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Abstract. We consider the integrated density of states, k(E), of a general

operator on #,(Z") of the form h = hy + v, where (hou)(n)= Y u(n+1i) and
lif=1

(vu)(n) = v(n)u(n), where vis a general bounded ergodic stationary process on Z°.

We show that |k(E) — k(E')| < C[—log(|E — E'|]* when |E — E'| £4, The key

is a “Thouless formula for the strip.”

1. Introduction

In this paper, we discuss general multidimensional stochastic Jacobi matrices.
Explicitly, let (22, i, 2) be a probability measure space on which Z" acts, that is, v
commuting measure preserving invertible transformations, Tj,...,T, are given.
Ifn=(n,,...,n,)eZ’, welet T" = T'}"... T'}*. We suppose that the action is ergodic. Fix
a measurable real valued function f on Q and let v, (n) = f(T}). On /,(Z") let h, be
the finite difference Laplacian given by

(how)(n)= Y. u(n+9), (1.1)
lol=1
where the sum is over the 2v nearest neighbors of n. Let v, be the diagonal operator
(v,u)(n) =v,(n)u,(n). We consider the operators

by = ho + v, (12)

In the bulk of this paper, we assume that the function f(w) is bounded. In fact our
main theorem extends, with minor modifications of the proof, to the case that
In(|f|+ 1) is in L'; these modifications are sketched in Sect. 3.

Examples of interest include the following cases: (a) The periodic case where Q is
finite and each T, is periodic. (b) The almost periodic case where Q is a compact
metric space and the T’s are isometries (see e.g. [3]). (c) The random case where the
process v,(n) is a set of independent, identically distributed random variables.
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A basic quantity of interest is the integrated density of states, defined as follows
(see Benderskii-Pastur [5]): Let g be a continuous function on (— 00, 00) and let
g(h,,)(i,j) be the matrix elements of the operator g(h,) defined by the functional
calculus. By the ergodic theorem, for a.e. w,

Z(g)(w) = Igim CR+1)™ Y glh,)(n,n)

|m|<R

exists and is independent of w. Moreover, the a.e. constant value obeys

Z(9) =E(9(h,)(0,0)), (1.3)

where E means expectation over the underlying probability measure on Q and M(, j)
denotes a matrix element of the operator M. In the periodic and almost periodic
cases, one can replace a.e. w by all w (see [3]). It is not hard to see that . defines a
positive linear functional; therefore there is a measure, dk, called the density of states
measure, with

Z(9) = [ 9(E)dk(E). (1.4)

The ergodic theorem implies that in the limit defining the density of states, we
R

can replace 2R+ 1)~ Y by R™! ) without changing dk.
|nil £R n =1

The integrated density of states, k(E), is the measure that dk assigns to the open
interval (— oo, E). Our main concern here is the continuity of k in E; equivalently,
the fact that dk has no pure points. This is somewhat connected with eigenvalues of
h,:

Proposition 1.1. k(E)is continuous at E = E, if and only if the probability that E is an
eigenvalue of h,, is 0.

Proof. By taking limits in (1.3) (see e.g. [4]), one sees that
k(Eq +0) — k(Eo) =E(Pg,(h,,)(0,0)), (1.5)

where P, , is the projection onto the eigenspace of h,, for eigenvalue E,. From (/ .5),
we see thatif P, , = 0for a.e. w, then k is continuous. Conversely, since P is positive, if
k is continuous, then Py, (h,)(0,0) = 0 for a.e. w. By stationarity, P ,(h,)(n,n) =0
for all n and thus Tr (P, (h(w)) = 0 a.e., which implies that P (h,) =0 a.c. O

This result shows that the continuity of k(E) is not a simple question in
dimension v > 1, even in the periodic case. In that case, it is a theorem of Thomas
[16] that h,, has no eigenvalues, but the proof is quite subtle. Our continuity result
below implies Thomas’ result (in the Z” case; he also has a Schrodinger operator
result) since in the periodic case, all h, are unitarily equivalent, so E, is an eigenvalue
of one h,, if and only if it is an eigenvalue of all k.

We make the following useful definition.

Definition. A functional k on (— 0o, o) is-called log Héolder continuous if, for all R,
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there exists Cyp with
|k(E) — k(E')| < Cg[log(IE— E'|"1)]™!

so long as |[E| <R and |[E —E'| <%.
Our main result in this note is the following:

Theorem 1.2. Consider an operator of the form(1.2) whose potential v, is generated by
a bounded function f. Then the associated integrated density of states k(E) is log
Hélder continuous.

As already mentioned, with minor modifications, our proof extends to the case
where In(|f]|+ 1) is in L!. As we will see shortly, the theorem can be false if f is
allowed to be infinite on a set of positive measure. Let us mention some examples
which show that our theorem cannot be significantly strengthened:

Example 1. In [6], Craig constructed weakly almost periodic potentials (and
Poschel [11] allows limit periodic potentials in a similar construction) where & is not
Holder continuous of order 6 for any 0e(0, 1). Indeed, for any J there are examples
where k(E) obeys

sup [k(E)—k(E)|=C(lng” ') }(In(lng~1))~17°

|E—E'|=¢

for & small. This shows that our log Holder continuity can’t be much improved (if at
all) and also that the Russman estimates required in [6,11] cannot be much
weakened. Of course, for special classes of potentials, one can hope to improve our
results, and such results would be very interesting (see, e.g. Avron et al. [1]).

Example 2. One case where our theorem can be improved is in the random case
where the distribution, dy, of v(0) has the form g(4)dA. In that case, Wegner [18]
proved that k is Lipschitz. However, in the general random case, it is likely our result
is close to optimal. There is much evidence ([12,8, 15]) that if dy(1) = ¢o(1 — 4,)
+(1 — ¢)3(A — 1,), then for any 6, there are suitable ¢, 1, 4,, so that k is only Holder
continuous of order 6.

Example 3.([2]). Inv =1, if vis random, with the values either 0 with probability
p <1 or oo with probability, 1 — p, it is easy to compute k and see that dk has only
pure points. This shows that some finiteness condition on v is required for continuity
of k.

Theorem 1.2 has the following corollaries (using Proposition 1.1 and our
discussion above of Thomas’ theorem);

Corollary 1.3. Under the hypotheses of Theorem 1.2, for any E, the probability that E
is an eigenvalue of h, is 0.

Corollary 1.4. If V is a bounded periodic Z*-sequence, then h, has no eigenvalues.

The special case of Theorem 1.2 where v = 1 was proven by us in [7]; it is worth
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recalling that proof since it will motivate us here. We begin with a lemma whose
proof we repeat because it is so basic and elementary:

Lemma 1.5.([7]). Let du be a positive measure on (— oo, o0 ) of compact support so
that for any complex E with Im E # 0, we have

c(E) = [In|E — E'|du(E’) 2 0. (1.6)

Then u(— o, E) is log Holder continuous in E.
Proof. Let E,<E, <E,+%. Then

0 < c(Ey +ie) = [ In|Ey— E' + ie|d u(E')

st

EosE'SE

In|E, — E' +ieldu(E) + | In|E,— E' + ie]du(E)
) E4oy

+ [ InE,—E +ig[du(E).
E'¢{Eq,E1}
[E'-Eol21

Letting ¢ — 0, and estimating In|E, — E'| 2 In|E, — E,|in thefirst integral, we obtain

0=<In|E, —E | WEe.E )+ [ In|E,—Eldu (1.7)
|E'—Eo| 21
If p is supported in (— c,c), the last integral is dominated by In(|c|+ |E,|+ 1)
w((— 00, 0)) =d. Thus

WLEo.E 1) s d(In(E; —E)™ 1)1,

which is the advertised result. []

In [7], we noticed that the Thouless formula says that the c(E) associated to the
one dimensional dk is the Lyaponov exponent, y(E), which is of necessity non-
negative, so the lemma implies log Holder continuity. In this paper, we will prove log
Holder continuity of k by proving that its Hilbert transform (given by (1.6)) is
positive when Im E = 0. Thus, we want to find an object y(E), so that y(E) = 0 and so
that

Y(E)= [ In|E — E'|dk(E"). (1.8)

It isnot clear how to directly describe y in the Z” case. However, dk is a suitable limit
of densities of states associated to strips, i.e. for fixed L, look at an operator on sites n
with — oo <n; <oo and |n,|,...,|n,|< L. This operator has 22L +1)' ! =2a
Lyaponov exponents y, =2y, =...2y,=20=y,,,=...2y,, (as we shall see in
Sect. 2), and we will prove (in Sect. 3) that

y=a" Z;,Vj
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(which is clearly positive) obeys (1.8), where dk is the density of states for the strip.
Taking limits, we will see that the lemma is applicable and thereby prove our basic
theorem.

In [7], we also proved log Holder continuity of the density of states for suitable
one dimensional stochastic Schrodinger operators by exploiting the Thouless
formula for that case. Independently, Kotani [9] demonstrates a similar one
dimensional result. We are currently studying the extension of our result here to
v-dimensional Schrodinger operators, which involves some subtle “renormaliza-
tion” questions.

2. The Growth Index and Reduction to the Strip

As explained in the introduction, we will prove Theorem 1.2 by studying Jacobi
matrices in strips, i.e. operators which are infinite in only one dimension.
Accordingly, we begin by studying such operators. Since there is no loss in using
greater generality, we do not restrict ourselves to operators which are finite
difference in the transverse directions. Explicitly, suppose we have m sites in the
transverse direction, so our underlying space is /,(— c0,00;C™), i.e. a “wave
function” is a sequence u(n) of vectors in C™. Let { , ) denote the usual sesquilinear
product on C™", so e.g.

{uuy =Y up;
1
(note the ~ on u). We begin by noting the analog of the constancy of Wronskian.

Lemma 2.1.Let u,v solve the equation
om+ 1)+ on—1)+ An)en) =0, 2.1

where A(n) is, for each n, a symmetric m x m matrix (perhaps complex and non-
selfadjoint). Then

a(n+ 1),v(n)) — {a(n),on+1)> = W(n)

is constant.

Proof. We mote that W(n)—W(n—1)= (i(n+ 1)+ a(n — 1),v(n) > — (i(n),
vin+ 1) +v(n—1)) = — CAu(n),v(n)y + {i(n), Av(n) » = 0 by the complex symmetry
(A'=A* = A). []

This lemma can be rephrased in terms of “transfer matrices.” Let @ (n) be the 2m

component vector (u(n+1), u(n)), so that (2.1) is equivalent to ®(n+1)=
O + 1)®(n), where Q(n) is the 2m x 2m block matrix:

—A@m) | —1
< ; 0>=Q(n)

0] 1
Let I" be the Block matrix <jh> so that W(n) = {®(n),'¥(n)), where ¥ is
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built out of v and ¢ , > is now used for the obvious inner product on C2™. Then
Lemma 2.1 is equivalent to

Qn)yrom =r, (2.2)

that is, that Q(n) is a symplectic transformation. Since products of such transfor-
mations obey B'I'B =TI also, the transfer matrix T(n) = Q(n)...Q(1) is symplectic.

Lemma 2.2. The singular values si,...,s,,, of a symplectic transformation obey
Sj =S om-— j+1-
Proof. If B is symplectic, i.e. BI'B =T, then

B l'=r"'BT =I"BT, 2.3)
since I' "' ="' = — I'. Taking transposes, we see that B’ is symplectic and so B* is
symplectic since I’ = I'. Thus B*B is symplectic. Equation (2.3) shows that the square
root of a positive symplectic transformation is symplectic. Thus |B| is symplectic.
But |B| and | B|' have the same eigenvalues, so by (2.3) for | B|,|B| ~* and | B| have the

same eigenvalues. Thus s, >...2s,, is just a relabeling of s;'..s;), ie.
_ o1
$;=Sum-jr1 U

Now suppose that A(l),...,A(n),... are such that for any k (with
A" = antisymmetric product)

1
lim =In| A*T(n)| (2.4)
exists. The Lyaponov exponents are then defined recursively by setting the limit (2.4)
to be y, + -+ +7v,. Lemma (2.2) immediately implies y; +7,,,_ j+, =0, i.e.
Theorem 2.3. The Lyaponov exponents y,,...,7,, associated to solving (2.1) with a
symmetric A, obey
P2V 22020 = w2 2 V2w = 1 (2.5)

We define the growth index, y, by

1 m
== Vi (2.6)
m j; !
the average of the positive y’s. Equivalently
1 m
my = lim ~In|A" T(n)|. 2.7

We note that by (2.5), this limit is the largest among the limits (2.4).
Now, suppose that A(n) = W(n) — E1, where W(n) is real and symmetric but E
might be complex. Consider the operators h,, on /% — M,M;C™)

() () = u(j + 1)+ u(j — 1)+ W(ju()) 2.8)
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with the boundary conditions u( +(M + 1))=0. If

1
lim —Tr(f(h
Jim (f (ha)
exists for all f eC(R), we say the density of states exists; we define the measure dk,,
by setting the limit to | f (E)dk,,(E). In the next section we will prove that for
bounded matrices W;

Theorem 2.4. If the density of states exists, then so does y(E)=
lim (1/mn) In || \ ™(T,(n)) || whenever ImE # 0. For such E:

y(E)= | In|E — E'|dk,,,(E).

Assuming this result for the moment, let us prove Theorem 1.2.

Proof of Theorem 1.2 Fix L and look at the operator on {a|— o0 <oy <o0;
lo,| £ L,...Ja,| L}. Tt has the form (2.8) with m=(2L+1)""'. Moreover, by
the ergodic theorem, for a.e. w, the limit dkf, exists (but it may be w de-
pendent if T, is not ergodic by itself). Thus, since p(E) is trivially non-negative:
fIn|E — E'|dk$, (E) 2 0, if Im E # 0. By the ergodic theorem again, dkg, converges
weakly a.e. w as L— oo, to the density of states dk for the infinite Z¥ problem (and
now there is independence, since we assume ergodicity of {T}};_,). Thus, since
In|E—E'| is a continuous function for ImE#0 and the dk{ (E) have a
common bounded support, we have [In|E — E'|dk(E) 2 0. By Lemma 1.5, k is

log-Holder continuous. [

We end this section with some remarks about Lyaponov indices in the strip:

(1) By the argument in [ 7], the quantities y,(E) + - + y,(E) = I',(E) (which exist
for E fixed for a.e. w by the subadditive ergodic theorem) are subharmonic. It would
be interesting to know if they are harmonic for E non-real. For k = m, we of course
prove harmonicity. If I'(E) = jlnlE — E'|[d, (E’) for some y,, what is the in-
terpretation of yu, ?

(2) By the argument of Pastur [10], if y,,(E) > 0 for E in some subset 4 of R then
there is no a.c. spectrum on A4 for the strip operator. For the one dimensional case,
there is a converse due to Kotani [9] (see [13] for the discrete case). Does this
extend? Specifically, is o, the essential closure of {E|y,(E) = 0,E real}? Note from
this point of view, it is y,, and not the growth index y which is most important.

3. The Thouless Formula for the Strip

Our goal in this section is to prove Theorem 2.4 and thereby complete the proof of
Theorem 1.2. The proof is patterned after the one Thouless gave in case m=1[17]
but there is an extra complication: In the case m = 1, ImE = 0, one can show that
each and every matrix element of T.(n) grows at the same exponential rate. For
m# 1, it is no longer true that every matrix element of /A" T} (n) grows at the same
rate:
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Example. Take m=4 and

v 1 01
1 v 1 0
Am=1 "6 1 vw 1|

10 1 Vv

where the V(n) are independent identically distributed random variables. The 4(n)
arise precisely from a Jacobi matrix in the strip with periodic boundary conditions
on the strip edge. Since the diagonal matrix elements are all equal, by a standard
plane wave analysis, the transfer matrix breaks up in a direct sum of 4 distinct 2 x 2
blocks with corresponding Lyaponov exponents, +7y,, +7,, +7y;, *7, Here
¥ >0 and y, =y, corresponding to the fact that the plane wave (1, i, —1, —1i)
and (1, —i, —1, i) yield equivalent transfer matrices. If we start out with initial
data of the form u(0) = (a, 0, — a, 0), u(1) = (b, 0, — b, 0), then u(n) = (c(n), 0, — c(n),0)
for all n. It follows that the space given by (u(0),u(1)) =(a,,0,a,,0; b,,0,b,,0) =
a,e; +a,e;+b,d, +b,d; has two eigenvectors for the transfer matrix with
eigenvalues acting as e*?2, and thus the rate of growth of a matrix element of A*T of
the form (e, Ae;And, Ady, N*T(n)(e; nes; nd, Andsy)) is at most €™, where
o =max(y; +y;) <y =y, +7, + 73 +y,. While this phenomenon of slower growth
of certain matrix elements is not typical, the fact that it occurs shows that the proof
must have an extra element beyond that of Thouless.

Lete,,...,e,.d,,...,d, denote the standard basis of the space on which T'(n) acts.
Thus T(n)(} o.e; + f ;) represents (u(n + 1),u(n)) for the solution of (2.1) with
u(0)=oa, u(l)= f. We begin by identifying the zeros of

(e, Ane adnd, o A"(T(n)(e, ney Ad And, ). ()

Jm-a

If P, Q are the projections onto the span of e;,,...,d; ...and e, ,...,d,, ..., then the
above quantity is precisely det(PA™(T)Q), viewed as an operator from QR?" to
PR?™. This is zero if and only if there exists ®eRanQwith PA™(T)® =0. We

therefore see that

Proposition 3.1.(3.7) is zero if and only if (2.1) has a solution obeying u,(0) =0 if
CF oty w()=0 kFky,. k,»; w)=0 i i=ij..i; wn+1)=0
Y I .

This proposition is particularly useful in case a =b = 0. It shows that P(E) =
(d, A Ad,, A™(T,(n))d, n--d,)=0 exactly when E is an eigenvalue of the
operator on ¢, (1,...,m) with boundary values u(0) = u(n + 1) = 0. Here P(E) can be
seen to be a monic polynomial of degree mn and thus the Thouless argument [17]
(see also [4]) immediately implies that if ImE #0:

1
lim —nlan(E)l = [ In|E — E'|dk,(E),
showing that y(E) = | In|E — E'|dk,,(E’).

We remark that for other choices of a, b and the sequences i, ...i,, j; ... j,-4 the
boundary value problem for the strip is in general non-selfadjoint.
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As the example above shows, we should not directly try to control all matrix
elements of /\"™(T). Rather, we will analyze enough linear combinations of matrix
elements.

Proposition 3.2. Suppose that for any choice of vectors d,...d% ,d¥ ,...d¥ inthe span
of the d’s

Puanna 1.
lim —mlnl((e1 FAD) A A e, +di), A" Tom)[(e, +d5) A A (e, +d2)])]

< [In|E — E'|dk,,,,(E"). (3.2)
Then Theorem 2.4 holds..

Proof. Ttiseasytoseethat {(e, + d;) A - A (e, + d2)} span /\™(R™). Moreover, for
any finite spanning sets S; and S, in a vector space, we have for all A

sup  [(@,AY)| = c[ 4]

QeS| ,PES2

for some c. Thus, the hypothesis shows that y(E) < | In|E — E'|dk. We already noted
the opposite inequality above. O

Given E fixed and dj,...,d" we can find W(0), a non-necessarily symmetric
matrix on R”, so that §(0) = <E B IW(O)
can find W(n+ 1) so @(n + 1)" (note the transpose) maps d; to —(d{" +e;). Then

(e +dF) A A (e, + dm) A" Ty(m)[(e; +d) A== A (e, + dy) ]
=1(d, A+ A AQM+ DTE()QO) 1) A-- Ad,)lL

so, by the Thouless argument, the log is just

n+2

S IE - Ef = +2) [ n|E - E'ldk,,(E),
ji=1

-1 ..
0) maps d, to d’+ e; and similarly, we

Yhere E jare the eigenvalues of the operator on /%( — 1,N + 1;C™) with “potential”
W(0)and W(n + 1) at the ends, vanishing boundary conditions at — 2 and n + 2 and
the usual potential at 0,1,...,n. The required inequality (3.2), and thus Theorem 2.4,
then follows from the following two lemmas.

Lemma 3.3. As n— 0, dk,,,., as a measure on C converges weakly to dk,,.

Lemma 3.4. Ifd p, and d u are measures on C supported in {t||t| < R} for some R, and
du, —du weakly, then for any E

lim | In|E — E'|dp,(E) < [ In|E — E'|dp(E").

n— oo

Proofof Lemma 3.4. Let f(E’)=In|E — E'{if|[E — E’| Z ¢ and In|g| if |[E" — E| <&. By
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the weak convergence and the support hypothesis,
[ SAENAu(E)~ | fAEVdu(E)
But In|E — E'| < f(E’), so

lim | In|E — E'|du(E") < Tim | f(E")dp,(E")

[ mdiee] n— oo

= [ fAE)du,(E).

Now take ¢| 0 using monotone convergence to obtain the desired result. []

Proof of Lemma 3.3. Let E ; be the eigenvalues of the problem defining dk, and let E
be the eigenvalues of the problem with the correct potential at 0 and n + 1. We need
only show that
1
n+2

(zE - s B8y )0 a9

j
or equivalently, (3.3) for m =0 and
1
n+2
When m =0, (3.3) just says that (1/(n + 2))Tr(H’ — H) -0, which is immediate since

diagonal matrix elements are equal for all sites at least a distance # from the ends and
matrix elements are bounded. To prove (3.4), we proceed as follows: Since E is

< Y EAE; - Eﬁ) -0. (3.4)

J

1 ~
bounded and |z™ — 2| < |z — Z|m(|z| + |Z])" !, (3.4) follows from mz ImE; -0,
J

which follows (by Schwarz) from
1 ~
mZIImEjIZ—»O. (3.5
J

There exists an orthonormal basis (“Schur basis”; see e.g. [14]), so that

E;=(¢;,Hp;). Thus
Y MmEj* <Y [ImHg;|? = Tr((ImH)?)
j j

is bounded, so (3.5) holds. [

We end this section with a series of remarks outlining the proof of Theorem 1.2,
weakening the hypothesis that f be bounded to the requirement that f satisfy
E(In(|f|+ 1)) < 0. Recall that the potential is defined by v,(n) = f(T"w).

(1) The condition is natural, since if dk,(E) denotes the density of states for the
operator ¢hy + v, then [In(|E'| + 1)dky(E')= (In(|f|+ 1)). Furthermore, since
—2v+v,=hy+v,=2v+v,, for any bounded monotone function g,

[ 9(E" = 20)dk(E) < [ g(EK(E) S [ g(E + 2v)dko(E)
It follows that

{In(E'| + dK(E') < oo. (3.6)
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(2) The proof of Lemma 1.5 must be modified to exclude the conditions
on the boundedness of the support of d u. It suffices to bound the integral in (1.7) by
jln(lE’l + 1)du(E’) < 0. Hence the extended version of Theorem 1.2 will follow
once the positivity of | In|E — E'|dk(E’), InE > 0, is established.

(3) We may make approximations to the integral | In|E — E’|dk(E") by modifying
f(w) as follows: Let

f (o) if [fl)=M
ful@= M if flw)>M
-M if flw)< — M.

Theorem 1.2 implies that [In|E —E’'|dk,(E')=20, so we need only show
that lim | In|E — E'|(dk(E’) — dky(E’))=0. The bound (3.6) allows for

M-

each fixed E a choice of cutoff R, uniformly in M — oo, such that

| [ In|E—E'|(dk(E') — dky(E"))| <e. Thus we only need address the weak
|E’|>R
convergence of the measure y;_p g, (dk(E’) — dk,(E")).
(4) We now address the weak convergence of (dk,, — dk) by first restricting the
operator to a finite region A — Z*, and then taking limits. Denoting h* and h{ the
operators with potential v and v, respectively, restricted to the region A, we have

E ! T ! ! =E LTr ! (v—o )—1 )D
A \me i i) T\ e i e

1
< constE(lA—llTrxA(v - UM)l)

< const| [ (dkoy,(E') = dko(E"))],

which tends to zero as M — co. This implies the weak convergence of (dk,, — dk) to
zero.

(5) For simplicity, the above procedure avoids proving the Thouless formula for
the strip for unbounded potentials, but with straightforward estimates and the
bound (In(|f]+ 1)) this can be done as well.
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