacing o, by its lower bound « and iterating (3.10), we obtain:

<6i'6j> . E(<6x(t0)'°'j>)
<E(<Gx( ).o-j>e“u|xm)—x(ro)l—a
T1

S .. SE(0, 00 exp[ — ulX(ty) = X (to)l —aty]) (3.11)

(3.10)

—uli—j| . i —aTtN
oo ¢ Keyep lim Elem™)
e wli=il, (3.12)

where we have also used the triangle inequality in (3.11) and the boundedness of
{oy0;> in (3.12). O

Remarks. We would like to add the following comments, in which, for simplicity,
we refer to translation invariant, ferromagnetic, interactions.
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1. (3.6) is the condition for the lack of spontaneous magnetization in the mean
field approximation. For any ¢ >0, there are models with §/N ) J,, =1+ ¢ without
K

a mass gap [11].
2. (3.6) is less restrictive than the known conditions for the applicability of
Dobrushin uniqueness theorem [12]. The condition of [13] is

BY ol <V/N
k
and that of [14]:

ﬁ;1J0k1<N/1ﬁ.

However, these results require neither positivity nor isotropy and are not
restricted to pair interactions. Moreover, the conclusions of the Dobrushin
uniqueness theorem are stronger (although for N=2, known correlation in-
equalities [15,16] imply a unique translation invariant state when there is no
spontaneous magnetization).

3. For N=2 the above mean field bound is not as good as our other bound

[17]:
ﬂc,Zzzﬁc,l’ (313)

where 8, , refers to an Ising spin system with the same interaction J, and both
critical f are either defined via the mass gap or the magnetlzatlon The latter result
is better because the mean field bounds (8, Nzﬁc, *) hold also for Ising models
(N=1) [21, 22, also in 2], and as function of N they obey the equality in (3.13).
4. Incorporating a basic observation of Gross [18] let us point out that the
only assumption about the metric |i—j| used in the above proof was the triangle
inequality. Any function with this property could be substituted instead of |i—j| in
the assumption (3.5) and the conclusion (3.7) of Theorem 3.2. This may be useful if
Z Jore™ =00 for any >0, but ), J,,e"®? < =0 for some other metric on IL

kel
(e g d(i,j)=1In[]i—j|+ 1], in which case the theorem would just lead to a power fall-

off).

4. Further Inequalities for N =2, 3,4-Component Spins

We shall now prove the following inequality which is similar to one proven in [2]
for Ising spins.
Theorem 4.1. Let A be a finite subset of IL. Then under the assumptions of Sect. 3
(and in particular J;;=0), for any N component system with N=2,3,4 and ie A,
jeAe

0,10, 1D =P > J 04,101,170, 105,10 - 4.1)

o

Proof. Rotating all the spins in A by

=1,

ked
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and applying (2.4) with A=g; ,0; ;, we obtain
<°'i,1°'j,1>§ﬁ Z Jzk<‘7i,2‘71,2‘7k,10j,1>= (4.2)

keAc
led

by the same argument as (3.2).
Since N=2,3,4, we have that [19, 20]

<6i,261,20k,10j,1> §<0i,201,2><0k, 195, - 4.3)
(4.1) follows now by the isotropy. []

Remarks
1. (4.1) can be rewritten as
{o;-6,><B/N Z Jiu<0;-6,){0} 0>, 4.4)
keAc
leA

to make it look more like (3.1).
2. Once we have (4.1), most of its applications made in [2] carry through, for
example:

Corollary 4.2. Suppose J is translation invariant and that, for some &>0,
Y Joetl < 0o. Under the hypotheses of Theorem 4.1, if

(o6 =Cli—jI™~ (4.5)
with x+ 1>d, the dimension of the lattice, then

(6;-6,y<Ce i
for some m>0.

The corollary follows from (4.4) by the proof given to Proposition 3.2 from
(3.1), after choosing A large enough so that

B/N (Z JOke£|k’) Y e edist b AN g gy < 1. (4.6)
3 led

The stopping times 7, are to be defined by the first instance that j— x(t)e A. This
leads to the extra coefficient C' (:exp [u max llq )
led
The last result clearly implies an upper bound for the possible values of the
critical exponent x in such models.

3. Most of the other applications of [2] which do not use Lieb’s improvement
[3] depend on estimating

F(n)= Z <Uo,1‘7i,1>

(i.e. the sum is over a hyperplane). Assuming <{s;-6;> >e~™i=Jl and finite suscep-
tability, (4.1) implies that, for example, in the nearest neighbor use

FGj+k+1)<F(jF(k) for j k>0
By induction,

F(j)* zF2"(+1)-1)
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and thus, for j=0,
F(j)ze i+,

Summing over j

J

X= i F(j)=e ™ coth (%)

Thus, the susceptability diverges a m—0.

4, The main improvement made in [3] of the inequality of [2] suggests that it
might be possible to replace the factor {o;-6,) in (4.4) by {o;-6,)’, with the prime
indicating that all the interactions between A and A° were set to zero. We do not
have a proof of such an inequality for the multicomponent system. For nearest
neighbor model this would imply that the mass gap goes to zero at the critical
point, by an argument given in [2]. This argument is applicable for N=1,2,as a
consequence of the results of [3] and [23].
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