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1. INTRODUCTION

In this paper we study the Kadomtsev—Petviashvili-II (from now on
simply abbreviated by KP) equation

KP(V) =V, =6V, + Vo +3 [ ax' V,,=0 (1.1)

oc

and its modified versions, the mKP,equations as introduced, e.g., in
[20, 22, 24, 25]

mKP, () 1= ¢, — 66, + boc 3| dx',,

+68¢x<fr dx’ ¢y> =0, ¢= %1 (1.2)

The following generalization of Miura’s transformation and his identity
[30] for the (m)KdV-case to the present (m)KP one (due to [24])

Vit % ) =8 % 94 b5 )~ [ dx g xy),  e= L,
(1.3)

KP(VE)=[6X+2¢—EF ay] mKP (¢), t= +1 (1.4)

e e)

shows that given a solution ¢ of mKP (¢)=0, the transformation (1.3)
yields a solution V, of KP(V,)=0. Our main objective in this paper is to
reverse this process, i.e., given a solution V of KP(V)=0 we shall develop
a method to construct solutions ¢, of mKP (¢,) =0, e = +1, such that (1.3)
(with ¢ = ¢,) holds. Our methods generalize a previous treatment of the
analogous problem in the (modified) Korteweg—de Vries context [15] (see
also [13,14]) in the sense that in contrast to [15] we now consider
general, complex-valued, and singular solutions of (1.1) and (1.2).

In Section 2 we recall basic facts in connection with the KP-equation; in
particular, we briefly sketch the dressing method of Zakharov and
Shabat [45] to construct special solutions of (1.1). In Section 3 we rederive
the soliton solutions of the KP-equation (1.1) with the help of the dressing
method. In Section 4 we accomplish our main goal and construct solutions
of the MKP, -equations (1.2) in Theorem 4.5. In Lemma 4.3 we also derive
a factorization of the linear operator L,:= —02+¢&d,+ V, ¢= +1, in the
Lax pair for (1.1) that resembles the special (supersymmetric) factorization
used in [15] in the corresponding KdV-case. Finally, in Section 5 we apply
this method to derive the soliton solutions of the mKP -equations (1.2).
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Without going into details we also remark that all our results extend to
the KP-I-equation (replace +3 |3, dx' V,, by —3 {3 dx'V,, in (1.1)) and
its modified versions.

2. PRELIMINARIES ON THE KP-EQuaTiON

In this section we briefly introduce the Kadomtsev—-Petviashvili (KP)
equation and some basic material such as its Lax pair and the dressing
method to construct special solutions of it.

Throughout this paper we shall assume hypothesis

(H.2.1). Suppose V:R?— C is of the type

M
V(t,x, y)=3, a;[x—x;(t, )17 +0(t, x, p),
j=1
where ;€ {0,2}, x,e C*(R?), 1<j<M, MeN, x;#x;, for j#', and

ve C*(R?). Moreover, we assume that

lim j dx' o' v(1, X', y)e C*(R?),  [=1,2

Xp— 0 Y xg

(the integral taken in the Riemann sense).
The KP-equation (for solutions satisfying (H.2.1)) is then defined as
[21]

KP(V):i=V,—6VV +V,  +3(2:'V,,)=0, (2.1)

where we abbreviate
@) x, y) :=f dx' f(1,x', y) (22)

for appropriate f’s. Clearly (H.21) with a;=0, j=1, .., M, is designated for
smooth solutions ¥, whereas (H.2.1) with a;=2, j=1, .., M, is chosen to
accomodate singular solutions, the simplest of which is of the type [8]

Vit x, y)=2(x+ay—3a’t+b) 2, (a, b)e Cx (2.3)
Equation (2.1) admits the following Lax representation.

LEmMMa 2.1 [10] (see also [25,45]). Assume (H.2.1). Then

L.,—[B,,, L1=KP(V+4), AeR, e= +1 (24)
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on C2(R*\X(t)), where
Lt)i= —32+ed,+ V(1), &=+l 1€R, (2.5)
B, (1):= =403+ 6[V(1)+ A] 0. +3V (t)+3e[d, 'V (1)],
AeR,e=+1,1eR, (2.6)
X(@t):={(x;(t, y), y)eR*|yeR, o;,=2, je {1,.., M}}, teR.  (2.7)

For later purposes we isolate the case where V=0, ie., introduce on
C*(R?)
L®:= -2 +¢d,, e= +1, (2.8)
B = —403 + 640, ieR. (2.9)
In order to construct special solutions (such as solitons) of the KP-equa-
tion (2.1), we briefly review the dressing method due to Zakhaer and
Shabat [45]. In this approach one constructs an integral operator F,(¢, y)
(B, ) Nx)= | ax Fo,x, X, 0) f(x),  e=21  (210)
R

satisfying

[F,, LO1=0=[F,, 0,—BP]. (2.11)

In that case the integral kernel F,(1, x, x', v} has to solve

F

g xx

F

& x'x’

- ng, y 0= Fe,l _6A(Fs,x + Fe,x’) + 4(F8,xxx + Fe,x'x’x’)‘
(2.12)

In addition one introduces Volterra operators
- +ac
Roalt WX = 2] dX Kot x, 9 f(x),  e=x1  (213)

and assumes
(1+K )+ F)=(1+K,_), &=+l (2.14)
In particular,

KE,+(t’ x’ x(’ y) +Fe(t9 x, x,’ y)
+J dx" K, (1, x,x", y) F(t,x", x', y)=0, x> x,
K, (,x,x,)

=F/(t, x, x', y) +J | dx" K, . (t, x,x", y) F{t, x", X', y), x' < x.
' (2.15)
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For the purpose we have in mind (viz., the construction of soliton solutions
of (2.1)) it suffices to define F,, K, ,, (1+K, ) ', etc. on CF(R\X(1, y))
where

X(t, y):={x;,(1, y)eR|o;=2, je {1, .., M}}, (t,y)eR?

(For more general situations see, e.g., the treatment in [29, 357.) It then
follows that

(1+K, HLOU+R, ) '=L, g= +1,
o o (2.16)
(1+K€,i)(al_BS_0))(1+Kz,i)71=61_B/‘.,s9 )uGR,{';:il,

where L, B, , are given by (2.5) and (2.6), respectively, with V given by
Vit x, y)=—20,K, (1, x,x, ), g= +1. (2.17)

(Observe that the right-hand side of (2.16) js independent of whether one
uses the upper or lower Volterra operator X, , .)
Moreover, (2.10)-(2.15) imply

L.,—[B;. L]1=0, e= +1 (2.18)
and hence
KP(V,+4)=0, ¢= +I (2.19)
by (2.4) with V, given by (2.17). Finally, let ‘*(s, x, y) satisfy
LOYO = 2O (3, _BO) Y@ =0 x>0, ieR e= +1 (220)

in the sense of distributions, ie., in CF(R?)" and CT(R?), respectively.
Then

Vo=(1+K, )y &=+l (2.21)
satisfies
Ly,= —x%y,, (6,—B,,)¥.,=0, k20,1eRe=+1 (222)

in the sense of distributions, i.,¢., in CF(R*\X(#))" and C(R*\X)', respec-
tively. Here

X:={(t,x;(t, y), p)eR*|(t, y) R, 0;=2, je {1,.., M}}.
A solution of (2.20) to be used in Section 3 is e.g., given by

YOt x, y) =exp[ —xx + 4(x> — 64x) 1], k=0,leR.  (2.23)

580/98/1-15
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Using this method we shall sketch a derivation of the soliton solutions
of (2.1) originally obtained in [45] in the next section. Further applica-
tions of the dressing method (also to the KP-I-equation) can, e.g., be found
in [27, 31, 35, 45].

Apart from the dressing method, other techniques have successfully been
applied to (2.1). We mention e.g, the Jd-approach to multidimensional
inverse scattering [1, 3, 4, 42, 447 and Hirota’s t-function approach [2, 17,
18, 387 and its link with infinite dimensional Lie algebras [9, 16, 20, 22,
36, 39, 40] and Fredholm determinants [34, 35]. The problem of complete
integrability and Hamiltonian structures for (2.1) was addressed, e.g., in [6,
19, 26, 437]. Bicklund transformations for (2.1) were studied in [7, 41, 46];
also other particular solutions of (2.1) such as meromorphic ones [2, 8, 34,
35, 38] and periodic multiphase solutions [5] appeared in the literature.
(This list is by no means complete; we only give some of the more recent
accounts and encourage the reader to study the references cited therein.)

3. SoLITON SOLUTIONS FOR THE KP-EQUATION

We briefly sketch a derivation of the N-soliton solution of the KP-equa-
tion (2.1) with the help of the dressing method. Originally these solutions
were derived in [45] (see also [11, 28, 31, 32, 35, 37]). We define

N

Fs(t> Xy X/, y) = Z Es,n(t’ y) e—(p,.x+qnx’)’

n=1

Conlt, y)=C,exple(pa—aqy) y + [4(py+43) — 6M(p, + 4,) 11},
‘eR, ¢,eR\{0}, p,>0, ¢,>0, 1<n<N, e==+1 (31)
Then F, satisfies (2.11). Next assume
kit x, p)= (Koo (tx, p), o Koy (2, %, 9)),
d(t,x, p)=(—¢,,(t, y)e ", .., — G, n(t, y)e™7v), (3.2)

ZN,E(I’ X, y) = [Ee,n(ls y)(pn + qm)iil 4 (pn+qm)X:]’1Zm:1
to satisfy
(A+Ay ) k,=d, &=+l (3.3)
Then
N A~
K, (t,x,x',y):=Y k, (1, x, y)e ", xX'>x,e=+1 (3.4)

n=1

satisfies (2.15). By Cramer’s rule

k,,=det(Ay, ,)/det(1 +4,.,), 1<n< N, e= +1, (3.5)
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where A, ,, is the matrix 1+ A, with the nth column replaced by ..
(The positivity of det(1 + 4, ,) will be discussed in Proposition 3.3.) By
(2.17) and (2.19) this yields the N-soliton KP-solutions.

THEOREM 3.1 [11, 28, 31, 32, 35, 37, 45]. Define
Vaelt, x, )= =20.K, (1, x,x, p), NeN,e= +1 (3.6)
with K, | defined by (3.4). Then

Vielt, x, y)= =202 In{det[1 + A (¢, x, )1} (3.7)
and
KP(Vy,+4)=0, JAeR,e= +l. (3.8)

Moreover ( following [12, 23]), we have

N
Y kot x, y)e #*=3a, In{det[ 1+ Ay (1, x, )]}, (3.9)
n=1
Lk, .= ¢k, = 1<n<N, (3.10)
le//N,f;: _'Kzl//N,s’ (aI—B}.,s)l//N,SZOa (311)

where

l//N.s(l’ X, y): [1 +Iea,+(t’ .V)] ¢0(t, X, y)

N
={1+ Y (gt 1) TR, (1 x, p) e XL R =6k (3 1)

n=1

k=0, AleR, NeN, ¢=+1

and y° is given by (2.23).

We also note that J4 may be put in a more symmetrical form by
introducing

Conlls ¥y =841, y)1'2,
kot %, ¥) = [ty 0] R (63 p), 1<n<N,e= 41,
k(t, x, y)i= (k. (8, %, )y s ko w8, X, ), (3.13)
d(t, x, y) = (—c o (t, p)e ", .., —c, n(t, ¥) €7P¥),
Ay ot %, ¥) =ty ¥) Coll, Y)(Pat q,) e Prtamx ]y
Then

(I+Ay )k, =d,, e==1 (3.14)
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and hence
det[1+ZN,s(ta X, y)]:det[1+ANp(t’ X, y)]a &= il (315)

by the similarity of A neand Ay ..

Since (3.7) (in contrast to the KdV-solitons) for N>2 also contains
singular solutions for certain values of p;, ¢, (see below) it is worthwhile to
specify conditions under which (3.7) describes regular (ie., C*(R?))
solutions of (2.1). For that purpose we need some definitions. Let M be any
N x N matrix. We then define M’ to be M with the jth line and row
removed, and in general, M/ to be the (N—m)x (N —m) matrix
obtained from M by removing the j,, .., j, th lines and rows.

The characteristic polynomial of M can then be expressed as

det(z+ M)=det(M) +:z Z det(M) + Z det(M/7?)
= “jl’iZ’
N _
N Z det(M7 Ny 2N, zeC,
Jisemin—1=1
i< <N (3.16)
where
N
Y det(M/-1y=Tr(M), (3.17)
St JN =1 =1
1< <N-1

etc. are the principal minors of M. Moreover, using [33, p. 92] we get
det[A}::(t, x, y)]

cj/(ta J))z e (Pt det[(Pj,+ij)_l];flk=1

Il
:]s

\
I
-

le(l’ y)zef(pfﬁ"/l)x H (pjz_pjk)(qu_qjk/ 1_[ pll+qjk
Lk=1 Lk=1
Jr<jk

Il
—s

-.
I

1<m<N-1. (318)
Using (3.16) we obtain (cf. [32])

PROPOSITION 3.2. Let N> 1. Then det[1+ Ay (1, x, y)1>0 (and hence
V,.€ C*(R*) by (3.7) and (3.15)) if
(p,— Pi)g;—q:) =0 forall j,k=1,.,N, j<k. (3.19)
Condition (3.19) is also necessary in the sense that if (p;,— P4, — qx,) <0
for some jo,koe{l,..,N}, jo<ko, then one can choose c;(t, y),

Je{l, . NN\{Jo, ko}, in such a way that det[1+ Ay (1, x, y)] changes sign
at least once as x runs from — oo to + 0.
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Proof. Sufficiency of (3.19) is clear from (3.16) and (3.18) since every
term in (3.16) (for z=1) will be nonnegative and at least N + 1 of them will
be strictly positive. To prove the necessity statement assume that

(Pjy— Pi)d;,— Gx,) <O forsome jg, ko€ {1, .., N}, jo<ko. (3.20)

Then (suppressing the ¢, y variables) choose x,<0 sufficiently negative
such that

(pjo - pk())(qjo - qko)

2 C/Zc e*(Pjg""ljo*‘Pko‘*‘Iko)xO
s (pjo+qjo)(pjo+qko)( pk0+qj0)(pko+qko)
c? oy
Jo e*(p,-o+q/0)m+ ko e-—(pk0+qk0)xo+ 1< 1. (3’21)
p]0+qJO pk0+qk0

Next choose ¢, je {1,.., N}\{Jo, ko}, small enough such that

det[l + AN (xo)] — Cj? Ci e”(l’lo+qj0+l7k0+41k0)x0
o€ o~ ko
(pjo_pko)(qjo—qko)
X
(Pio+ 4i)( Py Qi) Pro + 4jo)) (P + Giy)

c? c?
SR emmran B mraon <1 (3.22)
pj0+qj0 pko+qk0
Then
det[1+ 4, ,(x0)]< —1/2.

(3.23)

On the other hand,
det[1+ A4y .(x)] === 1 (3.24)

By continuity of det[1+ 4,,(x)] wrt. xeR we conclude that
det[1+ 4, (x)] cannot be of definite sign for all xeR.

The first part of Proposition 3.2 is due to [32] for N=2, 3. We conclude
Section 3 with the

ExamrLE 3.3. N=1.

(pi+aq) . 51 g
Vit x, y)=———12—1—cosh 2 §(P1+¢11)X—5(1’%_4f)y

L
B a0 -2+ gl = |} @2s)

KP(V,,+4)=0, AieR,e=+1. (3.26)
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4, THE mKP-EQUATION

In this section we study the modified Kadomtsev—Petviashvili (mKP)
equation as discussed, e.g., in [20, 22, 24, 25]. In particular, given a solu-
tion ¥ of the KP-equation (2.1) we explicitly construct a corresponding
solution ¢, of the mKP -equation (4.1) that are linked to each other by the
generalized Miura transformation (4.5).

We introduce hypothesis

(H.4.1). Suppose ¢: R*— C is of the type

t X y = Z B'[X—X’j(ta }’)]71+(P(t,x, )’)],

~

where B,€{0,1, —1}, %, C*(R?), 1<j<M, MeN, %,#%,, for j#],
and ¢ € C*(R?). Moreover, we assume that

fim j dx' 0lg(t, ¥, y) e C2(R?),  [=1,2

Xp — O

(the integral taken in the Riemann sense).
The mKP,-equations (for solutions ¢ satisfying (H.4.1)) following [20,
22, 24, 257, are then defined by

mKP,(¢) :=¢,— 64’0, + ¢ +3(0;'0,,) +666,(0'9,), &=Ll
(4.1)

A (scalar) Lax pair for the mKP,-equations is provided by

PrOPOSITION 4.1 [24,25]. Assume (H.A4.1). Then

Loy~ [Bos L.J)= —2e0mKP($)0,, eo=£1  (42)
on C*(R?\X(1)), where
L, ,(t)= —0>—2e0¢(t)0,+0d,, teReo=+l, (4.3)

—407 — 12¢0¢(t) 02 — 6ead (1) O,
—6¢(1)> 0, —6e(0; '¢,(1)) 0., teR,¢,0= +1 (44)

B,.(1):

X(0):={(%(1, »), y)eR?| yeR, ;= %1, je {l,.., M}}, teR.
(45)

Next we recall the following generalized Miura transformation.
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PROPOSITION 4.2 [24]. Suppose ¢ satisfies (H.4.1) and that for (k=2,
[=1), (k=0,[=1), (k=0, [=2)

lim 0%\ ¢(r,x, y)=0  forall (1, y)eR%

X — oC
Define

Vit x, y)i=d(t, x, p)* + 4. (t, x, V) —e(0. ' N0, x, p),  e=£1. (4.6)
Then
KP(V,)=[0,+2¢— 86;1 6},] mKP, (¢), e= +1. 4.7)

In particular, whenever ¢ satisfies mKP,(¢)=0, V, defined in (4.6)
satisfies KP(V,) =0. In the rest of this section we shall develop a device to
reverse this process; ie., given a solution ¥ of the KP-equation (2.1), we
shall construct solutions ¢, of the mKP -equation (4.1) that are linked to
each other by the generalized Miura transformation (4.6) (with ¢ =¢,).

Before that we mention a slight generalization of Proposition 4.2.

Define
Vit,x, y):=d(t, x, )’ + ¢t x, p)—e(0; ', )1, x, y)+u, peR, e= 1.
(4.8)
Then
KP(V,)=[0.+20—¢cd,' 0, ][d,—6(¢*+ 1) b+ ...
+3(0,'9,,)+ 664 (0, '9,)], peRe=+1. (49)
Moreover, let
E=x+6ut, ueR,
V(& y) =Vt x, y)—u, d(1, &, y) 1= (1, x, ). (4.10)
Then
Vi—6VV +V 430, 'V, )=V, —6VV .+ V.. +3(6;'7,), (411)

¢t - 6(¢2 + .u) ¢x + ¢xxx + 3(6; l¢yy) + 68¢r(a; 1¢y)
=, —64°F: +§ec+3(0.'9,,) +660:(2; '9,).  meR  (412)

We also add the trivial observation that if V(s, x, y) satisfies the
KP-equation (2.1) then so does V{1, x, —y). Similarly, if #(¢, x, y) satisfies
the mKP,-equation then ¢(s, x, —y) and —¢(¢, x, y) satisfy the
mKP _,-equation.



222 GESZTESY ET AL,

As a warm up for our final goal in this section we shall now present a
factorization of the operator L, defined in (2.5). To avoid technicalities we
restrict ourselves to smooth functions ¢ € C*(R?):

For ail e R we define the set of operators

A(t) =0+ 4(1) on C*(R*\X(2)),

~ (4.13)
A = —d,.+¢(1) on C=(R\X(1)),

(G() )%, ¥)=exp [ J, axoe 2, ) S y)], feCR\X(),  (4.14)

(D) ) ) = [ dXTLAX 7)= 8,00 ) £, )],
feCRIN\X(1)), (4.15)

where
0
(1, y) = dxd,(t,x, ). (4.16)

Then
A= —G(1)0,.G(t)"', teR, (4.17)
D(1)d,=08,—®,(1) on CPR\X(1),1eR. (4.18)

Combining (4.13)-(4.18) one obtains

ProrosITION 4.3.  Define
C(t):= —G(t) D(t) G(1) ™, teR (4.19)
on CX(R>\X(t)). Then
L()=[A(t)+eC(£)] A(¢) ™, teR (4.20)

on CSO(RZ\X}(I)), where V in (2.5) is given by V, in (4.6).

Remark 4.4. Equation (4.19) resembles the well-known (m)KdV case
studied in [13-15]. In fact, if d, ¢ =0 and ¢ is real-valued then

L(t):= =02+ ¢(1, - )+ (1, - )= A(1) A(2)*, (4.21)
where

A(t):=0,.+¢(1, ) (4.22)
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and
V=¢>+4¢,. (4.23)

is Miura’s original transformation [30].
This similarity to the (m)KdV-case motivated our main result.
THEOREM 4.5. Let e¢= +1 and assume that V satisfies (H.2.1) and

KP(V)=0. In addition suppose that € C*(R>\X) satisfies for some TR
(independent of t and y)

L(t) Y (1) =1 (1), (4.24)
(0,— B (1) Y. (1)=0, (4.25)
lim 9 In[y,(1,x y)]=ed,, I=1,2 yeR (4.26)

for all teR, where By(t) := B, (1) (i.e., we choose A=0 in (2.6)),
X:={(t,x;,(t, ), ) eR’|(t, y)eR*, 0;=2, je {1,.., M}}, (427)

and (4.24) and (4.25) hold in the sense of distributions, ie., in C®(R\X(¢t))
and CT(R*\X), respectively. Assume that y has only poles resp. zeros of
finite order at x;(t, y), j=1, .., M. Define

¢.(t, x, y) = 0. In[y.(1, x, y)]. (4.28)

Then ¢, satisfies (H.4.1). Moreover,
Vit x, p) =0t x, p)’ + 4. {t, x, y)—e(07 ¢, )5, x, p)  (429)

and
mKP (¢,)=0, e= +1. (4.30)
Proof. Equation (4.29) simply follows from (4.24), (4.26), and
ox=02In[Y, 1=y [V, o~ V2, ]

=V—t—¢+ed,In[y, J=V—-9¢ +e0;'9, ) (4.31)

In order to prove (4.30), we may assume t =0 (otherwise replace ¢, by
e~ *"y,). Then one computes

¢s,l - 6¢3¢5,x + ¢£,xxx
= (p;llps‘.tt - lps.xlpe,!w;z + 6'#;3 ixlps,xx
+ l/js—lws,xxxx - 4'//;2lps,x‘/ls,xxx - 3l//;2lpixx (432)
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and, using (4.26)
(@7 W, W)W = lim [ ax'eto.iny,

X0 — ¢ Yxq

=0;In[y,(x)]— lim 0} In{y,(xo)]1 =20, In[Y(x)],

(4.33)
W Y0 W ))
= (W) Jim f dx' 2,0, 1n[y,]
= (W) ){0, I ()] = lim 0, In[y.(x0)])
= W DW= ¥2,14,)(0) (434)

Thus we have expressed every term in mKP.¢,.) in terms of , and
its partial derivatives. In the final step one adds up (4.32)-(4.34) and
invokes (4.24), (4.25), and KP(¥))=0 in order to arrive at (4.30) after
straightforward though lengthy computations.

Clearly ¢, C*(R?) if 0<y,e C*(R?). If ¥, has zeros or poles at %,
je{l, .., M}, for some MeN then ¢,, solving (4.30), can only have first
order poles at %; with residue +1 in agreement with (4.29) and the fact that
V, solving KP(V)=0, can only have second order poles with coefficient 2
at x, =%, je {1, .., M}, for some M < M.

We shall use Theorem 4.5 to compute the N-soliton of the mKP -equa-
tions in the next section.

Remark 4.6. One can interchange % .... by [* ... in (1.1)-(1.4) by
simply replacing co by —oo in (H.2.1), (2.2), (H4.1), Proposition 4.2,
(4.15), (4.16), (4.26), and (4.33), (4.34).

S. SOLITON SOLUTIONS FOR THE MKP _-EQUATIONS

In this section we derive the soliton solutions for the mKP,-equations
[207 (see also [18]) using Theorems 3.1 and 4.5.

LEMMA 5.1. Define (cf. (3.12))
¢N,e(la X5 y) = 6x ln[l//N,s(t’ X, J’)], NeN,e= +1. (51)
Then (cf. (3.3) and (4.13))

Grnet,x, y)=—xk—Y [(k+q,) (AT () Kk, )0 x, p)

n=1

+E, (6, x, p)]e ", k>0 (5.2)
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LEMMA 5.2. Define
Koty x, y) = —(k+4¢,) AT (O K (L x, y),  1<n<N,
Bt x, p)i= R i(t %, )y o B n (8, X, ),

- (5.3)
a/~ L, x, :=(_K—p1 ¢, (1 e, = KZPns —-PNX
°( xy) K+qlcb,1(ay)e 5 =y K+qNC£’N(t’y)e R
A K= Pus —1 ,—(pn+qm)x N
AN.e(ts X, )’) = K+q Cg,n(t7 y)(pn+qm) e \Pndmk
" nm=1
 Then
(1+ A0k =d. (54)

This finally yields the soliton solutions for the mKP,-equations

THEOREM 5.3. We have
det[1 +/~"1'N,e(t, x, y)]
det[l +A~N,e(t> X, J’)]

¢N,1:(t’ X, y)= _K+0X ln { }, K>O (55)

Moreover
mKP,(¢y,)=0, &= =l (5.6)
iff 4=«

Proof. Insertion of (3.9) and its analogue for ﬁal,,, A ~.e into {5.2) yields
(5.5). Comparison with (4.25) in Theorem 4.5 no shows that we still have
to fix 4 in (3.1) appropriately in order to conclude (5.6). By (3.11) A= K2
turns out to the right choice.

In contrast to the original derivation of (5.5), (5.6) in [20] which uses

the machinery of t-functions and vertex operators, our approach is close in
spirit to the KdV-soliton derivations in {12, 23].

ExaMPLE 54. N=1.

Byt x, v) = —rc + 28 ;"‘ {tan[a(1, x, y)]—tanh[B(1, x, »)1} (5.7)

with

1 £
(e, x, )= —3(p, +q1)X+5(p?—qf) y

1 3
+[2p?+¢3) =3k p, + t+—ln[ ! ]
[2(pi+47) (py+4q0] Tk P s8)

1 -
B(t, x, y)=alt, x, y)+51n <—’;T§—11>, Kk =0.
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If ¥ # p, then

lim ¢, (7, x, y)= —K, (5.9)
XxX—> t+x
whereas if k = p, we get B(¢, x, y)= —oo and hence
hm ¢1,e(t’ X, )’)= _pl’ lll’il ¢1‘s(t’ X, J’)Zq“ (t’ )’)GRz-
(5.10)

Remark 5.5. We note that the sufficient condition (3.19) for regularity
of the KP-solitons also represents a sufficient condition for the regularity
of the mKP,-solitons as is evident by combining (3.19) with (5.4) and (5.5).

Remark 5.6. 1If one wishes to use [* ... instead of |3 ... 1in (1.1)-(1.4)
(see Remark 4.6), one needs to replace K, . (t, x, x', y) by K, _(, x, x', )
in Sections 3 and 5.
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