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We give a rigorous proof of the convergence of the formulae from time dependent perturbation 
theory in a variety of cases including Auger states. 

The convergence of time independent pertur-  
bation theory for isolated levels of quantum me- 
chanical system is an old result [i] *. But con- 
vergence (or even the precise rigorous meaning) 
of time dependent perturbation ser ies  has re-  
sisted proof for over thirty years**.  In this note 
we wish to sketch a method of proving conver- 
gence of the time dependent ser ies  in a variety 
of~ cases including autoionizing states in atoms. 
The fuller details will be discussed elsewhere 
[4]. Our basic technique is due to Balslev and 
Combes [5] who invented it to solve another prob- 
lem. 

Let us describe the method in a special case. 
Consider a helium atom Hamiltonian without re-  
lativistic corrections, in the limit of infinite 
nuclear mass and with the Coulomb repulsion 
between electrons turned off, i.e. 

H o = -A 1 - A 2 - 2 / r  1 - 2 I t  2 

as  an o p e r a t o r  on L2 (R6) .  Ho has  e i g e n v a l u e s  at 
{ - 1 / n 2  - 1 /m2}  ~,rn-1 and con t inuous  s p e c t r u m  
beg inn ing  at -1 .  ~ h u s  the e i g e n v a l u e s  Eoo , = 

2 " '  " -(n- + m-2) are embedded in the continuum if 
n,m > 2. Now let us consider the Hamiltonian 
H o +/3Vwith V = [ r l - r 2 ] - 1  The eigenvalues 
embedded in the continuum turn into resonances 
whose widths are given by time dependent per-  
turbation series.  It is these ser ies  for which we 
will prove convergence. We deal with channels 
in which  En, m i s  n o n - d e g e n e r a t e  J'. 

Le t  U(O) be the s c a l i n g  o p e r a t o r s  on L2 (R6) ,  

Research partially supported by USAFOSR under 
Contract AF49(638) 1545. 

* For results  on the meaning of divergent time inde- 
pendent perturbation ser ies ,  see ref. [2]. 

** For  some attempts at studying related phenomena 
in models see ref. [3]. 

i . e .  (U(O)~P) (r)  = e 3 0 ~ ( e  0 r ) .  Def ine  Ho(O) =- 
U(0) H o U(0)-1 = e - 2  0(-A 1-A2) - e - 0 ( 2 , r  3 + 2 / r 2 ) ;  
V(O) = U(O) VU(O) -1 = e - 0 V ;  H(0;fi) = 
Ho(O)+fl V(O). While  U(O) i s  only de f ined  for  0 
r e a l ,  Ho(O) and H(O;fl) have  a na tu r a l  ana ly t i c  
con t inua t ion  into the s t r i p  1 Im0 1 < ~ v. By r e -  
su l t s  of B a l s l e v  and C o m b e s  [5], Ho(O) has  a 
v e r y  s i m p l e  s p e c t r u m .  F i r s t ,  i t s  e i g e n v a l u e s  
a r e  those  of H o "~'~, but the e s s e n t i a l  s p e c t r u m  
of Ho(O) i s  {-1,/n 2 +e-20)~ ] a e [ 0 , ~ ] ;  n = 1,2 . . .  
¢~} i t ~ .  M o r e o v e r ,  by o the r  r e s u l t s  of B a l s l e v  
and C o m b e s  [5], (@, (Ho+~V-Z)  -1 ~ )  = f4 (Z)  
has  an ana ly t i c  con t inua t ion  onto a second  shee t  
on a d e n s e  se t  of @EL2(R 6) with s i n g u l a r i t i e s  
only at e i g e n v a l u e s  of H(O;fi) w h e r e  t h e r e  a r e  
p o l e s ,  and b ranch  po in t s  at c e r t a i n  " c o m p l e x  
t h r e s h o l d s " .  

Now, we f i r s t  no t i ce  En, m a r e  i s o l a t e d  e i g e n -  

For example, if n ~ r~ = 2 and 2S~IL(P) indic.lies 
L angular momentum, P -  parity, S=- total elec- 
tron spin or equivalentP¢ svmmetrv of the wave 
function there is one II)(+)', one 31~(4), one 3]?(-) 
one i]?(-) and two 1S(+) states. Both Hoand Vpre- 
serve L, P and S and we can restrict ourselves to 
subspaees of states of good L m L, S. m S and P. 
The D(+) and 1.3]?(-) states are non-degenerate and 
turn into resonances. The 3]?(+) state is not em- 
bedded in a ]?(+)-continuum, since all continuum 
states of energy below -1/4 have natural p'~ritv. It 
does not turn into a resonance. The two iS(+) states 
are degenerate and are not treatable by the method 
sketched in this paper. If the degeneracy is broken 
in first or second order though, analyticity can be 
proven by a modified method [4]. 

~ The eigenva[ues of Ho(0 ) are analytic in 0 but con- 
stant for 0 real sinceHo(0 ) U(O)HoU(O)-I if 
is real. 

"~'~ The special role played byn -2 is due to the fact 
that they are the thresholds of H o, i.e. bound state 
energies of two body subsystems. 
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v a l u e s  of Ho(O) if  Im 0 > 0. Thus  if we dea l  with 
n o n - d e g e n e r a t e  c h a n n e l s  ~, Ho(O)+/3V(O) has  a 
s ing le  e i g e n v a l u e ,  E(/3), (In the channe l  in q u e s -  
t ion) n e a r  E n rn fo r  /3 s m a l l  and E(/3) i s  ana ly t i c  
at /3 = 0. By t~e u sua l  t i m e  independen t  t heo ry ,  
E(/3) has  a c o n v e r g e n t  power  s e r i e s  expans ion  
n e a r  /3 = 0 wi th  t e r m s  g iven  by the u sua l  R a y l e i g h -  
S c h r S d i n g e r  f o r m u l a e  (with m o d i f i c a t i o n s  due to 
the n o n - s e l f  adjoint  n a t u r e  of Ho(O) and V(0) when 
Im 0 > 0). In p a r t i c u l a r ,  the "w~dth" of /~/3): 

F(/3) : i [ E ( f l )  - E ( f l ) ]  

i s  ana ly t i c  at /3 = 0. Since  F(/3) >/ 0 fo r  /3 r e a l  :~ 
F(/3) =a2/32+ . . . .  Deta i l ed  a n a l y s i s  shows  [4] 
that  a 2 i s  g iven  by the F e r m i - G o l d o n  r u l e  and 
the h ighe r  o r d e r s  by f o r m u l a e  of the t i m e  d e p e n -  
dent  f o r m a l i s m .  We thus  have  a c o n v e r g e n t  
p o w e r  s e r i e s  e x p a n s i o n  fo r  the wid ths  of au to-  
i on i z ing  l e v e l s  :~:~. 

T h e s e  r e s u l t s  ex tend  i m m e d i a t e l y  to a l a r g e r  
c l a s s  of s y s t e m s .  C o m b e s  [3] i n t roduced  a c l a s s  
of p o t e n t i a l s  ca l l ed  d i l a t a t i on  ana ly t i c  po t en t i a l s .  
C o m b e s '  c l a s s  i n c l u d e s  c e r t a i n  spin o rb i t  and 
n o n - l o c a l  i n t e r a c t i o n s  but the loca l  c e n t r a l  po t en -  
t i a l s  in C o m b e s '  c l a s s  a r e  p r e c i s e l y  [4] the func-  
t ions  V(r) with ana ly t i c  con t inua t ions ,  V(Z), to 
the s e c t o r  {z  I a r g z  I < a } f o r  s o m e  a>  0 obey ing  
l i m  ~7--oo; [arg  Z] <or -t [ V(Z) [ =0 and a loca l  L 2 -  

condi t ion  for  V(rei/3) as  func t ions  on R3.  In p a r -  
t i c u l a r ,  C o m b e s '  c l a s s  i n c l u d e s  s u m s  of Yukawa 

~ See footnote ~ on previous page. 
$ One proves [4], if F(fl) < 0, Ho+flV would have a 

complex eigenvalue. 
$$ We emphasize that we don't know that the physical 

value t3 = 1 is in the circle  of convergence for F(fl). 
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and r - 6 p o t e n t i a l s i f 0 <  5 < 3 / 2 .  Le t  H o = 

-ZXl - " "  -An-1  +:~-~/n=l Wio(ri)+~i<j Wij(rij),  
V =~-~n=l Vio(ri) +~i<j Vij(rij)" H e r e  a l l  the 

V's and W's a r e  in C o m b e s '  c l a s s .  If H o has  a 
n o n - d e g e n e r a t e  e i g e n v a l u e  e m b e d d e d  in i t s  con -  
t inuum at a n o n - t h r e s h o l d  va lue ,  the width of the 
r e s o n a n c e  of H o +fiV n e a r  th i s  e i g e n v a l u e  i s  
g iven  by a c o n v e r g e n t  s e r i e s .  

In th is  way one can  p r o v e  the c o n v e r g e n c e  of 
the s e r i e s  of t i m e  dependen t  p e r t u r b a t i o n  s e r i e s .  
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