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Let ¥ 0, VE CP(RY) with v> 3 be such that H=—134+ ¥ >0 but for any
&> 0, —44 + (1 + ¢)V is not positive. We determine the exact rate of divergence of
the norm of e ¥ as a map from L® to L®. A number of related problems are
discussed.

1. INTRODUCTION

This paper is a sequel to our earlier paper [8]. For a large class of
potentials, ¥, Carmona [1] and Simon [7] independently showed that the
Schrédinger Semigroup e ™, H= —3A4 + V initially defined on L*(R*) is an
exponentially bounded semigroup on each L?(R"). If | 4], , is the norm of 4
as a map from L” to L9 then it was proven in [8] that the rate of
exponential divergence of [|e™*¥||, , is independent of p. This p-independence
is only for the lending order as ¢{— co. In particular, in [8], we gave
examples with [le™], ,=1 but lim,_ | e™"#| . . = c. One of our main
goals in this paper is to determine the precise rate of divergence of this
| - llo .o-norm for these examples of “critical potentials.”

To describe things more precisely, let us begin by recalling some of the
results of [1, 7, 8].

DEFINITION. A function f on R* is called uniformly locally L? (written
L?) if and only if

sup [j! o lf(y)l"dy]w <.
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DEFINITION. 77 is the smallest class of real-valued functions on R”

closed under sums and containing (i) any positive L) function: (ii) any

function of the form V(Tx), where T is a linear map from R” to R* and
V€ LA(R*) for some p > u/2) (u>22:p21ifu=1).

DEFINITION. Let v > 3. 7 is the set of real-valued functions on R” with
V € L? N L9 for some p, g with p <v/2 <gq.

Later, we will need a third class for some special purposes.

DErFINITION. We say that V' € 7 if V is 7] and for any R, there exists a
W, € 7 of the form }¥®) f (T, r) with T, a linear map from R” to R*=
and f, € LP(R*=) some p > 3, so that V(x) = Wy(x) for |x| < R.

Thus V € 77, has anegative part consisting of potentials of type (ii) in the
definition of 7] and its positive part has locally the same structure.

TueoreM 1.1 ([7]). Let VEZ,. Then for any p and t>0, e
(defined for p < o by density from L* N L? and for p= oo by duality on L")
is bounded from L* to L” with

lle=™]l,,, < Ce**. (1.1)
For any t> 0, p< q, e~ is bounded from L? to L".
THEOREM 1.2 ([8]). Let VE 7. Then
a,= lim ¢! Infle™ ], (1.2)

is independent of p.

Remark. 1In Appendix 1, we extend Theorem 1.2 to include the norm for
any p < ¢. There we also prove that for ¥ € 77 and for any positive function
fEL'+ L™, and any x

afx) = lim ¢! In [(e7 7 )x)] (1.3)
exists and equals o, independently of f and x.
DEFINITION. Let V € 7,. We say V is supercritical if a (V) >0, V is
subcritical if a.,((1 + €)¥)=0 for some ¢ > 0 and V is critical if 2 ,,(})=0
but a_((1 + €)¥) > 0 for all ¢ > 0.

DerINITION.  If a (V) =0, we define f,(V) =sup,|le |, -
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THEOREM 1.3 ([8)). Let V€ 7,. If V is subcritical, then (V) < co. If
V is critical, B (V) =

In this paper we want to concentrate mainly on the question of how fast
le” | p.co diverges as t— oo when V is critical. Reference (8] has some
information on this:

THEOREM 1.4 (|8]). Let V€ 7. Then

o™l < C(1 4 )72 e, (1.4)

Remark. Since |le™"||, , < e*>"* by self-adjointness, duality and mter-
polation, (1.4) is the main step in the proof of Theorem 1.2.

Let us begin by presenting a convincing argument, using Brownian
motion, that in the critical case, ||e~"||,  diverges at least as fast as £ ~2/2
and which strongly suggests this is the precise behavior. Suppose that V' < 0
and V € CP(RY). If V is critical, then [8] there exists a function # > 0 in L™
with Hny = 0 which solves the homogeneous integral equation

n=(=4)"'(=¥n). (L5)
Since ¥ has compact support and —Fx > 0, (1.5) implies that
n~Clx|=®=%,  |x[-> o0, (1.6)

for some C # 0. The Feynman-Kac formula implies that
¢
10)=E (exp (] o05) s ) o) (17)
0

with b(s) Brownian motion [7] and E expectation with respect to Brownian
motion.

Let yxz( - ) be the characteristic function of {x||x| <R} and yp=1—xz-
Brownian motion goes a distance of order ¥2 in time ¢ in the sense that

E(x502(b(2)))
can be made small by taking J small. Thus, it is reasonable to suppose that

paths with |b(t)| < 6¢? make a small contribution to (1.7) so that for 6 small
and fixed and ¢ large:

in0)KE (exp (—j; V(b(s)) dx) n(d()) x:;,vz(b(t)))- (1.8)
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But
RHS of (1.8) = (e~ *ny},1.)(0)

<lle™ oo, 0 I1mx5v2l0

= lle . OG0

on account of (1.6). Since 7(0) # 0, we get the required 1~ 2”2 lower bourd.
Some thought about this argument suggests also that 1 ~2¥2 will be an upper
bound. i
There is one major defect in the above argument; its conclusion is FALSE
(except for v=3, where £? is the right answer but preseumably not on
account of the above)! (1.8) is false: While not many paths have
|b(t)] < 6t¥%, the contribution of the exponential is sufficiently large to
overcome this: the usual attempt to use Holder’s inequality to estimate

E (exp (—Lt V(b(s))) Xa,vz(b(t)))

£ (exP (_p ,[0‘ V(b(s))) ds))l/p E(5p(b (1))

fails because E(exp(—p [%—)) diverges exponentially in ¢ for any p > I.
Indeed, for v=135, our results in this paper show that the small fraction of
paths with |b(¢)| < t* contribute all of the expectation in (1.7) as ¢t — oo so
long as a > (v—2)~.

To end the suspense, let us say we will show that for v > 5

lim 7' fle™¥] . (1.9)
{—00

exists an is a non-zero finite number. For v=4, !

(t/In )~ and for v=3, t~! must be replaced by =2

What distinguishes v > 5, from v =3, 4 is that for critical Vs, the n we
discuss above is in L2 if v > 5 and is not in L2 if v = 3, 4. As we will describe
in Section 2, the growth of [le ™|, , is intimately related to the growth of

must be replaced by

(1.10)

[ vy as

2

If VEL? and if H>O0, as it is in v=3, 4, then |e"**V||,~» 0 so (1.10) is
o(t) but if n€L?, then |(e~*V)— (V,n)nll,~ 0 and if (V,7n)+0, then
(1.10) is O(t). We make these arguments precise in Section 2.
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To treat the cases v=3,4 and V € L* we will have to be a little less
direct. By Tauberian theorems the large ¢ divergence of [{ e /¥ ds is related
to the small a divergence of | e ™**¢ ¥V ds = (H + @)~ 'V. This divergence
is essentially the same as the divergence of |(I1 + (H,+a) "?
V(Hy+a)™"?) ', ,, a divergence which has been analyzed by Klaus and
Simon [2]. These arguments are described in Section 3.

In Sections 2 and 3, we completely analyze the divergence of |[e ||,
for cases where V€ 7, and a,(V)=0, f,(VV)= oo. This leaves open the
situation when a(V)=0, B (V)= co for more general ¥V € 7. This is
something we discuss further in Sections 4 and 5.

2. CP-NEGATIVE POTENTIALS, v > 5
In this section, we will prove the following pair of theorems:

THEOREM 2.1. Let VE CP(RY) with H=—44+V >0 (i.e., (¢, HP) > 0
Sor all 0, ¢ € L?). Then

lim ¢~ "|e*||,, = 0. 2.1)
00

THEOREM 2.2. Let VECF(R") v>=S5. Suppose that V<O, that
H=—34+V >0 and that there is n € L* with Hn =0, |5, = 1. Then

lim e~ = 11l [ 1x) V(x) ' 0. (22)

Remarks 1. The hypotheses V€ CP (and V<0 in Theorem 2.2) are
very restrictive and one can easily use the methods to handle much more
general Vs. Since we will prove stronger results for general V' & 77 in the
next section (except that we will not check we get the constant —| ||, (7, V)
of (2.2)), we do not bother to make this explicit.

2. We do not use v > 5 in our proof of Theorem 2.2 but the existence
of such an n implies that v 2> 5.

3. Theorem 2.1 is only interesting in the critical case with v= 3,4
since, in all other cases where H >0, we know by Theorem 1.3 that
sup, [|e =]l ., < c0.

We begin by noting that e~ is positivity preserving and thus |e *f|
e ™| f|. Moreover, since | f| <||f]l, 1, we have that e~ | f| < || f||, (e~*1).
Thus

le™ Nl 00 = lle™ "1l (2.3)
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Next, we note that
e H=ptHo} Jl e SH(—V) e~ 9Ho gs,
0
Applying this to the function 1, we find that
t
el =1 +f e~ H(—V) ds. (2.4)
0

Proof of Theorem 2.1. Since H >0, s—(L?)—lime ¥ =0. Thus
lim_ |e"*#(—V)|,=0. But e=# is bounded from L* to L* (Theorem 1.1)
so lim_,  |le~“*VH(—V)|,, =0. Since ¥ € L™, ||e~*#(—V)|, is bounded on
[0, 1]. It follows that

+ [ le Pl ds 0 @5)
as t— 0. (2.3), (2.4) and (2.5) imply (2.1). 1

Proof of Theorem 2.2. Write —V=an+ W with a=(n,—V) and
W = —V — an so that W is orthogonal to 7. By general principles [4] 7 is a
simple eigenvector so H > 0 on {4 | (4, #)=0}. As in the above proof, we
conclude that ||e=*#W||, — 0. Since (2.4) and e~y = 5 implies that

el =1+tan +J't (e~*HW) ds
0
we have that
1 —tH
7||e 1—an|,—0. (2.6)

From (2.6), a # 0, and (2.3), we conclude (2.2) holds. [

We cannot resist pointing out a lucky irony in our choice of the terms
“subcritical,” etc., in [8]. We had in mind an analogy with the scattering
theory for the linearized Boltzmann equation [5], which is a characature of
neutron scattering off a chunk of uranium. In that problem there is an L!-
semigroup, W(t), depending on the size of the chunk of uranium. As that size
passes from below a critical one to above the semigroup is expected to
change from being bounded to becoming exponentially unbounded. This
analogy motivated our choice of names. It did not occur to me that there
was an even closer analogy in that the behavior was the same at the critical
size. In the Boltzman case, there is a simple picture suggesting linear growth
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Thus

lim || B, (x) — (1 + eo(@)) ™' P(@)[(Hy +a)" (=]l <00, (3.7)

i.e., the small a divergence of B_(x) is uniformly in x due to the small a
divergence of (1 + ey(a))™".

In order to apply Tauberian theorems, one needs a positive integrand.
Therefore, write ~V =V _—V,, where V, =max(+V,0). Equation (3.3)
with —V replaced by V', we denote as B so that

B,=B; —B}

Equation (3.7) remains true with —V replaced by V', and B, by B by the
exact same arguments.

The small a behavior of e,(a) was analyzed by Klaus and Simon [2]
(actually, [2] considers the eigenvalue of the L? operator K,=
VV(H, + a)~'|V|V% but in [8] it is proven the eigenvalues of K, on L* and
L, on L™ are the same).

e(@)=—1+ca+- (v=3),
e@)=—1+calna+--- (v=4),
efa)=—14ca” + - (v=3).

Since P(a =0)y = nl(y), where ! is a suitable linear functional and 7
obeys Hny =0 as usual, we find by (3.7) that

B3 (x)=c,n(x) f(a) + C5(x), (3.8)
where

- () ICx(- )l is bounded as a— 0.
() fl@)~a (>S5, (alna)! (v=4),a > (¥=3)
(iii) c¢=c_ —c, #0. This follows because, a calculation shows that
¢ = (const){n, V) with the constant non-zero. But

V)= f n(—4n/n)
=j(—Ar]);&Osincen~d|x|""2d;&0asx—» o (2]

We can now apply the Karamata Tauberian theorem suitably modified to
include logarithms (see |7] for a discussion and proof of this theorem) to
conclude:
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THEOREM 3.1. Let V€7, be a critical potential. Then

lim g(t)"'fle”"|p.c. =d#0, o0,
100

gt)=t (v=5)
=t/(Int) v=4)
=2 (v=13).

4. SOME MORE RESULTS

In this section, we want to report some additional results about the

divergemee of fe=*{f 5 especially imrvasev = FOf vourse u (7 ) =01
possible when v = 1, when V is positive or when ¥ has both signs (but not
when V is negative [6]). In particular, one can have critical potentials in
CZ. The following is of some interest:

THEOREM 4.1. Let V€ CP(—o0, ) with H=-—4d*/dx*)+V >0.
Then (V) < .

Proof. Suppose that supp V< (—1,1). Let u solve the Schrodinger
equation Hu = 0 with u(—1)= 1, #’(—1) = 0. We claim that » has no zeroes
in all of (—1, o), for if it did, then by solving the same equation with
w(—1)=1, w'(—1)=¢ with ¢ small we would have a solution with two
zeroes which is inconsistent with H > 0. It follows that #'(1)>0. If
u'(1)=0, we have a solution, #, in all (—o0, c0) with € L™ and n >0,
from which sup,|e™*| .., < co follows as in [8].

If ' (1) >0, let u,

—u" + Vu - AWu=0.
Where W is the characteristic function of (—j,3) with the boundary

additions u,(—1)=1, u(—1)=0. By a simple comparison argument, there
is a unique 4, so that u,_is positive on (—1, 1) and u} (1) =0. It follows that

sup ||e—t(H—AoW)“w’oo < 00

so that, since e~ *# AW > |e"*|, ., we have the required result for
H 1

Remarks 1. We have a rather striking differences with v2> 3. If v > 3,
then Hn =0 has a positive solution # € L™ if ¥V is subcritical [8]; at the
critical point # — 0 at infinity. For v = 1, we only get a solution n € L™ for
critical potentials and these solutions do not go to zero.



SCHRODINGER SEMIGROUPS 75

2. It would be good to prove this for v =2 and to prove that there also
Hn =0 has a positive L™ solution only for critical ¥’s.

The fact that (V) < oo for any V € C° with a (V) =0 does not mean
that there can be no one-dimensional V' € 77| with (V)= o, a(V)=0.
In fact, the first two attempts to construct such ¥’s seem to violate the
general |[e™ ™| . < C(1 +¢)"? rule for any V € 7, with a(V)=0 [8].

Attempt 1. The restriction of —34 + V(| x|) in five-dimensions to s-waves
(spherically symmetric functions) is unitarily equivalent to the restriction of
—3(d*/dx*) + V(|x|) +|x|~% in one dimension. If V is critical in five
dimensions and W =V + |x|~? is one dimension we have a (W) =0 and it
appears that [le~ || _ diverges linearly in ¢. (Actually W & 7| because of
the singularity at x =0 but that is not the problem.) This argument is wrong
since the unitary equivalence is on L? functions and does not carry over to
LP or L=,

Attempt 2. Our argument in Section 2 shows that if ¥ € L?, and there is
n€L* with Hn=0 and (5, V) #0, then |e~#|, ., diverges linearly in .
Let us try to construct such a ¥ and 7. The idea is to guess # and then define
V by

Ve=an'/n.

For example, if # ~ r~! at infinity and bounded, then # € L? and V ~ r~2
will be in L% If n > 0 pointwise, then a(¥)=0 (see Appendix 2) so we
appear to be in business. However,

(i Vy= f°° In"(x)dx =0

since # € L? and thus #’ - 0 at infinity. This example is illuminating, since
in three dimensions or more when # ~ |x|~*~?, the boundary term

(n,V}=f%An=lim%f Vi - ds
R-o0 1xI=R
will be non-zero.
The failure of these attempts does not mean that one-dimensional cases
with a (V) =0, sup,|le”*|,, = o do not occur. Indeed:

THEOREM 4.2. Let n € L™ be a positive function obeying Hn =0 for
some V E€7. Suppose that n& L* but n € LP for some p < co. Then
oy, (V)=0 and B (V) = c0.
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Proof. Since >0, H>0 on L*(|3]; this paper requires additional
regularity on ¥ but that is not required for this; see Appendix 2). Thus
a,(V)<0. Since |le |, =lle> 2x(¥) >0 so a,=a, implies that
a,(V)=0.

Next, we note that as we prove in Appendix 2, H is strictly positive on
L*(R"). Thus for any g€ L? e g0 in L? as t~ o0. Given p € (2, )
and g € L”, use Holder’s inequality on path space to obtain

le™")x) < [(e™™ | g” (x)|*” (e 1)(x)]"~*”

and conclude that
le=*gll, <lle ™ g3 e~ 1]\ ¥>.

Thus, if sup,|je”"#1||,, < oo we find that

—tH

lim |[e”*gl|l,=0

tooo

for any p€ (2, 0) and g€ L”. Taking g=7#, we obtain a contradiction.
Hence, sup, |||, ., must be infinite. [

ExXAMPLE 1. Pick n€ C* and strictly positive on (—o0, o0) with
n~r~Y? at infinity and let

Vx)=(2n)~" (x) d’n/dx.

Then #n € L?, so the corresponding one-dimensional H has f, = oo.

ExXAMPLE 2. Similarly if # ~r~* with a < 1 in two dimensions, we will
get V with = oo.

The significant open question is to figure out the rate of divergence of the
norm. For  ~ r=% it should be a dependent and one might conjecture that it
will approach the absolute 2 limit of [8] as & | 0. This seems unlikely for
there really should be no difference between v = 1, 2 and v > 3 for long range
potentials. Thus, if the limit were obtained in v= 1, 2, one would expect it
also in v=23. But for that case, V~r=2 so V&€ L? and since H >0,
arguments in Section 2 imply that |le=*#||, ./t—0 so ¢¥? is not possible
with these examples. The behavior of these examples clearly warrants further
study.

Further results on when Hny=0 can have a positive L? solution when
v=3 can be found in Appendix 3
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5. SoME OPEN PROBLEMS

There are a number of interesting problems remaining open in the general
area of divergence of [[e~¥|, , when a (V)=0. A few we have already
mentioned:

Problem 1. Prove for V € CP(R?) with a,(V)=0, one has f < 0. Is
it true that Hy = 0 has a solution # > 0, n € L*® if and only if V is critical?

Problem 2. If Hp=0 has a solution n~r~= at infinity, how does
e~ .q diverge?
Related to this problem is

Problem 3. Is t/* growth, the worst case allowed by [8], actually
realized, is it arbitrarily close to being realized or can [8] be improved?

Problem 4. What about |[e~"¥|, . norms? Even in the € CY° critical
case, this is open. By interpolation, when v> 5, p > 2

”e—tH”p‘p < cH-wt,

However, we would guess that this is not the correct asymptotic power.
Indeed, in this case, the value p=1y/2 is special since 7 €L" only if
r>v/v—2 and p is the dual of this criticai value. Indeed we suggest
(conjecture is too strong) that ||e~ ||, , might be bounded for p < v/2.

APPENDIX 1: SOME MORE p-INDEPENDENCE
In this Appendix, we want to discuss various extensions of Theorem 1.2.

THEOREM A.l.l. Let VE 7. Forany 1 p<qg< o, let

Q= !1210 t~'Infle="|, . (A.1.1])

Then a,, is independent of p and g.

Remark. 1t is not directly evident via convexity that the limit exists. By
introducing @, and g, to denote lim and lim and following the proof below,
one establishes the existence of the limit.

Proof. Since |le~“*VH| e |, lle” ], and a,=a, is
independent of g we have that

Ape S Ay (A.1.2)

pq
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Similarly, e~ 24]|, < lle=#[, ,lle=, 4 lle~" [0 50
Uy K Ay (A.1.3)
so we only need to prove that a, ., = .. Next, note that by interpolation
le™ il < lle™ 2, e~ )2,

SO
Ay o (A.1.4)

(Sl

1
az,oo g ial,oo +

Combining this with o, < a, o, < a,, (special case of (A.1.2) and (A.1.3)),
we see that it suffices to show that

a2,oo >aoc' (AIS)

Equation (A.1.5) is actually proven in [8] (but not in that terminology); the
proof there that a,=a, comes from proving (A.l.5) and using
le=DHl, o <lle ¥l le™ ], 1

The following answers a question raised by R. Carmona:

THEOREM A.1.2. Let VE 77, let f>0 lie in L' + L. Then for any x

afx) = ¥im t~'n[(e”"f)(x)] (A.1.6)

exists and equals a.

Remark. By the proof of Coroliary 25.8 of |7], Ran(e™#) consists of
continuous functions, so (e~ "#f) can be defined pointwise without any
ambiguity.

Proof. Without loss, suppose that o = 0. Also without loss, suppose
fEL®, since e L' L™ If f€ L™, it is obvious that

lim ¢+~ In[(e™"/)(x)] < 2o, = 0.
Thus, (A.1.6) follows from the result that for x fixed and any a, there is C
(depending on ¢ and x) with
(e )(x) > Ce . (A.1.7)
Since for any positive function £ with 0 < A < 1,
(e="f) > (e~ "™ (),

we can suppose without loss that f€ L' L™,
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Given ¢, pick g€ C® with | g|,=1 and (g Hg)<3e. Let W be the
function which is —¢ on some ball containing the support of g and which is 0
on the complement of that ball and let

H=H+W.

Then, since Q(H) < Q(H,) and W is H,form compact, W will be H-form
compact so that o(H')M(—o0,,0) is discrete. Since (g, H'g) < —ie,
o(H')N (—w0,0)# @ so there exists an L’-eigenfunction # associated to
inf 6(H'). Since W + V € 77, n is strictly positive (Theorem 25.15 of [7]). It
follows that (1, f) # 0. Let H'n = en so that e < —3¢ < 0. Then

e " Of o (n, fn, (A.1.8)

the limit being in L, But since e ¥’ is bounded from L? to L%, the
convergence in (A.1.8) is also in L®. In particular, since (3, /) #(x) # 0 and
e '*> 1, (A.1.8) implies that

(e f)x)>C>0.

Since W > —¢, the Feynmann—Kac formula implies that

(e f)x) > e~ (e~ )(x),
so (A.1.7) holds. 1

APPENDIX 2: UNIQUENESS OF THE GROUND STATE

Here we want to prove the following result, which we needed in the proof
of Theorem 4.2:

THEOREM A.2.1. Let VE 7. Let n € L™ obey Hn =0 in the sense that
e"""'n=mnand n>0. Then a (V)= 0. Moreover, any g € L? obeying Hg =0
must be a multiple of n. In particular, if n € L?, H is strictly positive on L>.

Remarks 1. The result for n € L? (i.e., uniqueness of the ground state) is
well known (see [4]). In [8], we prove for ¥ in the much smaller class 77,
that Hny = 0 has at most one positive L* solution (and g € L? with Hg =0 is
automatically in L*®).

2. That the existence of # > 0 obeying Hy =0 implies H >0 on L? is
a result of Moss and Piepenbrink [3], but under more regularity on V.

580/40/1-6
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Proof. We first that n > 0 by general principles |7]. We will prove that
for any f€ CT:

(f Hf) =14 j 1V(fn P nidvx. (A.2.1)

Equation (A.2.1) implies that # >0 on C{°, so a_, <0.
But clearly e n=n implies o, >0, so (A.2.1) implies that a_=0.
Moreover, (A.2.1) and a simple limiting argument implies that

GHN) 2 V(U (A.2.2)

IxI <R

for any f€ Q(H). In particular, if (g, Hg) =0, then V(gn~')=0ae.so g is

R DL

HIV@ O dx = (f (Ho + W)f) (A23)

with Hy,=—34 and W =1(dy)/y. Equation (A.2.3) follows by a simple
integration by parts. Now, Hn=0 and n#€L® implies that Az
(distributional sense) is in L} .. By the lemma below Vy is in L}, so since
n > C > 0 on each compact, V(y~') is in L. Thus (A.2.3) implies (A.2.1)
by a limiting argument. [

In the above, we needed the following “interpolation lemma.” We make no
claim to its originality; presumably, it is a special case of results in the
literature.

LEMMA A.2.2, Let n be a locally bounded function with An
(distributional sense) in L},.. Then Vn is in L.

Proof. Since the result is local, consider x with |x| < 4. Suppose first
v>3. Let Ap={ and let ¢, |x|”*~? be the fundamental solution of —A.
Since { is in L}, the distribution

) =c, [ lx=y7P )y

lyI<1

can be defined by usual convolution of a function in L? + L9 with an L'
function. A(n —#) =0 for |x| < | so

n=h+1

with # harmonic. It follows that we can replace 1 by #, i.e., we can suppose
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Then (A.3.2) says that

sup [r2V(r)] < o

as r - oo and thus, for small ¢
H,— ¢V >0,
since r~2  —44. It follows [9] that

(Hy—eV,)>0

for small ¢.
By Lemma 10.4 of (2]

|Hg ) <{{(Ho + V)" gD {[(H, — eV, )7 g](0)} ~9(A3.4)

for all g>0 and some @ depending only on ¢ (This is a consequence of
Hoélder’s inequality in a path integral). Now pick a nonnegative g € L with
compact support and 0+ g< f Then H;'g€ L? if and only if p>3
because of the | x|~ falloff if Hy 'g. Moreover, if # € L?, then

0 < (Hy + V+)_1g<(H0+ Vo) lf=nelL’

If we prove that (H,— ¢V, )~ ' g € L? for all p > 3, (A.3.4) would imply that
Hy'g€ L? so long as p > [1/2 6+ 1/3(1 — 8)] 7", a contradiction.

Thus, if we prove that (H, —eV,)~' g € L? for all p > 3, we can conclude
that # € L. But, by the results of [9],

[(Hy—eV,) ™ gl* < (Hy—eP) " (g%)

with g* the spherical rearrangement of g. Since g* and V are spherically
symmetric, one can write F = (H,— ¢P)~'g* in terms of solutions of the
ordinary differential equation [—}(d*/dx?) —eV(x)] u(x)=0. By a
comparison argument using the fact that by (A.3.1), r*¥(r)—> 0 at oo, one
sees that as | x| — o0.

Ix|'"* F(x)- 0

at infinity for any d » 0. As a result, FE€ L? for any p > 3. |

Proof of Theorem A3.1. (Hy+V, )Jn=—V_n>0. Note that any L¥?
function obeys (A.3.1,2). 1
Remarks 1. One does not need L¥? assumptions on V _.

2. One does not need the limit in (A.3.1) to be zero but only that the
lim is not too large; how large depending on the value of the sup in (A.3.2).
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