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Nonrelativistic Schrodinger operators are perturbations of the negative Laplacian
and the connection with stochastic processes (and Brownian motion in particular)
is well known and usually goes under the name of Feynman and Kac. We present
a similar connection between a class of relativistic Schrodinger operators and a
class of processes with stationary independent increments. In particular, we
investigate the decay of the eigenfunctions of these operators and we show that not
only exponential decay but also polynomial decay can occur. ' 1990 Academic

Press. Inc.

I. INTRODUCTION

The motivation for the present study is to be found in the desire of a
better understanding of the spectral properties of some pseudo-differential
operators which occur naturally when one tries to include relativistic
corrections to the mathematical theory based on the Schrodinger operator,

H=H,+V, (I.1)
where

Hy= -4 (1.2)
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and where V is the operator of multiplication by a function V. The latter
corresponds to the quantization of the potential energy. For example, in
the case of the N-body problem one has
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where Z is the charge of the nuclei, N is the number of electrons, M is the
number of nuclei, v,..., y,, are the positions of the M nuclei in R,
X,,...,Xy are the positions of the N electrons also in R? and
X=()1s s Vass Xq» -y Xn)- Most of the mathematical treatments deal with
the case of nuclei at rest (or with infinite mass). In this case, one uses
x=(xy,.., x,) and one thinks of y,, .., v, as parameters.

The operator H, corresponds to the quantization of the kinetic energy
and is usually called the free Hamiltonian. It is the sum of the kinetic
energies of the various electrons, but for all mathematical purposes we can
assume that it is the negative Laplacian in n dimensions where n=3N. The
operators H and H, are well defined on the space of smooth functions with
compact supports and they are investigated as unbounded operators in the
Hilbert space L?(R”). The classical form of the kinetic energy of a particle
is p?/2m, where p denotes the momentum of the particle in question and m
its mass. The quantization procedure takes the classical momentum p into
the differential operator —/V. This explains why the Laplacian is, up to a
multiplicative constant, the quantum analog of the kinetic energy. In other
words, H,=F(—iV)=F(p) with F(p)=p’=pl+ ---+ p’. Relativity
theory tells us that such a choice for the kinetic energy is appropriate at
low energies only. Moreover, the kinetic energy should be proportional to
the modulus of p rather than its square for high energies. Actually, the
classical energy for a relativistic particle of mass m is

E=/p*+m,
and this justifies the choice:
Ho=p’+m’—m= —A+m*—m, (1.4)

for its quantum analog. The point of the subtraction of the constant m is
to make sure that the spectrum of the operator H, is [0, o0). This explains
the terminology of relativistic Schrédinger operators for the operators of the
form (I.1) with H, given by (1.4). Note that we will abuse this convention
and use this terminology for operators given by functions F more general
than the one we just discussed.
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There exists an important literature on the spectral properties of such
relativistic Hamiltonians. Most of it has been strongly influenced by Lieb’s
investigations on the stability of matter. See, for example, Lieb [21],
Weder [33, 34], Herbst [17], Daubechies and Lieb [137], Conlon [10],
Daubechies [12], Fefferman [15], Fefferman and de la Llave [14], and
also Lieb and Yau [22].

One of the fundamental mathematical problems in proving the stability
(or instability) of matter is to estimate the infimum of the spectrum of the
operator H when the numbers N and/or M become large. In this
asymptotic regime, the free Hamiltonian H,= F(p) given by (1.4) can be
abandoned and replaced by H,=|p|. Indeed, the difference between these
two operators remains bounded and the asymptotic result needed to prove
the stability of matter can be proved using either one of these free
Hamiltonians. Obviously, the scaling properties of the function F(p)=|p|
attracted early investigations of the corresponding pseudo-differential
operator H,, especially because its scaling is related to the scaling of the
Coulomb potential. Also, very fine estimates on its Green’s function are
available. See, for example, Stein [327. These are the technical reasons why

F(p)=|pl is preferred to \/p> +m*> —n.

A deep understanding of the mathematical properties of the operator H
for ¥ and M fixed is of crucial importance in proving the estimates relevant
to the stability of matter. But it is also a very interesting mathematical
problem of its own. In this respect, if one is ready to ignore temporarily the
important scaling property, the operator Hy=./p’+m*—m is in many
ways more regular and more attractive than the operator H, = |p|. Indeed,
its Green’s function decays exponentially instead of polynomially, and
as we are about to demonstrate in this paper, the cigenfunctions of the
corresponding Schrodinger operator (I.1) decay exponentially instead of
polynomially.

In fact the exponential decay of the eigenfunctions corresponding to
isolated eigenvalues played a crucial role in many of the investigations of
the spectral properties of the nonrelativistic Schrédinger operators (1.1),
(I.2) and one expects the same to happen for its relativistic counterpart
(I1.1), (1.4). Surprisingly enough, except for the isolated work of Nardini,
the problem of the decay of the eigenfunctions of these operators has not
been investigated. See Nardini [23, 24]. One of the goals of the present
study is to fill this gap.

We now describe the connection of the above problems and the theory
of stochastic processes. The notations and the terminology we use
throughout the paper are introduced along the way. As explained above,
there are functions F(p) which are natural candidate for the definition of
the quantum analog of the classical kinetic energy. But it is very interesting
from a mathematical point of view to investigate the largest possible class
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of such functions F(p). See for example Herbst and Sloan [18] for a func-
tional analytic study in this spirit. A natural requirement that one should
have on a free Hamiltonian H,= F(p) is that it generates a semigroup
fe "M 1>0} of positivity preserving operators on L*R"). See, for exam-
ple, Reed and Simon [27]. It is proven in Appendix 2 of Section 12 of
Chapter XIIT that F(p) is such a function if and only if for each cut-off
function A: R” g R” with compact support and which satisfies #(x)=x in a
neighborhood of the origin one has the representation:

Kpy=a+ib-p+p-C,— ‘ [e” ¥ —1 —ip-h(x)] v(dx), (1.5)
Jre

for some real constant a, some vector » in R”, some nonnegative definite
matrix C, and some nonnegative measure v satisfying jRn min(1, |x]?) v(dx)
< =¢. Note that if F(p) has a representation of the above type for some
cut-off function 4, it has a similar representation for any other cut-off
function. The choice of the cut-off function only affects the constant ¢ and
the vector h. The latter is called the drift, C is called the covariance, and
the measure v 1s called the Lévy measure. Formula (1.5) is the famous
Lévy—Kintchine formula and the function F is called the exponent function
by probabilists because of (1.8) below. Well-known examples are

F(p):\/p2+mzfn'1, (1.6)
for m >0 which we already encountered and the stabie case of
F™(p)=p|%, (L.7)

for 0 <a < 2. The additive constant a will be chosen to be equal to zero.
This normalization is very convenient for it implies the existence of a con-
volution semigroup {u,; =0} of (infinitely divisible) probability measures
on R” such that

fdp)=e ", (18)

for all 1>0 and p in R”. In other words, the free semigroup {e %, 1>0!
is a convolution semigroup given by

[e "r1x)=] flx+ 1) uldy) (19)

R"

But it is well known that such semigroups are generated by stochastic
processes with stationary independent increments which we will call Lévy
processes from now on. More precisely, on the canonical path space
Q2=D([0, o0), R") of right continuous functions with left limits from
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[0, ) into R” endowed with the smallest o-field # for which all the
coordinate functions X,: Q23w — X,(w)=w(t)eR" are measurable, one
can define for each x e R” a probability measure P such that

P{X,=x} =1, (110)

and the random variables X, — X, ..., X, —X, | are independent with
distributions u,, . . #,, ., ,» Tespectively, whenever 0=¢,<7, < --- <
t,<oc. Note that each probability measure P, is the image of the
unique probability P, under the mapping o(-)S x+ w(-) and that all the
probabilistic quantities could be written in terms of the single measure
P =P,. If we use the notation E, for the expectation with respect to the
probability P, (we will also use the notation E for the expectation with
respect to the measure P), the formula (1.9) can be rewritten as

[e "f1(x)=E{f(X)}. (L11)

We will explain in Section IIl below how the semigroup {e “;1>0]}
generated by the full Hamiltonian (1.1} is given by the Feynman-Kac
formula:

[e Y71 =E (f(X)e Bl (L12)

We will use the idea introduced in Carmona [ 6] and extended in Carmona
and Simon [8] to extract the decay of the eigenfunctions of H from this
formula. Note that the case x=2 corresponds to the nonrelativistic
Hamiltonians and, up to a variance multiplicative factor, to the process
of Brownian motion. The latter is essentially the only Lévy process with
continuous sample paths, and consequently the space Q= C([0, x), R")
can be used as the canonical path space in this case.

The technical properties of Lévy processes which we need are recalled in
Section IT below. We prove only those for which we could not find a proof
in print. There is an immense literature on the subject of Lévy processes,
but unfortunately we do not know a self contained easy text to refer the
reader to. We will simply single out the survey paper Fridstedt [167] and
the forthcoming monograph Carmona [9] for reference purposes.

The Lévy processes corresponding to the Hamiltonian function (1.7) are
the symmetric stable processes and their properties are well known. The
fundamentals of their potential theory has been worked out in the works
of Port and Stone [25] and we will refer to the above mentionned paper
of Fridstedt for a comprehensive survey of their properties. Surprisingly
enough, the process corresponding to our relativstic Hamiltonian (1.6) has
been basically ignored by the probabilists. The very recent works of Bakry
[2, 3] are the only ones we could locate. In particular, it is shown that, like
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the symmetric stable processes, the process can be obtained by a time
change of Brownian motion and that, like in the case x=1, the time
change can be explicitly given as the first time a one-dimensional Brownian
motion hits a certain level. But now the Brownian motion has a drift m.
This simple generalization of the classical argument due to Lévy gives an
explicit formula for the transition density of the process. See (111.7) below.

Section 111 contains the extension to a very large class of relativistic
Schrodinger operators of the characterization of the relevent family of
potentials given in Aizenman and Simon [ 1] for the usual nonrelativistic
Schrodinger operators. From a probabilistic point of view, this family of
potentials has a very natural definition in terms of expectations of additive
functionals of the process. One of the results of Aizenman and Simon was
to find an equivalent analytic form and to show that it was natural as well.
They called this family the Kato class because T. Kato was the first to use
successfully this assumption. We will follow this terminology. Section 1V
contains the results on the decay of the eigenfunctions which we annnoun-
ced above. They give both upper and lower bounds. We recover Nardini's
result and we show that exponential decay does not hold in general. In par-
ticular, we prove that the eigenfunctions decay polynomially in the stable
case of F™(p)=|p|™

Finally, we would like to make a remark about the nature of the proofs.
As we already pointed out, they follow the lines of Carmona [6] and
Carmona and Simon [8]. Nevertheless they are embarrassingly simpler.
Indeed, we use a cleaner stopping argument and a formula from
probabilistic potential theory and we reduce the proofs to the estimation of
the free Green’s function. This fact corroborates a simple remark made to
one of us (R.C.) by S. Agmon: the decay of the free Green’s function should
govern the decay of the bound states in the regions where the potential can
be shown to be negligeable. This statement is obviously correct when the
free Hamiltonian H, is a local operator. Unfortunately, the usual Laplacian
is the only free relativistic Hamiltonian being local. Our proofs actually
provide an indirect justification of Agmon’s remark.

In the last section we show the equivalence between the recurrence of the
Lévy process and the existence of bound states for all the possible choices
of negative square wells. This connection is thoroughly discussed in Simon
[30] in the nonrelativistic case of the Laplacian and the process of
Brownian motion, and a more probabilistic but more complicated proof
was later given in Ruelle [28]. While we are extending this equivalence to
the more general setting of relativistic Schrodinger operators and Levy
processes, we at the same time simplify them.
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[I. PRELIMINARIES ON LEVY PROCESSES

We assume that a triplet (b, C, v) is fixed once for all and we consider
the corresponding function F(p) defined by (1.5). The following assumption
will be made throughout the paper:

' e " dp <, t>0. (A)
g

Under this assumption, for each > 0 the function

1 _
pix) =15 )”J e PN gy xeR" (IL1)
T R"

is the density of the measure y, defined by (1.9). Note that p, is a bounded
continuous function such that lim,, _, . p(x)=0. Note also that, for each
fixed xe R", p,(x) is an analytic function of r on (0, ac). Consequently, the
transition probability p,(x, dv) of the Lévy process introduced in Sectionl
above has a density p,(x, y)= p,(x— ») which is jointly continuous in x
and y for each r>0. Moreover, it is easy to see that 0 < p,(x, y)<
pA0,0) < oc. See, for example, Carmona [9].

We will need sharp estimates of the transition probability p,(x). In the
stable case corresponding to F*'(p)=|p|* one can use the scaling relation

prx)=1""p e Tx) (11.2)
to reduce the problem to estimating p,(x), and then use the existence of
positive constants ¢, and ¢, such that

¢y

(2%}
WQ’]“(X)S

¢,

|n+~z’

v x| > 1, (11.3)

if «#2. See, for example, Blumenthal and Getoor [4]. The exponential
bounds of the case x =2 are well known and are not recalled here. In the
case of the relativistic Hamiltonian F"'(p)=./p” + m”> —m, the transition
density has the expression

!
/ |x-|2 + [2 JRI!

vV

T T
mi = X)W pe + ome

pilx)=(2m) " e™e ' dp; (I1.4)

see Herbst and Sloan [18]. This gives

1 e
____[ o TR g
VIXPP 4R

pif)(_,c)?(zn) "o x|

Zc,te "N x4+ (I1.5)
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for some positive constant ¢,. One can also remark that the density p'"(x)
can be evaluated in closed form in terms of a Bessel function. See Eq. (2.13)
of Lieb and Yau [22]. On the other hand. the density p!”'(x) is subor-
dinated to the classical Brownian motion density and as explained in Bakry
[2, 3] one has

s

p(lrl(x):()ml . ¢ m:upf)(x) 0,((111), (”6)

0
where p'?(x)=(4nt) "Zexp(—|x|’/41) is the transition density of Brow-
nian motion and where:

O(duy=n "tu ¥ exp( — 13 /4u) du. (11.7)

The above formulae and estimates will be extremely useful in the par-
ticular cases of the Hamiltonians given by the functions F'’ and F**'. The
situation is more difficult for general Lévy processes. Nevertheless, we will
be able to obtain similar results whenever we are able to connect the decay
properties of the Lévy measure to the integrability of the paths of the pro-
cess. This explains our motivation for the following results culminating in
Proposition IL1.5 below. We believe that the idea is very classical in nature
but we could not find this result in the published literature.

ProrosiTiON 11.1.  Let F(p) be given by (1.5). Then, the following are
equivalent:

(i) F(p) has an analytic continuation to a strip {{eC"; {=p+in,
Inl <a}l for some a>0 with the property that for each t >0, each ne R" with
ml<a, e " tMe LAR") and for any be (0, ),

sup H" e H”"H: < o, (11.8)

[nl<h

blx

(i) v is exponentially localized in the sense that ¢""'ve L* for all b < a.

Proof. We first notice that for each r> 0 the exponential decay of the
Lévy measure v is equivalent to the exponential decay of the transition
probability p, (i.c., the Fourier transform of the function ¢ '*'). See, for
example, Jurek and Smalarala [19].

(1)=>(ii) If F(p) has an analytic continuation to a strip so does ¢
for each t. Assumption (A) and Theorem IX.13 of Reed and Simon [26]
imply that p, decays exponentially. So does v according to our first remark.

(11)= (i) The exponential localization of v implies the exponential
decay of p, for each />0, and this implies (A) and the existence of an
analytic continuation for ¢ " because of the same Theorem [X.13 of

tFipy
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Reed and Simon [26]. The fact that F(p) has an analytic continuation to
a strip, can be seen directly. It is obvious that it is sufficient to show that

[e? ¥ —1—ip-h(x)] v(dx),

Jrn
has an analytic continuation to a strip. One has

.~ [e? ™ —1—ip-h(x)] v(dx)

Y R"

= J [e? * — 1 —ip-x+ip -x—ip-h(x)]v(dx)
R"

A

:[p-f [x—h(x)]v(dx) +Z

k" (p-x)v(dx), (I19)
IR

which is obviously analytic for |p| <r for some r>0 because v decays
exponentially. In fact the above argument gives analyticity in any ball
|p— pol <r as long as p,e R" and this concludes the proof. J

Our interest in the above result lies in the following:

COROLLARY I1.2. The Lévy measure corresponding to the exponent
F(p)=\/pl> +m* —m is exponentially localized.

Next we relate the exponential localization of the Lévy measure to the
existence of exponential moments for the position of the Lévy process. The
ideas used below, and especially Lemma Il.3, are well known. We
nevertheless give detailed proofs because we could not find the results we
need in the published literature.

LemMMa I1.3. Ler us assume that the Lévy process X=1{X,;t=0} has

Jumps of size no greater than one. Then there exist constants d,>0 and
¢, >0 such that

E;eo‘ SUpPO ¢y A L <c ()r’ (HIO)
t S t

for all 3 (0, d,).

Proof. Let us define the stopping times T, by T, =inf{s>0; | X |>1}
and T,=inf{tr>7, ;|X,—X,, [I>1} for k>2 and let us set
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a=E{e "'}. Notice that T, >0 P-a.s. by the right continuity of the paths
and this implies that ¢ < 1. Moreover,

E{(, /A}_:E{e (7% 1% Do trho Tk 3)-'-6’ 11}

k
=[] Ele VT
P
= a*. (TL.11)

because of the strong Markov property. Notice also that
SUPy <, < 7, | X\ <2k P-as.so that {supy.,., |X,|>2k} < {t>T,} for each
t > 0. Hence,

P{ sup |X,|>2k}<P{r>T,}

Oz y<y

=e'd*, (11.12)
because of (11.11) and, consequently,

{ ,0suposs< Xl \ — ]S 0 supvses X 1
Ele j=Eje CSupn sy e M <215

x

S supg < x| Xyl \
+ Z E{" l:zkgsum,ug,\x\wz(k+1):1
k=1

bs
20 20k + 1o
e+ ) MNP sup X | 22k

k=1 O o=y
X
gezo[ Z €(2(5+10g u)k] E”
k=0

because of (I1.12). This gives the desired resuit provided 0 >0 is small
enough, 1.e., 20 +loga<0. |

LemMma 114, With the above notations, the following holds:
E{esumesilfill o pfth It iy (I1.13)

Proof. For each time ¢ we denote by AX,= X, — X, the possible jump
of the process. Then we let Y, =% _, (4X )1, ,, ., be the sum of the
jumps of size larger than one and X=X, Y, It is well known that
{Y,;120} and {X];r>0} are independent Lévy processes. Consequently
we have

E{(’d SUPo < «x /X } < E{eﬁ[ supo < ve 1A+ Supye e[ Yol }

. 1 . . .
— E'I‘()“ SUPY « \x,\.\\\)‘ E(‘(,nsupn( vl Y ]l (1114)
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Moreover the jumps of X! are not greater than one and according to Lem-
ma I1.3 above this implies that the first factor in the right-hand side of
(I1.14) is bounded above by ¢,¢". In order to control the second factor we
rewrite the process Y in a more convenient way. For each Borel set 4
whose closure does not contain the origin we define the stopping times 57,
as the nth instant of a jump with amplitude in 4. More precisely we set

S =inf{r>0;|X(1) - X(t—)le A}

and

S" =inf{1> 8" " |X(1) = X(1—)e 4}

whenever n = 2. The quantity

N,(A)ZN([O,I]XA): Z ll‘Sﬂélj

nzl

is the number of jumps of amplitude in A4 before time r. It is well known
that it is a Poisson random measure on R”\{0} with intensity dr v(dx).
Y has the representation:

'
Yl > 1)

Y, = ‘ XN (dx).

Note that for each 7 >0, one has

sup |Y,/< sup | x| N (dx)

OLs<t O<s<iilxI>1]
=[x N, (1L15)
Yl >0

P-as. because N, is a monotone increasing function of s. Consequently,
(I1.15) implies that

Ssuppgsel Yy vy XA
E{(,’ supogysl Y \}SE{er)j, l,hk\/rll/\’)}_

=pfimain (@ D),

which completes the proof of (II.13). |

The following is now an immediate consequence of formula (I1.13)
above.

RV
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PrROPOSITION 1L.5. Let us assume that the Lévy measure v of the Lévy
process X=1{X,; 120} is exponentially localized. Then there exist positive
constants ¢, ¢,, and &, such that

E{etupaadfi oo, (IL.16)
whenever 0 < d < d,.

We will also use the A-potentials of the process for 4> 0. The A-potential
kernel is defined as the function:

2,(x) =J"U e~ "p(x)dt. (IL17)

In the stable case given by F™(p)=|p|” one can use the scaling property
to see that

g =[ 1 e p
0

and then the estimate (I1.3) to obtain easily the existence for each 4 >0 of
positive constants ¢, ;, and ¢, ; such that

Cy s

("7 4
Sglx) s —5, x| =1 11.18
|X|n+1 g(\) |x‘n+a J\, ( )

This estimate will play a crucial role in the sequel. In the case of the
relativistic Hamiltonian F(p)=./p>+m’—m one can use estimate (IL5)
and obtain

g;(x)= (% e “p(x)dt

v

~t

* le
2 c,e - mixi J *nﬂ»l df
LN |x|% + 12
=c,p(lx[)e ", (11.19)!

for some positive constant ¢, >0 and all x, where ¢(x) is a function which
is equivalent to |x| ™" when x — co. Moreover, this lower bound can be

improved in the case A < m; using formulae (I1.6) and (IL.7), one can show
that

gix) =, d(lx[ye v (11.19)?
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for some positive constant ¢, >0 and all x where ¢(x) is a function which
is equivalent to {x| " when x — o. Also, using only (I1.6) and (IL7) it is
very easy to derive the upper bound,

c P it A<m;
(x)< = , ’ 0 11.20
&:(x) x| ! {e -l otherwise, ( )
holds for some constant ¢, >0 and all xeR” for which |x| = 1.
For each Borel subset B of R” we use the notation
Ty=inf{r>0: X,e B}, (IL.21)

for the first hitting time of B. We will be particularly interested in estimates
of the Laplace transform of this stopping time. In particular, we will use
the classical formula from the potential theory of Markov processes (see,
for example, Blumenthal and Getoor [5, p. 285],

Efe b= elx—r)dus(y). (11.22)

for some nonnegative measure uj called the A-capacitory measure of B.
This measure is concentrated on the closure of B and its total mass is the
/-capacity of the set B. In particular, it is finite when B is compact.

IT1. THE KATO CLASS FOR RELATIVISTIC
SCHRODINGER OPERATORS

This section is devoted to the introduction of the Schrédinger operators
and to the discussion of the hypotheses we make on the potential function.

We assume that H, is the nonnegative self-adjoint operator on L*(R")
generating a convolution semigroup {u,; 120} satisfying the assumption
(A) of the preceding section. We perturb this operator by the multiplication
operator by a locally integrable function V such that

lim sup E, {’ % (X‘.)ds}:o (1L1)
“Q

I5N0 v eRY

and such that the positive part V' * satisfies locally the same assumption.
In other words (III.1) holds with V1., instead of V' ., for each compact
subset K of R”. These assumptions imply that the operator H=H,+ V is
essentially self-adjoint on the space C *(R”) of C *-functions with compact
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supports in R” and that the corresponding semigroup can be expressed by
the Feynman-Kac formula,

[e "1 =E {f(X)e Broay (HL.2)

where here and throughout the paper we use the convention ¢ ~ =0 and
where {X,; >0} is the Lévy process associated with the convolution semi-
group {u,;t=0}. Tt is easy to prove using this formula that the function
e *#fis a bounded continuous function whenever >0 and f is in some
L’-space. See, for example, Carmona [7], Simon [31], or Carmona [9].
In particular, this implies that all the eigenfunctions of the operator H are
bounded and continuous. In fact, we will make a crucial use of the inter-
action between the operator H and the Lévy process at the level of the
eigenfunctions. Indeed, if ¥ € L*(R") is an eigenfunction of the operator H
with eigenvalue E, then the process {M,; 1> 0}, defined by

M,:l//(X,) ()ILI() ”)l'( \\)(/.\" (1113)

is a martingale. The estimates proven later in this paper are extracted from
relations obtained by stopping such martingales at appropriate first-hitting
times.

But before we get to the investigation of the decay properties of the
eigenfunctions, we give an analytic equivalent to the fundamental assump-
tion (I11.1) on the potentials.

DermNiTION 1111, A measurable function fon R” is said to be in /' (L ™)
if
1/ ey= 2 sup [f(x)] < o0, (111.4)

weZ" xe Cy
where C, denotes the cube centered at o€ Z" with sides of length 1.

Let us assume that, instead of the partition {C,; xe R"} by cubes of side
1, we have another partition {C|; 1e I}, where [ is a countabie index set and
the cells C! are bounded subsets of R” such that there exist two integers n,
and n, such that each of the cells C, is covered by at most n, cells C; and,
conversely, each of the cells C] is covered by at most #, cells C,. Then it
is easy (though cumbersome) to see that the norm | .|}, .,, defined by

i e y=3. sup [f(x)], (TIL.5)

rel ve (),

is equivalent to the norm |- i, ., defined by (II1.4), in the sense that there
exists a constant ¢ >0 such that

S VA TIRRES P2 VRREE Fa VITRER (ITL.6)
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for all the functions /. This simple remark will give us a convenient device
to show that some density functions are of the /'(L™)-class. Also, the
following two lemmas show how appropriate this class is.

LemMa M1, Ifge L'(R") and fel'(L™), then g = fel'(L™) and

lg *.f”/luﬂ)< gl Hf“lltlﬁ N (I1L.7)
Prodf. (gx )= T | gx—»)rndy
xezt " Cx
<3 ( [ 1gte=) dy) sup | ()
xeZ" Cy reCy

and, consequently,

lg*flnan< X ) sup (j Y d,v) sup [/()|

x et xelZ’ xeCy re(y
< gl “f”/l(l_'ﬂ)- l
LemMA I11.2.  For each 6 >0 there exists a constant C5>0 such that

Hl:|y;><s}f|‘/1(1/)<Cd“f“L‘w (111-8)

for any spherically symmetric function f (i.e., for which f(x) = f(x') whenever
[x] = |x'|) whose modulus is radially nonincreasing in the sense that for all
xeR” the function rs | f(rx)| is nonincreasing on [0, «¢).

Notice that this result implies, in particular, that any such function is of
the /'(L*)-class.

Proof. The proof is trivial for n=1 if one chooses the covering formed
by the C| = (19, 1(6 + 1)] when 1 € Z, because the function x 5 | f(x)| is even
and nonincreasing on [0, o). In the general case #n>1 one chooses a
covering by cells C/=C, ., where Cyo={xecR"; |x|<d}! and where
for each fixed integer n>1, the C, , form when k varies from 0 to k,,
a partition of the annulus {xeR"; nd < |x] <(n+1)d}, by solid blocks
having a volume approximately equal to ¢”. The proof then mimics the
one-dimensional case. |

The following result follows immediately from the above lemma.

COROLLARY. If for each fixed t>0, the transition density p,(-) is
spherically symmetric and radially nonincreasing, then it is of the I'(L™)-
class and, moreover, for each fixed 6 >0 one has

sup 1,251 2:llppy < 0. (I11.9)

>0



132 CARMONA, MASTERS, AND SIMON

This result is of great importance to us because most of the transition
densities of the Lévy processes we are interested in actually satisfy the
above assumptions. Indeed, the spherical symmetry is implied by the fact
that we are dealing with exponent functions F{p) which depend only on the
norm |p| of p, and the radial nonincrease can be checked by inspection in
the case of the process of Brownian motion corresponding to the exponent
function F*' and in the relativistic case of F'’ as well. Moreover, the
results of Kanter [207] and Wolfe [35] imply that it is also true for all the
symmetric stable cases F*' and more generally for all the Lévy processes
of the so-called class L. See, for example, Wolfe [35] for the definition of
the class L.

The next lemma gives another technical result which we will need. It
concerns the divergence at the origin of the Green’s function at different
energies (i.e., of the resolvent kernel g, for various values of f).

Lemma IIL3. If

lim g (x) = oo (111.10)

{x]| -0
for some fixed B,>0, then for all § >0 one has

lim _1(;“_):1. (I11.11)

vl =0 gp(x)

Proof. Let us fix f>0. We notice that, for each fixed ¢,> 0 one has

sup [ e’/"p,(x)dzsf\e F1p (0) dt < oo,

xeR"“1p f

because of the analyticity in ¢ of the function p,(0) on (0, ac). Conse-
quently, the ratio g,(x)/g,(x) will have the same limit (if any) as the limit
of the ratio,

W ,—1
,—giﬂ—f’&)—dﬁ. (I11.12)

0 e p,(X) d[
We prove only the result in the case > 1 because the proof in the case
f <1 is similar. In this case §> 1, the ratio in (I11.12) is always larger than
or equal to one. On the other hand, this ratio is also less than or equal to
e~ D1 jndependently of x. This concludes the proof because the choice of
t,> 0 was arbitrary. |

Note that the above lemma covers the case » > 2. The situation is easier
in the one-dimensional case where the resolvent densities g,(x) are defined
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and continuous at the origin x = 0. In this case, the limit (II1.10}) exists and
is equal to a finite number. The main result of this section is the following:

THeOREM II1.1.  Ler us assume that V is a nonnegative function on R"
which is uniformly locally integrable and let us assume that the assumption
(A) and the condition (111.9) are satisfied by the Lévy process. Then, the
Jollowing three conditions are equivalent:

(i) lim, osup, g6 EAV(X,)} ds=0,
(i) lim,  _sup  g[(Ho+ ) ' V1(x)=0,
(iif) lim,_,sup, g jlx S < gilx—y)V(y)dv=0.

Proof. The assumption on the function ¥ means that the constant c( V),
defined by

(V)= sup j V(y) dv,

xeR"Vx+ (o
is finite. This assumption implies that, for each fixed 7 > 0, we have

sup sup (p,* V)(x)<c(V)sup (o,

szt xeR”? s

which is finite because of our assumption (II1.9). Indeed,
(P V=] Py Vix—1)dy

= f p(y) Vix—y)dy

xezZn* Cx

<Y supp(y)| Vix—y)dy
xeZ" ye(y Cy
<A V) pllyapey-
Next we notice that for each >0, >0 and for each xeR” we have
[ EdVX)}ds<e [ e PE (VX)) ds
(4] 0

so that,

sup JIEX{V(XS)}dSSe’” sup [(Ho+p) ' V1(x).  (IIL13)

xeR" 0 xeR”?
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Now, if we assume (ii) and if ¢ >0, we can choose >0 large enough so
that
sup [(Ho+f) ' V1(x)<e/2, (111.14)
xeR"
and then choose ¢ small enough so that ¢’ <2 and (i) follows easily from
(IL.13).

Conversely, let us assume (i). Now, if ¢ >0, we can choose >0 small
enough so that

!
sup | E (VX)) ds <2,

xeR”?

and, consequently,

sup [(Ho+ B) ' V] (x)<&/2 + sup j e ME_{V(X,)) ds

xeR” xeR" Y1

<e/2+sup sup (p,x V)(x) | e P ds

szt xeR" !

<e/2+c(V)ysuplpdl B e ™,
which can be made arbitrarily small provided f is chosen large enough.
This completes the proof of the equivalence of properties (i) and (ii).

Let us assume (ii) once more. As before, if ¢ >0 is arbitrary, one can
choose > 0 large enough so that (111.14) holds. Then, using Lemma I11.3
if n>2 and the remark following it in the one-dimensional case, one finds
constants é >0 and ¢ > 0 such that

Izl <= gi(z) < cgplz)

Consequently, we have

sup | gilx—y)Viy)dy
veRMVix -yl <4
<csup | g(x— ) V(y) dy
veR"YIx -yl <o
<e,

because of our choice of B. This proves that (ii) implies (iii). Finalily,
we prove that (iii) implies (ii). If e> 0 is fixed, assumption (iii) gives the
existence of a number § > 0 sufficiently small so that

sup ] gix— )y V(y)dy<eg/2

veR" Vv -y €3
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Then, for any =1, one also has

sup J

veR"YViv -l <

gplx— ) V() dy <¢/2, (IT1.15)

because the function g gu(z) is nonincreasing for each fixed zeR™
Moreover, for this fixed &, one also has

sup | gy(x— 1) V(y) dv

veR" VI -y >0

= sup J et ’ p.(v) Vix—y)dvds

xeR"¥0 Yyl =0

",

<c(Vysup Lo Pl )f e ds
0

s>0

<2, (II1.16)

provided f is large enough because of the assumption (I11.9). The proof is
now complete because we have

sup [(Ho+p) "V(x)<e,

ve R"

by putting together (1I1.15) and (I11.16). |

A potential function V=V "* —~V will be said to be of the Kato class
whenever for each compact subset K of R” the functions 1.V " and V
satisfy any one of the three equivalent conditions of the above theorem. As
we already pointed out, this is the right kind of assumption. This fact was
demonstrated in Simon [31] in the nonrelativistic case. Most of the
abstract results discussed in his Section A.2 are still valid in the present
situation. In particular, this is the case for the paragraph (2) on page 459.
It is argued there that condition (ii) of the above theorem implies that
is Hy-form bounded with relative bound 0 and that, consequently, H,+ V'
can be defined in the sense of quadratic forms if ¥ is in the Kato class.

We close this section with the following elementary consequence of
Theorem III.1.

Remark. The definition of the Kato class depends only on the
behaviour of the exponent function F(p) when p — oc. Indeed the above
equivalence shows that it depends only on the behaviour of the Green’s
kernel [Hy+ 1] " (x, v) at small distances, and since one has the explicit
formula,

[Hy+1] : (x, y)=g,(x—y)

SRO9LT-10
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with
n e ipx
xX)= —
a0 =] TRy
. e i
=cp+ —dp,
K J‘,,;>R1+F(p) !

the behaviour of g, at the origin is determined by the behaviour of F(p) at
cc. In particular, this implies that the Kato class is the same whether one
deals with F"'(p)=|pl or F"(p)=/Ipl>+m’ —m.

1V. THE EIGENFUNCTION FALL-OFF

1V.1. The case V(x)—0
Throughout the rest of the paper we will use the notation 7, for the first
hitting time 7Ty ,, of the ball of radius r centered at the origin. We study
the decay properties of a L’-cigenfunction  corresponding to a negative
eigenvalue E. The strategy for proving upper bounds is the following. Since
M, defined by (II1.3) is a martingale, we have
Wl =B, ) et fre vy

<, E fet el " oy

because the function ¥ is bounded and, consequently,
WO <Yl Ede P07,

whenever, for ¢> 0 fixed, r is chosen large enough so that V= (y)<e¢ for
|y] >r. We will choose ¢ small enough so that f= —(E+¢)>0. By the
monotone convergence theorem we have

lim E {e """} =E{lime """ }=EJe '}

I — o f—

and, hence,

() <yl Efe "7 (IV.1)

We are now ready to prove the easy

ProOPOSITION TV.1. If F'™(p)=|p|* with x<2 there exists a constant
¢ >0 such that

¢

<, 1v.2
] + |x‘n+ X ( )

I (x)]
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for all xeR". For F"’(p):V/;Dz%—mz—m, for each ¢>0, there exists a
constant ¢, >0 such that

W(x) < c e "M, (IV.3)

for all xeR", where m,=m if |E|>m and /2m|E| — E* —¢ whenever
|El <m.

Proof. The above estimates trivially follow Eg.(IV.1), the potential
theory formula (I1.22), and the estimates (I1.18) and (I1.20), respec-
tively. ||

Remark. The above argument also gives a proof of the well-known
result for the classical case of F*'(p)=|p|>

In the general case of a Lévy process with an exponentially localized
Lévy measure, one has the same result as in the case of the relativistic
Hamiltonian, namely:

PROPOSITION IV.2.  Assume that the Lévy measure v decays exponen-
tially. Then there exist positive constants ¢y, ¢, such that

W) <cye =, (IV.4)

for all xeR".

The strategy for proving lower bounds is the following. We consider only
the case of the ground state eigenfunction; ie., we assume that F is the
infimum of the spectrum of H. The ground state eigenfunction is positive
everywhere and continuous, hence locally bounded away from zero. Conse-
quently, once more using the martingale M, defined by (II1.3) we obtain

‘//(x):E\{lp(X[/\ T')ebrA r’€7§6 L(‘X\)d,s}
T T
ZE.\'{‘MXMT,)EUA]T’-‘O VX dsy
T, 1 .
=E {y(X;,)e e “Jo v dry

> inf Y E {e T, <xl,
ve BO.r) !

where we used the usual convention ¢~ * =0 and Fatou’s lemma to take
the limit 1 — oo and where we assume that >0 is small enough so that
f=—(E—¢)>0 and if r is large enough so that V *(x)<e¢ for |x| >r.
Consequently, one has

Y(x)=cstE {e P77}, (IV.5)

for some positive constant cst. As above, one easily proves the following:
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PROPOSITION IV.3. In the case F“™'(p)=|p|* there exists a constant
¢ >0 such that

¢’
= 1 + tx‘nJrz*

P(x) (IV.6)

for all xeR™. In the case F'"(p)= \/pz +m? —m, for each &> 0 there exists
a constant ¢, >0 such that

W)= e, (IV.7)
for all xeR", where now m,=m if |E|>m and ./2m\E| — E*> — ¢ whenever
|E| <m.

Proof. The above estimates trivially follow Eq. (IV.5), the potential
theory formula (I1.22), and the estimate (11.18) and (I1.19), respectively. |

Remark. The assumption lim,, _,  V(x)=0 is slightly stronger than
what we actually need. An inspection of the above proofs shows that
one only needs lim, ,, ¥ "(x)=0 to obtain the lower bound and the
assumption lim,, , , V' (x)=0 in order to prove the upper bound.

V.2, The Case V(x)— o

ProOPOSITION V.4, Let us assume that lim, ,  V(x)=oc and that the
Lévy measure v is exponentially localized (ie., 3b>0, such that
[ e"*v(dx) < 0). Then for every positive constant 8, there exists a positive
constant o', such that

W (x) <d'e 2, (IV.8)

for all xeR".

Proof. 1f one uses again the martingale M, defined in (I1L3) and if for
each r >0 we set t=inf{s>0; | X, — x| >r}, we have

',b(X) = EY{{//(X' R r) el T L'(X\-)zL\} (IV.9)
and, consequently
W) <yl L E {e" PSS V(X\)d.x-}
< ”l/l” x:E,\»{é’n“‘ AVt a r}
provided we set v=inf,  _, V(»),

“D(‘.)l g H,ﬁ” . [(,711‘ —Z)l_+_e—1rE0{€1 supng)g[i,\’\\}]
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for any « > 0. By Lemmas I1.3 and IL.5, choose 0 <a < min(b, —1/2 log ),
a as in Lemma II.3. We thus have

W/(X)I < “l//“y [e*(v - }')[+€,,1rclez‘zl], (IVIO)

where ¢, is as in Lemma IL.3 and ¢, =1+ (e*™ — 1) v(dx). Take r= p,| x|,
p,€(0,1), t=p,lx|, p,>0 small enough such that ¢, p,< p,2. We now
have the result. ||

V. RECURRENCE AND THE EXISTENCE OF BOUND STATES

Nonrelativistic Schrodinger operators with a negative potential have
been known for a long time to always have bound states (i.e., negative
eigenvalues) in one and two dimensions, a fact which is no longer true in
higher dimensions. The purpose of this section is to give a general criterion
to compute the critical dimension above which a general Schrodinger
operator, of the type we discussed so far, need not have a bound state if
the negative potential is not deep enough. Theorem V.1 below implies that
this critical dimension is also two for the relativistic case corresponding
to the exponent function F"' but that it is one for the stable cases corre-
sponding to the exponent function F'* with o <2,

In order to prove this result, we need an extra technical assumption on
top of assumption (A):

lim F(p)=cc.

{pl — =

Obviously, we did not aim at the greatest generality and there are.
presumably weaker conditions under which the following proof holds. We
chose the above condition for convenience. One of its side effects is to rule
out the lattice cases.

THEOREM V.1. The following three properties are equivalent:
(i) The Lévy process {X,: 120} is recurrent,
(i1)  The exponent function F satisfies
d
[ S — (V.1)
Yapr<ry Fip)

(ii1) The Schridinger operator Hy+ V has at least one negative bound
state whenever V' is a nonpositive, nonidentically zero, and bounded potential
with compact support.
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Proof. The equivalence of (i) and (i1} is a classical result of the theory
of Lévy processes. See, for example, Port and Stone [25] or Carmona [9].
Before proving the equivalence of (ii) and (iii) we should point out that
any bounded potential function V' with compact support is in the Kato
class. In fact, it is a relatively compact form perturbation of H, under
the assumption (V.l), and consequently, the essential spectrum of the
perturbed operator H=Hy,+ V is still [0, o). To prove that (ii) implies
(ii1) it suffices to consider the case V= —/1;,. where

B(o)={x=(x,,..x,) x| <3, j=1,...n}

for some 4>0 and some J>0. We use the Birman-Schwinger principle
(see, for example, Simon [31]) to show the existence of negative eigen-
values of Hy+ V. If E <0 and if ¢ € L? is such that ¢ is continuous near the
origin, then we have

(P, VIV (Hy+ E) MIVI'2 gD
=/ Jﬁ ¢(p) f] <sin 5p’>k dp,..dp,

e E+F(p) 5\ p;
Gy g o‘p,->2
Y L) dp,.dp,
”l%;)isl}E+F(p)/'];I] ! |
o dp
= c|g(0)1? E+F(p)
|#(0)] Vi< E+ F(p)

for some constant ¢ > 0. Consequently, property (i} implies that
lim inf <¢, | V|2 (Ho+ E) ' [V]'? ¢) =,
ENO

which in turn implies the existence of bound states. Conversely, if property
(ii) does not hold, we have that

‘~ S <sin op;
v F(p) 5\ p;

and, since for each £ >0 we have

> dp,..dp, < o

(o, IVI"I(Ho+E) VIV ¢)

a1 Isindp
</ 2 —_— —Y dp,..dp,, V.2
H¢H 7. JR" F(p)‘/:I ( p/ > pl pn ( )

it is possible to choose a strictly positive function ¢ having one for L*-norm
and such that its Fourier transform ¢ has a small enough L -norm so
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that the right-hand side of (V.2) is less than or equal to one. For such a
function ¢ one has

limsup <@, |V|'"* (Hy+E) "[V]'"?¢)> <,

END

and this implies (using again the Birman-Schwinger principle) that the
operator H,+ V does not have negative eigenvalues. ||

The above result proves that the critical dimension is also two for the
relativistic case corresponding to the exponent function F“' but that it is
one for the stable cases corresponding to the exponent functions F'*' with
o< 2.
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