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Let I be a geometrically finite group acting on the hyperbolic space H¥*! and
let H denote the Laplace-Beltrami operator on M = I'\HY*!, which we assume is
not compact. If M is either of finite volume or cusp-free, we determine completely
the L” spectrum of H for 1 € p < oo, finding that it depends upon p in a nontrivial
manner. We also obtain a number of pointwise and L” decay properties of the L>

eigenfunctions associated with eigenvalues E in the range 0< E < N%/4.

Academic Press, Inc.

1. INTRODUCTION

Let HY*! denote the hyperbolic space
{z=(x, y):xeR", y>0}
with the metric
ds* = y " *(dx* + dy?)
and volume element

dv=y " ldxady.
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The Laplace-Beltrami operator is given by

AN
Hf= —yM*i—{ y'""—~ (14)
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known [6 16, 18], H is essentially selfadjoint and its closure H, on
L?>(H**!) has spectrum equal to [N2/4 o). The semigroup ¢ #' is a
positivity-preserving contraction semigroup on L?(H"*') for 1<p<w
with e " %1 =1. If 1 < p< oo, then e~ is strongly continuous on L” and
we denote its infinitesimal generator by H,.

It has been shown by Hempel and Voigt [ 10, 11] that for a broad class
of Schrodinger operators on Euclidean space, the spectrum of H, is
independent of p. However, as we show, in our case the spectrum of H,
does depend on p. In fact, we will show that it consists of the entire

parabolic region P, on and to the right of the curve
, 1 1 S 2
SERH N —[1—=}+s*+isN{1—-]}, (1.5)
p p P

which degenerates to the interval [N%/4, o) =R when p=2.

We also investigate the spectrum of the Laplace operator on
M =T\H"*! when I is a geometrically finite group of isometries of H¥ **,
We will assume, for simplicity, that I” acts freely, and this assumption will
be in effect throughout our paper. The analysis of the more general
situation can readily be reduced to this case since it is known that any
geometrically finite group of isometries of HY*! has a subgroup of finite
index which acts freely.

Under our assumption, M is a complete Riemannian manifold of
constant negative curvature. We denote the induced Laplace-Beltrami
operator by H,. We always assume M is not compact; in the case of com-
pact M, the questions we investigate obviously have very different answers.
As above, we denote by H , the unique selfadjoint extension of H, on
L*(M), and by H » the generator of the associated heat semigroup on
L?(M).

It is known [12] that the spectrum of H , is of the form

{Eq, o Epy} U [N¥/4, 0), (1.6)
where {E,, .., E,,} is a finite set of eigenvalues of H. ,, E;< N*/4. This set

is possibly empty; whether it is depends on the exponent of convergence &
of I, which is characterized by

5(1")=inf{s: Y e"”"”’"<oo}, (1.7)

verl



118 DAVIES, SIMON, AND TAYLOR

p(x, y) denoting the distance from x to y in the hyperbolic metric.
Generally, (") e [0, N], and the discrete spectrum is nonempty if and
only if 8(I") > N/2. In this case, one has

S(N—8)=E,<E,< --- <E, <NY4. (1.8)

If M has finite volume, H , may also have eigenvalues embedded in the
interval [N?/4, o), but as shown in [12], if M has infinite volume this
cannot OCcur.

In the case of 6 > N/2, we denote the corresponding eigenfunctions by
¢,, normalized by |¢,|,=1, and @, is strictly positive on M. If M has
finite volume, then E,=0 and ¢,=(vol M) "% More generally, the
asymptotic behavior of ¢, at infinity can be determined from the formula
representing it as an integral over the limit set of I" [15, 17, 18], but this
approach does not work for the other eigenfunctions. We obtain a number
of estimates on the eigenfunctions ¢, for r < m, particularly in Section 4.

Sections 2 and 3 are devoted to an analysis of the spectrum on H ., on
LP(M), for 1< p<oc. We show that if M is either cusp-free or of finite
volume, then

Sp(Hp ,)={Ey, .., E,} UP,. (1.9)

An offshoot of that analysis is that the eigenfunction ¢, lies in L?(M)
whenever E, is outside the parabolic region P,, i.e., provided

E,<N21<1—1>, (1.10)
p p

as long as M is either cusp-free or of finite volume. The estimates of Sec-
tion 4 provide a different proof of this fact, which also works for more
general geometrically finite quotients. We believe that the result (1.9) on
the spectrum also holds for all geometrically finite groups.

Although we do not attempt to obtain any L’ analog of the detailed
analysis of the continuous spectrum available in L? using the theory of
Eisenstein series [137], such results would be of great interest.

2. L? THEORY FOR CUSP-FREE QUOTIENTS

In this section we analyze the L? spectrum of H acting on L?(M) when
I is a geometrically finite group and M is of infinite volume with no cusps.
We first state our result in the case when [ is trivial.

THEOREM 1. If 1 < p <o, then Sp(H,) is precisely the parabolic region
P, defined in Section 1.
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This is a special case of Theorem 8, so we defer the proof. The first resuit
we establish, on the way to proving Theorems 1 and 8, is the following.

LEMMA 2. For all ¢>0, there exists a constant c,< such that
Im z = IN + ¢ implies
1 —1
H —-N-7
(mg2=2)

In particular, Sp(H ) is contained in the parabolic region P,.

<c,. (2.1)

11

Proof. Here, |T||, , will denote the operator norm from L” to LY. We
will give two proofs of Lemma 2, one using wave equation techniques,
following similar results proved in [2, Sect. 3], and one of an “elementary”
nature, using exact formulae for the resolvent kernel on H¥*!, In both
proofs, the goal will be to establish the estimate

j 1G.(x, )| dvol(x)<C, (2.2)
H,’M+l

for z e C satisfying Im z > 1N + ¢, where G.(x, y) is the Green function for
the resolvent (H —iN*—z2)~!, defined on L? for Im z>0. We note that
standard elliptic regularity results imply that G_(x, y)isin LL (H"*')in x,
for each fixed y, so it is only a matter of considering the behavior of the
Green kernel as x = oo in HV+1

Our first method of estimation uses the representation

(K= "'=(=2i2) " [ e cos /K d, (2.3)
valid for Im z > 0, where
1
K=H_Z N2, (2.4)

By finite propagation speed for the solution operator cos t\/E to the
appropriate hyperbolic equation, we have

G.(x, ) =(=2iz)"' [ e cos 1/K8,(x) di, (2.5)

ltl=p

where p = p(x, y) in the hyperbolic distance between x and y, and &, is the
Dirac delta function concentrated at y. While the details of the estimate of
(2.5) are a special case of results of [2, Sect. 3], we will sketch them there,
as they will illuminate further results. We will want to exploit the obvious
operator norm estimate | cos t\/T(ll ».<1. Since 8, is not in L2, it is
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convenient to replace it. The standard parametrix construction of elliptic
PDE produces

G.(x, y)=GYM(x, y)+ G (x, y), (2.6)

where G'!, the parametrix, is compactly supported (and L' in x for given
»), and G@)(x, y), the part it remains to estimate as x — o, is of the form

GO(x, y)=(K~z*)"'w(x), (27)

where we CE(H"*!) is supported in a ball centered at y, say of radius 1.
Thus, for Im z>0,

GO(x, y)=(~2iz)"" | e?M(cos t./K) w(x)dt.  (28)

l=p—1
Thus, if Sp={xeH"*": p(x, y) =R}, we have
1G2(, )l 50 < Clzl ~t e~ oR, (29)
If we look at the annular region
Ap={xeH"*1: R<p(x, y) <R+ 1}, vol(Ag)~e?,  (2.10)
then Cauchy’s inequality yields
IGD(, )l 11gap < Clzl ~ e~ ™ (vl A 2)12

<C|Zl_1€_“m:7“/2)N’R. (211)

Now summing over integral R yields the estimate (2.2) and completes the
first proof of Lemma 2. ||

The method outlined above has great flexibility; [2, Sect. 3] produced
results for general Riemannian manifolds with bounded geometry, with
some particular applications for rank one symmetric spaces, of which
H"*!is an example, dealing with some general classes of functions of the
Laplace operator. The resolvent kernel for HY*' can be treated on a more
basic level, since one has simple exact formulas for the Green kernel in this
situation. Indeed, for N even, there is the well known formula

G.(x, y)=(—2iz)"'[—(2nsinh p)~'9/dp]* &”*, N=2k (2.12)

When N is odd, one has the formula

G.(x, y)=/2(—2iz)""! jm [ — (2 sinh 5)~'3/0s]* &

- (cosh s — cosh p) = '/ sinh s ds (2.13)
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provided N =2k — 1. In view of the result (2.10) on the volume of a shell in
HY*!, the desired estimate (2.2) follows easily from these formulas, for
Im z>iN.

In view of the rotational symmetry of H¥*' about any point y, com-
putation of G,(x, y) can be reduced to a problem in ODE. See [20,
pp. 269-270] for a discussion of H?, where G,(x, y) is written in terms of
Legendre functions; in this case (2.13) mirrors a well-known integral
formula for Legendre functions.

It is also illuminating to tie together the two analyses of Lemma 2, as
follows. Namely, there is a simple formula for the fundamental solution to
the wave equation on HY*!, and via the following generalization of (2.3),

B =002 | © f(t)ycos t /K dt, (2.14)

for an even function f, one can produce explicit formulas for numerous
functions of the operator K, including the resolvent. Such formulas were
emphasized in the papers of Lax and Phillips [12] and Cheeger and
Taylor [3], which appeared almost simultaneously; see also monograph
[19, Chaps. 4, 8]; these last two references also discuss analogous formulas
for harmonic analysis on spheres. For the fundamental solution to the
wave equation on HY*!, one has

K~ '?sint K=lilm-—2ANIm[2cos(it—e)—2005hp]‘N/Z, (2.15)
el0

for a certain constant 4,, and the Schwartz kernel of cos t\/l_( is obtained
by taking the r-derivative. The formulas (2.12) and (2.13) can be obtained
by using (2.14), which specializes to (2.3), and (2.15), with
f(ﬁ)z(K~Zz)“. Note that, for N even, (2.15) is supported on the
light cone p =|z|; this gives the strict Huygens principle in this case, and
allows one to reduce (2.14) to the formula on H**!

S(/K)=(2m)~2[—(2n sinh p) ' 3/0p1* f(p), (2.16)

where, as above, we identify an operator with its Schwartz kernel. On H?*,
one has

ARy =" [" [~ (2nsinh 5)~* /251 (s)
- (cosh s — cosh p) ~'?sinh 5 ds. (2.17)

Of particular interest are the explicit formulas for the heat kernel. On
H2k+l,

e~ K= (4n1)~ [ — (2n sinh p)~13/0p]* e, (2.18)
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with an integral formula for H?, specializing (2.17). The formulas
(2.16)—(2.18) were also derived in [7], by a different method. These for-
mulas for the heat kernel will play a role in some of our arguments below.

Having given an extended discussion of the Laplace operator on the full
hyperbolic space, we begin the consider quotients. Our next result is valid
for any group of isometries I” acting on HY*' with discrete orbits.

COROLLARY 3. The bounds of Lemma 2 remain valid if we replace H, by
the operator H | acting on L'(M).

Proof. There is a natural quotient map from L'(H"*') onto L'(M)
whose adjoint is the injection of L>*(M) onto the space of [-invariant
functions in L*(H"*'). The identity

ex(—H, t)T=Texp(—H,1) (2.19)
is equivalent to the relation

KAtz )= Y K1,z yo) (2.20)

yel

between the heat kernels on M and HY*+!, respectively. Now (2.19) implies
that

WH, =2 < IH =2 (2.21)
for all 1 ¢ Sp(H,), so (2.1) implies the corresponding bound for H, . |

Our next bound is essentially taken from [7]. We resume our hypothesis
that M has no cusps.

PROPOSITION 4. There exists a constant ¢ such that
lle #rf |l < (DI SN, (2.22)
for all fe L*(M), where

P AL if 0<rgl
c(t)=

2.23
cpe N if 1K< ®© (2:23)

provided the exponent of convergence 0 lies in [N, N), the last bound being
replaced by
cre Mt if 6e[0,iN].
Proof. 1f 0<1<1, then the heat kernel for HY*' satisfies the estimate

0 < K(1, z, w) St~ N+ 12~ NeiZg—04r(] 4 p)N72, (2.24)
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as shown in [7], as a consequence of the formula (2.18) for N even, and
the analogous integral formula for N odd, where p is the hyperbolic
distance from z to w. Thus,

0<KHt,2,2) eyt WHD2 Y gmptmyitan (2.25)
el

Since M has no cusps, the sum is bounded independently of z by [7, 15]
and we deduce that

0< KAt z, w) < Kp(t, z, 2) V2K {1, w, w)' 2
et~ V12 (2.26)
Thus, e =7 is bounded from L' to L™ with
e 5| ..  Scyt VD2 (2.27)
Interpolation with the obvious bound from L* to L™ yields
e PN Y A (2.28)
When combined with the estimate [e ™|, ,<e ™, this yields the

estimate of the proposition. ||

We remark that estimates of the form (2.22) hold for the heat kernel
whenever M is a complete Riemannian manifold with bounded geometry,
as a consequence of the estimates of [2]. Among the quotients of hyper-
bolic space which are manifolds, precisely those which are cusp-free have
bounded geometry, including injectivity radius bounded away from zero.

COROLLARY 5. If M has no cusps and ¢ € L*(M) satisfies H ¢ = Eo,
then ¢ € L*(M), and

ol <Chlioll.

Proof. We have

—Hprt

e ol =le " ""ol.,,

so we can apply (2.22) with t=1/E. |

We remark that if M posesses cusps but is of infinite volume, then
Fourier analysis shows that ¢, diverges to oo in each cusp. This is likely to
happen for other eigenfunctions ¢,, though deciding whether such blow-up
actually occurs can be a subtle matter.

Corollary 5 shows that, for M cusp-free, every L? eigenfunction belongs
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to L? for all pe[2, «o]. The situation for pe[1,2) is more interesting,
and will be treated below. We are ready to establish our first result on the
spectum of H ,.

LEMMA 6. If 1< p<2, then
Sp(Hp ,)c {Ey, .., E,} UP,. (2.29)

Proof. If 1 < p<2, define L} to the subspace of L”(M) defined by
{feL?(M):{f,p,>=0forall0<r<m} (2.30)

and define Lf=L?(M)/Lf, so L{ has dimension m+1. Clearly L is
invariant under e ~*" and we define H, , to be its generator. We let H, ,
be the generator of the induced semigroup on the quotient space L{. We
claim that

Sp(Hr ,)=Sp(H, )u Sp(H, >). (2.31)

To show this, we note that if we define Ry,: L?(M)—- L?(M) by
Ro=(Hp  +1)7', then R, leaves L/ invariant. If we define R, to be the
restriction of Ry to L? and R, to be the induced operator on the quotient
space L, then the spectral mapping theorem for generators of one-
parameter contraction semigroups [5, p.39] shows that (2.31) follows
from

Sp(Ro) = Sp(R;) W Sp(R,). (2.32)

In turn, (2.32) follows from the existence of an isomorphism

JiLA(M)~ LY@ LS

intertwining R with R, ® R,, which can be arranged because L{ is finite
dimensional.
Since we clearly have

Sp(H,,, ;)= {Eqs s Ep} (2.33)

for any pe[1, 2], it remains to determine the spectrum of H, ,. We see by
Corollary 3 that, for Imz>iN+e¢,

Ho,~inoz2)”
L1777 z

<c

e
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Since Sp(H,, )= [4N? o), an application of the spectral theorem on the
Hilbert space L? implies that

1 -1
(Hz‘,—z N2—22> “sez

for Im z 2 ¢ > 0. Then the Stein interpolation theorem implies

)

if 1 < p<2and Im z> AN/2, where

1 1-2
;—i+—2_.

< ¢

This gives the desired inclusion (2.29). |

The key to reversing the inclusion in (2.29) is provided by the following
result.

LeMMA 7. If 1< p<q<2, then the boundary 0P, of P, is contained in
Sp(Hr, ,)-

Proof. Since e is a contraction on each L°(M), it follows from
Proposition 4 that e #r": L"(M)— L°(M) whenever 1 <r<s<o. Thus
Sp(Hr ,) < Sp(H . ,) by the argument of [10, Prop. 3.1], and we need only
show that

—Hrt

0P, Sp(H ). (2.34)
We shall construct a sequence f, € CF(M) such that

”H[‘,qfn-zfn”q/”fn”q_’0 (235)

as n— oo, for each zedP,, thus verifying that JP, belongs to the
approximate point spectrum of H, .. To achieve this, we take a region of
the form © x (0, «) in the upper half RY*!, which lies entirely within one
fundamental domain of I', using the fact 7\H"*' has at least one end. If
zedP,, write z=((N/q) + is)(N — (N/q) — is) for some seR. If we put

fulx, y)=b(x) c,(log y) y™ e (2.36)

for xeR"”, yeR*, where be CF(Q) and ¢,e CF(— w0, log «), then a direct
computation shows that, for any choice of b, we make (2.35) as small as we
like by an appropriate choice of ¢,. |

We now give the major result of this section.
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THEOREM 8. [If 1 < p< oo and M has no cusps, then
Sp(Hy. ,)=1{Ey, .. E,} UP,. (2.37)

If an eigenvalue E, lies outside the parabolic region P,, then the
corresponding eigenfunction @, lies in LP(M).

Proof. If 1<p<2, then Lemma6 shows that Sp(H,,)c
{Ey, ., E,}UP,, and its proof, involving (2.31) and (2.33), shows
{Egs ... E,} = Sp(H, ,). Since Lemma 7 gives P, < Sp(H . ,), we have the
identity (2.37) for pe[1,2]. If pe[2, o), then both sides of (2.37) are
invariant under the map prgq where (1/p)+ (1/g)=1, so the identity
(2.37) still holds.

We have already shown that each eigenfunction ¢, belongs to L?(M) for
pe[2, o], so the final statement of the theorem needs to be established
only for 1< p<2 If E, is outside the parabolic region, then it is an
isolated point of the spectrum of H, , and so the spectral calculus allows
us to construct a corresponding spectral projection P, which is a bounded
operator on L?(M);

P, ,=(2mi)~! f (A—-Hp ) 'da, (2.38)

where y is a small circle encircling E,. From this formula it is clear that, as
long as P, does not include E,,

P, =P, on L”(M)n L(M). (2.39)

Suppose that the range of P, , has dimension /; i.., [ of the E; are equal to
E.. One pick an orthonormal basis of this range and approximate each
element of such a basis closely in the L? norm by elements y, e CF (M),
1<j<l If Vo C§(M) denotes the linear span of these y;, then P, , maps
V isomorphically onro its range, and hence the identity (2.39) implies this
range lies in LP(M), provided E,¢ P,. This completes the proof of
Theorem 8. ||

We remark that another way of stating this last result is thgt if
@eL*(M) and H ,¢ = Ep, for some E < N?/4, then

pel?(M) forall pe (2(1 + (1 —4E/N*)V)~!, 0] (2.40)

In the case of the smallest eigenvalue £,=0(N —d), for M with exponent
of convergence é € (N/2, N), this implies

@oe LP(M) for all pe (N/d, oo ]. (2.41)

Estimates given in Section 4 will yield a second proof of (2.40).
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3. L” THEORY FOR FINITE VOLUME QUOTIENTS

In this section we consider the analogs of the theorems of Section 2
where I' is geometrically finite and M is of finite volume. In this case,
E,=0 and the corresponding eigenfunction ¢, is constant, but there is no
reason to believe that the other eigenfunctions ¢, € L? are bounded on M.

THEOREM 9. If 1< p< o0 and M has finite volume, then

LREM 7, i YO

Sp(Hp. ;)= {Egs s En} U P,. 3.1)
If0<r<m, then
0, e LP(M)  forall pe[l,2{1—(1—4E /N})'?}""). (3.2)

Proof. We indicate how the proof differs from that of Section 2. Since
vol M < oo, LYM) is continuously embedded in LP(M) whenever
1 <g<p. This implies that ¢,eL? for all pe[1,2]. One sees, as in
Lemma 6, that

Sp( E

Y= {F 1., P
Ut Gl S

Hr, 0> Em}p U P,y
provided 2<p<o. In order to conclude, as in Lemma 7, that
0P,c Sp(H . ,) whenever 2 < g < p < oo, we make the following comments.

By the use of an appropriate isometry of HY*! one may assume that
one of the cusps of a fundamental domain D of I" ends at «. By the
geometric finiteness of I, one can arrange that the intersection of D with
R x (a, 00) coincide with € x (a, 00 ), for some a >0 and some polyhedral
region 2 <R"™. Then choosing f, € C¥(M) of the form (2.36) with b= 1
and ¢, an appropriate sequence in Cr(loga, oo) shows that
((N/q) + is)(N — (N/q) — is) lies in the approximate point spectrum of H .
The remainder of the proof follows Section 2 exactly. ||

We remark that it is natural to conjecture that if I is a general
geometrically finite group, then (3.1) still holds. In any event, it is easy to
modify the proof of Lemma 7 to show that 8P, belongs to the approximate
spectrum of H. , in general.

We also remark that a second proof of (3.2) will also from estimates
established in Section 4. Furthermore, we will show in Section 4 that, for
general geometrically finite I, any eigenfunction ¢, with eigenvalue
E, < N?/4 belongs to L” as long as p satisfies both of the conditions in
(2.40) and (3.2).

580 7% 1-9
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4. FURTHER BOUNDS ON THE L2-EIGENFUNCTIONS

In this section we obtain second proofs of results on L>-eigenfunctions of
H [ contained in Theorems 8 and 9, some generalizations of these results,
and some further estimates exploiting weighted L’-estimates techniques,
some of which go back to a theme in the theory of Schrodinger operators
[14, 8, 1]. Our first results use wave equation techniques such as exploited
in [2]. These results work for any geometrically finite I. We recall that, in
this context,

Sp(Hr,2)={EO""QEm}U[N2/4sm)s (41)
where E,< E, < ---E,, is a finite set of eigenvalues, repeated according to

multiplicity, all <N?%/4.

LEMMA 10. There exists a compact set K< M such that

CHrf, f) 2 (N f13 (4.2)
for all fe CF(M —K).

Proof. Such a result is true for any complete Riemannian manifold M
whose Laplace operator has spectrum satisfying (4.1). This can be proven
as follows. If it were not true, there would exist an infinite sequence
f.€ C& (M) with disjoint supports such that {Hf,, f,> <(N?*/4)| f,||3. By
restricting the quadratic form of H to the linear span of {f,} we obtain a
contradiction to the fact that H, has only a finite number of eigenvalues
below N?%/4. |

Using Lemma 10, we obtain our first key result on the behavior of an
eigenfunction ¢, corresponding to eigenvalue E,<N?%4, for any
geometrically finite M.

ProrosiTION 11. If ae M and
S(R)={xe M:p(x,a)> R}, (4.3)

then there exists a constant C such that

j l@,1? dv < Cexp[ — R/N*—4E,], (4.4)
S(R)

for all R>0.

Proof. Pick a compact set K satisfying (4.2), pick ¢ € CF(M) equal to 1
on a neighborhood of K, and set Yy =1 — ¢. Set ¥, =4¢, and let H be the
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negative Laplacian on M — K with Dirichlet boundary conditions. Then v,
belongs to the domain of H- and

(Hr—E\) Y, =feC5(M—K). (4.5)
Furthermore,
Sp(Hy) = [N*/4, ). (4.6)
It suffices to prove the bound (4.4) with ¢, replaced by ,. We do this by
applying wave equation techniques within L>(M — K) as in [2]. If
A= (Hr—N*/4)'?
and
[=(N*/4—E,)"2,
then
Y=(42+ )Y

—@n-! r e~ (cos tA)f dt. (4.7)

—

The finite propagation speed of the wave equation implies that for a
suitable constant ¢ and all R > a,

¥ lsry= (207" J. e~ "1"(cos 14)f] s(r) 4. (4.8)

lt|]>R—a

Hence

||l//r”L2(s,)<1—2”f||2 e (R-a), (4.9)

which proves the proposition. ||

We remark that the estimate (4.4) implies, but is slightly sharper than,
the weighted L? estimate

[10,)2 et WF=3E0 gy < oo, (4.10)

an estimate which also follows from the work of Agmon [1]. We now
show how such an estimate yields a proof of a generalization of the result
(2.40).
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PROPOSITION 12,  For any geometrically finite I', if ¢, is an eigenfunction
of H , with eigenvalue E, < N*/4, then

9, eL?(M)  for pe(2(1+(1—4E,/NH)V)~1 2] (4.11)
Proof. By Cauchy’s inequality, for p <2,

N274E,p” 12 ||ef(l — e p/2)\] N2—4E,

jl(ﬁrl”d"S el ? el —Xp2 (%] (4.12)

with (p/2)+(1/q)=1, ie., g=2/(2— p). The first factor on the right is
simply the p/2 power of (4.10), which is finite. It remains to examine the
finiteness of the second factor on the right side of (4.12). Indeed,

.[ o= (1 —eXpat/NT=3E,p g,
M

SJ‘ e~(1—e)(pq,’2)\/N7—4E,p dV
H¥N+1

<e f: exp[ N — (1 —£)( pg/2)/N* — 4E, 1 p dp.

This is finite as long as the exponent is negative, i.c., provided

pqg>2//1—4E, /N2

In view of the relation between p and g, this establishes (4.11). |

We next show how Proposition 11 leads to an alternate proof of the
result (3.2) on an eigenfunction ¢, when M has finite volume, and indeed,
to a pointwise estimate on such ¢, which could generally be expected to be
sharp.

PROPOSITION 13. Let I' be geometrically finite, and suppose M =
I\H"™* ! has finite volume. Let Hp,=E, ¢, with ¢, € L3(M), E, < N*/4. Fix
ae M. Then

l@,(x)1> < Cexp[(N —/N*>—4E,) p(x, a)]. (4.13)
Proof. Since elliptic regularity theorems imply that ¢, is smooth, it is
sufficient to estimate ¢, in a cusp, which we can take to be of the form

Qx(y, o), with Q<=R" a polyhedron. If we take a=(0, 1)eR" xR,
then (4.13) is equivalent to the estimate

lo (x, YI*<Cy*, a=N— /N> —4E, (4.14)
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within the cusp. If we regard ¢ as a I'-invariant function on H¥*! and let
B be the hyperbolic ball with center (0, y) and radius 1, then the number of
fundamental domains meeting B is of order y" as y — oo, so Proposition 12
implies

j 10,12 dv <oy -y V—IE, (4.15)
B

Since Hp, = E,¢,, a standard Sobolev estimate yields (4.14), and proves
the proposition. |

Note that if D denotes such a cusp in a fundamental domain as described
above, then

y(p,v"'l)(N—\N~—4E,)—N—1dy’ (416)

[ oo avse]|
D 7
which is finite as long as (p/2)(N—./N*—4E,)—N<Q0, ie., provided
p<2/[1—/1—4E?/N?], so we obtain our second proof of the result (3.2).

We remark that Proposition 13 can be established by classical separation
of variables methods. Indeed, in the cusp D, the eigenfunction ¢,(x, y) has
the expansion

OAx, y)=cop VvV 2 Y ulx) v y) 4.17)
J=1

where u; are the nonconstant eigenfunctions of 4, on the polyhedron Q,
with periodic boundary conditions, say 4, u,= —piu;, and v(y) is a
solution to the ODE

' 7 Er
V() + v,-(y)+(¢—uf> v(y)=0. (4.18)

"
In the special case of a cusp for a quotient of H? one has the Fourier
expansion of Maass waveforms, described in [20, p.208]. Analysis of
(4.17) and (4.18) also yields the estimate (4.14) of Proposition 13. Only
exceptionally would the coefficient ¢, be expected to vanish, so such an
estimate is seen to be sharp in a certain sense. The proof of Proposition 13
by such separation of variable techniques is not shorter than that presented
above, but it is of a classical flavor, and is likely to be known. A further
advantage of such expansions is to produce results on eigenfunctions
associated with H,, embedded in the continuum [N?/4, x0). See, for
example, some results along these lines in [20, pp. 225-227].

We next produce pointwise estimates valid for general geometrically
finite domains.



132 DAVIES, SIMON, AND TAYLOR

PROPOSITION 14. Let ¢, be a normalized L*-eigenfunction for H on
P\H"*! with eigenvalue E,< N*/4. For xe H"*!, R>0, let Bg(x) be the
ball in HY ! centered at x, and of radius R; suppose Bg(x) intersects at most
v(x, R) fundamental domains of I'. Suppose you know that

@, LP(IMHY*!), (4.19)

for some pe[1,2/[1—./1—4E,/N*]). Then we have the estimate

|q0r(x)l < CV(X, R)lv'p e [{11'2)\,v"N2—4E,+(N,v'p)—(N,/'Z)]R‘ (420)

For the proof, let g(p) be the function obtained by averaging ¢,(x) ¢,
under the group of rotations about x. This function has the following
obvious properties:

g(p) is a smooth even function of p, defined for all p e R, (4.21)
g(0)=1, (4.22)
g"(p)+ N(cothp)g'(p)= —E,. glp), for peR\O. (4.23)

It will be useful to know the following facts, which also play a role in
arguments in [18].

LEMMA 15. The properties (4.21)-(4.23) uniquely characterize g(p). One
has g(p) >0 for all p e R; more precisely, for constants c,>0,

cre < glp)<ce™, (4.24)
with
N 1 >
__ — . 4.25
o ) N*—4E, ( )

Proof. Suppose g(po) =0. Then g(p) defines an eigenfunction for —4
on the hyperbolic ball B,(x) with Dirichlet boundary conditions, with
eigenvalue E,, contradicting the obvious fact that the spectrum of such an
operator is contained in [ N?/4, o). Since (4.21)-(4.23) imply g(p) is real-
valued, this gives g(p) >0 for all p, and this fact easily yields uniqueness.
As for the behavior (4.24), since coth p~1 for p — +oo, the standard
asymptotic theory of ODE [4, 9] implies g(p) = 4g,(p) + Bg,(p), where g,
and g, are two linearly independent solutions to the ODE (4.23), satisfying

gi(p)~e~*, gip)~e P, p- +ox, (4.26)
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with a given by (4.25) and

N 1 —~
p=5+3/N —4E,. (4.27)

The coefficient 4 of g,(p) must be nonvanishing, since otherwise g would
belong to L*(H¥*'), producing an impossible eigenfunction for the
Laplace operator on HY*'. Since we already know g(p)> 0, this implies
(4.24). 1

Using this lemma, we can prove Proposition 14. We know from

Proposition 12 that ¢, e L?(I'\H"*') for all pe (N/B, 2], with § given by
(4.27). For p in this range, we have

R
0,17 | " 1g(o)” sinh™ p dp <119, e
< \'(x, R)”(pr” IPJ’(M)' (428)

The lower estimate in (4.24) implies that the integral on the left side of
(4.28) is =ce'” PR provided R>1 and p <n/a. This gives the estimate
(4.20).

If we rewrite (4.20) as

|@(x)] S c[v(x, R) e~ MR]'7 gl 2N =\ W 4EIR, (4.20)

it is clear that we will want to take p as large as possible if v(x, R)e V¥ > 1
and as small as possible if v(x, R)e "*< 1. In particular, suppose
M=T\H"*" is cusp-free. In that case, fix x,e H¥*!, identified with a
point in M, and fix a>0. Then for any x in a fundamental domain of I" in
HY*', if p(x,, X)= R+ a, there is a bound on v(x, R), and we have the
following.

COROLLARY 16. If M=T\H""*" is cusp-free, then for each ¢>0
@, (x)] S C e o N mdbrpix o), (4.29)

Proof. Apply (4.20) with p arbitrarily close to 2/[l +./1 —4E,/N?],
which we know can be done by Proposition 12, or alternatively by

(2.40). 1

We note that (4.29) is substantially better than one would get by
applying a Sobolev inequality to (4.4) in a straightforward manner, which
would produce only an estimate of the form

I(Pr(x)l <ce — (12} "N~ —4E, p(x, -\'o).
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On the other hand, it is not clear that (4.29) is sharp. If we knew that ¢,{(x)
were evenly spread out over each shell p(x, x,) = R, one would expect an
estimate of the form

|(pr(x)| S Cef(LZ)(N + N 4E,) p(x. xo)' (430)

We do not know how to preclude the concentration of ¢,(x) on a relatively

nnat imnrave the actimate (4 20)
VL 11 LU YW Lllv woLlllilalw \-r.hl ’-

If one were to apply (4.20) to the case when M =TI \H"*' has finite
volume, with p(x, x,) = R + a (a constant), then, out along a cusp one has
v(x, R) fairly large, and the estimate so obtained is obviously poorer than
our estimate (4.13). Part of the reason for the deficiency is that in (4.28) we
neglected to take account of the fact that [@,[ 7, g4, could be a good deal
smaller than v(x, R) (@, {5, In fact, with R fixed, say R=1and p=2, we
can use the estimate (4.4); this basically duplicates the argument proving
the estimate (4.13) in Proposition 13.

We can improve Proposition 14 to include a treatment of this last case
as follows. Using the notation of (4.3), attention to the proof of
Proposition 12 shows that, for p in the range (4.11),

f lo,|” dvSCne[N(l-(pv'ZH—(prin-’74Er]R’ (4.31)
YS(R) i

the exponent being negative for p in this range. Then, from the estimate
(4.28), we obtain the following result.

PROPOSITION 17. Under the hypotheses of Proposition 14, suppose
Jurthermore that all points in By(x) have images in M at distance = T from
Xo; Le., the distance between the images of x, and x in M is 2R+ T. Then

|(.0,(X)| SCP[V(X, R) eN(T—R)]l,v'pet132)[N—\’N:—4E,.](R*T) (432)

for p in the range (4.11).

It is reasonable to regard Propositions 14 and 17 as first steps toward an
estimate whose final form is not yet clear. Particularly for quotients of
H"*! which possesses cusps of intermediate rank, deceding to what degree
the sorts of results presented here extend presents interesting problems.

One final result we can obtain on the eigenfunctions ¢, for general
geometrically finite domains is the following generalization of (3.2), which
complements Proposition 12.
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PrROPOSITION 18. If @, is an L? eigenfunction with eigenvalue E, < N*/4,
then

@, eLP(M)  for pe[2,2/[1—./1—4E,/N?]). (4.33)

For the proof, if M ¥ is any region in M on which the injectivity radius is
=>Cy>0, then ¢, L°(M*), and hence ¢,|,+ belongs to L°(M*) for
each pe[2, o). It remains to examine ¢, restricted to the complement of
such a region. In the case under consideration, it then suffices to consider
the restriction of ¢, to a region near a cusp, say of rank N — k, which, after
applying an appropriate automorphism to HY*', is of the form

M’ =Qx[1, x), (4.34)

where Q is an intersection of a number of half-spaces in R". We can sup-
pose M? contains the point (0, 1). If we denote coordinates on (4.34) by
(x, ¥), then by estimating the number of fundamental domains a unit ball
centered at a point in M” intersects, as in the proof of Proposition 13, we
obtain an estimate

ol P<e -k (— Y 4.35
(pr ’.} = } |X|2+_}’2+1 * ( )

if M? corresponds to a cusp of rank N —k.

Proof. 1f we apply the estimate

[loirav<] 1012 dvio 23, (4.36)
X X

to regions of the form e/< y<e/*' within M?®, and use (4.4) to estimate
the square integral, we obtain an estimate

*  _NTTIR _2)2NN —k— NIZAE) . —
f h|(Pr|pdV<Cf =N NEAR - 202N — k= SVEAE) -1 g (4.37)
M 1

which is finite as long as

’E’(N—k— N’ —4E,)< N—k, (4.38)

or equivalently

g(N—ﬂ/N2—4E,)<N+(§—1>k. (4.39)

This establishes (4.33), and proves the proposition. |
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Note added in proof. It has come to the authors’ attention that a sharper form of

Corollary 16 can be obtained by the methods developed in the paper “Meromorphic exten-
sions of the resolvent on complete spaces with asymptotically constant negative curvature,” by
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20.

Mazzeo and R. Melrose, to appear.
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