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1. Introduction

In this paper we shall discuss solutions of the time independent Schrodinger
equation

(1.1 Hu =0,
(1.2) =—1A+V.

Since ¥ will not be required to go to zero at infinity, one can obtain results on
solutions of Hu = Eu by changing ¥ to V' — E. Two kinds of results will interest
us. The first are often called subsolution estimates since they hold for functions
with Hu =0, u = 0:

(1.3) u(x) = DL'ymu(y)dy,

the constant D depending only on some local norms of V. In many cases (1.3)
will hold with a constant D which is independent of x. The second kind are
results of the type of the Harnack inequality. It states that if §, 2" are bounded
open sets with € C &', then there is a constant C, depending only on £, and
norms of ¥, such that ali solutions of (1.1) with u = 0 on Q' satisfy

(14) u(x)= Cu(y)

for all x, y € Q. We remark that if H¢ = 0, then H|¢| = 0 so that (1.3) holds with
u=|¢|

Both types of results were proven for a wide class of potentials V' by
Trudinger [36], following the approach of Stampacchia [34], which uses in part a
set of ideas due to Moser [20]. Our interest in these results was stimulated by
their use in work by M. and T. Hoffmann-Ostenhof and collaborators [1], [14],
[15]; in particular, (1.3) is an ideal tool for passing from exponential fall-off in
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average sense to pointwise exponential fall-off [1] (see [30], [9] for other meth-
ods), and (1.4) is useful in studying nodes [14].

Our main goal here is to provide a proof of these and related results by
exploiting Brownian motion ideas. This approach is suggested by relating (1.1)
with an integral equation, via the Feynman-Kac formalism. (This relation has
already been used in deriving a simple proof (see [15]) of one of the consequences
of (1.4).) The naturalness of these methods is shown by the fact that we succeed
in proving necessary and sufficient conditions on the potential V so that a strong
form of (1.4) holds. Explicitly we present the following definitions.

DErINITION. We say that H = — 1A + V obeys a strong Harnack inequality
if and only if for each R.d >0 there is a function gg () on (0.d) with
lim, o gg s(a) = 0, such that if « is defined in {z||z — x| < 24}, for some |x| = R,
and satisfies there

(1) Hu = 0 (distributional sense),

(i) u=0,
then

(1.5) |u(y) — “(x)lggk.d(b’_xb“(x)

for all y with |y — x| =d.

DEFINITION.  We say that ¥ € K, » = 3, if and only if, for each R,

1.6 lim[ su X — =D PO dn ]=0‘
( ) al0 |_\.|§pRJ|‘_‘._"‘|§u| -yl | (y)l y

When » =2, |x — y| 7"~ is replaced by { —In|x — y|}, and when » =1, by 1.

Among other things, we prove the following result:

THEOREM 1.1. If V € K,,“’“, then H obeys the strong Harnack inequality.
Conversely, suppose that
i) V=0,
(i1) for all R, there are e > 0 and cgy < oo such that

5 1Yol dx+ (14 &) [V(olo(x)PdxZ — Cy [ lo(x)dx
for all ¢ € Cy° supported in {x||x|= R}, and

(iti) H obeys the strong Harnack inequality.
Then V € K)°°.
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We remark that if V is allowed to have severe local oscillations, then it is
quite likely that the strong Harnack inequality can hold even though V & K':
see Example 3 in Appendix 1.

While one can construct rather pathological examples in K'* for which
Trudinger’s methods will not work (see Example 2 in Appendix 1), the main
point of our work is not in such borderline cases, although it is a nice bonus to be
able to handle them, and in physical situations one wants to be able to deal with
some unbounded Vs (like sums of Coulomb potentials which certainly lie in K;
see below). Rather, we feel that our approach is very natural. Indeed, for V=10
the standard method for proving the Harnack inequality is to get upper and
lower bounds on the Poisson kernel, as one variable varies on the boundary and
the other on a compact set away from the boundary. In essence, this is exactly
how we shall prove the Harnack inequality here!

To introduce the formula we shall use for the Poisson kernel for H, let us
recall (without giving the precise conditions for validity) three formulas from the
theory of Brownian motion as applied to Schrodinger operators [31] and to the
Dirichlet problem [22]. Let Hy= — 1A, and let E, (respectively P,) denote the
expectation (respectively probability) with respect to Brownian motion starting at
x. If A is a set and f a function, E (f;4)= E (fx,) with x, the indicator
function for A. The first formula 1s a standard application of Brownian motion:

(1.7 (exp{ —tHo} f)(x) = E.(f(b(1)))-

The second is the Feynman-Kac formula:
A8 (exp(=tH ) )0 = Eexp| = [V(bsds 160

and the last is the formula for solving the Dirichlet problem. While one big
advantage of the Brownian motion approach to solving the Dirichlet problem lies
in its ability to effortlessly accommodate irregular regions, we describe it for an
open bounded region £ with a smooth boundary 8Q. For a continuous path, b,
let T(b)=inf {s = 0] b(s) & @}, the first exit time. By continuity, b( T(b)) € 3%.
Then, for any measurable f on 3§ define

(1.9) (Mof)(x) = E.(f(b(T))),

writing T for T(b). This solves the Dirichlet problem in the sense that M, f is
harmonic in © and for any y € 9%, lim,_,, (M, f)(x) = f( ) if f is continuous at y.
A glance at the change from (1.7) to (1.8) suggests that the solution of the
Dirichlet problem for H = — 1A + V should be

(1.10) (M f)(x) = Ex(exp{ —fOTV(b(s))ds}f(b(T))).
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In Appendix 4, we verify that this indeed solves the Dirichlet problem for any
V € K so long as there is an « > 0 for which

(L.11) 5 [1Va)Pax+ [V (x)lp(x)Pdx= a f o(x)P dx

for all ¢ € Cg° with supp¢ C £ (and a condition like (1.11) is needed for M,
even to be defined).

We should emphasize that there has been a prior work on the solution of the
Dirichlet problem for Schrédinger operators. While (1.9) may seem quite natural,
it is not valid without some assumptions on £ in relation to V (see Remark 1 in
Section 2). The relation (1.9) was studied by Chung-Rao [7] (see also [6], [42])
who required V to be bounded; however the key condition (1.11) is not
mentioned in that work (and neither are the various L’ estimates which we
prove). Closely related ideas appear in an earlier work by Khas'minskii [17].
Explicitly, he shows that (M, 1)(x) = u(x) solves Hu = 0, and he emphasizes the
importance of a condition which is closely related to (1.11), namely the existence
of a strictly positive solution of Hu = 0.

It is not the general solution of the Dirichlet problem itself that is of
importance to us in proving (1.3) and (1.4). Rather it is the closely related fact
that if Hu = 0 in a neighborhood of €, then for x € Q

(1.12) u(x) = E_‘.(exp{—foTV(b(s))ds}u(b(T))).

We shall give several proofs of (1.12) in Section 2 for £ sufficiently small spheres
about any fixed point x,. The one that is most illuminating is simple under the
extra restriction that u is a global solution of Hu = 0. Then e~ "y = u, and thus
(1.12) holds for T replaced by any fixed time, . The Markov property of
Brownian motion then implies that

exp{ —fO'V(b(s))dr}u(b(t)) = f(b,1)

is a martingale. Relation (1.12) results by applying the standard theorems on
evaluating a martingale at a stopping time (there is a critical subtlety in that T is
unbounded and it is here that (1.11) enters).

Now fix x,. Let £ C £ be two spheres about x,, so small that (1.12) holds.
We shall obtain (1.3), (1.4) from a pair of estimates which hold if ' and Q are
shrunk sufficiently, namely

(1.13) fggll(Myf)(X)lé Cnfmlf(y)ldo(y)
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and
(114) inf (Myf)(x)Z C,f f(7)do(y)

if fZ0. In these formulae, do is the usual surface measure. Inequality (1.13)
implies (1.3) by averaging over a small interval of values for the radius of &, and
(1.4) is an immediate consequence of (1.13), (1.14) and a compactness argument.

One of the nicest features of the Brownian motion approach to these
problems is that in a certain sense (1.13) implies (1.14)! For the Schwarz
inequality immediately implies that, for f =0,

(1.15) [(Mof)(x) ]S (Myf)(x)(M_yf)(x)

where M, is the map defined by (1.10) when V' =0, ie., the Poisson kernel.
Relation (1.15) says that if we have the upper bound (1.13) for M _, and the
lower bound (1.14) for M, (the ordinary Harnack inequality), then we have (1.14)
in general. We describe the details of this argument in Section 2.

This focuses attention on the bound (1.13). Given the similarity of (1.10) and
(1.8), the bound (1.13) is very close to the bound

(1.16) le™ "l = Cliell,-

Let us recall the proof of (1.16) found by Carmona [5] and Simon [31] (a
different proof is implicit in Kovalenko and Semenov [18]; earlier, under stronger
hypotheses on V, (1.16) was proven by related methods by Herbst-Sloan [12]).
An important input is the following basic result, which we shall use several times.

THeOREM 1.2 (Khas’minskii’s lemma). Ler g be a non-negative function on
R" with

(1.17) sngx(ng(b(s))ds)Ea <1
Then
(1.18) Sl)l‘pEx(exp[J(;’g(b(s))ds})é(l —a)”".

Proof: Obviously, it suffices to show that

A,= S‘ipE‘(f<><s.< (b)) (b5 ))dsy ds") =a"

n
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In this expectation, fix 0 < s, < --- <s,_, and condition on the path b(s) for
s €[0.s,_,]. Since Brownian motion starts afresh at b(s,_,), and s, — s,_, runs
from 0 to ¢z —s,_, < t, we can use (1.17) to bound this conditional expectation.
The result is

A, = aAd

n—13

from which 4, = a" follows by induction.

The result appears to go back at least to the paper of Khas’minskii [17] after
whom we name it. It was later rediscovered independently by Portenko [23] and
by Berthier—-Gaveau [3]. (In [31] it is dubbed “Portenko’s lemma” since its author
did not know of Khas’minskii’s earlier work.)

For later purposes, we note that this result holds in much greater generality
than stated. First, since the proof involves integration over the last time interval,
it is applicable also if ¢ is replaced by a (nonanticipatory) stopping time T, which
“starts afresh”. Secondly, the proof extends without change to an arbitrary
Markov process, replacing the Brownian motion.

We can now describe the Carmona-Simon proof of (1.16) under suitable
hypotheses on V:

Step 1. Use Khas’minskii’s lemma to conclude that
(1.19) llexp{ — t(Ho + AV )}9llo0 = Cli9ll.0

for any A =2 and ¢ > 0 sufficiently small, and then use the semigroup property
to get (1.19) for all > 0 with C replaced by Ce*’.

Step 2. Use the Schwarz inequality in (1.8) to show that
(exp{ — t(Ho+ V) f)(x)| = [(exp{ — t(Ho + 2V)} 1)(x)]"/
5 172
x [ (exp{ = tHo)} | /) (x)]">
which implies
llexp{ = 1(Ho + V) fll = llexp{ = t(Ho + 2V )} Ui lexp{ — tHo }| fI*]|27.
Using properties of exp{ —tH,} and (1.19), we have that

(1.20) llexp{ —1(Ho+ V')} fllow = G/l fll2-
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Step 3. Use duality (selfadjointness of e ~'#) and (1.20) to conclude that

(1.21) llexp{ —t(Ho+ V)} fll. = Gl flls.
Step 4. By the semigroup property, (1.20) and (1.21), we have that

llexp{ —t(Ho+ V)} fll = Call fII1-

If one tries to mimic this argument to prove (1.13), there is no difficulty with
Steps 1 and 2 (see Section 2). This yields an effortless proof of the analogues of
(1.13) with [|f(y)do(y) replaced by [ |(f(y)|2do(/v)]'/2, and thus of (1.3) with
Jie-y<r4(y)dy replaced by (fj,_ <\ |u(p)Fdy)'/? (which suffices for many
applications; see [1]). Although at first sight, M does not seem to have a
semigroup property, it does: namely if @' CQ” CQ, and if we make the @
dependence of M explicit, then (M%'g)(x) = (M%)(x) for x €' denoting g
= (M“)}3Q". This is a simple consequence of the strong Markov property of
Brownian motion (see Proposition A.4.9). Thus Step 4 poses no problem. It turns
out that the trivial Step 3 of the above proof is the most subtle in the analogous
proof of (1.13), since M is not symmetric. The key will be to realize the adjoint of
M in terms of a Markov process (Brownian motion reversed at an exit time),
which would permit to mimic Steps 1 and 2 also for the adjoint of M.

In Section 2, we prove (1.12) and then use it to get (1.15) and to proceed
through the analogue of the above Steps 1 and 2. In Section 3, we develop a
convenient way of studying the dual of the map M and then complete the proofs
of (1.13) and (1.14). Section 4, discussed below, is devoted to the study of spaces
K, and K. In Section 5, we prove Theorem 1.1 and, in Section 6, (1.3) is proven
for solutions of Hu = 0. In Appendix 1, we present certain pathological examples
which delimit K. Appendix 2 contains some estimates on Green’s functions
needed in Section 3. In Appendix 3, we discuss various facts about exit times,
including the remark that for any increasing function f, and all x and ,
E.(f(T)) is maximized, for a fixed value of ||, by taking x =0 and Q a ball
centered at 0. For “nice” s, we also give an explicit formula for the joint
distribution of T and b(T). In Appendix 4, we discuss the solution of the
Dirichlet problem under the hypothesis (1.11).

We close this introduction with a few words about the classes K, and K.
This is partly because in Sections 2 and 3 we require some facts not proven until
Section 4. We also wish to emphasize that these classes, which have already been
introduced by Kato [16], are very natural for the problems discussed here. K is
defined before Theorem 1.1, and K, (at least for » = 2) is its analogue, with
sup = replaced by sup, (K, is defined in Section 4). Spurred by their
relevance, which is manifested by Theorem 1.1, we prove in Section 4 a number
of equivalences. Some of these require that ¥ = 0 or that ¥ has compact support.
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To be able to summarize the results we suppose both conditions in the theorem
below. We emphasize, however, that most results do not require these restrictions
(Hy= — 14).

TueoreM 1.3, Let V =0 be a measurable function of compact support on R".
The following are equivalent:
(i) VEK,;
(ii) lim,osup, E, (fo|V(b(s))|ds) = 0;
(iii) (=A)"'|V| is a bounded map from L™ to the subspace of continuous
functions (if v = 1,2 we replace (—A)™' by (—A+ 1)~ ');
(iv) (—A)~'|V| is a compact map from L*® to L*™;
(v) as map on L', V is —A-bounded, in the sense of Kato, with relative bound
zero;
(vi) exp{ —t(Hy+ V)} is bounded from L* to L™ and its norm satisfies
lim, o llexp{ — t(Ho + V)0 = 1;
(vii) for some a and €>0, (¢, Hyp) + (1 + e)¢. V)= —a(d,¢) and H
= Hy + V obeys the strong Harnack inequality.
Moreover, if V is spherically symmetric and v = 3, then (i)-(vii) hold if and only
if
(viii) [§r]V(r)|dr < oo, where R is chosen so that V is supported in the sphere
of radius R.

There are also a number of simple conditions which imply that V' € K, ; note
that (i) (below) is slightly weaker than the hypothesis that Trudinger uses in his
discussion of Harnack’s inequality (he requires C(e) = De™ ™).

THEOREM 1.4. Any of the following imply that V (no restriction on sign or
support) lies in K,:
(1) (¢|V|9) = e(9, Hop) + C(e)||9]|> with C(e) < Dexp{Be~ "} for some
a<l;
(i) V(x)= W(Tx) with T a linear map from R’ onto R* and W € k,;
(iii) for some p >iv (Z 1, ifvr=1),

sup [V(x)|Pd"x < oo;

y flx—ylél )

(iv) » = 3 and, for some a > 0,
fw|p{x||V(x)|§}\}|2/”d)\< .

Notice that, by (ii) and (iii), if » = uN and

V(x)=Zay|x; — x|~ "
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forx=(x,,---.x,) x; ER!, withsome a <2 (ifpu=1,a < 1), then V€ K,. In
particular, the Coulomb potentials which arise in atomic physics, can be ac-
commodated.

In Sections 2 and 3, we require the following two results, which are proven at
the end of Section 4.

THEOREM 1.5.  If u is a distributional solution of (Hy + V)u = 0 in an open set
Q (in the sense that u, Vu € L, and 1(— A, u) + (¢, Vu) = 0 for any ¢ € C5(Q)),
and if V € K\, then u is a continuous function.

Remark. By an explicit example, it is easy to see that it need not be true that
u is Holder continuous of any order.

THEOREM 1.6. Fix x, and V € K. Then for any ¢ there is an R so that
(1.22) sup E_r(fﬁ V(b(s))lds) <.
xeQ 0
for all  C { y||y — xo| = R}. R depends only on local K, norms of V.
In (1.22), T is the first_exit time from Q. If » = 3, we can replace T by oo, if
we also replace V(y) by V(y)= V xy) with x; the indicator function of £.
We shall also need the following result which, given (1.9), is just the usual

Harnack inequality. It can be proven, for example, by noting uniform upper and
lower bounds on the Poisson kernel, as x varies in €’ and y in 9{.

Tueorem 1.7.  Let Q, Q' be concentric open balls with Q' C Q and let do( y) be
the usual surface measure on 0Q. Then, there exist constants 0 < C, D < oo such
that, for any f € L'(3Q),

(1.23) sup | E,(f(5(T))I= € [1£()]do()
and, for f Z 0 in L'(39),
. i (f(b(T = .
(1.24) inf [E(f(5(T)] 2 D f(y)do(y)
In these expressions, T is the first exit time for Q.
One final remark: in Section 3 it will be convenient (although not really
necessary) to suppose that » = 3. While this is a restriction on (1.13) and (1.14), it

is no restriction on (1.3) and (1.4), since by Theorem 1.4 (ii) we can always add
extra dimensions and take « and V independent of the extra coordinates!
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2. The Poisson Kernel for the Schridinger Equation

Our main goal in this section is to prove (1.12) for eigenfunctions. Since this
justifies the study of the map M, we shall then develop the simplest properties
of M,., explicitly (1.15) and the bound

@1 .\_sgglIMyf(X)Izéfmlf(y)lzdo(y)-

The following result is so basic that we shall give it three proofs.
THEOREM 2.1. Let V € K)*°. Let u be a continuous function obeying
2.2) Hu=0

in distributional sense. For any x there exists R > 0 (depending on local norms of
V') such that, for every ball Q about x of radius at most R, we have

(2.3) sup E_‘(exp{ —-LTV(s)ds}) < o

XEQ

and, for any x € Q,
24 ()= E,(exp{ = [ V(o) dsu(b(T)),

where T is the first exit time from ).

We shall first give a mixed, analytic-probabilistic, proof which does not
require any extra hypotheses on . Remarks about extensions to other € will be
offered later. Recall that, by Theorem 1.5, any distributional solution of Hu =0
is continuous, after a change on a set of measure zero.

Proof: By Theorem 1.6, we choose R so that

@.5) sup E( / | V(b(s))|ds) <1,

and then use the proof of Khas’minskii’s lemma (Theorem 1.2) to conclude (2.3).
Moreover, this lemma also shows that

@6 Jim sup, ([

sl <8,

Vb))l 1V (b(s))lds, - ds,) =0.
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Let Hy! be — 14 with Dirichlet boundary conditions on 8Q. Then, it is easy to see
(see Section 4) that (H$)™'Vu is continuous on € and vanishes on 3. Moreover,
in distributional sense,

Ho[u + (Héz)_l(Vu)] =Hyu+ Vu=0.
Since u + (H&)™'(Vu) has boundary values u [, we see that, on &,
-1
u=g-— (Hé’) (Vu),

where the function g is harmonic on £ and continuous on 3Q, with g(y) = u(y)
for y € 9Q. Using (1.9) for g and Lemma A.4.4 (in Appendix 4) for (H§)™ 'Vg,
we see that

u(x) = Eu(b(0) - E [ V(b(s)u(bis)ds).

Iterating and using the Markov property (since u is bounded on Q, (2.5) justifies
taking conditional expectations), we obtain

N
u(x) = Ex( 2 (-1’ ds, - - - ds,

0< 1< ++- <5, <T
X V(b(s1)) - V(b(sn))u(b(r))) + Ry

with

RN=(_|)NHEx(f dsy - - dsyy,

0<sy< -+ <sy<T

XV(B(s) - V(b(swe))u(b(swa)))

By (2.6), R, —0 as N = oo and the proof of (2.6) shows that one can sum the
exponential series to get (2.4).
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First Alternate Proof of Theorem 2.1: For this proof, we suppose that u has
an extension to all of R” obeying Hu = 0 with ¥ € L™, and that V € K,. It then
follows from the Feynman-Kac formula (1.8) and the Markov property of
Brownian motion that

f(b,t) = exp[ - fO’V(b(s))ds]u(b(t))

is a martingale. Moreover, it is continuous in ¢ for a.e. b since u is continuous (by
assumption) and since [3|V(b(s))|ds < oo for a.e. b. V € K, implies (see Section
4) that, for each fixed n,

@7 E_,(exp{ +f0"| V(b(s))lds}) < .
Therefore, if T, = min(n, T),
28 u(x) = E(exp{ = [TV (bs)ds u(b(T,)

by the standard result on evaluating martingales at a stopping time; (2.7) is
needed to pass from discrete stopping times to a continuous stopping time via a
dominated convenience theorem.

Equation (2.8) holds without any restriction on the size of Q. Some restriction
is needed to assure that we can replace T, by T (see Remark 1 below); with the
restriction (2.5) and Khas’minskii’s lemma, we have that

Efew{ [TIVb@)d}) < e

so that the limit 7, = T can be justified by dominated convergence.

Remarks 1. The following could almost be a textbook example of the
dangers of evaluating unbounded martingales at a stopping time: let » =1,
Q=(0,1)and ¥ = — lx? so that u(x) = sin(nx) obeys Hu = 0. Then (2.8) holds,
since u(b(T)) =0 for a.e. b and exp{ —fg V(b(s))ds} < o0 a.e. b (since T < o0
a.e. b). Nevertheless (2.4) fails. The problem is, of course, that

2.9 E,(exp{ —L"V(b(s))ds}u(b(n)); T=z n)
does not go to zero as 7 — o0.

2. One can use the argument in the proof of Lemma A.4.2, in place of
Khas'minskii’s lemma, to control (2.9). Doing this, one sees that (1.11) is really
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the only restriction needed on Q for (2.4) to hold. As we shall mention shortly,
(1.11) holds automatically if @ is shrunk.

Second Alternate Proof of Theorem2.1: This proof uses the fact that we have
solved the Dirichlet problem in Appendix 4. Since V € K, H — 1 Hy=1H,+
Vx, is bounded below as an operator if X, is the indicator function of the unit
ball, ', about x,. Thus, for ¢ € C5°(R) and Q C &,

Jo.toaxz L [ivopax—a[iopa.

When the ball © is shrunk, the lowest eigenvalue of H, behaves like ¢ /diam()’.
We see therefore that H = a > 0 for small enough balls. Hence, by Theorem
A 4.1, the right-hand side of (2.4), call it f(x), is well defined. Furthermore, u — f
obeys: (i) u — f € C(Q), (i) H(u — f) =0, and (jii) u — f = 0 on 39.

Since A(u — f)= V(u—f)e L'§) (by u— f € L=®), K> C L} ), we have
that V(u - f) € L*§) (see, e.g., [33]). An elementary argument shows that if
g€ C), Vg€ LX) and g vanishes on 9%, then g is in Q(H,), the form
domain of H; and if further Hg=h & L? (distributional sense), then ( g Hg)
= (g, h) as the Dirichlet form. Since H = a > 0, we have a contradiction unless
u — f= 0. This proves (2.4).

The last proof requires only H Z « on LX), so it shows that R may only

depend on KJ°"' norms of ¥V _ = max(0, — V). This remark will be used below. We
now define a map M.} from L®(3Q) to L®(R) by:

@.10) (M) = Ex(exo{ - [TVb) | f5(T)

defined if Q is a sufficiently small ball. Writing

< _1 1/2 1 } 1/2
I _[exp{ 3 V)2 + 5 [V
and using the Schwarz inequality, we immediately obtain
PROPOSITION 2.2. [(M o N)(x)I* = (M| fCI/ (M2 | S0/,

From this and (1.24), we conclude

THEOREM 2.3. Let @, Q be concentric open balls with & C Q. Let V € K)**
and suppose that, for some constant C,

sup (M2, 1) (x)|= C [ If(y)ldo()
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Then, for some constant D and all f Z 0,

nf (MY)x)2 D[ f(y)do(y)

The other results which are immediate for Mf are analogous to Step 2 in the
proof of (1.16):

THEOREM 2.4. Suppose that a = sup,col(M31)(x)) < oo (which by Khas -
minskii’s lemma and Theorem 1.6 is true if we shrink §} enough); then for any
concentric ball ' C Q with ' C Q we have

1/2
@11 sup (M= €] [ IS0l den)]

where C depends only on a, and the geometric relation of Q' and Q.

Proof: By the Schwarz inequality,
(M@ S[(MENE)] " [(ME-l ) ()]

Now use the assumption a < oo and (1.23).

Averaging over the radius of © and using the remark that the truth of (2.4)
only depends on local norms of ¥V _ we have

COROLLARY 2.5. Let V € K. Then, for every x, and every continuous
distributional solution of Hu =0 in { y||y — xo} < 1}, we have

172
@.12) lu(xo)| = C[ f| lu(y)Pd"y] .

y—xol =1

The constant C, is bounded as x, runs through compact sets. If V_ € K,, then C,_
can be replaced by a constant which is independent of x,.

It is (2.12) that is used in [1]. By using Holder’s inequality in place of the
Schwarz inequality, we can obtain (2.12) with 2 replaced by any fixed p > 1 but
C may a priori diverge for p > | (or worse, the radius of € in (2.11) may go to
zero). The goal of getting (2.11) with p = 1 will require the considerations of the
next section.
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3. The Exit Reversal Process

In this section, we want to complete the proof of (1.13). The idea will be to
prove that

G [ fmipcorax] s c [ 1lds()

and combine this with (2.10) and a “semigroup” property to show that (1.13)
holds. Relation (3.1) will be proven by studying the adjoint of M. Of course to
study an adjoint, we need to choose a measure on 2. The choice of Lebesque
measure is not appropriate since we clearly want to give little weight to points
near 9<2.

Obviously, since M,, involves running paths up to a stopping time, the adjoint
must involve running paths backwards from a stopping time. Exactly how they
run backwards will depend on what initial distribution we give to the Brownian
paths; this choice is essentially equivalent to that needed to define an adjoint.

Of course, the most natural choice of initial distribution would be an
invariant one but the whole point of exiting is that there is no such distribution.
Given this, the most natural choice is then one that will give an invariance for the
distribution conditional on not having exited. This picks out the choice we shall
take and as a bonus it will follow (essentially automatically) that with this choice
the exit distribution and exit time become independent!

Let © be an arbitrary bounded open set and let Hy' be one-half the Dirichlet
Laplacian on Q. We denote by a its lowest eigenvalue, and by y(x), x €, the
corresponding eigenfunction

(32) Hgy = o,

normalized by

3.3 x)dx=1.

(3.3) Joyp

(Note: not y%). The eigenfunction y is unique, and positive. We first point out

THEOREM 3.1. Let E denote the probability distribution for Brownian motion
with initial distribution y(x)d’x. Let T be the first exit time from Q. Then T and
b(T) are independent random variables and the distribution of T is

3.9) ae”*ds.
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Proof: We begin by computing
E(TZ 1 b(1) € A) =fE,(T Zub()€E A)‘p(x)d?x.
This is precisely (see [31])
(¥ exp{ ~ tH }xa) = (exp{ ~ tHE P x4) = 7 [ (0 &'

with x, the indicator function of A; thus the conditional distribution of b(¢)
subject to T = ¢ is exactly ¢(x)d"x. It follows by the Markov property that

E(f(5(T)):TZ1)

is independent of ¢, so that the claimed independence is proven. Moreover,
taking A = Q in the above equation, we find that

P(TZzty=e™ ™,

from which (3.4) immediately follows.

Remark. A similar argument shows that the probability distribution for
{b(T — $)}y<,<, conditional on T = ¢ is independent of T. This fact should be
remembered in thinking about the constructions below.

For the case where Q is a ball, the E-distribution of b(T) is obviously de( y)
by symmetry. The formula for more general £ is discussed extensively in
Appendix 3. If y, € 8Q and, near y,, 98 is a smoothly embedded submanifold of
R*, then the E-distribution of the exit place for b(T) is

(3.5) (2a)”" ‘P , 40()

for y near y,. Here n is an inward pointing normal and do the usual surface area.
When 9Q is everywhere smooth, the normalization condition

I
(3.6) f(Za) '%do(y)=l

follows from

<k)) f N do(y) = f(zﬁ yd’x.

q on
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One way of understanding these formulas is in terms of the distributional
equation (implied by (3.2) and Green’s equality)
, v 9
Ho[yd'x] = a[yd’x] - 1 2¥ do(y).
From now on, we restrict ourselves to the case where € is a ball, since that is all
we need.
Define, for x, y € £,

(3.8) Q,(x, y) = ¥(x)” "exp{ —sH3'} (x, y)¥( ),

where e " (x, y) is the integral kernel for e 4,

We shall prove the following technical result in Appendix 2:

THEOREM 3.2 (= Theorems A.2.3, A.2.4, A2.8). Let Q be an open ball in R’
Let Q, be defined by (3.8), on @ X QX (0,0). Then Q. extends to a continuous
function on & X Q X (0, 00) (which we still denote by Q.) obeying

(3.9) O, (x,y)=0 for all yedxeQ,
(3.10) fQ,(x,y)dy=e"“ for all xe€Q.
Q

Furthermore, for any € > 0,

(311) Qs(x’y)écap(l+()s(x _y)

with some ¢, < oo which is independent of Q: P, being the integral kernel of
exp{isA} on all of R', i.e., P,(z) = (2ms) ™"/ exp{ —z2/2s}

Actually, in Appendix 2 we prove the key estimate (3.11) for fairly general ,
we do not try to prove the more technical continuity result in such generality.

Let now Qj(x y)=e%“Q.(x, y). By (3.10) and the obvious semigroup prop-
erty of O., we can define, for each y €Q, a probablllty measure E, on paths
{q(s)}o=,=, so that g(0)= y and, for 0 < s, < --- <s,, the joint probablhty
distribution of g(s)) = y,, -+, q(s,) =y, Is

éx.(y’yl)ész—x.(.yl’yZ) te Q-'s,,—s,,,.(yn—l’yn)dyl e dy,

From the estimate (3.11) and Kolmogorov’s lemma (see [31], Theorem 5.1), it
easily follows that paths can be realized as continuous functions and {E,},cq s
a Markov process. By (3.9), q(s) € 2 for all s > 0.
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Now introduce a random variable T° with the distribution ae ™ * ds. T will be
chosen independently of ¢. Notice that the joint probability distribution with
respect to E), of g(s)),- -+, q(s)and T Z s, is

Qx.(.y’ .yl) Tt Q.S'"—.t,, ,(yn—])_y,,)dy| e dy,,

By E we shall denote the expectation of the Markov process { E } with the initial
distribution da(y)—the normalized surface measure on 3%, and an independent
variable 7. The basic duality result is:

TueorReM 3.3. The E-probability distribution of T and (b(T — s))o<,<7 is
identical to the E distribution of T and | {g(8))} o= 5= 7-

Before proving this theorem, we want to note several things. First, the fact
that we took a ball for £ obscures somewhat the general formula for the correct
initial distribution for g(0). Obviously, we must take the distribution of b(T), i.e.,
(2a)” '(axp(y)/an )do(y) for general “nice” Q.

Secondly, we note that there is a very close relation between E and h-
processes of Doob [11]. In place of Q = ¢ ~'Py, Doob considers ' Ph with h
an excessive function; i is not an excessive function but it is close enough for
considerable formal connections. Indeed, various authors (see [19], [21]) have
discussed reversal of processes at an exit time in terms of h-processes.

Proof of Theorem 3.3: Since T and T have identical distributions, it suffices
to fix 0=s,=--+ =5, and prove the equality of the distributions of
{q(s)),---,q(s,)}, condmoned onT= s, and of {b(T—s5)),+--,b(T—3s,))},
conditioned on T Z s,,. Let F be a continuous function on Q" and fix sZs, and
vy > 0. We claim that

E(F(b(s—s,),--*,b(s—5))s=T=s+Yy)

(3.12) .

=fE,..(F(q(S")w“,q(S.))(vae “))du,(y),
where
(3.13) du,(y) = (ya) 'P,(O= T = y)y(p)d’y,

since the left side of (3.13) is, by the Markov property for Brownian motion (P,
being the kernel of exp{ —sHJ)),

JFG - x(xa) Pl- (X0 X PE - (x0032) P, 2)

P(O=T= y)dx, - - - dx,dy.
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If we compute the x-integral and replace P by 0, we find this is equal to
[Fexi s x)@, (ki) -+ G5 YW()POS TS y)dx, - - - dx,dy

which is the right side of (3.12).
Note that dy, is a measure of total weight

[ i ()= () EQS2T S ) = (ya) ' [Tae " ds

which goes to 1 as y—>0. Moreover, dy, is clearly rotation invariant, and, if
fE€C(®R), | f(y)dp,(y)—>0 as y—>0. Thus,

(3.14) w* — lim dp, = do( ).
vl0

Now fixm=1,-.-, lety, =s,/m and define T, = v,,[v,, 'T], [x] being the
integral part of x,. Then,

E(F(b(Tm - S"), T b(Tm - S,)); r= sn)

(315) = EOE(F(b(S,, +ij - S"), T b(S" +jym - sl));
j=

S, ¥ Y, ET=s,+(j+ )y,
Using (3.12), we see that the right-hand side of (3.15) is equal to
(3.16) exp( ~as,)a [ E,(F(4(s) > (1)) div, (),

where

o«
a, = 2 Ymaexp{ —‘ja.Ym} = Yma/(l —exp{ _aan}) - L

j=0 m—>0
Taking m — o0, (3.16) converges to
E(F(q(s.) -5 9 T Z5,),
by (3.14) and the continuity of the g-paths. The left side of (3.15) converges to
E(F(b(T—s5,),-,b(T—135)):T=Zs,).

This completes the proof.
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Let N be a map from functions on £ to functions on  defined by
0 5 7 o
317 (V) = E|expi = [V(g(s)ds | f(q(T)))-

Below, we shall worry about when N is well defined. For the time being, we take
f positive so that (Nf)(y) is obviously defined although it might be infinite.
Clearly the above theorem implies that N and M are adjoints:

COROLLARY 3.4. Let Q be a ball. For any positive g on 9Q and f on L,

G18) [ do()(NE)BL) = [ J(MIB)(x)(x)d’x.

Proof: One uses a change of variables from s to T — s.

Remark. We.emphasize again that for general nice @, do(y) should be
replaced by (2a)™'(3y/3n,)do( y).

Next we make the first step in a Khas’minskii analysis for N:

PROPOSITION 3.5.  Let VX Y)=(Vxa) p), xq being the indicator function for 8.
Then for some constant D, independent of & and V,

(3.19) sugﬁy(_[)fl V(q(s))]ds) s st;g’s‘(foﬂﬁ(b(s))ms).

ye

Proof: Clearly, since ¢ and T are independent,

E( [ Ivtaenias) = [E(¥ (g p(F 2 s)ds
=f0°°£ege“"é‘(y,x)|V(x)|dxds
=7 _ @x)V(x)dxds
< c(fowfxenp(,ﬂ,,_(y,x)j V(x) dx

= (1+ 97" E,( [“17(b()ds),

where we used (3.11).
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T is in a rather trivial way a stopping time; therefore, as we noted in Section

1, Khas'minskii’s lemma holds. Using this lemma, the last proposition, and
Theorem 1.6, we obtain

PROPOSITION 3.6. Let v =3 and V € K. Then, for any x,,, there is a small
ball Q@ about x, with

(3.20) sup [(N3f)(*)| = Csup | ()]

x€R

Remark. With a little more work, one can prove this result for » = 1,2 as
follows: one actually proves that (3.11) is true with an extra factor of ¢ ~# on the
right side; B is dependent on Q but behaves like [diam(R)] 2, by scaling. With
this change, we obtain (3.19) with an extra e ~# on the right side. This is small if
Q is shrunk even if » = 1, 2.

We are now ready to prove the analogue of (1.21).

THEOREM 3.7.  Let (3.20) hold. Then for any &', a ball which is concentric with
Q, @ C Q, we have

(3.21) [ fg,l( ﬂfﬁtz)@t)lzaf"XJI/Zé Ca.av fa Je(»)ldo(y).

Proof: Since y is bounded below on ' by a strictly positive constant, we
need only prove that

1/2
[ By teax| "= c [ a0
By (3.18) this would follow from a result of the form
Q < 2 v, 172
sup (V)OI € [0 ]

for all f supported in €. Again, since § is bounded below, we need only prove
that

1/2
sup [(N3)())|= C[ 24 ] :
yegﬂl( v () fﬂ,lf(y)l y
However, the Schwarz inequality in E’;, implies that

(NEFYR = NSO [(NE=ol SRY)]2
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Combined with (3.20) this reduces the problem to showing that
sup (N2. h =cC| h(y)d"
yegﬂl( v=ot)(»)l fﬂ (1 4y
for A Z 0. Since ¢ is bounded from above, we only need to show that
Ny _oh =C|h d"y.
sup |(MF-oh)()| JROWR Y
Using the duality (3.18) again, we see that this is equivalent to
M} =C d
sup |(MP-og)(x)|= C [ 2()ldo()
which is (1.23).

The following is in many ways the first of the two main results of this paper
(v = 1,2 can be accommodated by using the remark after Proposition 3.6):

THEOREM 3.8. Letv=3, V e K,,""". Then for any x,, there are balls Qce
about x, (depending only on local norms of V) such that, for f € L'(3Q; do),

sup | ME(x)|S C [|f(y)ldo().
xe

Proof: Let A4 be a closed union of spheres about x, with @ N 4 =0, 4 CQ
(see Figure 1). Let S, be a sphere about x, contained in 4 and let . be the ball
whose boundary is §,. By the strong Markov property of Brownian motion, for
xeqQ,

(M g)(x) = (Myf)(x)

Figure 1. A reference for the proof of Theorem 3.8.
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if g= MJf!'S,. Thus, averaging in r and using Theorem 2.4, we see that by
shrinking £ we can be sure that

sup [(MEn)CaI= [ [l oaPay]

By Theorem 3.7, the last quantity is bounded by Cf;q| f(y)|do( y).
Given Theorem 2.1, we conclude:

COROLLARY 3.9. Let V € K. If u is a continuous function obeying Hu =0
in a neighborhood of { y||y — xo| =1}, then

=C d’y,
weal=Cf w4y

where C depends only on local norms of V _. In particular if V_ € K,, C may be
chosen independently of x.

Finally, given Theorem 2.3 and a very elementary covering argument, we
have proven Harnack’s inequality—the second main result of this paper.

THEOREM 3.10. Let V € K. For each pair of a compact set K and an open
set 0, K C Q, there exists a constant C (depending only on K, and local norms of
V') with the property that, for any function u € C(), which satisfies uZ0 and
Hu =0 o0n Q, one has

sup u(x) = CxirelfKu(x).

x€EK

4. The Spaces K, and K*°

In this section we study the classes K, and K'°° defined as follows.

DEerFINITION. Let » 2 2. V € K, if and only if

.1 limsup ) _ L8 =NIV)Idy=0,
a x x—ylZa

where

(4.2a) g2y=|z|7"" P if »=3,

(4.2b) g(z2)=—In(lz]) if »=2.
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We say V € K if and only if V¢ € K!** for all ¢ € Cg°. Obviously this is

equivalent to requiring that (4.1) holds when sup, is replaced by sup,, < for
each fixed R. For » = |, we say that V' € K, if and only if

4.3) sup]{ |<l|V(y)|d"y< o,
x x—y|=

ie, K, =L} (R), and K|* = L} (R).

By the monotone convergence theorem, if

fo e8IV < o0,
then

lim [g(x=»)]IV(»)ldy=0.
al0Jix—y|=a

Nevertheless, there are pathological examples (see Appendix 1) where V & K,
even though V has compact support and

supf g(x = yIV(y)ld’y < co.
x Jx—y|=1

As we shall try to demonstrate, these classes are exceedingly natural for the
problems studied here; even more so than in the context in which they were
introduced by Kato [16]. Related classes were studied by Schechter [26], who
defines the class My, by the requirement

sup [ [x=yP P (p)lPdy < oo,

x Jix—y|=1

(for p = 2 the condition was introduced by Stummel [35]). If one examines his
definitions, one finds that Schechter on page 155 of [26] defines ~A+ g as a

form-sum when min(q,0) € K, but, as he subsequently realized (see [27]), this is
not a natural condition for the problem of form-sums. Obviously we have

PropOSITION 4.1. If B >2 and v = 3, then My, C K,.

It is a direct consequence of Holder’s inequalities that M,, , C M, so long as
a < pB, and thus one can state

PrOPOSITION 4.2. If a>2p and v Z3, then M, , C K,. In particular, M, ,
CK, ifa>4
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The classes M, , with a > 4 are precisely the classes introduced by Stummel
[35]. By another application of Hélder’s inequality, we have

sx-nvnavs| [ voray]” s
fop=. - |
with

fe=[f _le@re]”,

where ¢ is the dual index to p. If g € LY, lim,, f(a) = 0. Thus we obtain the
following condition:

PROPOSITION 4.3. If p >iv,v Z2, and if
sup Vy)ifdy< o,
u f,x_y|§.' O)Pdy

then V €K,. If V € L], then V € K~
The following elementary fact will occasionally be useful:

LemMa 44. If V € K,, then
sup[ V(ym|d* ] < o0.
u f|x_y;§1| ld’y

Proof: The bound is an immediate consequence of the fact that

Next we want to link K, to the kind of condition needed for Khas’'minskii’s
lemma:

THEOREM 4.5. V € K, if and only if

4.4 lim Sngx(Lll V(b(s))lds) 0.

Proof:- Suppose first that ¥ € K, and »=2. Fix a and note that, for
t=a’/,

fo’Exq V(b(s))|; 1b(s) = x| Z a)ds

= zf Qat)~"Pexp( —y?/2t}|V(x = y)|dy
|y|>a
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which tends to zero as 10, by Lemma 4.4. On the other hand,
14
JE(V(B(s))i [b(s) = x| = ) ds
= e’wax(e“V(b(s)); b(s) — x| = a)ds
0

se'[ _ Jx=plVldy,
lx-yl=a
where f is the integral kernel of (— 1A + 1)~". Since | f(z)| = (const) g(z) in the
region |z| = 1 (a restriction needed if v = 2), this term goes to zero as a0. These

two estimates imply (4.4).
Forv=1,let V € K|,

lim sup [ °E, (¥ (b(s))l: 1b(s) = x| 2 1)ds=0.
Moreover,
sup ['E(1V (o) 1b(s) = x| S s [ms) Pas|sup [ V(N

which vanishes as ¢]0.
To prove the converse, let P.(x — y) be the integral kernel of exp{ —sH,} and
suppose that » = 3. We claim that for |x — y| = ¢'/? we have

(4.5) fO'P:(x — y)dsZ (const) g(x — y).

Postponing the proof of (4.5), we note that it implies that, for a sufficiently small,

SUP ) o i=af “NV)ldy= (const)sng_\.(fo"2| V(b(s))]ds),

X Ja—y

thus (4.4) implies V € K,.
Since P,(x — y) = 2as)~*/*exp{ —|x — p|*/2s}, we see that

r —(y— x—y|? — -
foﬂ(x—y)ds=|x-yl‘ 2’f0'/‘ Mexp(—y~172)@2my) "2 dy

B _ -,
Z|x -y 2’f0 exp{ —y~'/2)2ay) " dy

if |x — y| = ¢'/2 This proves the required result (4.5).
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As for v = 2, the above steps show that

1 x=y)? _ _
fop,(x—y)ds;fo'/‘ Pexp{—y~ '} 2my) " dyZ cIn(2t/|x — ),

if |x — y| = ¢'/2 Thus, if (4.4) holds, then

(4.6) liﬂ} i In(2a?/|x = y )|V ()| dy=0.
a x x=p|ZEa

However, for |x — y| = a?
In(2a?/|x = y) ZIn(1/|x = yl) + In2 Z In(1/|x — y|);

thus (4.6) implies (4.1) if p = 2.
Finally for » = 1, we note that if

supfO'E(|V(b(s))|¢s)ds< %,
hence P (x — y) Z(const) >0 for }r<s<rand|x —y|=1; thus V € X|.
As Example 2 in Appendix 1 shows, it can happen that

sngx(j(;’] V(b(s))|ds)—>0 as )0

even though [g[sup, E, (|V(b(s))|))ds = o0.

COROLLARY 4.6. Let T be a linear map of R’ onto R*. Let V(x)= W(Tx).
Then V € K, if and only if W € K,.

Proof: Suppose first p = ». Then a simple change of variables, and ¢)|T(z)|
= |z| = ¢,|T(2)|, show that the result is true. For this reason, there is no loss in
supposing that T is an orthogonal projection onto a subspace of R”. But then

E (V(b(s))) = Ep (W(b(5))),
b being a p-dimensional Brownian motion. Now use the above Theorem 4.5.

DEFINITION. We say that a self adjoint operator A on L%(R”) generates a
regular L*=-semigroup if and only if for each 7 there exists a constant ¢, with
which

lle ™ ¢l = €9l

for all ¢ € L> N L™ and, moreover,

4.7 lime,= 1.
110
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TueoreM 4.7. If V € K,, then V is —A-form bounded with relative bound
zero and the operator H= — 1A+ V generates a regular L*-semigroup. Con-
versely, if V=0, and if

H=s- resolxg)nog limit(— A + max(V, —n))

defines a selfadjoint operator which generates a regular L¥-semigroup, then
VEK,.

Remark. As Example 3 in Appendix 1 shows, the condition ¥ = 0 is needed
for the converse.

Proof: From the Khas’minskii lemma and Theorem 4.5, we conclude that if
V € K,, then, for any A,

Iim supEx(exp{ —-AfolV(b(s))ds}) =1

{ lO X

From Jensen’s inequality we obtain

E [exp| A ['v(b d}); {—E (b d};
_\(exp{ fo (b(s))ds | =exp fo (b(s))ds
thus by Theorem 4.5 we see that, for any A,

_liﬂsupE_‘.(exp{ —~}\j(;'V(b(s))ds}) =1

0 x

These facts and the ideas in [31] immediately prove the first half of the theorem.
For the converse, we note that, if V =0,

E_‘.(exp{—fO'V(b(s))ds}) —1z E‘(—L'V(b(s))ds),
since e =1 + x for x 0.

CoROLLARY 48. If V=0and — 1A+ V generates a regular L™-semigroup,
then so does — A+ AV for all A > 0.

Remark. This is interesting since —r~? is a counterexample for the analo-
gous L-result. If we drop the lim, o |le " "], , = | hypothesis, then the result is
false as Example 1 in Appendix 1 shows.

Theorem 4.5 allows us to show that K, contains the class considered by
Trudinger:
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THEOREM 4.9. Let V be a function on R” such that for all € > 0, there is a c(¢)
with which

48) (9 |V 16> = 4o, (— B)8) + c(€)<, )
and suppose that, for some a < 1, and some A, B,

4.9 c(e)=Aexp{Be °}.

Then V € K,.

Remarks 1. Trudinger [31] requires (4.8) with (4.9) replaced by the stronger
c(€) = A¢~ ", but his method actually works under the hypothesis (4.9) (see [13]).
2. As we shall see, these kinds of hypotheses lead to

[ [supE¥ (b o<

which is strictly stronger than ¥ € K, ; see Example 2 in Appendix 1.

3. Itis a remarkable fact that L? estimates like (4.8) lead to L™ bounds on

e~ M,

Proof: Let P/(x, y) be the integral kernel of exp{—sH,} and let ¢ (x)
= (P,(x, y))'/%. Then, noting that {¢,¢» = | and {(V¢, V¢) = »/4s, we have

E,(JV(b(s))|) = ve/4s + c(¢)

for any y,s and € > 0. Choosing € = |Ins| ™Y with y =2/(1 + a) and using (4.9)
we see that

lim (‘sup [ E,(JV(s)])] ds= 0.
im | ‘sup[ £,(1V(s)])]

Theorem 4.5 completes the argument.
For radially symmetric potentials, K, is a rather familiar class, at least with

regard to the question of singularity at the origin. Let us first consider the case of
V having compact support.

PROPOSITION 4.10. Let v Z3. Let V be radially symmetric with support in
{x||x|=1}. Then V € K, if and only if

(4.10) foir| V(r)|dr< oo.
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Proof: Let V € K,. By Lemma 4.4, for any «a,
sup [x=yI7 "2V (y)ldy < 0.
x Ja<|x—y|<]
Thus, for ¥V € K, we have
Jo AT )ldy< oo
Iri<t
which is (4.10).

Conversely, suppose (4.10) holds. For each ¢, we can write V = V| + V, with
V', bounded with compact support and [}r|V,(r)|dr < e. Then

sup [ |x = =2 ¥y p)] dy
=sup [ [max(lx} Ly ]™*7?1Va(p)ld

=flr| Vy(r) dr < e.
0
Since V, € L? withp >1v, ¥V, € K,. Thus V € K,.

THEOREM 4.11. Let v =3 and let V be spherically symmetric. Then V is in K,
if and only if (4.10) holds and

@.11) sup U||x|—r|§an(r)ldr] < .

|x|Z2

Proof: If V € K, then (4.10) follows from Proposition 4.10 and (4.11) from
Lemma 4.4. Conversely, let (4.10) and (4.11) hold. Write V, + V, =V with
V,(r) = V(r) (respectively 0) if |r] = 1 (respectively |r| > 1). By Proposition 4.10,
V,€K,. As for V,, we note that, for any ry= 1, a =1, any x and any unit
vector, é,

I =yl P afin=[ |y dfl(y) S Ca
|¥)=ro Iyl

=ry
|y—|vlé|=a ly—roé|Sa

for some constant C. Here gﬁ( y) is the surface measure normalized so that the
total surface area is fl.,,|=,dS2(y) = Dy’~ '. From this fact, we see that, fora =1,

Joyedx oAy

is, at most, ca multiplied by the right-hand side of (4.11); thus V, € K.
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Remarks 1. These arguments show that the phenomena given in Example 1
of Appendix 1 cannot take place for centrally symmetric potentials, i.e., if V is
central and sup, E, (fy| V(b(s))|ds) < oo for some 7, then V € K,. Since this
holds for » = 1, it is not surprising that it is also true for central potentials.

2. As far as total singularities are concerned, these results nicely delimit K, :
eg. r fInrl"'"¢ or r"Inr] '[nlnr=")]"'"¢ are in K, but r~Inr]"" or
r“Inr)ln(lnr~")]~" are not.

THEOREM 4.12.  Suppose that v Z 3 and

fm|p{x||V(x)| = A} dA< o0
a

with u(-) = Lebesque measure. Then V € K.
Proof: Without loss of generality, we can suppose that on the support of ¥V,

V(x) Z 2a, since min(2a, V(s)) € L* C K,. Let V* be the spherically symmetric
decreasing rearrangement of |V|. By definition,

fo°°|#{x| V*(x) ;A}P/"dx=fo°°|p{x||1/(x)| Z A} dA< oo,

Suppose that V* is strictly monotone and continuous on its support. Define r(\)
by V*(r(A)) = A for 2a = A < o0 and r(A) = r(2a) for A < 2a. Then

fo°°r| V‘(r)|dr=j(;°°d}\%r()\)2= cfo°°| p{x| V*(x)Z A} dA.

Therefore, V* € K,.
However, by general principles (see [4]),

sup =AYy S [ ATV,

x Jx-—y|Za
Thus ¥V € K,. The general case follows by an elementary limiting argument.

COROLLARY 4.13. Let v = 3. Let G(y) be positive and monotone nondecreas-
ing in s with

fw[G’(s)]_z/("—z)ds< .
Suppose that
[6(v(nhay< .

Then V € K,.
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Proof: We know that

[euvonayz [ ey

Yinz a[
4.12)

=f.,mG'(")| r{ IV () Z A} A

However, by Hélder’s inequality,
fw|#{)’||V(y)| Z A= (4.12) xfw(Gf()\))-z/(»—nd)\'

EXAMPLE. G(s) = s*/*[log(s + 2)]* with &« >1(» — 2).

The next result shows the connection between K, and the class of Kovalen-
ko-Semenov [18].

THEOREM 4.14. V € K, if and only if, for all €, there is a C(¢) with which
4.13) 1 Vull, = selldull, + C(e)llull,
for all u € Cg°, where || + ||, = L'-norm.
Proof: We first claim that (4.13) holds if and only if (Hy,= - 14)
. -1 -
(4.14) lim [[V(Ho+ a) |, =0,

where || + ||, , is the norm as an operator from L' to L'. Relation (4.14) implies
(4.13), using

IVully S 1V (Ho + a) "Il [ 411Aull, + allull, ],
and (4.13) implies (4.14) since
IHo(Ho+ a) =2, [[(Ho+a) 'l =a
By duality,
IV (Ho+a) 'y = l(Ho+ @)™Vl
and, since (H, + a)~' is positivity preserving,

(Ho+ @)™ "Vllwwoo = (Ho + @)™Vl
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(on the right side of this equation, we apply (H, + a)~' to the function | V| and
compute its L®-norm). Thus, (4.14) is equivalent to

lim supEx(fwe_“’W(b(s))lds) =0
a—roo x 0
and this is easily seen to be equivalent to (4.4).

Remark. Kovalenko—Semenov [18] consider the set of all ¥ for which (4.13)
holds for some € < 1. Thus, K, is the set of potentials all of whose multiples obey
the condition of [18]. The difference is only in the pathologies of Example 1 of
Appendix 1.

The next set of ideas involving K, that we want to present involves the study
of (—A)"'V as a map on L®. We discuss in detail the case » =3. All the
arguments carry easily over to » = 1,2 after replacing (—A)~', and its kernel, by
what corresponds to (—A + 1)~

THEOREM 4.15. Let v Z 3. Let V have compact support. Then V € K, if and
only if (i) the integral defining

@.15) f) = [le= 172V ()l
converges for all x, and (ii) f is a continuous function.

Proof: Suppose first that V' € K,. Let f, be the function defined by adding
the condition |x — y| Z & in (4.15). Then f, is trivially continuous and V € K,
implies that lim, || f — f, ||, = O, therefore f is continuous, being a uniform limit
of continuous functions.

Conversely, suppose that f is a continuous function. Let |V|=V, + W,,
where V, = min(|V|,n). Let f= f, + g,, where f,, g, are the functions obtained
by replacing | V| by ¥, and W,. Now, for fixed n,

lim sup Ix—y|~ 2|V, (»)ld?y =0,

al0 x Jx-y|Sa

so that

lim supf| = |x=y|"¢ 2V (p)ld’y = lim || g,ll-
X—_y =0

al0 x n—o0

But f, converges monotonically upwards to f, which by assumption is continuous.
Therefore, g, — 0 uniformly on compacts (by Dini’s theorem). Control of g, far
from the support of ¥ is trivial; hence lim,,_, .|| g/l = 0.

The above proof, especially the Dini’s theorem argument, can be summarized
as follows:
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THEOREM 4.16. Let v = 3. Let V have compact support. Then V € K, if and
only if, for all €, there is a function W, such that V — W,_ is bounded and such that

sup [Jx = y| P W (p)ldy Se.

THEOREM 4.17.  Let v Z 3 and let V lie in L' and have compact support. Then
V € K, if and only if (—A)™'V defines a bounded map of L™ into C (R"), the
continuous functions vanishing at infinity.

Proof: Let ¥V € K,. Write V = W, + (V — W) in accordance with Theorem
4.16. Since ||[(—A)"'W,||w.o = Ce, we see that (—A)™'V is a norm limit of
bounded maps from L* to C, and therefore it itself is bounded.

Conversely, if (—A)™'V is such a map, let g(x) =V (x)|V(x)| ™' (respectively
=0) if V(x)#0 (respectively =0). Then (—A4)"'Vg=(—A)""|V|. If this is
continuous, then V € K, by Theorem 4.15.

The following result is primarily of academic interest:

THEOREM 4.18. Let v=3 and let V be an L' function of compact support.
Then V € K, if and only if (—A)~'V is a compact map of L™, i.e., [(—A)"'V]
XSSl o = 1}] is precompact in L.

Proof: If ¥V € K,, as above, (—A)™'V is a norm limit of maps (—A)" 'V,
with ¥V, € L™ and supp V, compact. Such maps are compact by the Arzela-
Ascoli theorem; hence (—A)~'V is compact.

For the converse, suppose that V & K, but that (—A)™ 'V is a bounded map
on L*. Let

Ba:(X) = Cf L= AT PNy,

lz—ylS

where ¢ is chosen so that ¢|x — y| % is the integral kernel of (—A)~'. Notice
that if A € L', we can always, given ¢, pick a so that

sgpf‘z__v‘galh(y)ldﬂ e.

(We write & as a sum of two functions, one bounded and the other with a very
small L' norm). Thus, since we are supposing (—A)~'|V| € L=, for any fixed x,

(4.16) ]ifg sup|g..(x)|=0.
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Since V & K,, we have

“.17) liig sup g, .(x)=¢€¢>0.

Next let us pick a,, z, inductively by letting a, = | and picking z, so that
8, :,(z) £ je. Supposing a, -+, a, , and z;,- -+, z,_, are picked, we first
select a, so that

sup|g,, -(z)| =4 i=1---n-1,
which is possible by (4.16), and then z, so that
| 8.z, (20)| Z fe.
Let f, =g, .. Clearly, f, = (—=4)"'Vp, with |jp, ||, = 1. Moreover, if n > m,
Lo (2m) = fu(2)l Z 365
hence|| f, = f..l. = L€ for all n,m. Tt follows that (—A) ™'V is not compact.

Finally, we want to prove Theorems 1.5, 1.6. We emphasize that all that is
really used in their proof is Theorem 4.16. Again we only give the proof for » = 3.

Proof of Theorem 1.5: Here we give the proof assuming that u € L. Later
(Theorem 4.18) we show that this is automatic. We only need to prove continuity
near a fixed point, say near x = 0. Let

(4.18) fxy= clx=y|7 "V (yyu(y)dy

=t

with ¢ chosen so that c|x — y| 7"~ 2 is the integral kernel of (—A)~"'. Then, for ¢
in Cg({x||x| = 1))

(Ad, u + f) = (¢, Vu) + (Ao, (—A) " 'xVu) =0,

where x is the indicator function of the unit ball. Thus u + f is harmonic in that
ball and so continuous there. Since V € K", f is continuous by Theorem 4.17.

Proof of Theorem 1.6: Consider first the case » = 3, without the stopping
time, where we want to show that

(4.19) f‘é‘?,E"Uo I(stV)(b(S))IdS) <e
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Since (—A)~' has an integral kernel ¢[x — y| ™"~ ? and

[ e =[-a e it fzo
we see that the left-hand side of (4.11) is at most

csup |x—y|~ =2V (p)ldy,
2R

x Jx—y=

because of the location of §. Thus (4.19) follows directly from the definition of
K

The result for » 23 with stopping time follows from what we have just
proven. If » = 1,2, we proceed as follows. Let T, be the first exit time from
|y — x| =2R. Then T, = T and

E\.(forl V(b(s))lds) < E,\,(j;rw(b(s)){ds)

= G(x, y; RV (y)ldy,

T Jx—y=2R

where G(x, y; R) is the Green’s function for { y||y — x| =2R} with Dirichlet
boundary conditions. Explicitly,

—(m)"'In[|x = y|/2R] for »=2,

G{x,y;R)=
(57:8) [2R—|x-y| for »=1.

Noting that, for 2R=1, G(x, y; R)= —(7)” "n[)x - y|] in two dimensions and
G(x, y; R)= 2R in one dimension, the result follows.
To get the strongest claim of Theorem 1.5, we need

THEOREM 4.18. Let V € K, let u, Vu € L), with
—1Au+ Vu=0
in distributional sense inside some set Q. Then u is locally bounded.

Proof: We suppose without loss of generality that » = 3, since we can always
add on extra dimensions. We shall prove boundedness of u(x) for x near 0,
assuming £ 2 0. As in the proof of Theorem 1.5, we can write

u=f+g

with g harmonic near zero, and f given by (4.18), |y| =1 being replaced by
| y| = 8 for suitable 8. By hypothesis, Vu € L., so by Young’s inequality f is in
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Lf, for any p < v/(v —2). Since g is harmonic near 0, we conclude that, inside
Q, uisin L) for p < v/(v — 2). Similarly, since

N = [ e@=nlx=y "V () dy

(distributional gradient) we see that Vu € L{ if p<v/(v — 1).
Now fix some p with 1 < p < »/(» — 1) and let ¢ be its dual index. Choose &
so small that § = { y||y| = 8) C Q and so that

(4.20) sup E,(fowl Q(b(S))IdS) <q7

|x|=8

where
o) =xs(W[V(y)-1]

with xs the indicator function of S; (4.20) can be arranged since ¥V € K and
v=3.

Pick 7 € C°(R”) with suppn C S™ and with =1 in a neighborhood of
18 ={yl|ly| =48)}. Let w = nqu. We shall show that w € L* in }S; hence u is
bounded in 1§ proving the theorem.

Note that w obeys, in distributional sense,

4.21) —1Aw+ Qw+w=h,

where h= L (An)u+ (Vy)-Vu€ L? and supph C {x]}8 <|x] <&} Now
w € L' and, by (4.21), Aw € L' and moreover, Vw € L', It follows that w lies in
the domain of the generator of the semigroup e on L'. Since Q is a Kato
bounded perturbation of the generator (see Theorem 4.14), w is in the domain of
the generator of the semigroup e "/ with H = — 1A + Q. Thus (4.21) which was
proven in distributional sense is true in L'-operator sense. Therefore,

w=(H+1)""h =j(;w(e"e""'h)dt,

where the second formula is true by (4.20) and Khas’'minskii’s lemma, which tell
us that sup,|le”""||,, < . By Holder’s inequality, first in path space and then
in dt, we find that

Wl = {[(= 38+ g0+ 1) 1)) [ [(- 18+ D) ar]0) .

By (4.20) and Khas’minskii’s lemma, the first factor is bounded. Since |h|” € L'
and supph C { y||y| >18}, the second factor is bounded.
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5. The Strong Harnack Inequality

In this section, we shall prove Theorem 1.1. The first half of it is
THEOREM 5.1. Let V € K. Then H obeys the strong Harnack inequality.

Proof: Without loss of generality (by adding extra dimensions) we may
suppose that » = 3. For fixed R, d, assume that there is a function ¥ =0 which
satisfies Hu = 0 in a neighborhood of ' = {z||z — y| = 24} with |x| < R. Let us
denote © = {z||z — x| = }d}. By Harnack’s inequality (see Section 3), we know
that

(CAY) supu(z) = Cu(x)
zEQ

with C depending only ¥, R and d. As in Section 2, we know that in £,

u(y)=2g(y) - [(Hé’)_l Vu](y) =g(»)+f)

H{' being the Dirichlet Laplacian in £ and g the function which is harmonic on
Q'™ continuous on £, and equal to u on 9. By (5.1) and the explicit formula for
g which yields a bound on Vg, we see that

(5.2) 18(») — (¥ = Alx — plu(x) if |x—y|=d
for some 4 depending only on V, R and d. Now write V' =V, + W, with
Viy) iflVO)l=n,

Viayy={—-n ifV((y)s-—-n
n ifV(y)Zn,

and write f = f, + g, correspondingly. Since

lim  sup lz— y| " 2| W, (2)|dz =0

"R p=d+ RY|Iz-y|=d

(see Theorem 4.16) and (H) ™' has an integral kernel dominated by a multiple
of |z — y| =2, we see (using (5.1)) that

| g.( V)| = B,u(x),
where

(5.3) lim B,= 0.

n—»o0
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Thus, if |[x — y| = d,
(54 Ign(x) _gn(y)léanu(x)

Finally, since |V,| = n, the explicit form of (H)™' gives us control of Vf,,
leading to

(5.5) Lf(®) = L = Glu(x)l|x —y| for |x—y|=d.
As a result,

(-6) |u(x) = u( )| = u(x) f(|x = ),

where

flay=inf[ad + 2B, + C,a]
depends only on R, d and V. From (5.3), we see that lim, , f(a) = 0.

As usual, we give the proof of the converse just for » = 3, only to avoid
notational complexities.

THEOREM 5.2. Let V=0 be a measurable function on R*. Suppose that for
any R there are ex > 0 and c such that

(.7 %f|V¢|2dx+ (1+ eR)fV(x)|¢(x)|2dx; —ch|¢(x)|2dx

for all € C°(|x| < R). Let H be a corresponding form sum, and let H obey the
strong Harnack inequality. Then V € K**.

Proof: We shall show that, given ¢, we can find « for which
[ =l dy s«
y=a

for all x with |x| < R. Obviously, by compactness, we need only do this for x
very near 0. What we shall do is prove it for x = 0 but in our proof a will only
depend on c; and on the functions f, ; in the strong Harnack inequality, so the
bound will hold uniformly in x near x = 0.

Inequality (5.7) implies that

(. H9) Z dex (1 + )" [196] ~ e [0l

if ¢ € C°(Jx| = R). It follows, that we can take & so small that H* = 1, where
Q={|x|||x| =28} and H? is the “Friedrich’s extension” of H on Cg°(®) (&
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only depends on cg, €, and the fact that € C {|x| C R} and not on the fact that -
the center of the sphere is at zero). Pick any function f supported in {x|6 < x
< 28} which is C* and positive. Let

u=(H% 'f.

Then u = (Hg)™'f >0 since (— ¥)Z0. In a neighborhood of {x||x| <&}, u
obeys Hu = 0, thus by the strong Harnack inequality, given € we can find r such
that

. ¥

©-8) |,.'-|"§f ru©) —

1 - 1€
We claim that, for any ¢,
59 u®= Eo(exp{ —f’V(b(s))}u(b(t)); |b()| = r, sup |b(s)| = 8).
0 0=s=y

Inequality (5.9) would hold by considerations of the type found in Section 2 if we
knew that ¥ € K,. To get it in general, let V, = max(V, —n), HY= H} + V,
and u, = (H)~'f. Since V, € K, (5.9) holds if u is replaced by u, and V by V,.
Now, u, is monotone in n since this is also true for V,. By the monotone
convergence theorem for forms, (H%) '—>(H%) "' strongly, therefore u, > u in
L?. Since u is continuous, the convergence is uniform. Applying the monotone
convergence theorem, we obtain (5.9).
Since (5.8) and (5.9) hold, we see that

(5.10) Eo(exp{—f’V(b(s))};|b(z)|ér, sup |b(s)|§8)§(l —1g7h
0 0=s5=y
Since § and r are now fixed, we have

: < =
(5.1D) lllngo(|b(f)|=r and 021,;’|b(s)|§a)_ 1.

The last two formulas imply, using e? = 1 + a for a = 0, that we can pick T so
small that, if 1t < T,

(5.12) Eo(fo’| V(b(s)ds (0] = r; sup [b(s)| = s) =z

Let P/(x, y) be the integral kernel of the semigroup generated by the Dirichlet
Laplacian in {z||z| < 8}. Equation (5.12) says that

{ -~
bSOV (2 dydisE
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If | y| =} r, we can be sure that [, P,(y,2)dz Z | if u is small. Thus, shrinking
t if necessary, we know that

1
dy|V P/(x, y)ds=2&
Sy p VO [Pl ) ds= 28

But if | y| = ¢'/2 <18, we have, by scaling, that

[P0, pyds= elyl .
o
Thus, for a« = min(1'/%,11),
[ e vpldyse e
|¥Sa

Since ¢ is independent of €, we can make the a priori choice € = { ce.

6. Subsolution Estimates

DEFINITION.  Let ¥ € L;,.. We say that u is a subsolution for H = 1A + V if
and only if
(i) uz 0,
(1) u is locally bounded,
(iii) u is upper semicontinuous.
(iv) Hu =0 (in distributional sense).

Remark. By Kato’s inequality (see [16]), if H¢ = 0 with ¢ locally bounded
and continuous, then u = |¢| is a subsolution.

In this section we want to prove the following:

THEOREM 6.1.  Suppose V_ = min(V,0) is in K,,'"" and let u be a subsolution.
Then

u(x)= Cj|.x-— v’=6u(y)do(y)

so long as § is sufficiently small. How small 8 must be and how large C is depends
only on local norms of V near x. In particular, if V _ € K,. these may be chosen to
be independent of x.

As a preliminary remark, we note that

(_%A.{. V_)u=Hu—- V+u§0:
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thus without loss of generality we can suppose that ¥ =0 and V € K. Given
this, the theorem clearly follows from the results in Section 3 and

LEMMA 6.2. Let u be a subsolution for H= — 1A+ V with V € K} and

V =0. Then, for any small enough ball Q, T — the first exit time from Q, and all
x EQ,

©.1) u(x) = E‘.(exp{ —fOTV(b(s))}u(b(T))).

Remark. Formal considerations suggest that (6.1) is true even if ¥ is not
negative but since the proof is more direct in case ¥ = 0 and that is all we need,
we only consider that case.

Proof: Let f=(H§) 'Vu. Then f is continuous and vanishes on 3Q by
Lemma A.4.4. Let n = u + f. Then

An=-2Huz0
and 7 is upper semicontinuous; hence 7 is subharmonic. Thus, since f = 0 on 32,
(%) = E(u(b(T))).

Using Lemma A.4.4 again to write (H{)™'Vu, we see that
u(x) = Eu(b(T)) + E [T = V(b(s) ]u(b(s)ds).

Since — V' =0, we can iterate controlling the remainder by supposing £ to be
small and so obtain (6.1).

Appendix 1. Three Examples in Search of a Paper
In this appendix, we present some pathological potentials which illustrate
various points made in the paper.

ExaMpLE 1. Take » = 3. Let x, be points 27", 0, - -, 0) in R", let S, be the
ball of radius 87" about x, and let ¥,(x) be the function at x which is —8" on
S, and zero off §,. Let

(A.L]) V(x)= i V,(x).
n=2
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We claim that
(A.12) sgpflx—yl“”‘”lV(y)ldy < 0
and that, for each fixed x,

(A.1.3) lim lx= |72V (y)ldy =0
a0 Jix—py|=Za

but that nevertheless

A.l4 lim su = y|m "DV (p)dy #0.
(A.14) lim xpflx_yléalx b4 V(xn)idy

After proving these facts, we shall discuss the significance of such an example.
Given (A.1.2), (A.1.3) is an immediate consequence of the monotone conver-
gence theorem. To prove (A.1.2), let

pa(x) = [Ix=yI7C 721V, ()l dy.
By scaling, sup, p,(x) is independent of n; thus
(A.1.5) p(x)=C

for all n and x and some C (indeed, the best C is {»1,, 7, being the volume of the
unit ball). Let 7, be the sphere of radius 4" about x,,. Since n,m = 2,

(A.1.6) I,NT,=0 for n#m.

Outside S, p, equals d,|x — x,| ~"*~2 by Newton’s law, and by scaling we have
d,=d8 ""~2 Thus

(A.LT) Sup py(y) = d(2)" D= d2="""2,
e,
By (A.1.5-7),

E")p,,(y) =C+d 2_322‘"“‘2’ < o0,

proving (A.1.2). To prove (A.1.4), we note that, so long as a = 87",

[ ey Z e ) = i,
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Thus (A.1.4) holds. By (A.1.2),
supE, (afw| V(b(s))[ds) <1
x 0
for a small. Therefore,
exp{ —t(— 34+ aV)} = F(a)
defines an exponentially bounded semigroup on L* (see Theorem 1.2), for which
lim || F(@)ll0.c0 # 1,

by our basic result on K,. Moreover, while F,(a) is bounded from L* to L™ for a
small, it is not even bounded from L? to L? if a is sufficiently large. Indeed, let

Y(x) be the lowest eigenfunction of the Dirichlet Laplacian in the unit sphere
and let 2¢, be the corresponding eigenvalue. Let

\P"(X) = ‘P(s"(x - xn))'
Then
(Y (Ho + aV )4}/ (Yo V) = (€0 — a)87",
by scaling. Thus, if a > e,, F,(a) is not even bounded from L? to L2.
Notice that the distribution function of V is essentially the same as that for

r~2. From this point of view, the surprise is that F,(a) is even bounded from L*
to L™,

EXAMPLE 2. Let ¥, be the potentials of example 1 and let
[><]
W= n"'V,(x).
n=2

Then clearly,

sup lx=y|"C 2| W(y)ldy = en~' + b,,.

X Jx-y|Za

where

C =

Z."f
J

<o (by A.1.2)
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and

b,.n = sup |x—y|“"‘2’[ S j"!V,-(y)l]d
JEn

x Jx-y|Ea
Since T, j 7 '|V,(»)| € L® N L', we see that

limb, ,=0
al0

for each n. It follows that W € K,. Thus (see Theorem 4.5)
(A.1.8) lim [ sup f E (|W(b(s))))ds | =
However, we claim that
!
(A.19) fo sup,[ E.(|W(b(s))))] ds= o0
for any ¢ > 0. Using the scaling we have
Sl:pEx(IW(b(S))I) = snipEX(n' d Va(b(s))I)
E (n7|V,(b(s)) = (2n)" '8

if 0= s = a8 2" for some a. Thus

-2

[ SPE(IW(b(s))])dsZ (2n) e

i‘I&

Summing over n, we obtain (A.1.9).

The point is that while Trudinger type estimates can be used to prove that a
potential is in K|, they always imply that [jsup, [---]< o0; thus W will not
obey Trudinger type estimates with a ¢(e) which can be turned around to give us
W € K,. Indeed, the c(e) for W will be essentially identical to the c(e) for
r~*(logr)~" for which Harnack’s inequality can fail.

ExampLE 3. It has been known for some years (see, e.g., Schechter 28], [29],
Combescure--Ginibre [8] or Baetman-Chadan [2]) that there exist potentials V
with severe oscillations which allow —A + V to be bounded from below on L?
even though —A + min(V,0) has no lower bound. We want to show here that in
such a case it still may happen that exp{ —1(H, + V)} is bounded on L*. It is
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probable that one could prove a Harnack type inequality here also. The point of
this example is that if V is allowed to oscillate, one cannot hope for any simple
K,-type condition to be necessary and sufficient for properties like L= bound-
edness. Let V(x) = V(|x]) on R® with

v 0 for 1=rorr=2,
(r)= —(2m)~'e(r = 1) "cos((r— 1)7*") for 1<r<2,
where m is fixed, but arbitrarily large, and € is a parameter which will be
adjusted.
Of course, V is so singluar that one cannot directly define H =1A+ V by

just integrating. There are several equivalent definitions, see [8]:
(a) Define

Jl60x)PV (x) dx to be lim Sy RV ()

r—1|1z8

which exists for ¢ € C;°. H is then form-bounded from below on Cg°, with a
well-behaved Friedrichs extension.

(b) Let Vs be the potential obtained by replacing r — 1 by (» — 1 + 8) and
note that Hy, + V; has a nice limit in norm-resolvent sense.

(¢) Note that

(A.1.10) V(r)= E-‘%(r— l)"'”sin(r— 1)—2n,)+ W

with W bounded, and interpret
(9, Vo) = (¢, W) — 2¢Re (b, (r — 1)" "' - - - do/ dr).

These equivalent definitions yield an operator H, with e ~'# a bounded semi-

group on L% We shall show that for € small, the semigroup is bounded from L®

to L. If Hp =0 has a solution ¢ which is in L® and inf, ¢(x) > 0, then, by

standard ideas (see [32]) the semigroup is bounded. (Actually, it is only for nice

Vs that one can easily see this; hence one uses the ideas to get a 8-independent

bound on |lexp{ — t(Hy+ Vy)}|l.c With V¥, given in construction (b) above.)
Our construction uses the following result:

THEOREM A.l.l. Let M,N,K be smooth, finite matrix-valued, functions on
(a,b) with

K(x)= Z—t’ + N(x).
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Suppose that lim, , M(x) exists, and that

xla

b b
a=[IN)lldx< oo, B=["IMK(x)ldx<eo, y= sup [M(x)|<1.
a a a<x<b
Then, for any vector u,, there is a unique C' function, u, on (a,b) obeying
u(x)= K(x)u(x) and lim _,, u(x) = uy,. Moreover, if u, is fixed but M,N are
varied in such a way that a, B,y —>0, then u(x)— uy uniformly on (a,b).

Proof: Let v(x)=(1 — M(x))u(x). Since (1 — M) is invertible for all x
(y < 1), it is easy to see that & = Ku if and only if o= (N — MK)Y1 - M) 'p,
and lim_, u(x) = u, if and only if lim_ ,,v = (1 — M(a))uy = v,. Since, further-
more, [(N — MK)1 — M)~ || € L'((a, b]) we can solve for v by standard meth-
ods.

Remark. This theorem is a result of Wintner [38], {39]. In [24] it is attributed
to Dollard—Friedman [10] who rediscovered it. We learned of Wintner’s work
from Devinatz.

Now, to solve Hp=0, $ =0, we try ¢(x)=|x|"'u(|x]) (as usual) with
u”(r) = V(ryu(r). Letting u(x) = p(x)x + v(x) and #'(x) = p(x), we see that the
differential equation is equivalent to

(A.1.11) (“)'= K(x)(::‘)

v
with

K(x)= V(x)(;:2 )lc)

Because of the form of V, K obeys the hypothesis of Theorem A.l.1, and as e >0
the parameter a, 8,y (with [a,b] =[1,2]) all converge to zero. We now solve
(A.1.11) on [1,2] with (u(1),»(1)) = (1,0) and define

X for0< x <1,
u(x) =4 m(x)x + »(x) forl1 < x <2,
p(2)x +»(2) for2 < x < oo.

As €)0, infu(x)/x—1; thus we can find a suitable solution for € small. This
shows that e "7 defines a bounded semigroup on L*.

Appendix 2. Estimates on Green’s Functions

Let Q,(x, y) be the kernel given in (3.8). Our main goal is to prove Theorem
3.2 for the case where Q is a ball, but we shall prove (3.11) for fairly general .
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LEMMA A.2.1. Let Q be the unit ball about zero. Then

(A2l c(l-n=ym=dl-r)

for some 0 < c¢,d < o0.

Proof: This is an immediate consequence of the fact that  vanishes only at
Ir| = 1, ¢ is C* up to the boundary, ¢ is radial and 3y /ar(r =1)# 0.

Lemma A2.2. Let Q be the unit ball about zero in R'. Then, there are
constants m,C,D < oo such that for an orthonormal basis of eigenfunctions ¢ of
HY we have

(A22) lo(r)| = C(E +1)"
and
(A2.3) lo(r)| = D(E + 1)"*'(1 = |r|),

where E is defined by Hp = E¢.

Proof: By separation of variables, we can find a basis of eigenfunctions of
the form

o(ry=r= D 2u(ryy (7),
where Y/" is a spherical harmonic and u obeys
~u"+ L(L+ 1y " u=2Eu

with L=1/+4(v —3). Now, (H§+ 1)™" maps L* to L™, if m is sufficiently
large, so that (A.2.2) is immediate. This yields (A.2.3) in the region |r| <{.
Noticing that —4 = L(L + 1)=2E (the latter since [,<,r *L(L+ Du’dr
= 2E) we see that, by (A.2.2),

(A2.4) lu”(x)| = C'(E+ )™,

fIA
IiA

x=1,

B

where, without loss of generality, we can assume that C’ > 96. We claim that
(A2.5) lw'(1)| = C(E+ )™\

Suppose the contrary and assume, without loss of generality, that w'(1) > 0.
Then, by (A.2.4),

w(x)ZLIC(E+ 1), l<x <],
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which since u(1) = 0 implies that
u(x)ZL1C'(E+ 1)"*Y(1 - x), i<x<],
so that

£I|u(x)|2dx§ e C(E+1)"'> 1,

which violates the normalization condition. Thus (A.2.5) holds. Using (A.2.4)
again we get

|u'(x)| =3C(E+1)7,
which yields (A.2.3).

THEOREM A.2.3. Let ¢,, E, be an orthonormal basis of eigenfunctions for Hgl,
with & a unit sphere in R’. Then, for s > 0,

Q% y)= Jim 3 e E[an(v(x) 7 | [a(1)¥()]

converges. The convergence is uniform on set of the form @ X & X [so, ), with
5o > 0, and Q, obeys

(A.2.6) | Qy(x, y)| = C,(1 — | pl).

Proof: Given the above bounds and the fact that #{E, = E} is -bounded
by C« E*/? (see e.g., [25]) the convergence is easily seen, as is the bound (A.2.6).

THEOREM A.2.4. Q, is continuous on § X & X (0, o0) and obeys (3.9), (3.10).

Proof: Continuity follows from the obvious continuity of the sums ¥ <
and the uniform convergence. (A.2.6) implies (3.9), and (3.10) follows from the
orthonormality of the ¢,.

We shall prove (3.11) for the following class of sets:

DEFINITION. We say that € is a rounded convex set if and only if Q is a
bounded open convex set, and there is an r > 0 with which for every x € 0§
there exists an open ball B, of radius r, with x €98, and B, C Q.

Remarks 1. In some sense r is just an upper bound on the radius of
curvature of 8£.
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2. Except in » =1, cubes are obviously not rounded but as products of
interva s (which are rounded) they clearly obey (3.11) once we know the bound
for rounded sets.

LEMMA A.2.5. Let Q be a rounded convex set. Then
(A2.7) cdist(x, Q) = ¢(x) = ddist(x, Q)
for suitable 0 < ¢,d < .

Proof: Since HY = ay,
(A2.8) Y(x) = a[(Hg’)‘ '¢](x).

For any x € @, let y € 3Q be chosen so that dist(x, 9Q) = dist(x, y) and let 7, be
the half-space with @ C 7, and y € 97,. Then by (A.2.8) and the monotonicity of
the integral kernel of (H(f)' in the region R, we obtain

(A29) ¥(x) S o[ (HS )™ 'W](x).

Let G(y,z) be the integral kernel of (Hg*)™ !. Then, by the method of images, we
have

3G
9( yé)

(2)Scly—z~¢7Y

if é is the direction perpendicular to dx,. This implies that, with 5(y) =
(HJYX(), 9(p) = ¢||§]lo(y - €) which proves the upper bound in (A.2.7).

For the lower bound, we first note that since iy is continuous and non-
vanishing on €, we can find a non-zero lower bound, b, on ¢ in the region
R, = { y|dist( y,0Q) Z ir}. Now, let x € Q, with dist(x,0Q) = r. Let y € 0Q be
chosen with dist( y, x) = dist(x,92) and let B, be a ball of radius r as in the
definition of roundedness. Then, by (A.2.8),

Y Za(H) ¥]x)

Using the contribution of all points, z, in the ball B, with |z — zo| = 1 r, where z,
is the center of B,, we obtain the lower bound in (A2.7).

The penultimate preparatory step to proving (3.11) is to verify it for a
half-line:

LEMMA A2.6. For x, y, E[— o0, 0), let

P(x, y) = (2ms)"'2exp{ —(x — y)*/4s)
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and, for x, y > 0, let
Q.(x, )= x" Y[ Pi(x, ) = P(x. = p) ]
Then, for any «, there is a C, with

(A.2.10) Q_\-(x9 ,Y) é C(P(|+().\‘(x’ .y)
for all s >0, x,y >0

Proof: By scaling we can suppose, without loss of generality that s = 1. We
consider separately the two cases: y = 2x and y = 2x. If y = 2x, then

Qi(x, ) 2P (x, y)=2(1 + ()I/ZP(I+()(x’y)’

since s'/2P (x, y) is monotone increasing in s.
If y = 2x, we proceed as follows:

0i(x M) Piivolx )] ™
=(1+ 9" [exp{ =3 (1 + ) e(x = y)?} |[x (1 - e7>)]
=(1+¢) 2y’ exp{ —(8 + 8¢) "¢’}
which is bounded.
LEMMA A2.7. For x, y ER’, let
(A.2.11) Ps(x,y)=(2'ns)_"/2exp{—(x—y)2/2s}
and, for x, y with x,, y, >0, let
Qu(x )= xT W[ Po(x, p) = P(x. (= y1o 2 o 00)) )
Then, for every e, there is a C, such that (A.2.10) holds.
Proof: Make the v-dependence explicit by writing P{*’, Q(”. Then
P ) = TP
and

0:7(x, ) = 0 (x1, 1) I Pk )
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Thus, (A.2.10) follows from the one-dimensional case (Lemma A.2.7) and the
bound

POY(x, y) = (1+€)'2P{1 (%, »)
which follows from the monotonicity of s'/2P!"(x, y) in s.

THEOREM A.2.8. Ler Q be a rounded convex set in R*. Let P, be given by
(A.2.11) and let

Q.(x, ¥) = ¥(x)""W(»)P(x, y),

P being the integral kernel of the semigroup generated by the Dirichlet Laplacian
in Q. Then (A.2.10) holds for any € > 0. Moreover, C, depends only on v and on the
ratio

sup| dist(x, aﬂ)np(x)]/inf[dist(x, 89)\[J(x)].
In particular, the same C, will work for all balls.
Proof: We bound instead
(A2.12) dist(x,02) " 'P&(x, y)dist( y,9R)

by C P, .(x, y) independently of § and then use Lemma A.2.5. Given x, pick
z € 39 so that dist(z, x) = dist(x, 92) and let 7 be the half-space with z € 37, and
Q C #. By translation and rotation, we can suppose without loss of generality
that = = {z|z, > 0}. Then dist(x,d8) = x, and dist(y,dQ) = y,. Since P? is
monotone in £, we see that (A.2.12) is bounded by

X [P ) = P (—y i 2 5 00) ]

so Lemma A.2.7 yields the required bound.

Appendix 3. Some Remarks on First Exit Times

Let © be an open subset of R” and let T be the first hitting time for R"\Q. The
first fact that we want to note helps explain why Chung-Rau [7] obtain results
which depend only on |€).

THEOREM A.3.1. Let f be a monotone non-decreasing function on [0, c0). Then

E (f(T)) = Eo(f(T)),
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where T is the first exit time for —the ball about zero with || = |9 (14|
= Lebesgue measure of A).

Proof: By standard arguments, it suffices to consider the case f(s)=0
(respectively 1) for s = a (respectively s > a), i.e.,

(A3.1) P(T >a)= PyT > a).

Let 2, be an increasing sequence of open sets with ,CQ,,, and UL, = Q.
Then

Px(T > a) = "_lzg.}’l’}glwpx(b(ja/m) € Qn;j = O’ l’ T m)’
where

P_x(b(ja/m) €Q,;j=0---, m)
(A32)

14

=me(x = X)X (X1) G X = X2)Xa(X2) * * * Xn(Xm)d'%) ... d'x

with G, a Gaussian function, and x, the characteristic function of €,. A general
result of Brascamp et. al. [4] asserts that any integral like (A.3.2) increases if
every function is replaced by its spherically decreasing rearrangement. For
G, (x — +) this is just G,,(+), for G, (-) it is G, (+) and for x, it is dominated by X,

the characteristic function of . Thus
P (b(ja/m)€R,; j=0,--,m)= Py(b(ja/m)€R;j=0,---,m)

which yields (A.3.1) upon taking limits.
The second result involves an explicit formula for the joint distribution of T
and b(T):

THEOREM A.3.2. Let Q be a bounded open set with smooth boundary. Suppose
that:

(i) the integral kernel P,(x, y) of exp{ —sH) has, for each fixed s >0 and
x € Q, an extension to § which is C' up to the boundary,

(ii) the restrictions to 3K of functions which are harmonic in Q, and C' up to the
boundary, is dense in the set of continuous functions on 0.

Then for fixed x the joint probability distribution of T = s and b(T) =y is

(A33)

N —

a
B, P00 ) do() s

where n, is an inward pointing normal and da is the conventional surface measure.
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Remarks. 1. We shall not worry about when suppositions (i), (ii) hold. They
should be valid under rather minimal conditions. It is easy to verify them for
balls and annuli.

2. For the case of balls and annuli, P,(x, y) has an explicit spherical
harmonic expansion from which one can easily read off E (e *"Y(b(t))) (where
Y is a spherical harmonic) in terms of Bessel functions. Thus we obtain, again,
recent results of Wendel [37].

3. There is an analogous formula when { is the complement of a bounded
set.

4. Smoothness of 9Q everywhere is not really essential. For example, one
can prove this formula for £ when it is a cube.

5. Both E. Dynkin and S.R.S. Varadhan have emphasized to us that this
formula is just a “parabolic” analogue of the fact that exit distributions yield
harmonic measures which are normal derivatives of fundamental solutions, and
that therefore this formula is *“obvious”.

We shall need the following lemma, which is of independent interest.

LEMMA A33. Let Q be an arbitrary open set and h an arbitrary bounded
function on 3. Define f on by

h() ify €09,

Jy= {E,r(h(bm)) ifyee.

Then, for any s >0 and any x € Q,

J(x)= E(f(5(T V 5))).

where T V s = min(s, T).

Proof: By the Markov property, the E -distribution of b(¢ + s) conditioned
on T > s and b(s) =y is just the E,-distribution of h(#). Thus

E(h(B(TY):T > 5)= [P (b(s) € di T > 5)E.(h(b(T)))

= E(f(b(8)): T >s),

which proves the result.

Proof of Theorem A.3.2: Let a function 4 be harmonic in € and C' up to
9%2. Then, by Green’s formula, for any s, x:

3P, :
%fa—;(x,y)h()’)do(y)=f— %A.-Pg(xvy)h()')d‘y

= =2 [P(x p)h(p)d.
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where we used P.(x, y) =0 for y € 02 and Ah = 0. Integrating over s from 0 to ¢,
we find

fdsf(%a—s y))h(y)do(y)=h(x)—fo(xwh(y)d"y-

But, by the path integral formula for P,
[Bu(x 2)h(p)dy= E(h(b(s)): T > s)
Since
h(x) = E.(h(b(T))),

the lemma tells us that

fo’dsf[% a%&(x.,v)]h(y)dom = E(h(b(T)): TS ).

In view of the assumed density of these trial 4’s we have identified the required
joint distribution.

If Y(x) is the ground state of Hy and H{y = ay, then, at least formally,

f‘P(X)E,.(T Eda(y), T € ds)d’x
= % % [fpx(x.y)\lx(X)d"x} do(y)ds

d
=[(T1&)a—:(y)do(y)}[e”‘ads]

in line with our discussion in Section 3.

Let us sketch the ideas that should lead to a proof of (3.5). Since it is
peripherial to our concerns, we do not try to give technical details. Because of the
independence of 5(7T) and T and the known ae ~“*ds distribution of T, we need
only to show that

a¢d

d < -
SP(TEsb(TIEA) = 2 [ o

for A a small set near y,. But for s near zero all paths must come from very near
A. Therefore one should be able to reduce this to a statement about the
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one-dimensional Brownian motion:

lim X p (T<s)dx=1a
im [ P(TS )k ;

which, given the explicit formula for 7" in one dimension, is equivalent to

lim O‘dx(f)fox(Zm)_‘/z(%)exp{ - x?/2t)dr= 3

verifiable by an elementary calculation.

Appendix 4. The Dirichlet Problem for Schrodinger Operators

Let Q be a fixed but arbitrary bounded open region in R". We let Hj' denote
the Dirichlet Laplacian on Q times i, i.e., the Friedrichs extension of — 1A on
C°(). For any continuous path b on [0, o0), we define T(b) = inf{s > 0| b(s)
& 1}. By continuity, b(T(b)) € 3. We recall (see, e.g., Port and Stone [22]) that
a point y € 09 is called regular if and only if P (T =0)= 1, where P, is the
probability for Brownian motion starting at y. If there is an open cone, K, with
vertex y so that K N {x||x — y| < R} N2 =0, then y is a regular point (see
[22], Proposition 2.3.3). In particular, if Q is convex, every y € d{ is regular.

In this section we want to study the Dirichlet problem for the Schrodinger
equation. We emphasize that we know of no direct application of the solution of
this problem to quantum mechanics (although, as we have seen, the explicit form
of solutions of Hu = 0 in terms of their boundary values is significant, at least for
nice ). Nevertheless, it is a natural mathematical problem with a solution which
is easy to describe in terms of the ideas in this paper. We shall prove the
following:

THEOREM A4.1. Let Q be a bounded open subset of R" and let V € K,*. If
infspec(H) >0, for H= H + V as an operator on LX), then for any function f
in L*(3R), the expectation (T is the stopping time described above)

A4 (M= E[oxe - [TV(b) s | s(b(T)

defines a bounded continuous function on $ which is a distributional solution of
Hu=0 (i.e, (Hp, Mf) =0 for all ¢ € C;°(Q)). Moreover, if y € 0Q is a regular
point and if f is continuous at y, then

(A42) lim (Mf)(x) = /().

xEQ}
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For bounded V a closely related result has been obtained previously by
Chung and Rao [7].

Before turning to the proof of this theorem, we want to note that the
condition inf spec(H ) > 0 is more or less necessary for Mf even to be finite. For
example, let us show that if ¥ =0 and f=1, then (Mf)(x) < oo for a single
x € § implies that E, = inf spec(H) > 0. For H has compact resolvent since V is
relatively form-bounded on L%(R) with respect to Hé’ with relative bound zero on
account of ¥ € K,°. Thus, there exists a non-zero u € L™ with Hu = Equ and,
by general principles, u = 0. By Harnack’s inequality, u(x) > 0 for all x. Let

=E ~ ["V(b(s))ds|; T = n).
a, X(exp{ fo (b(s)) } n)
Then, by the Feynman-Kac formula,
a, =[exp(—nH)1](x) Z ||u||~"(e~"Mu)(x) = Ce~"F

with C # 0. But (Mf)(x) < oo and V =0, implies that a,—>0 as n—>c by a
simple use of the dominated convergence theorem. Thus E, > 0.

The defect in the theorem is that if 0 & spec(H ), then one would expect to be
able to solve the Dirichlet problem; for nice €’s and ¥’s one can do this by
analytic methods (in terms of the normal derivatives of the integral kernel of
H™Y.

We also note that if there is a function u which is strictly positive in a
neighborhood of @ and Hu =0, then it is not hard to show that E; > 0; see
Theorem A.4.9.

We prove Theorem A.4.1 through a sequence of lemmas:

LEMMA A42. Let V € K)™. If Ey=infspec(H) >0, then Mf given by
(A.4.1) defines a bounded map from L*(3Q) to L*(R).

Proof: Clearly, [(Mf)(x)|=|(M1)(x)|||fllo. SO We need only show that
[(M1)(x)| < ec. Let

a,(x)= Ex(exp{ —fTV(b(s))ds}; n=T<n+ l).
0
Let x be the characteristic function of Q. Then

a(x)= Ex(exp{ +j(;l|(xV)|(b(s))ds});

hence

sup|a,(x)| < oo
x
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in view of the fact that xV € K, (see Theorem 4.7). But, clearly,
a,(x) = (e~ "Ma,)(x),

and thus, for n =2,

la,leo = lle™ 7l woflexp{ —(n = D H }a,|,

S lle™ ", o exp( — (7 = D Eo) lail] [ ]

Since xV € K,, e~ ¥ is bounded from L' to L™; consequently,
lla,llee < Dexp{ —nE,}.

Since E, > 0,

2 “an“oo < .
n

LemMa Ad3. If E;> 0, V € K", then, for some € > 0,

(A.4.3) Slip E,(exp[ —(1+ e)forV(b(s))ds}) < 00.

Proof: In view of the previous lemma, it is sufficient to show that E,
= infspec(Hy + (1 + €)¥) > 0 for some € > 0. But, since V is Hg-form bounded
with relative bound zero, E, is continuous in €.

LeMMA Add4. Let V € K\, g € L*(). Then
(A44) E [TV (bese(bs)ds) = ((H5) V)

Proof: Since xV € K,, the right side is the limit as n,m— oo of the same
thing with V replaced by min[max(— n, V(x)), m] (see Theorem 4.16). By using
monotone convergence theorems, one concludes that it suffices to consider the
case ¥V € L™ and thus, replacing Vg by g, to suppose that ¥ = 1. Also we can
assume g = 0. Clearly,

E( [ sb(snas) = [E(g(b(s))is < T)ds
=j(;°°(exp{ —sHéz} g)(x)ds

=[(H3) g] (0.
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The last two equalities are only intended to be true in the L? sense. However
(using the fact that the distributional Laplacian of (H)™'h is k) it is easy to see
that both sides of (A.4.4) are continuous in x (when ¥ = 1); hence equality in the
L? sense implies equality pointwise.

LeEmMMA A4.5. Suppose the hypothesis of Lemma A.A4.2. For any f € L™ write
g(x) = (Mf)x). Then

(A45)  g(x)= E((T)) - E [ V(b@)gb(s) ).

Proof: We begin by noting that, for any function g(s) and T,

exp{ —fOTq(s)ds} =1 —j(;rdsq(s)exp[ —J;Tq(u)du}.

(A.4.5) follows once we justify the fact that one can take a conditional expecta-
tion on {b(u)},=, inside

E( [ V(b )ere{ = [TVib dufs(T)}.

To do this, we need only prove finiteness of the expectation when we replace f by
|f| and ¥ by |V]| in the first place it appears (but nor in the exponential).
However, for this positive integral, we can take the conditional expectation and
note that, by the previous lemma, the result

[(H8) " 1ViMp) |(x)
is finite.

LEMMA A.4.6. Suppose that the hypotheses of Lemma A.4.2 hold. Then, for
any f € L*(0Q), g = Mf is continuous on § and (H¢, g) =0 for any ¢ € C5°().

Proof: As is well known (see, e.g., [22] or note the mean-value property), the

first term in (A.4.5) is harmonic. We have already noted the continuity of the
second term. Moreover, if ¢ € C5°(R),

(H8s, g) = (Hio.h) — (HE, (H) ' Ve),

h being the first term in (A.4.5). We have used Lemmas A.4.4 and A.4.5. Since h
is harmonic we see that

(Ho'e, g) = — (¢, Vg).
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The following is standard (see, e.g., [22], Proposition 2.3.4). Since the proof is
so easy, we give it to keep this paper relatively selfcontained.

LEMMA A.4.7. Let y € 0Q be a regular point. Fix 8, t > 0. Then

(i) limP(TSn=1,

xEN

e L
) JimPf sup [ps)~)|=8) =1
xXEN

i) lim PL(f(B(T)) = f(2)
xeQ
for any bounded function f on 0Q which is continuous at y.

Proof: (ii1) follows trivially from (ii). (ii) follows from (i) and the fact that
lim, 4 P, (|b(s) — x| £486; all 0 = 5 =) = 1 uniformly in x. Thus, we need only
prove (i). Note that

P(TZt)=P,(b(s)EQ;0=5<1)
=limP,(b(s) EQ;e= =li .
lim P, (b(s) € @ = s < 1) =lim (2)
Notice that f,(z) = (exp{ — eH,} fo)(z), with Hy= — {4, implying that f(z) is
continuous. Since y is regular, lim g, f,(y) =0, so given §, find € >0 with

f.(y) =186. Then find y such that |[x — y| < y implies f,(x) = 8. But fy(x) < f(x)
and thus we conclude that

lim P(TZ1)=0.

LeMMA A4.8. Let y be a regular point in 9 and let the hypothesis of Lemma
A.4.2 hold. Then

[exp{ —fOTV(b(s))ds] - 1”) = 0.

Proof: For each 8 > 0, write the expectation as a sum of two terms f;(x)
and gs(x) corresponding to the expectation over those paths for which
SUpg<,=7|b(s) — y| = & and, correspondingly, over those where this fails. We
shall prove that lim,_qsup, | fs(x)| = O and that lim, , | g;(x)| = O for any fixed
6 > 0, from which the result follows.

lim EA.(
Xy
xEQ
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Let g be the dual index of p = (1 + €). Then, by Hélder’s inequality,
1/
| 8s(x)| = PX( sup |b(s) —y|> 8) fa
0=s=T

with

1/(14+¢)
Ex(exp{—fr(l +e)V(b(s))ds])J .

0

By Lemma A.4.3, a < o0; hence by Lemma A.4.7 (ii),

a=1+sup
X

lim | g5(y)| =0.

x>y

Now let x; be the characteristic function of {x||x — y| =8}. Then, by
Khas’minskii’s argument (see Section 1),

s1:p|ﬁ;(x)| =B(1-B)7,

where B =sup, E (/{(xsV)(b(s))ds), provided B8 < 1. However 8—0 as § >0,
since V € K°°.

Proof of Theorem A4.1: We have already shown (Lemma A .4.6) that Mf is

continuous and a distributional solution of Hu = 0. Thus, we need only prove
(A4.2). But

(MF)(x) - Ex(f(b(TY)| = nfnwE,(

exp(—fOTV(b(s))ds) - 1‘)

Therefore, the desired result follows from Lemma A.4.7 (iii) and Lemma A.4.8.
The following result is of interest since it tells us when inf spec(H) > 0.

THEOREM A4.9. Let V € K)*, and assume Q is a bounded open set in R’.
Suppose that there exists a function u on Q such that Hu = 0 (distributional sense)
and

(A4.6) xlgfg u(x)>0.
Then infspec(H) > 0.

Remarks 1. For the case V =0, Khas’minskii essentially proved this result
in [17]; his proof exploits ¥V < 0 heavily.
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2. Of course, if infspec(H) > 0, there exists a u obeying (A.4.6); for, by
Theorem A.4.1, the function

u(x)= Ex(exp{ —J(;TV(b(s))ds])
obeys Hu = 0 and,

inf u(x)Z infEx(exp{ - forn(b(s))ds})

Z inf[Ex(exp{eLTK(b(s))ds})]-I/c> 0,

with V', (x) = max(¥V(x),0). The second inequality is Holder’s inequality and the
last follows from Khasmin’skii’s lemma and the hypothesis ¥, € K**.

_ Proof: Let i be any strictly positive function on Q which is C* on . Let
V =1Ad/d and let f € C°(R2). Integrating by parts, one finds that

1 > 1 (1~ - 2,
(f,(- la+ V)f) = [PV 0] ds.
Letting &7, be a smooth set of approximates to u, we see that

(A4T) (FH) = 5 [P )]

at first for smooth f’s and then, by a limiting argument, for all f € Q(H)
= Q(H). (A4.7) shows that infspec(H)=0. Since  is bounded, H has
compact resolvent so that if infspec(H) = 0, there is an f with (f, Hf) = 0. By
(A.4.7), this can only happen if f= u; i.e., it can only happen if u € Q(H). Of
course, since u does not vanish on 99 and functions in Q(Hé’) vanish on 9% in
some sense, one expects to be able to show that u & Q(H).

Following we give a proof that u & Q(H})). The semigroup generated by H
is a contraction on all L?. The ideas of Beurling-Deny (see Theorem XIIL.51 of
[25) and its proof) imply that, for any constant ¢, the map f— min(f,¢) maps
Q(Hg) into itself. Thus, if u € Q(H) so is (infu)l. Since (f, Hy f) =1 [|VfPd"x
for any f € Q(Hg), we see that if u € Q(HJ), then infspec(HJ) = 0 which is
impossible for a bounded Q. This contradiction shows that u & Q(H,), and
concludes the proof of the fact that infspec(H) > 0.

Finally, we want to note an immediate consequence of the strong Markov
property of Brownian motion and our definition of M; making the @ dependence
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of M explicit by writing M

PrOPOSITION A.4.10. Let Q obey the hypothesis of Theorem A.4.1 and let &
be an open set with @ C Q. If g = M f1 3%, then M¥g = M fon Q.

Proof: Without loss of generality we can suppose that f = 0. Let x € Q" and
let T', T be the first exit times from Q’, respectively Q. Clearly, T° < T and

(MOF)(x) = E.,(exp{ - [Ty - [ ,TV(b(s))dS}f(b(T)))-

Now use the strong Markov property (since ¢ is positive we are justified in taking
conditional expectation).

Note. R. Getoor has kindly pointed out to us that by using the general
theory of [21] (especially in the form given in M. Sharpe, Ann. Prob. 8, 1980, pp.
1157-1162), some of the technical results of Section 3 (e.g., Theorem 3.3) can be
proven. This is because our process ¢ is a special case of Nagasawa’s theory.

Acknowledgment. It is a pleasure to thank a number of people for valuable
discussions or correspondence: R. Carmona, K. Chung, M. Donsker, J. Doob, E.
Dynkin, M. and T. Hoffman-Ostenhof, E. H. Lieb, and S. R. S. Varadhan. In
addition we thank R. Carmona, E. Cinlar, and A. Devinatz for telling us about
references [17], [19], [21] and [38), [39], respectively. The research for this paper
was supported in part by the National Science Foundation under Grant PHY-
78-25390-A01 (M. A.) and under Grant MCS-78-01885 (B. S.).

Bibliography

[1] Ahlrichs, R.. Hoffman-Ostenhof, M., Hoffman-Ostenhof, T., and Morgan, J., Bounds on the
Decay of Electron Densities with Screening, Phys. Rev. 23A, 1981, pp. 2106-2117.

[2] Baetman, M. B., and Chadan, K., Scattering theory with highly singular oscillating potentials, Ann.
Inst. H. Poincare, A24, 1976, pp. 1-16.

[3] Berthier. A., and Gaveau, B., Critere de convergence des fonctionelles de Kac et applications en
mechanique el en geométrie, J. Functional Anal. 29, 1978, pp. 416-424.

[4] Brascamp. H., Lieb, E. H., and Luttinger, I. M., A general rearrangement inequality for multiple
integrals, J. Functional Anal. 17, 1974, pp. 227-237.

[5] Carmona. R., Regularity properties of Schrodinger and Dirichlet semigroups, J. Functional Anal.
33, 1979, pp. 259-296.

(6] Chung, K. L.. On stopped Feynman- Kac functionals, Sem. de Prob. XIV, 1978-79, Lect. Notes in
Math. No. 784, Springer-Verlag, New York. Heildelberg, Berlin, 1980.

[7] Chung. K. L.. and Rao, K. M., Sur'la théorie du potentiel avec la fonctionelle de Feynman- Kac,
C. R. Acad. Sci. Paris 290A, 1980, pp. 629-631.

[8] Combescure, M., and Ginibre, J., Spectral and scattering theory for the Schrodinger operator with
strongly oscillating potentials, Ann. Inst. H. Poincare. A24, 1976, pp. 17-29.

{9] Deift. P., Hunziker, W., Simon, B., and Vock, E., Pointwise bounds on eigenfunctions and wave
packets in N-body quantum systems, IV, Comm. Math. Phys. 64, 1978, pp. 1-34.



272 M. AIZENMAN AND B. SIMON

[10} Dollard, J., and Friedman, C., On strong product integration, J. Func. Anal. 28, 1978, pp.
309-354.

{11} Doob, J. L., Conditional Brownian motion and the boundary limits of harmonic functions, Bull. Soc.
Math. France, 85, 1957, p. 431.

[12] Herbst, 1., and Sloan. A., Perturbation of translation invariant positivity preserving semigroups in
L?(R), Trans. Amer. Math. Soc. 236, 1978, pp. 325-360.

[13] Hoffman-Ostenhof, M., and Hoffman-Ostenhof, T., private communication.

[14] Hoffman-Ostenhof, M., Hoffman-Ostenhof, T., and Simon, B., On the nodal structure of atomic
eigenfunctions, J. Phys. A13, 1980, pp. 1131-1133,

[15) Hoffman-Ostenhof, M., Hoffman-Ostenhof, T., and Simon, B., Brownian motion and a conse-
quence of Harnack’s inequality, nodes of quantum wave funciions, Proc. AM.S. 80, 1980, pp.
301-305.

{16] Kato, T., Schradinger, operators with singular potentials, 1srael J. Math. 13, 1973, pp. 135-148.

[17] Khas'miniskii, R. Z., On positive solutions of the equation Uu + Vu =0, Theoret. Probability
Appl. 4, 1959, pp. 309-318.

[18] Kovalenko, V. F., and Semenov, Yu., Some problems on expansion in generalized eigenfunctions of
the Schrodinger operator with strongly singular potentials, Russian Math. Surveys, 33, 1978, pp.
119-157.

[19] Kunita, H., and Watanabe, T., Notes on transformations of Markov processes connected with
multiplicative functionals, Mem. Fac. Sci. Kyusha Univ. Ser. A. Math. 17, 1963, pp. 181-191.

[20) Moser, 1., On Harnack’s theorem for elliptic differential equations, Comm. Pure Appl. Math. 14,
1961, pp. 577-591.

{21] Ngarawa, M., Time reversal of Markov processes, Nagoya Math. J. 24, 1964, pp. 177-205.

[22] Port, S. C., and Stone, C. J., Brownian Motion and Classical Potential Theory, Academic Press,
New York, 1978.

[23] Portenko, N. 1., Diffusion processes with unbounded drift coefficient, Theoret. Probability Appi. 20,
1976, pp. 27-37.

[24] Reed, M., and Simon, B., Methods of Modern Mathematical Physics, 11l. Scattering Theory.
Academic Press, New York, 1979.

[25] Reed, M., and Simon, B., Methods of Modern Mathematical Physics, 1V. Analysis of Operators,
Academic Press, New York, 1978.

[26] Schechter, M., Spectra of Partial Differential Operatars, North Holland, New York, 1971.

[27] Schechter, M., Hamiltonian for singular potentials, Indiana Univ. Math. J. 22, 1972, pp. 483-603.

[28] Schechter, M., Spectral and scattering theory for elliptic operators of arbitrary order, Comment.
Math. Helv. 49, 1974, pp. 84-113.

[29] Schechter, M., Scattering theory for the Schrodinger equation with potentials not of short range,
Vekua Jubilee Volume, 1977,

[30] Simon, B.. Pointwise bounds on eigenfunctions and wave packets in N-body quantum systems, 1,
Proc. Amer. Math. Soc. 42, 1974, pp. 395-401.

[31) Simon, B., Functional Integration and Quantum Physics, Academic Press, New York, 1979,

[32] Simon, B., Brownian motion, L? properties of Schrodinger operators and the localization of binding,
J. Functional Anal. 35, 1980, pp. 215-229.

{33) Simon, B.. Large time behavior of the L” norm of Schrodinger semigroups, J. Functional Anal., 40,
1981, pp. 66-83.

[34] Stampacchia, G., Le probleme de Dirichlet par les equations elliptiques du second ordre a
coefficients discontinue, Ann. Inst. Four. 15, 1965, pp. 189-258.

[35) Stummel, F.. Singuiare elliptische Differentialoperatoren in Hilbertschen Raumen, Math. Ann. 132,
1956, pp. 150-176.

[36] Trudinger. N., Linear elliptic operators with measurable coefficients, Ann. Scuola Norm. Sup. Pisa
27, 1973, pp. 265-308.

[37) Wendel, I. G., Hitting spheres with Brownian motion, Ann. Probability 8, 1980, pp. 164-169.



BROWNIAN MOTION AND HARNACK INEQUALITY 273

(38]) Wintner, A., On a theorem of Bochner in the theory of ordinary linear differential equations, Amer.
J. Math. 76, 1954, pp. 183-190.

(39] Wintner, A., Addenda to [38), Amer. J. Math. 78, 1956. pp. 893-897.

[40] R. Jensen, Uniqueness of solutions to — Au — qu = 0, Commun. Partial Differential Equations 3,
1978, pp. 1053-1076.

[41] A. Devinatz, Schrodinger operators with singular potentials, J. Op. Th. 4, 1980, pp. 25-35.

[42] Chung, K. L., and Varaakan, S. R. S., Kac function and Schrodinger’s equation, Studia Math. 68,
1980, pp. 249-260.

Received April, 1981.





