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Let H(g) = H, + H;(g) be the Hamiltonian of a :P(¢):; quantum field theory
with spatial cutoff, g. For g > 0, with flw—vl@ | g(¢i2dy < C independent
of x, we discuss the Glimm-Jaffe linear lower bound, H(g) > —D [size of
supp g]. We show that it is a fairly elementary consequence of the localizability
of the interaction and the lower bound for H(g).

1. INTRODUCTION

In this brief note, we will consider the Hamiltonian H(g) =
H, 4+ H/{g) where H, is the free Boson Hamiltonian of mass m, > 0
in two-dimensional space time and Hi(g) = [g(x): P(¢(x)) : dx
where ge L' NL?% g > 0 and : : is Wick ordering. P(X) is a poly-
nomial bounded below for X e R. Fock space and the meaning of
these various terms is reviewed in [3] and in Section III of [9]. We
are particularly interested in the lower bound E(g) = inf o(H(g)).
By a theorem of Nelson and Glimm [6, 2] whose proof has been
simplified by Segal [8], E(g) > —oo. We are concerned here with
the stronger result of Glimm and Jaffe [4], that if || g, ||, and || dg,,/dx ||,
are bounded E(g) > —Du(supp g,,) for a sequence g, with g, — 1
(say)-

In an interesting recent paper [5], Glimm and Jaffe have given
(among other things) a new proof of the lower boundedness of
Nelson-Glimm-Segal. While their new method of proof is (in our
opinion) of greater difficulty than the NGS proof in its simplest
form, it provides a much simplified proof of the linear lower bound
E(g) = —Du(supp g,). This note had its genesis in trying to under-
stand why the linear lower bound seemed to have a simple proof in
this new Glimm-Jaffe setting but not in the hypercontractive setting
[6, 2, §, 9]. In fact, we will see that the linear lower bound is a conse-
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quence of the locality of H;, the structure of Fock space and the
NGS bound. Our proof will not depend on hypercontractive estimates,
higher-order estimates or the new Glimm-Jaffe technique. Any
method of proving the NGS bound immediately yields the linear lower
bound upon application of our result.

The basic technical device we use is the notion of localized number
operators similar to those of [4,5]. However, we localize in the
relatavistic x-space (Dirac space) rather than in Newton—-Wigner space
as Glimm and Jaffe do. One can understand why the operator N,,,
in [5] has to have a Newton—Wigner kernel falling off no faster than
exponentially; what was really critical is that it be strictly positive
on an interval in Dirac space.

2. LocarL NUMBER OPERATORS

Our goal in this section is to introduce local number operators,
and to prove an estimate N, + H/(g) > ¢ as long as g has support
in the region where N is localized.

We use the notation of [9]. It will be convenient to translate the
one-particle space of [9, Section III.3] to x-space so we think of 7,
the one-particle space, as functions of x with inner product

e = fdkfa) ER) w(k)™t  with  w(k)= (R 4 mg?)'/2

and ~ the Fourier transform. For any interval, | = [«, 8], of R with
— o0 < a < B < o0, let I, be the closure in 5# of the functions in &
with support in [«, 8]. Let & be the Fock space built with one-
particle space # and %, be the one-particle space built on 5%
[9, Section III.1]. Corresponding to the breakup of # = #, @ #,L
there is a tensor product decomposition F = &, Q #, ,, of F
(see [9, Section IV.2]).

DeriNiTiON.  N{J) = dI'(P)).

These local number operators are different from the local number
operators introduced by Glimm and Jaffe in [4]. Their local number
operators N, are localized in Newton—Wigner space [7]. Explicitly, one
introduces the Newton—Wigner transform 4" #7(f) = F w(k)/A)F
where & is the Fourier transform and w(k)'/? is multiplication by
w(RY2. AW maps S unitarily onto L%x, dx) (with Lebesgue
measure). P57 js the projection onto those f € # for which 4" #7(f)



ON THE GLIMM-JAFFE LOWER BOUND 253

has support in J and the Glimm-Jaffe local number operators are
dI'(P{*=") = N,. The advantage of our localization (in Dirac
x-space) is that H,(g) is nonlocal in Newton-Wigner space. The
disadvantage of the N{!1°” we use is that PxP, #~ O evenif K N [ = ¢.
Thus one must be wary of using too intuitive an idea of localization.

The first crucial property of N{J) is

ProrositioN II.1. Under the decomposition ¥ = F, Q %, ,
N = (N1 &) ® 1. Here N is the number operator, N = dI'(l).

loec —

Proof. An elementary Fock space fact.
We are thus able to prove

THeoreM I1.2. Suppose H{g) = [ dx g(x) :P((x)): where P(x) is
a polynomial which is bounded below (see [9, Section 111.3]), where
gelN L2 If g has support in (o, B) = Jinterior gnd g >0, then
NI + Hy(g) is bounded below.

loc

Remark. 'This is related to a result of Glimm-Jaffe [5]. Because
of the differences of our local number operators, these results are not
identical.

Proof. It is known that when supp g C Jit, then Hi(g) is an
unbounded operator affiliated with the algebra generated by the ¢(k)
with he H#; (see, e.g.,, [9, Theorem IIL.15(d)]). Thus H/g) also
decomposes under the tensor product #; Q #, ) into Hi(g)I F; @ 1.
We conclude N{J) + Hy(g) = (N + Hi(g))1 # ® 1. Since it is
known that N + H,(g) is bounded from below [9, Theorem IV.1],
[2, 6, 8], this local bound follows from the hypercontractive bound.

3. Sums oF LocaL NUMBER OPERATORS

Now let ], = [(n/2) — 1, (n/2) + 1]Jand P = P, , Nigosn = = N{J».
We first note the critical exponential falloff which is basically the
strong cluster property of Araki, Hepp and Ruelle [1]

LEMMA 3.1. || PmPwm || < cie=cln—ml gyith ¢, > 0.

Remark. Actually ¢, may be chosen equal to (1/2) m, , with m, the
bare mass. This technical result is the heart of our proof of the linear
lower bound. We defer the proof to Appendix 2—the basic input
there is the exponential falloff of the Newton—Wigner transform
kernel.
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THEOREM II1.1. There is a constant, c;, with 3y, Niges < €3IV
for all n, m.

Proof Because dI' is order preserving, we need only prove
S o P9 < ¢yl By Theorem A.2 (Appendix 1), it is sufficient to
prove | POPWD || = d;; is the matrlx of a bounded operator on

ly(— o0, 0). But by Lemma 3.1, d; < e Thus d;; is the
matrix of a bounded operator [for ¢;; = f(7 — j) is a bounded operator
on all /,(— 0, o) by Young’s inequality if ¥, | f(n)] < o]

4., Tue Linear Lower Bounp

It is now child’s play to prove

THEOREM IV.1. Let P(X) be a polynomial which is bounded below.
Let g, be the characteristic function of [—(1]2), (I|2)]. Then for some
constant ¢,

H, + Hi(g,) = ¢

More generally, if w > d,1 is a one-particle operator with d, > 0
and a number d, is given one can find c(d, , d,) so that

dT(w) + Hyg) > el
whenever g is positive with support in [—(1/2), (1/2)] and

(nt1) /2
sup J. |g(®)|2dx < d,.
1-19Yn/2

Proof. Let h;, be the characteristic function of [(n/2) — (1/2),
(n/2) + (1/2)]. By Theorem II.2 for any « > 0, there is a ¢z with
Nige:o + aHi{(hg) = c¢. By translation invariance Ny, .., -+ o {(hy) > ¢
also, so

k=l—-1

( y Nloc;k)+aH,(g,)>(21——1)c6.

k=~1+1

By Theorem III.1
&N + aH(g)) = 21— 1) ¢,
so taking o = ¢35,

N + H(g)) = (2cqc5)
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The general theorem is a consequence of this argument and the fact
that for a fixed interval of support, the bound of Ny + «H((g) is only
a function of || g ||; and || g ||, (see [9, Theorem III.20}).

APPENDIX 1: A STRONG BESSEL’s INEQUALITY

If {P;}¥ . is a family of pairwise orthogonal projections on a
Hilbert space, we know, of course, that ;. P, <1 for any n, m.
This is just a consequence of Bessel’s inequality. We prove our
generalization of this pairwise orthogonal theorem by mimicing the
proof of Bessel’s inequality.

Lemma A.l.  Let {n}2 _., be a family of vectors in a Hilbert space #,
with |(n;, 0> = ¢;; , where c;; is the matrix of a bounded operator ¢
on l(— oo, o). Then, for any f e H#:

Y Kn, HEcllfI®

§=—00

Proof. Leta; = {(9;,f> and B =] c|. Then

o<|or— % wnf =g/ -2 3 1al+ Y sosin,m.
i=—n i=—n i, j—=n
But
Z 075, M| < Z cylag| o] <llell Z | o 2

Thus 0 < B2 fII2 — B oreen | o |2

THEOREM A.2. Let {P, },__w be a family of projections on a Hilbert
space, . If d;; = (l PP, || is the matrix of a bounded operator, D, on
I(— o0, ©), then || Xi-_, P;|| < || D || for alln, m (sfow — lim ¥ P ;
exists).

Proof. Let 5; be defined by

||P§1| it Bf#0,

otherwise.
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Then [<{7;, ’7j>\ = Kn;, Pin’?j>| < gl il N5 I dij = dij . Since
i< » ;0| == ¢;; and dj; are matrices with positive coefficients, C is
a bounded operator annd 1Ci <\ DI.

By Lemma A1, T, [C7;,/ 2I% < | D]l {2 Now a; = (n, f> =
| Pifllso 2 Pif = Zie Il Pif 1My = Ziamsn gy - Thus

4

> Pif

i=—m

n

C< Y Kl el e,

i,j=—m

<IDIL Y e E<UDRISIR

t=—m

APPENDIX 2: Proor oF LEmMMa 3.1

(1) Let us first note

Lemma A3, If fe s, ie, [f(k)f(k) (k) dk < o and f has
support in an interval [0, f] — 0 <o <B < o, then f is an
entire function and for any fixed real b, F\(k) = f(k + tb) obeys
[ | Fy(k)|? w(k) dk is finite and bounded uniformly for b in any compact.

Proof. fis a distribution of compact support so the Payley—-Weiner
theorem [11] implies fis entire. Moreover, if g € & and | g(x)| < Ce=";
g =1 on [ B], then

N
Fy, = (ge*)f.

It is thus enough to prove multiplication by 4 € &% leaves # invariant
or equivalently, that convolution with 2e & takes LR, w1 dk)
into itself. Convolution with % clearly takes L into itself. Let
geLlYR, w1dk) and f= h*g. Since w(k)/w(p) < Cw(k — p) for
suitable C,

w(k)

[ atoydp < [ 1hp — I 52 dh dp,

< C ”g |IL1(R,w_1dlc) .

Thus, by the Reisz~Thorn theorem, F, € LR, w~! dk). This com-
pletes the proof of Lemma A.3.

(2) Let U, be translation in & by n/2, ie, (U,f)x) =
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fI[x — (n/2)]. Then U, is unitary and U,'PVU, = P, Thus to prove

|| POPW || < Ce~P%-9 it is enough to prove | PyU, P, || << CePInl,
(3) Applying the uniform boundedness principle to P, U, P,e™2'™),

it is enough to prove for all ¢, s € H# that (J, P,U, Py < C, e~ P17

(4) By polarization, it is enough to show

<‘/” Un‘:l‘> < Cd:e_DInl

for all e Ran P, .

(5) Let ycRanP;. Let ¢ = 4% where /¥ 1is the
Newton-Wigner transform ¢ = w=1/2 introduced in Section 2. Let
{ouy be the ordinary LR, dx) inner product ({,) is the # inner
product) so AW, S W) pw = P, ). If U, also represents
translation on Newton-Wigner space by (n/2), U, (A#¥#) =
(A##)U,. To prove the result of (4) we need only prove
{p, Upd> pryp < Cye~P*l for all ¢ € /% (Ran P,).

(6) If yeRan P, ¢ = w /%) is analytic in {k | | Im & | < mp}
and each (- + i) eL¥R,dk) if |b| < m,. Thus, by a simple
theorem [10], e*¥**p(x) € L¥R, dx) if |b| < m,. As a consequence
g el2if 0 < b < m,y.

(7) Finally pick D = m, fixed. Let ¢ € #"# (Ran P,). By (6),
¢ = e Pizly for n e L2, Thus

{¢$ Unbdrw < f e~Plet g=Plz=B | m(x)| | nlx — (n]2)]],

< PRIy | g | Uy o

< e PR q Ly .

This completes the proof of Lemma 3.1.
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Note added in proof. Results related to Theorem A.2 have been previously published
by M. Cotlar, Rev. Math. Cuyana, 1 (1955), 41-55 and A. W. Knapp and E. M. Stein,
Proc. Nat. Acad. Sci. (U.S.4.) 63 (1969), 281-284. While these results are neither
weaker nor stronger than Theorem A.2, the Knapp-Stein lemma can be used in the
proof of Theorem III.1 in place of Theorem A.2.
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