OPERATORS WITH SINGULAR CONTINUOUS
SPECTRUM, IV. HAUSDORFF DIMENSIONS, RANK
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By
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1. Introduction

Although concrete operators with singular continuous spectrum have prolifer-
ated recently [7, 11, 13, 17, 34, 35, 37, 39], we still don’t really understand much
about singular continuous spectrum. In part, this is because it is normally defined
by what it isn’t — neither pure point nor absolutely continuous. An important point
of view, going back in part to Rogers and Taylor [27, 28], and studied recently
within spectral theory by Last [22] (also see references therein), is the idea of using
Hausdorff measures and dimensions to classify measures. Our main goal in this
paper is to look at the singular spectrum produced by rank one perturbations (and
discussed in [7, 11, 33]) from this point of view.

A Borel measure p is said to have exact dimension a € [0, 1] if and only if
1(S) = 0if S has dimension 3 < « and if u is supported by a set of dimension a. If
0 < o < 1, such a measure is, of necessity, singular continuous. But, there are also
singular continuous measures of exact dimension 0 and 1 which are “particularly
close” to point and a.c. measures, respectively. Indeed, as we explain, we know
of “explicit” Schrdinger operators with exact dimension 0 and 1, but, while they
presumably exist, we don’t know of any with dimension « € (0, 1).

While we are interested in the abstract theory of rank one perturbations, we are
especially interested in those rank one perturbations obtained by taking a random
Jacobi matrix and making a Baire generic perturbation of the potential at a single
point. It is a disturbing fact that the strict localization (dense point spectrum with
lxe= 8|2 = (e~*H &g, x*>e~*H &) bounded in £), that holds a.e. for the random case,
can be destroyed by arbitrarily small local perturbations [7, 11]. We ameliorate
this discovery in the present paper in three ways: First, we shall see that, in this
case, the spectrum is always of dimension zero, albeit sometimes pure point and
sometimes singular continuous. Second, we show that not only does the set of
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couplings with singular continuous spectrum have Lebesgue measure zero, it has
Hausdorff dimension zero. Third, we shall also see that while || xe~"#§|| may be
unbounded after the local perturbation, it never grows faster than Cln(z).

Appendix 2 contains an example of a Jacobi matrix which sheds light on the
proper definition of localization: It has a complete set of exponentially decaying
eigenfunctions, but, nevertheless, lim,_, . ||xe"6y||?/t* = oo forany a < 2. Section
7 discusses further the connection between eigenfunction localization and transport.

In Section 2, we review some basic facts about Hausdorff measures that we use
later. In Section 3, we relate these to boundary behavior of Borel transforms. In
Section 4, we use these ideas to present relations between spectra produced by
rank one perturbations and the behavior of the spectral measure of the unperturbed
operator. In Section 5, we relate Hausdorft dimensions of some energy sets to the
dimensions of some coupling constant sets. In Section 6, we use the results of
Sections 4 and 5 to present examples (some related to those in [40]) that show that
the Hausdorff dimension under perturbation can be anything.

In Section 7, we turn to systems with exponentially localized eigenfunctions, and
show that under local perturbations the spectrum remains of Hausdorff dimension
zero. Some of the lemmas in this section on the nature of localization are of
independent interest. Finally, in Section 8, we prove that “physical” localization
is “almost stable,” that is, suitable decay of (6,, e 6,,) in |n — m| uniform in ¢
implies that ||xexp(—it(H + Xép))do|| grows at worst logarithmically.

Appendix 1 provides a proof of a variant of a theorem of Aizenman relat-
ing Green’s function estimates to dynamics and Appendix 2 is an example with
interesting pathologies. Appendix 3 shows that our notion of “semi-uniform”
localization introduced in Section 7 cannot be replaced by uniform localization
for the Anderson model. Appendix 4 extends a lemma of Howland to allow
consideration of dimension and Appendix 5 provides the technical details of one
class of examples in Section 6.

R.d.R. would like to thank M. Aschbacher and C. Peck for the hospitality of
Caltech where some of this work was completed. We thank M. Aizenman, J. Avron,
A. Klein, and G. Stolz for useful discussions.

2. Hausdorff measures and spectra

Given a Borel set S in R and « € {0, 1], we define

b <aisc Ub,

v=1

Qo s(S) = inf{z b, |
v=1
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the inf over all 6-covers by intervals b, of size at most §. Obviously, as ¢ decreases,
O increases since the set of covers becomes fewer, and

K (S) = lim Qs(S)
is called a-dimensional Hausdor{f measure. It is a non-sigma-finite measure on the
Borel sets. Note that A° coincides with the counting measure (i.e., assigns to each
set the number of points in it), and 4! coincides with Lebesgue measure. Clearly,
if<a<y,
§°77Q5,5(8) < Qa,6(S) < 67 0p 5(S),

so if h*(S) < oo, then A7(S) = O for v > «a and if h%(S) > 0, then A°(S) =
for 3 < «. Thus, for any S, there is a unique «y, called its Hausdorff dimension,
dim(S), so h*(S) = 0if a > ap and h*(S) = >0 if & < ap. ~**(S) can be zero, finite,
infinite, or so infinite S isn’t even ~A*°-sigma-finite.

In what follows, we shall use Hausdorff measures and dimensions to classify
measures. Unless pointed otherwise, by “a measure” (equivalently, “a measure on
R”; usually denoted by ) we mean a positive sigma-finite Borel measure on R.
Note, however, that some parts of the paper only discuss more restricted classes of
measures, such as finite measures.

Definition A measure p on R is said to be of exact dimension « for o € [0, 1]
if and only if

(1) Forany 8 € [0, 1] with 3 < « and S a set of dimension 3, u(S) = 0.

(2) There is a set Sy of dimension o which supports x in the sense that
1(R\So) = 0.

Remarks 1. One might think that the proper condition (2) is that for any 8 > a,
there is a set Sg of dimension 8 so u(R\Sg) = 0. Butif so, then So = (2, Sa+1/x
is of dimension « and supports p.

2. Of special interest are the end points @ = 0 where only (2) is required, and
o = 1 where only (1) is required. Obviously, a = 0 includes point measures and
a = 1 includes a.c. measures.

3. The definition is due to Rogers—Taylor [27].

Not every measure is of some exact dimension; indeed, the sum of measures of
exact distinct dimensions is not of any exact dimension. But in this paper, most of
our examples will involve measures of some exact dimension. Last [22], following
Rogers—-Taylor [27, 28], discusses many different decompositions of any measure
into a part of dimension less than a, equal to «, and larger than a. The piece of
exact dimension « can be further decomposed in terms of its relation to A%,
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Definition Given any measure p and any a > 0, we define

oy = Mx—08,x+0)
(2.1) D (x) = 1513)1 e

Note that if D}°(xp) < oo for some x, then Dﬁ(xo) = 0 for all § < o9 and if
D% (xo) > 0 for some xp, then D5 (xo) = oo for all 3 > ao. In particular, for each
Xo, there is an a(xo) so Dj;(xo) = 0if a < a(xp) and = oo if a > a(xp). Indeed,

2.2) a(xo) :]_imlnu(xo—é,xo-ké).
610 Iné

We sometimes write o, (xp) if we want to be explicit about the u involved; and if
we have a one-parameter family 12, we write a, for a,, .
The following is a result of Rogers—Taylor [27, 28] (also see [26]):

Theorem 2.1 Let ji be any measure and a € [0,1]. Let Ty = {x | D (x) = oo}
and let x, be its characteristic function. Letdpqs = xo dpand dpge = (1 —xo) dp.
Then du.s is singular with respect to h* (i.e., supported on a set of h*-measure
zero) and dp. is continuous with respect to h* (i.e., gives zero weight to any set
of h®-measure zero).

Remark The following is also true: u [ {x | D5(x) > 0} is supported on an
h=-sigma finite set, and u [ {x | D (x) = O} gives zero weight to h*-sigma-finite
sets. Moreover, u [ {x | 0 < Dg(x) < oo} is absolutely continuous with respect to
h“, in the sense that it is given by f(x) dh*(x) for some f € L' (R, dh®).

Corollary 2.2 A measure p is of exact dimension ag € [0, 1] if and only if

(1) Forany 8 > ag, D5(x) = 0o a.e. x w.rt. .

(2) Forany 8 < ag, D5(x) = 0a.e. x wrt. p.
(Equivalently, if a(x) = ap a.e. x w.rt. u). More generally, if (1) holds (equivalently,
a(x) < ap a.e. w.rt. u), then u is supported on a set of dimension o and if (2) holds
(equivalently, o(x) > ag a.e. w.rt. u), then u gives zero weight to any set S of
dimension 3 < ap.

Corollary 2.3 Let i1 be a measure on R, let S C R be a Borel set with u(S) > 0,
and suppose that oy € [0, 1] and

Di°(x) < o0

for p-a.e. x in S. Then dim(S) > ap.

Remark In fact, 2*°(S) > 0.
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Proof oy = O is trivial, so suppose ap > 0. Let v be the measure u(SnN -).
Then, since v < u, the hypothesis implies that

D?°(x) < 00

for a.e. x w.rt. v. Thus, by Theorem 2.1, v gives zero weight to sets of A%0-
measure zero, and so, since v(S) # 0, we must have A*°(S) > 0, which implies
dim(S) > ao. a

It is often easier to deal with power integrals, so we note:

Proposition 2.4 Let i be a finite measure, and let

Ga (X()) - |xili(};})|a ‘

Then
(i) Gu(x0) < oo implies D¢ (x0) < oo.
(i) Dg(xo0) < oo implies Gﬁ(xo) <ooforany0< g <a.

Proof (i) Looking at the contribution to the integral of the set where |xp—y| < 6,
we see that
w(xo — 6,x0 + 8) < 6“Gy(x0)

s0
Dy (x0) < Ga(xo).

(ii) Let M’ (xo) = p(xo — &, X0 + 8). Then (with A = Lebesgue measure)
Go(xo) = (H®N((1,1) [0 <1< o~ ™)

_ / M (xo) dt
0
=38 /0 M? (x0)65~1 db.

The integral always converges for é large since Mﬁ is bounded; and if 8 < «, and
D¢ (xp) < oo, then it converges for small 6. O

Consider the set

(2.3) W, = {x
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For o = 0, W, is empty; and for a = 1, the theorem of de la Vallée—Poussin (see
[30] or Theorem 7.15 of [29]) says that u(W;) = 0. For 0 < o < 1, however,
the situation is quite different: A result going back to Besicovitch [5] (also see
Theorem 5.2 of [10]) is that if y is the restriction of A* to a set of finite positive
h*-measure, then y is supported on W,. Moreover, there are even examples of p’s
where for a.e. x w.r.t. u,

m1np(x—¢$,x+6):1 and li_mlnp(x—é,x+6)

510 In(8) 510 In(é) =0

Appendix 5 in this paper has such examples.

3. Borel transforms and Hausdorff spectra

Given a measure u with [(|x| + 1)~! du(x) < oo, we define its Borel transform
by
dp(x)
Fu(z) = / -z

for Imz > 0. These play a crucial role in the theory of rank one perturbations
as originally noticed by Aronszajn—Donoghue [3, 9]; see [33] for their properties
and this theory. In this section, we translate Theorem 2.1 into Borel transform
language.

Definition Fix v <1 and x. Let
Qn(x) = lsig)le'Y ImF,(x + ie)

R}(x) = Hm e [Fu(x + ie)].

Our goal in this section is to prove:

Theorem 3.1 Fix p and xo. Fix o € [0,1) and let v = 1 — o. Then D (xo),
Q) (xo0), and R} (xo) are either all infinite, all zero, or all in (0, c0).

Remarks 1. In particular, Q7 (x0) = R}(x0) = oo if v < 1 — au(xo) and
Q) (x0) = R} (x0) = 0if v > 1 — a,(x0) for any a,,(xo) € [0, 1].
2. In particular,

% In(Im F,, (x + ie)) / In(e ') = % In|F,(x + ie)| /In(e™") = 1 — o (),

so long as a,(x) < 1.
3. The relation between Df; (xo) and Q7 (xo) also extends to the range 1 < o < 2.
This follows from Lemma 3.2 below along with Lemma 5.4 of Section 5.
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4. J. Bellissard informed us that he, R. Mosseri, and J. Zhong also have related
results.

Lemma 3.2 Foranyy <1,

D, (x0) < 207 (x0) < 2R (x0).

Proof Let Mﬁ(xo) = p(xo — é,x0 + ). Then looking at the contribution of
(x0 — €,X%0 + €) to Im F,(xo + ie), we see that

. [ duly) 1
. = PNV s M
(3.1) ImF,(xo +ie) =€ / xRt S 2 Mu(xo),
SO 11
€' ImF,(xo + ie) > 3 M;,(xo),

so the first inequality in the lemma holds. Q7 (xo) < R} (xo) is, of course, trivial. O

Lemma 3.3 Leta < 1. If D;(x) < oo (resp. = 0), RL“"(xo) < oo (resp. = 0).

Proof Suppose first that D% (xo) < co. Let M4 (xo) = pu(xo — &, X0 + 6). The case
o = 0 is trivial so we suppose « > 0. By hypothesis,

(32) M} (x0) < C&°,
sowithy=1-a:

du(y)
x0 — y)2 + €212

FE ~ . <-_ ¥
16%16 |F”(X0+16)!_1€1i1})16 /[(

1
i 1
— Tk ¥ o 5
=l [ gy ML)
0
1 ]
:Hﬁl—f’y/(—Mﬁ(xO)d(s

0| @r e
0
5 6a+1
< li —_—
0
-1
§a+1
=limC | ————=-dé

€10 62+ 1772
0

< 0.
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The first equality comes from noting that since v > 0,

lim ¢ / du(y)/Ixo — y — ie| =

|y—x0|>1

The second equality is an integration by parts. The boundary term at zero vanishes
since o > 0. The term at 1 has a zero limit since v > 0. The final equality comes
by noting that since o < 1, the integral is finite as e~! — oo.

If D (xo) = 0O, then (3.2) holds for 6 < 6, where C can be taken arbitrarily small
(by taking 6 small). The above calculation (with 1 as the upper integrand replaced
by dp) shows that

- a ° 6a+1
R, %(x0) < / +1)3 /2
0
Since C is arbitrarily small, R is zero. a
Proof Theorem 3.1 is a direct consequence of Lemmas 3.2 and 3.3. O

Corollary 3.4 Lervy € [0,1]. Let S C R be a Borel set with u(S) > 0. Suppose
Q) (x) < oo for p-a.e. x € S. Then, dim(S) > 1 — v

Remark In fact, h!=7(S) > 0.

Proof Animmediate consequence of Corollary 2.3 and Lemma 3.2. m|

The following criterion will not be used in this paper but is an interesting result
on its own.

Theorem 3.5 Suppose that

sup es/|Ime(x+ ie)|? dx < oo
>0

for some s < 1. Then p | {(a,b) gives zero weight to sets of dimension less than
1-s.

Remark The s = O result is stronger [36]; in that case p is purely absolutely
continuous on (a, b).

Proof We prove that for any 5 < 1 — s and any closed interval I C (a,b), w
have

x€l
yel
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This implies

651 = [ 25

< oo forpu-—ae xel,

and the theorem thus follows from Proposition 2.4 and Corollary 2.3.
Replacing p by 4 | I and noting that

Im(/ d"—(")) < ImF,(2),

x€l

we can suppose p is supported in . Since I C (a,b) and

C|Imz|
< —
|ImF#”(Z)‘ —_ diSt(Z, 1)27
we can suppose that
(3.4) sup €* / [tm F, (x + i€)|> dx < oo.
e>0
By a straightforward calculation,
x) dp(y)
2 HY
/|ImF (x + i€)|“ dx = 2me /( 7+ 4c2
yeI
so (3.4) says that
dl"( )d:u'(y) —-1- -
(3.5) Gy te S < Ce
x€l
yel
Let
MAE = [ dux)duo)
(x—y|<é
x€l
yel

Then (3.5) with € = § says that

2 —$
M@ (5) < 2c8'.



162 R. DEL RIO, S. JITOMIRSKAYA, Y. LAST AND B. SIMON

Thus,if <1 -3,

du(x) du(y) (2) (9-n)p(n+1)8
/ o ylﬁ ZM m2HDI ¢ o
|x—y|<1
xel
yel
and (3.3) is proven. d

4. Rank one perturbations: a general criterion

Let u be a normalized finite measure. Let A be the operator of multiplication by
xon L2(R,dp). Let ¢ be the unit vector o(x) = 1. Let Ay = A + A(p, - )¢, and let
dp) be the spectral measure for ¢ and the operator A,. Let

Fr(@2) =/£M_(x),

X—-2

and denote F(z) for Fy(z). Then [33]

__F@
(4.1) F)\(Z)_TF'(Z),
ImF(z)
(4.2) ImF,(z) = T QR
4.3) dpy(x) = lim 1 ImFA(x+ ie) dx,
(4.4) B sing 18 supported by {x| F(x +i0) = —1/A}.

Theorem 4.1 Let o € [0,1]. Let Sq = {x | lime~ (=) ImF(x + ie) > 0}. If
#x([a,b]\Sa) = O for some X # O, then p, gives zero weight to any subset of [a, b]
of dimension (8 < a.

Remarks 1. The proof actually shows that uy [ S, is continuous w.r.t. A% (i.e.,
gives zero weight to sets of zero h*-measure).

2. By a simple variant of the proof below and the remark to Theorem 2.1, one
can also show that if §;, = {x | lime~(1=*) Im F(x + ie) = oo}, then p, [ S, gives
zero weight to h%-sigma-finite sets.

Theorem 4.2 Let 0 < o < 1. Suppose p is purely singular. Let S, =
{x | ime~(0-9ImF(x + ie) < oo}. If ur(R\S,) = O for some A # O, then p, is
supported on a set of dimension a.

Remarks 1. By the remark to Theorem 2.1, the proof below actually shows
that py | S is supported on an A*-sigma-finite set.
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2. By a simple variant of the proof below, one can also show that if S, =
{x | Tim e~ (=9 Im F(x + ie) = 0}, then py | S, is singular w.r.t. A (i.e., supported

on a set of zero h*-measure).

Proof of Theorem 4.1 Suppose lime~(!=%) Im F(xo + ie) > 0 (i.e., xo € Sa).

By (4.2),
1
el < ———  —————
Im Fy(xo + i) < M TmF (g 7 i)
SO
L:a(xo) = Hfﬁﬁ(l—a) ImFA(xo + ie) < 00.
Thus, the result follows from Corollary 3.4, a

Proof of Theorem 4.2 Suppose Iim e~(1=®) Im F(xg + i€) < 0o (i.e., Xy € Sa)
and that F(xp 4+ i0) = —1/A. By (3.1),

M, (x0) < Ce™@

and

|1+ X ReF(xg + ie)| = |A| |Re F(xo + ie) — Re F(xq + i0)|
y— xo (y — x0)
m‘/[(y x0)?  (y- xo)2+62]d”(y)'
€
'W/@.mw mrﬂﬂ”m‘
_mfép <[]

We can integrate by parts, use the bound on M;,, and integrate by parts again to
bound this last integral by

261- s
@ - m/65 5= We-ae [ 2
0

and note the integrand is finite.

Thus, |1 + AF(xg + i€)] < Ce!~* and so lime!~%|1 + AF(xo + i€)|~! > 0. Thus,
by (4.1),if xo € Sa N {x | F(x0 + ie) = ~1/A}, Tim e('=®)|F) (x + i€)| > 0. Since
is supported on {x | F(xo + i€) = —~1/A}, if ux(R\S,) = 0, then by Theorem 3.1,
ax(x) < a a.e. and so by Corollary 2.2, u is supported on a set of dimension a. O
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5. Rank one perturbations: coupling constant dimensions

In addition to the functions F(z), F(z) of (4.1), an important role is played by

(5.1) Glx) = / (jli(igz

in that
(5.2) {x | G(x) < 00, F(x +i0) = —A~'} = set of eigenvalues of A,.

Note that G(x) = lime~! Im F(x + i¢), so (5.2) follows from (4.4) and the o = 0
case of the second remark to Theorem 4.1 and the first remark to Theorem 4.2.

Moreover, if A < oo (see [33]):

1
(53) dfP(y) = > s dbi ().
‘ A2 G(x)
{x|G(x)<oo,F(x+i0)=—X2—"}

Note that G(x) < oo implies F(x + ie) has a real limit so

M={x|Gx) < 0} = U {eigenvalues of A, }.
0<[A|<e0

In [7] del Rio, Makarov, and Simon prove that

where M,, is such that there exists C,, with
(5.4) C;'(x—y) S F(x+1i0) — F(y +i0) < Cy(x — y)

for all x < y both in M,,. Let L, = {\ | =A~! € F[M,]}. It follows from (5.4) that
dim(M,) = dim(L,). Thus, since dim(|J,- ; A») = supdim(A,), we see that

Theorem 5.1 Fix a Borel set I. Then the Hausdorff dimension of the set of \’s
where Ay has some eigenvalues in 1 is the same as the Hausdor{f dimension of the
set of x € I where G(x) < .

Remarks 1. (5.4) actually implies the following stronger result: If, for some
a € [0,1], {x | G(x) < 0o} NI has zero h*-measure, or positive A*-measure, or is
h*-sigma-finite, or is not A*-sigma-finite, then the set of (nonzero) A’s where A
has some eigenvalues in / has the same property.
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2. Examples in the next section show that {x | G(x) < oo} can have any
dimension and illustrate the difference between some point spectrum and only
point spectrum.

There is also a result on the other side:

Theorem 5.2 Suppose u is purely singular. Let
S={A|A, hassome continuous spectrum}.
Let T = {x| G(x) = o}. Then
dim(S) < dim(T).

In particular, if T has Hausdorff dimension zero, so does S.

Remarks 1. The proof actually shows that for any a € [0, 1], 2%(S) > O implies
h*(T) > 0. In particular, this generalizes the known fact [33,40] that if G(x) < oo
a.e. then for a.e. A\, A, has only pure point spectrum. Moreover, for0 < o < 1 we
get the stronger result: 4%(S) > 0 implies that T is not #*-sigma finite. This shows
that the inequality in Theorem 5.2 is, in some sense, strict. Note that for oo = 0 it
becomes the obvious fact: S # @ implies 7 is uncountable.

2. While we have formulated Theorem 5.2 in a global way, the result is actually
local. That is, fix a Borel set 7 and let S() = {A | u¥(Z) > 0}, where p¥° is the
singular continuous part of u,, then h*(S(I)) > 0 implies ~*(T' N I) > 0, and, in
particular, dim(S(/)) < dim(7 nI). To prove this, just replace S by S(/) and T by
T1 N1 in the proof below.

3. Appendix 4 explores the relation between dim{x | G(x) = oo} and the
dimension of supports of p.

We require a lemma which could have many other applications to the theory of
rank one perturbations:

Lemma 5.3 Let 1 be a finite measure on R and define a measure v on R by
(5.5) v4) = [ m4)dn(x).
Let F(z) = [ dr(x)/x — z be the Borel transform of the measure . Then

(5.6) F,(2) = Fp(=1/Fu(2)).
Proof By the definition (5.5):

Fu@) = [ dn(3) Fiu @)
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Equation (4.1) implies the result. m]

We also need the following lemma:

Lemma 5.4 Let0 < o < 2 and let i be a measure obeying u(x~6,x+8) < C6*
for some C and x and all 6 > 0. Then there exists C so that ImF,(x + ie) <
Cie= (=% for all e > 0. Moreover, if u(x — é,x + ) < C§* holds for some fixed C
and all x and § > 0, then there exists C, so that ImF,(x + ie) < C1e~(1=%) for all
xande > 0.

Proof
L edp(y)
ImF,(x +ie) = / Gy e
edu(y) f: edu(y)
(x—y)*+e (x—y)2 + ¢
=yl <e "=0gne<ix—y|<2+ie
eC(2mt1e)
2 (2n6 2 + 62
Ce® « v n(a—2)
<= (1 +2°3 "2
n=0
so we see that the claim holds. 0

Proof of Theorem 5.2 The a = 0 case is trivial, so suppose 0 < o < 1 and
h*(S) > 0. Let

T, = {x| G(x) = o0, lif{)l F(x + ie) exists and is finite and nonzero}.

We shall show h*(T) > 0, so we can conclude that 4*(T) > 0. Foreach A € §; =
S\{0, o0}, i is supported on T} so px(T1) > 0. Since A*(S1) > 0, it is well
known ([10], Proposition 4.11 and Corollary 4.12) that we can find a measure 7, so
that 5 is supported by Sy, 7(S1) > 0, and

(5.7) n(x - 6,x+6) < C8°

for all x and é > 0. Let v be given by (5.5). Then v(Ty) > 0.
By (5.7) and Lemma 5.4 there exists C so that

ImF,(x + ie) < Cje~(1=2)
for all x and € > O. It follows from (5.6) that for x € T,

(5.8) @E(I—Q)ImFu(x +ie) < Cl%e(l‘“)[lm(—l JF,(x + i€))] ==,
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Since G(x) = oo, we have

lim ImF,(x + ie) p
€l0 €

(x) =0
and since £00 ¢ Sy, F(x+ie) — —A"! # 050 ¢ [Im(—1/F,(x+i¢))]”! — 0. Thus,
we see from (5.8) that for all x € T,

0l *(x) < o0

and if o < 1, then Q}~%(x) = 0. Since v(T71) > 0, Corollary 3.4 (along with its
remark) implies that 2%(7,) > 0. The fact that in the o < 1 case T is not A*-sigma
finite follows from Lemma 3.2 and the remark to Theorem 2.1. m|

Remark To apply Proposition 4.11 and Corollary 4.12 of [10], we need that
S is a Borel set. This follows, for example, by picking {¢,}:>, an orthonormal

basis for L?(R,dp), letting F(n > N) be the projection onto the span of {,}2y
and noting that by the RAGE theorem [25]:

K
R\S = {,\‘va}im lim — / |F(n > N)e**» g,||>ds = 0}.
0

—oo K—oo K

6. Rank one perturbations: some examples

Rank one perturbations can be described by a measure y given by

—1 du(x)
(v (a-2)t) = [ 2
where A + A(p, - )p is the rank one perturbation, so we phrase our examples in this
section in terms of du. To make things operator theoretic, one can always take
H = L*(R,du), A = multiplication by x, and ¢ the function p(x) = 1 (as in the last
two sections).

We discuss four classes of examples in this section:

(i) Point measures with rapidly decreasing weights for which we show that the
perturbed spectrum is supported by a set of Hausdorff dimension zero. This class
is relevant for our study of localization in the next section.

(ii) Point measures where for a.e. A\, du, has exact dimension ag. These are
variants of the measures in [40].

(iii) A family of singular continuous measures where one can calculate many
distinct dimensions. Details of the calculations are pushed to Appendix 5.
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(iv) A set of examples that show {x | G(x) < oo} can have any dimension and
that have point spectrum embedded in singular continuous spectrum.

Example 1 Point spectrum with decaying weights

Given a sequence of sets A,, we call A, = (oo Unv,Am, the limsup(A,)
consisting of points in infinitely many A,’s.

Lemma 6.1 Suppose that for a family of intervals A,,, we have for eachj > 0
(6.1) A < Gn.

Then A, = limsup(A,) is a set of Hausdor{f dimension zero.

Proof By (6.1), |A,| — O so given §, choose Ny so |A,| < 6 for n > Np. Then
form > No, U, -, An is a é-cover of A,. Thus,

Qus(As) < C D e,
=m
For a fixed a > 0, pick j so ja > 1. Then the sum is finite and clearly,
< C* 1 —je =
Qo 5(Ax) < C; ,;g]f%';nn 0.

Thus, h*(A) = 0if @ > 0 and so A, has dimension zero as claimed. ]

Theorem 6.2 Suppose du(E) = . | a,dbg,(E) where a, obeys the condition
that for all j, there is a C; with

(62) jaa] < G,

Then for every A, du is supported on a set of Hausdorff dimension zero. Moreover,
du is pure point except for a set of A’s of Hausdor(f dimension zero.

Remark Equivalently, let A have a complete orthonormal set of eigenvectors
Athy = Epthn

andlet ¢ = Y, anyn, where a, obeys (6.2), and Ay = A + A(p, - )y. Then for every
A, the spectral measures of A are all supported on a set of Hausdorff dimension
zero. Moreover, A, has pure point spectrum except for a set of A’s of Hausdorff
dimension zero.
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Proof Let G(x) be defined by (5.1) and let S = {x | G(x) = o0, x ¢ {E;}2,}.
Then the Aronszajn—Donoghue theory [33] says that for any A # 0, duf’, the
singular continuous measure for A) is supported by S. Thus, the spectral measure
du, is supported by S U {eigenvalues of A,}. Since the set of eigenvalues is a
zero-dimensional set, it suffices to prove that S is zero-dimensional. The final
assertion then follows from Theorem 5.2.

Let b, = J/a, and let A, = [E, — b,, E, + b,]. Then

|An| < 2Cj1/3n_j/3

for any j, so A, obeys (6.1). Thus, A, = limsup(A,) has dimension zero.
We claim S C A,.. To prove this, we need only show if x ¢ A, and x ¢ {E;}2,,
then G(x) < co. Butif x ¢ A, then for some Ny, x ¢ U:‘;No A, SO

DRI o D IELPS

n—No n=Np n=Np

by (6.2). Since x ¢ {E;}2,,

so G(x) < oo as required. O

Remarks 1. In the next section, we apply this result to random Hamiltonians.
2. One natural way that (6.2) can hold is if |a,| < Ce=<I"l for some € > 0.

Example 2 Perturbed measures of prescribed exact dimension

Our second class of examples is intended to show that it can happen that for any
ag € [0, 1], there is a rank one perturbation situation where x» [ [0, 1] is a measure
of exact dimension g for a.e. A (w.r.t. Lebesgue measure). All our unperturbed
measures in this example will live on [0, 1] and be point measures. The third set
of examples will be similar but the unperturbed measures will be continuous. For
eachn=0,1,2,...let

(6.3a) dyn = 5 Zdé, J2m,
j=0
and for a € (0, 1) define

(6.3b) dve =Y 27"1=)dy,,
n=0
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For any xp € [0, 1] and #, there is j/2" within 2="~! of xo, so

Va([xo 2n1+1 X0 + 2n1+1]) > 27",

Thus for any € < 1, v,(xo — €,X0 + €) > €2~% so by (3.1), for xo € [0, 1] and € > O,
ImF,, (xo + i) > €' ~*. So the set S, of Theorem 4.1 is all of [0, 1], and so (by
Theorem 4.1):

Theorem 6.3 Fix 0 < o < 1. Let dv, be the measure (6.3) and let dvy;» be
its rank one perturbations. Then for any A # 0, dv,,» gives zero weight to any
S C [0, 1] of dimension 3 < .

On the other hand, suppose (for j/2" closest to xp)

X0 — 2| > ¢, = 270+Mg,

(6.4) £

for some 7, §p > 0. Pick 1 <~ < (2 —«)/(1 + 7). Then

dﬂn(y) <e, 27 4 / dy
o~y = e =yl
2= l<)x—y|<1
< Cley™27" 42771,

Thus, by (6.3)

dv.(y n(2—a— (14m)+1+1-a
e S (Zz ”2‘50 T ) <oo

by the choice of yand a + v < 2.
The measure of the set of xo € [0, 1] where (6.4) fails is }_ 2,276, and is
arbitrarily small if &y gets small. Thus,

Lemma 6.4 Forany~y <2 - aanda.e. xo € [0,1],

/ dve(y) <o
|xo — y|”

Since v can be taken arbitrarily close to 2 — a, we see by Proposition 2.4 and
Lemma 5.4 that the set Sz of Theorem 4.2 has Lebesgue measure 1 if 3 > o. Thus,
10, 1\ Ny, S5l = 0. By the result of Simon-Wolff [40], £ ([0, 1]\ N5, Ss) = 0
for a.e. A\. Thus, by Theorem 4.2:
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Theorem 6.5 Fix 0 < a < 1. Then for a.e. )\, v, is supported on a set of
dimension . In particular, vy, | [0, 1] is of exact dimension a.

If we takedv; =3, n~2dpp, it is not hard to see that for all A # 0, vy, | [0,1]
is of exact dimension one. Thus, we see that for any o € [0, 1] there are examples
with singular spectrum of exact dimension « (in [0, 1]) for a.e. A (and for a = 0O,
for all \).

Example 3 Some number theoretic examples

Our third class of examples illustrates change of dimension from singular con-
tinuous to singular continuous spectrum. Details will be presented in Appendix
5.

These examples will depend critically on the binary expansion of a number x in
[0, 1]. Given such an x, we can expand it, viz.

. an(x)

(6.5) X = T

n=1

We deal with the non-uniqueness for binary expansions (e.g., numbers of the form
%,;) by requiring a,,(x) = O for m large for such x (except for x = 1). Thus, (6.5)
defines a map of {0, 1}N £ [0,1], and x — {an(x)} defines a left inverse.

Any measure X on {0, 1}N defines a measure y on [0, 1] by u(A) = A(F~[A)).
For any p with 0 < p < 1, let A, be the product measure on {0, 1}N with each
factor giving weights p to 0 and (1 — p) to 1, that is, the a,’s are i.i.d.’s with density
pdéo + (1 — p)dd;. Let pp, be the corresponding measure on [0, 1].

Two dimensions will arise below:

_plnp+(1-p)in(1 —p)

(6.6) H(p) = 3 ;
(6.7) L(p) Ezqul%:n;—f’2 =2 —~(p).
We note that

Lp)<HP) <1,  p#y

(but in fact H(p) — L(p) = O((p — %)4) for p near % so they are very close for most
p’s). Notice also that H(p) > 0 and that

pe(z_ﬁ,2+\/§

7 I )Elo¢:>L(p)>O

({o is about (0.07,0.93)).
Theorem 6.6 (1) dy, has exact dimension H(p).
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(2) Suppose p € Iy. Then for a.e. A w.r.t. Lebesgue measure, the restriction to
[0, 1] of the rank one perturbation of du, has exact dimension L(p).

(3)If p ¢ Io, then for a.e. ), the rank one perturbation of du, is pure point.

D Ifp e (%, %), p# % then for all A, the restriction to [0, 1] of the rank one
perturbation of du, is purely singular continuous (so we have an example with
singular continuous spectrum for all )).

Remarks 1. (4) says for p € (3, 32), G(x) = oo for all x € [0, 1].
2. We prove this theorem in Appendix 5.

Example 4 Examples with pure point spectrum

Our last class of examples will show {x | G(x) < oo} can have any Hausdorff
dimension, and also provide examples where dp has a singular continuous com-
ponent for all A # O but sometimes mixed with embedded point spectrum. In this
example, dp will be a measure fixed once and for all with supp(x) = [0, 1] and

d
G = [ 5 = o0

on [0, 1]. Three possibilities to keep in mind are:
(1) xjo,1)(x) dx which is absolutely continuous.

(2) dpy, the measure of Example 3, with p € (4, 4) where G(x) = oo by Theorem
6.6(4).

(3) Any of the point measures dv, of Example 2 having
G(x) = 1%1 e 'ImF,, (xo+ie) = oo forall xo € [0,1].

These show there are such p with any spectral type.

Theorem 6.7 Let C be an arbitrary closed nowhere dense set in [0,1]. Let u
be a Borel measure on [0, 1] with G,(x) = co on [0,1] and [ du(x) = 1. Let

dv(x) = dist(x, C)> dpu(x).

Then, supp(v) = [0,1], G.(x) = 00 on [0, 1]\C and G,(x) < 1 on C.
Proof If x ¢ C, dist(x,C) = § > 0 since C is closed. Thus,
512
6wz(5) [ 2-w

2 (x —y)?
lx—y|<6/2
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since G,(x) = 0co. On the other hand, if x € C,

dist(y, €)*
Gulx) = dlSt( / duly
since dist(x,y) > dist(C,y). Finally, since [0, 1]\C is dense, supp(dv) = [0,1]. O

Now let 7 be v/[f dv]. Then for every x € C, Gy(x) < 1/N for N = [dv.
Consider now the rank one perturbation di, of di. From (5.3), we see each pure
point has weight at least N/A? so there are at most A /N pure points (since diy is
normalized in (5.3)). Thus,

Proposition 6.8 If N = [dv(x) for the measure v of Theorem 6.7, then
Ay = A+ Ao, - )p has at most X2 /N eigenvalues in [0,1]. In particular, if \* <N,
A\ has purely singular continuous spectrumin [0, 1]; and for any A, osc(Ax) = [0, 1].

Remarks 1. This shows the set in Theorem 5.1 can have any Hausdorff
dimension since there are closed sets of any dimension. In addition, unlike the
Simon—-Wolff scenario, the s.c. spectrum need not ever be empty.

2. There exist nowhere dense C’s of measure arbitrarily close to 1. So, to
conclude oy is empty for some J, it is not enough that G(x) < oo on a set of
positive Lebesgue measure.

7. Localization

One of our goals in this section is to prove that local perturbations of random
Hamiltonians in the Anderson localization regime, while they may produce singular
continuous spectrum, always produce zero-dimensional spectrum, in the sense that
the spectral measures are all supported on a set of Hausdorff dimension zero. We
use Theorem 6.2. Naively, one might confuse exponential decay of eigenfunctions
in Z¥ (as in |g,(m)] < Cpe4"l) with exponential decay in eigenfunction label
(as in |p,(0)| < Ce~Bl"ly which allows one to apply Theorem 6.2. In fact, they
are distinct — indeed, if v > 2, we will not prove that |¢,(0)| < Ce~5I"l but only
| (0)] < Cexp(—Bjn|!/*); also see Appendix 2.

Throughout this section, # is an eigenvalue label and m is a Z* point. It will be
convenient to take the norm |m| = max;=,..., |m;| on Z".

Definition Let H be a self-adjoint operator on ¢2(Z"). We say that H has
semi-uniformly localized eigenfunctions (SULE), pronounced “operators with a
soul,” if and only if H has a complete set {¢,}o2, of orthonormal eigenfunctions,
thereisa > Qand m,, € Z¥, n=1,..., and for each é > 0, a C; so that

(7.1) lpn(m)] < Csellml=alm=ml
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forallme Zandn =1,2,....

Thus, eigenfunctions are “localized about” points m,. We use the “semi” in
SULE because one can define ULE by requiring the bound with § = 0. The
theory below extends to this case, but we restrict ourselves to the SULE case. In
Appendix 3, we show that large classes of models, including the Anderson model
in any dimension and the almost Mathieu operator, do not have ULE.

Below we first prove a result about the number of m, in a box of side L,
essentially proving that the number grows like L” as L — oo. This will show that
local perturbations of SULE operators have zero-dimensional spectrum. Then, we
relate SULE to dynamics and to Green’s function localization; essentially, SULE
always implies dynamical localization, and if the spectrum is simple, dynamical
localization implies SULE. This will imply that Anderson-model Hamiltonians
have SULE.

Appendix 2 has an example to show that a Jacobi matrix can have localized
eigenfunctions which are not (semi) uniformly localized.

Theorem 7.1 Suppose H has SULE. For each L, #{n | |m,| < L} is finite and

. 1
JAim m#{n| Ima| < L} = 1.

Remarks 1. This says the density of centers of eigenfunctions is 1.
2. This will be a simple consequence of normalization and completeness, viz.

(7.2a) Z lon(m)|?> =1, n=12,...,

{7.2b) Z lon(m)> =1, eachm e Z*.

Lemma 7.2 For each € > O, there is a D, so that for each n and L:

Z |‘Pn(m)|2 < D e~ *Leaclm|/2
|m—mn| >e(|mn|+L)

Proof By hypothesis, we can find c so
[n(m)] < CO)golelmal/2=m—mal}
If |m —my| > €(jmp| + L), then |m — my| > §|m — my| + §|m,| + 5L so in that regime

|on(m)] < CDe—ceL/2g—alm—m,|/2
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SO
Z |§0n(m)|2 < [Cgl)]?,e—aeL Z e—a{k| < Dee—eaLe——ae|m,,|/2
[m—my|>e({ma)+L) k|2 €|mn|
as claimed. =

Proof of Theorem 7.1 To get the upper bound, we use the fact that functions
localized in a box of side 2L contribute most of their norm to a box of side 2(1+¢)L.
By the lemma, if |m,| < L, then

> lenmP < > |on(m)|* < Dee™ et

|m|>(142¢)L jm—mmy | > e(L+|mn))

and so by (7.2a),
> len(m)F > 1-Dee >t
|m| < (142€)L

Thus by (7.2b),

R(A+20L+1]" > > Jealm)
all n
lm|<(142¢)L

> > leam)l

n so that|m,|<L
Imal <(1+26)L

> #{n | ma| < L}(1 - Dee™h).

Thus, #{n | |m,] < L} is finite and

(7.3) lim (2L + 1) #{n | |m,| <L} < 1.
In particular,
(7.4) #{n | ms| <L} < col”

for some ¢p and all L > 1.

To get the lower bound, we use the fact that wave functions localized far outside
a box of side 2L cannot contribute much to the wave function sum inside that box.
Explicitly, suppose that

1+e¢
1—e¢

IMa| > ~2<L and |m|<L.
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Then we claim
m—my| > e(jm,| + L)

for

1—e¢ 1 —e¢
— | > -L> - = | > e(|mn )
|m —my| > |m,| — L > |m,,|<1 ]+€) 6(1+ 1+e)|m | > e(|my| + L)

Thus by Lemma 7.2, if

1+e
>
] 2 1- eL’
then
Z |(pn(m)]2 < Dee—aeLe—ae|m,,|/2
|m| <L
SO
Z |¢n(m)|2 < Z#{n | Imn| < (k+1)L}DEe_a€Le—a€kL/2 < Dee—aeL/2
n so that [my|>{EEL k=0
jm| <L
by (7.4).
Thus by (7.2b),
1+e¢ S e
L+ 1" = Y lontm)? < #{n|Im:| < T L} +Deem>42,
11
|:'|SnL

from which one immediately sees that
lim (2L + 1)~ #{n | ma| <L} > 1.

Combining this with (7.3) yields the theorem. 0o

Corollary 7.3 Suppose that H has SULE. Then there are C and D and a
labeling of eigenfunctions so that

(7.5) ln(0)] < Cexp(~Dn'/¥).

Proof Reorder the eigenfunctions so |m,| is increasing. By Theorem 7.1,
Imn|/3n'/Y — 1 as n — oo s0 |my| > 4nl/¥ — Cy for some constant Cy. By (7.1),
we get (7.5); indeed, we see D can be taken arbitrarily close to %a. a

Combining this corollary with Theorem 6.2, we see:



OPERATORS WITH SINGULAR CONTINUOUS SPECTRUM 177

Theorem 7.4 Suppose that H has SULE. Let Hy = H + \(éo, - )6o. Then
for every ), the spectral measures for Hy are supported on a set of Hausdorff
dimension zero. Moreover, Hy has pure point spectrum except for a set of \’s of
Hausdorff dimension zero.

Next, we relate SULE to other conditions. We suppose H has simple spectrum,
although one can easily extend this to examples with spectrum having a uniform
finite upper bound on multiplicity.

Definition Let H be a self-adjoint operator on ¢2(Z*). We say that H has
semi-uniform dynamical localization (SUDL) if and only if there is o > 0 and for
each 6 > 0, a Cs so that for all g, m € Z":

(7.6) sup |(8,, e~ H6,,)] < Cselmi=la=ml
t

We say that H has semi-uniformly localized projections (SULP) if and only if H
has a complete set of normalized eigenfunctions and there is o > O and for each
6>0,aCssothatforallg,m ¢ Z":

|(8q, Pyiybm)| < Csellmi=ela—n
for all spectral projections Pz} onto a single point (uniformly in E).

Theorem 7.5 Let H be a self-adjoint operator on £2(Z") with simple spectrum.
Then the following are equivalent:

(i) H has SUDL.

(ii) H has SULP.

(iii) H has SULE.

Remarks 1. The fact that dynamical localization implies point spectrum has a
long history, going back at least to Kunz—Souillard [20]. Martinelli-Scoppola [23]
used a variant of SULE, which they proved by analysis of eigenfunctions, to prove
a restricted form of dynamical localization in the multi-dimensional Anderson
model.

2. (iii)) = (i) = (ii) does not require simplicity of the spectrum. It is
an interesting open problem whether (ii) = (iti) can be extended to cases with
unbounded multiplicity.

3. It is not claimed that the o’s are the same in the three statements. While
(iii) = (i) = (ii) doesn’t change o (by more than ), our proof of (ii) = (iii)
decreases a by a factor of 2.
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Proof (i) = (ii): Follows immediately from

T

1 iEs ,—iHs

Pigy =s- hm2_f /e e ds.
=T

(ii) = (iii): Label the eigenvalues of H: E|,E>,.... For each E, € spec (H),
pick an eigenfunction ¢, ( - ), unique up to phase. Then by (ii):
(7.7a) [on(@)en(m)] < Ceeflmle=ela=m.
Since ¢, € 2, it takes its maximum value so choose m,, so that

(7.7b) [@n(rmn)| = sUp [on(m)]-

Then by (7.7),

len(g)]* < Iwn(Q)ISl'lnp lon(m)] < lon(@)] [n(mn)]

< Csefimlg—ala—mil

so H has SULE by taking square roots.
(1ii) = (i): Let ¢, be the eigenfunctions and E, eigenvalues. Then

—ttH6 Z Son n )’

so, assuming SULE,

(7.8)  sup |(8g,€™™8m)| <D |@n(q) pn(m)| < C3 Y eXlmalglla—mltim=m]),
' n n

Now,
|g — mp| + |m —my| > |g —m]|
and
lg — ma| + |m —my| > |my| — |m].
Thus,
e—(lg—mn|+|m—my|) < g™ 36lmn| g36)m| g—(a=36)|m—q|
So, by (7.8)

sup |(6,, e~ 6,)| < C2e3Imlg=(e=30)Im=ql 4,
t
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where

Ap = Ze“””’"l .
n

By (7.4) which follows from SULE, A is finite. a

One can prove by the above means a result that shows that if A has simple
spectrum and sup, |(p, e~ "H6,)| < Ce~2"l then the spectral measure for ¢ can be
written as E | Gn dég, where |a,| < De= " Y if the E,’s are properly labeled.
That is, one can prove a result that requires less uniformity than the full-blown
theory assumes.

Finally, we turn to when any, and hence all, of the conditions of Theorem 7.5
hold in the context of the Anderson model. We are dealing here with models
depending on a random parameter so we first reduce SUDL to a requirement on
expectations. General considerations [32] imply that the spectrum is simple in the
localized regime.

Theorem 7.6 Let (Q, 1) be a probability measure space and E( - ) its expecta-
tion. Letw — H,, be a strongly measurable map from () to the self-adjoint operators
on (2(Z¥) which is translation invariant in the sense that for eachm € 1", there is a
measure preserving Ty, : Q — Qso Hr, ., = U,H, U, where (Unp)(q) = p(g—m).
Suppose that

(7.9) E(sup (6, €™ "H 50)|> < Cre=eldl
t

for some a > 0 and that H,, has simple spectrum for a.e. w. Then for each 3 < «,
fora.e w, thereis a C, < co so that forall 0 < e <1

i C
—itH,, —B(m—
S?P'(éqae e bm)| < e,,%efl’"le Blm=q)

In particular, a.e. H,, has SULE.
Proof Let

Q(w) =Y (1 +|m|)~¢+Deflm=dl sup |(8;, e 6,)|.
t
m!q

Then by (7.9),
E(Q(w)) < o0

50 Q(w) < oo for a.e. w. But for such w,

sup (84, €~ 8,)] < Cu(1 + |m])+1ePIm=al.
t
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The result now follows from the trivial bound (1 + x)” < v”e“¢™" fore < 1. m]

So when does (7.9) hold? Delyon—-Kunz—Souillard [8] have proven this bound
for a general class of one-dimensional random potentials. In general, we have the
following beautiful bound of Aizenman:

Theorem 7.7 (Aizenman’s theorem) Let V,(n) be a family of independent
identically distributed random variables (indexed by n € Z*; w € ) is the probabil-
ity parameter). Suppose Hy is an operator on (*(Z") commuting with translations
and H, = Hy + V,, with V,, viewed as a diagonal matrix. Suppose V,(n) has a
distribution g(\) d\ with g € L* and has compact support. Suppose

b
(7.10) E( /|(5n, (H, — ) — iO)"éo)Isd)\) < Ce™HIl

for some s € (0,1). Then
(7.11) E(sup [(84, e_"’H‘”P[ayb] (Hw)60)|) < CemHInl/(2~5)
t

where C only depends on s and the distribution g.

Remarks 1. In fact, as we’ll see, one can take C = AS/(2=9)|g|| ™9 c1/(2-9
where A is the diameter of the support of g.

2. The result as stated differs from [1] in several aspects. Most significantly, it
hasn’t a requirement of approximation by operators with discrete spectrumin (a, b).
Moreover, we have a proof which, while following Aizenman [1] in the essentials,
avoids a priori estimates on the distribution function of |(6y, (H — E — i0)~'6g)|.
For this reason, we provide this proof in Appendix 1.

3. We have stated a local (with P, ;) result but one can take [a, b] to be so big
spec (H,) C [a,b] to get the global result (7.9). Alternatively, we could localize
the result earlier in this section.

4. Aizenman has neither a ||g|| < oo condition nor that g has compact support.
We could mimic his technique to replace ||g||c < oo by ||g||, < oo for some p > 1.
Moreover, we could replace the compact support assumption by the finiteness of
some moment | [A|*g(A) dA for some a > 0.

Combining this result with those of Aizenman—Molchanov [2], we see that the
strongly coupled multi-dimensional Anderson model has SULE.

8. Semi-stability of dynamical localization

Anderson localization (at least as proven in [1]) implies that if ¥ is the operator

(xﬂ/))(m) zmiw(mi)v = 17"'1”3
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then in the localized regime,

(8.1) sup(e” 8y, x2e™ ™ §y) < 0.
t

It follows from the RAGE theorem (see, e.g., [22]) that (8.1) implies that H has
pure point spectrum.

For operators H with dense pure point spectrum, it is proven in [7,11] that for a
Baire generic set of A, Hy, = H + A(6o, - )60 has only singular continuous spectrum
and so for such H,’s, (8.1) must fail. Our purpose in this section is to show that
the failure is only very mild. (x?)(¢) = (e~*8y,x*e~"§y) is unbounded but grows
at worst logarithmically!

Theorem 8.1 Suppose that H is a self-adjoint operator on (*(Z*) with SULE.
LetH, = H+ /\(50, . )50. Then

(") (1) = (7 8o, ()€™ 89)

]

obeys
(x")(1) < Ca(In|))>

for |t| large.

Remarks 1. The result is actually stronger since we only need dynamical
localization in the sense that sup |(6, e *H#6p)| < Ce~I™, If this estimate holds,
then so does the upper bound on (x*")(t), regardless of whether H has SULE, or
even whether H has only pure point spectrum or not.

2. By a result of Last [22], which extends an idea originaly due to Guarneri
[12], it follows that if the spectral measure of 8y (for H) is not supported on a set
of Hausdorff dimension zero, then for some 8 > 0, lim ~2"4(x?")(t) > 0. Thus,
we get an alternative proof to the fact that SULE (for H) implies zero-dimensional
spectrum for H) (for all X’s).

Proof Write a DuHamel expansion:

t
(82) (6, e HrEY) = (6m, e o) — iX / (6m, € H80) (60, e =02 69) ds.
0

Since H has SULE, by Theorem 7.5,

sup |(6m, e~ MHép)| < Celml
t



182 R. DEL RIO, S. JITOMIRSKAYA, Y. LAST AND B. SIMON

for suitable C and o. Plugging this into (8.2) and using |(6p,e~"*6p)| < 1, we see
that

(8.3) |(6m, e H280)| < Ce™™I[1 4 |A] [1]].

This would seem to give linear growth in ¢ for (x?")1/2” but we combine it with
the trivial bound

(8.4) > 1(Emy e ™2 60)* = 1.

Use (8.3) only if |m| > 21n(1 + |A] |#])/a = G(z). In that regime (8.3) says that
I(émye_itH'\éo)l S Ce—oz|m|/2.

Thus,
> (M) (6m e ™ 60)? < Co
[m]|>G(2)

and obviously by (8.4),

D (M) |(6m €7 60) < (G(2))™,
jm|<G(2)

so (x>")(t) < (G(£))** + C,,, as claimed. m]

In fact, the proof shows that

—2n
fim (In Jf)) "2 (&2") (1) < (9) .

[t| =00 2

Appendix 1: Aizenman’s theorem

Our goal here is to prove Theorem 7.7. We begin with a general fact about
rank one perturbations. Let A be a self-adjoint operator on a Hilbert space H and
P = (¢, - )¢ a rank one projection onto a unit vector ¢ assumed cyclic for A. Let
A) = A + A\P. Then ¢ is cyclic for A,. Let dp, be the spectral measure of the pair
©, Ay, so for example,

/M = (¢, (Ar —2)79) = Fa(2).

xX—2
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By the spectral theorem, there is a natural map U, : H — L?(R,du,) so that
Usp = 1 and U AU; ' is multiplication by x. The point is that in the localized
regime, there is an explicit formula for U,.

Recall that the function dioy)
Holy
G(x) = / —_—
=] a-yp
plays a critical role in situations where A has point spectrum. Explicitly [33,40],

(1) A, hasonly pure point spectrumin [a, b] fora.e. A € Rifand only if G(E) < oo
fora.e. E € (a,b).

(2) If G(E) < oo, then F(E + i0) = « exists, is real, and E is an eigenvalue of A,

if and only if A = —o~ L.

Our main preliminary is

Lemma A.1 Suppose G(E) < o for a.e. E € [a,b]. Then for any such E,

(A1) li{g(A—E—ie)_lwzwg

exists. Moreover, if X is such that | [a, b} is supported on
{E € [a,b] | G(E) < oo},
then

(A-2) (Ux)(E) = =A@, ¥)-

Proof The general theory of rank one perturbations (see [33]) implies

M-l _ (A-27l¢
(0, (Ax = 2)7lp) (o, (A—2)"1p)

for any z with Imz > 0 and any A. Given E with G(E) < oo, F(E + i0) exists and
equals some —A~!. Pick that value of X in (A.3). Then E is an eigenvalue of A,
and the projection onto the corresponding eigenvector is

(A.3)

Pg = S-eliiom [(—ie)(Ax — E —ie)7!).

Thus, multiplying the numerator and denominator of the left side of (A.3) by (—ie)
and taking e to zero, we see that the limit in (A.1) exists, and by the fact that
F(E +i0) = =\~ that

(A4) (o, =A¢pE) =1
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and that o is a multiple of the eigenfunction for A, a.e. E.
Since (U,y)(E) is precisely an inner product of i with that multiple of the
eigenfunction that obeys (¢, - ) = 1, (A.4) implies (A.2). a

Lemma A.2 Suppose G(E) < oo for a.e. E € |a, b, that ||¢|| = 1, and that )\ is
a random variable with distribution g(\) d\ where g € L™, with compact support.
Then for any Ao € supp(g) and s € (0,1):

B( supl(v, Pl (Ar)e ™)) <

(A5) ) 1/(2—s)

b
A= g~ ( / |, (Ax, — E = i0)~' )| dE
a

where A = diam (supp g) = max(|A — X'} | A\, ) € suppg).

Proof By the spectral theorem,
b
(¢ Plan(t)e ) = [ e EU0)(E) dus (B)
a

and by the unitarity of U,
(A6) / (U 9)(E) > dyir (E) = 1.

Hoélder’s inequality says that for 0 < s < 1,

) (1-5)/(2—9) 1/(2-s)
an  [leldus([1sPdn) (16t an)

SO

b
sup (0, Plosy(40)e™ ™ 0)| < [ [(UA0)B)] diin(E)
(A.8) «

b
< ([1owEr an@) "

by (A.6) and (A.7). Since we can think of A, as a perturbation of A,,, we can use
Lemma A.1 to say that

(UA¢)(E) = _(’\ - /\0)((A,\0 -E— io)_IQO’ w)
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Thus, (A.8) implies

b
, 1 s 1/(2—s)
sup |(¢, Play(Ax)e ™ )] < A=) ( / |, (Ar —E=i0) ) dma(E))
t

Now take E’s. Since 1/(2 — s) < 1, Holder’s inequality implies E([f]!/?~%)) <
(E(If))"/?~*) and E(dpx(E)) < liglleo f dMdpa(E)) = ligllec dE where the last
equality is a result explicitly in Simon—Wolff [40] but obtained in related forms
earlier by Javrjan [15] and Kotani [19]. a

Proof of Aizenman’s theorem (Theorem 7.7) The hypothesis (7.10) implies
that for a.e. pairs w, A € [a, b]

|(6n, (Hy — A — iO)_16M)| < Cw’)\’me—#ln—mvz

so for a.e. such pairs,
|(H,y — A = i0) %8|l < 00

and thus by the Simon—Wolff criterion [33, 40], H, has pure point spectrum in
[a, b]. Thus, for such w, Lemma A.2 applies and we get (7.11) after averaging over
Ao and then over w. O

Remarks 1. Independence of {V} is not needed. It suffices that the conditional
distribution of V(0), conditioned on {V(n)},x0 has a density gv(A) dA with ||gv||eo
bounded uniformly in V and with a uniform bound on diam(supp gv).

2.  Relative to Aizenman’s proof, we get a simplification by using
(¢, (A — E —i0)~1p) = —A~! and therefore not needing Boole’s equality. We
can turn this around and actually use the theory of rank one perturbations to prove
Boole’s equality in its natural setting.

Proposition A.3 Let i be a finite purely singular measure and let

) — dp(x)

Then fort > 0,

|{E | F(E + i0) > t}| = {E | F(E + i0) < —t}| = t ' (R).

Proof Without loss, we can suppose u(R) = 1. Let Aog be the operator of
multiplication by x on L?>(R,du) and (Py) = (1,%)1. Let du, be the spectral
measure for Ag + AP. As noted above:

/ d\dys (E)] = dE
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in the sense that for any measurable set S,

(A9) [m®dr=1si

On the other hand, by the Aronszajn—Donoghue theory [33],
(A.10) 1 is supported on {E | F(E + i0) = —\"'}.
Let S, = {E | F(E + i0) < —t}. Then (A.10) says that

(1) = 1, 0<x<r!
IS =90, A<0ora>r!
so (A.9) implies |S,| = ¢~ O

Remarks 1. Boole’s equality for 4, a measure with a finite number of pure
points, was found in 1857 [6]. See [1, 24] for more recent history.
2. Using this result in this form, it is not hard to show for any measure p,

11._1_,12, t[{x| |F(x + lO)l > t}| = 2Nsing(R)7

the mass of the singular part of x. Boole’s equality applies explicitly only to u
purely singular.
3. This proof of Boole’s equality was found independently by Poltoratski [24].
Appendix 2: A pathological example

Our goal in this appendix is to present a one-dimensional Jacobi matrix (i.e.,
potential v(n) on Zy and operator (hu)(n) = u(n + 1) + u(n — 1) + v(n)u(n) on
¢(Z,) with Z, = {n € Z,n > 0} and a Dirichlet boundary condition at n = —1)
so that

(0) v is bounded.
(1) A has a complete set of normalized eigenfunctions.

(2) Each eigenfunction is exponentially decaying, that is,
lion(m)| < Creelm!

for some fixed a > 0.

(3) Let F(t) = 2/ In(¢). Then
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T (lyo—iths |12 _
(B.1) lim llxe="80||*/F(£) = oo.

Thus, in spite of exponentially localized eigenfunctions, 4 doesn’t have dynamical
localization. This shows that proofs of “localization” that only show (1),(2) are
only part of the story and that the SUDL shown by Aizenman in [1] and the SULE
consideration in this paper are a significant desideratum. One can modify the proof
to replace F(t) by £2/f(t) for any monotone f with lim, ,.,f(t) = co. Thus, this
example also shows that the result of [31] that point spectrum implies

: —ith 2 _
lim ||xe™**6]| /=0

cannot be improved.
Our v(n) will have the form

(B.2) v(n) = 3cos(man + 8) + Aéno

with « irrational. We prove that o can be constructed so that (B.1) holds for all
6 and X € [0,1]. It is well known (e.g., [4]) that the Lyapunov exponent, which
characterizes solutions of (A — E)u = O for a.e. E, 8, is everywhere larger than or
equal to ln(%). Thus, by the Simon—~Wolff criterion {33, 40], (1) and (2) hold for
a.e. §, A and we only need to choose a so that (B.1) holds.

Let P,., denote the projection onto those functions supported by {n | n > a}
and similarly for P,<,, etc. Let f(¢) be a monotone increasing function of ¢ with
f(#) = oo at oo (we take f(¢) = [In(Jt| + 2)]'/5).

Lemma B.1 Suppose there exists T,, — 0o so that

2Tm
1 —ish 2 1
. — & - —

L

Then
Tim [Jxe 8o (1)° /72 = co.

Proof Under the hypothesis, there must be some s, € [T}, 27,,] so

. T, 2 .
—ismh 2 m —ismh 2
e boll* > (575 ) WPz pirye ™60

> T f(Tm) ™.
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Thus, 5
Hogh e = () (7) stom
> ;l‘f(sm) =0
as claimed. ;

We obtain get the lower bound in (B.3) from the following:

Lemma B.2 Let é be a unit vector, P a projection, and h a self-adjoint operator.
Suppose § = ¢ + Y with (p,¢) = 0. Then

2T 2T
1 _ —ish )12 2 _1_ —ish, ;12 1/2
®4) g [0 Pehelds > i - 3(7 [Ipeitol as)
T T

Proof Since ||Py||> + ||(1 — P)n||*> = 1 for any unit vector », ||¢]|% + |l¢|> = 1
and [le=""6||> = 1, we see that

LHS of (B4) >A+B

where
A=llol* = (¢,9)~ and B=|[4)]* — (,9)~ — 2Re(p, )
with
2T
(1,6)~ = / (Pe~iy, e=i5h¢) d
T

Clearly, (¢, )~ < 1l and (¥,%)~ < 1,50 A > 0 and B > ||¢||? — 3(x,%)"/2, which
is the stated result. 01

We need to make a break-up so (¢, )~ is small. This is what we turn to next.

Recall the notion of || - || introduced by Kato (see (X.4.17) of [18]). Let A be
a self-adjoint operator. A vector ¢ is said to have finite triple norm if its spectral
measure 4 has the form duf, = F(E)dE with F € L. We set ||| = [|o]la = ”FH}X/)2.
Given a, 6, \, we set ii(a, 8, A) to the Jacobi matrix with potential (B.2).

Lemma B.3 Fix o rational. Then there exist C) > 0 and C; < oo and for each
6 € [0,2x] and X € [0, 1], a breakdown

00 = @o,x + Yo,
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S0
(B.5) (0, 9) =0,

(B.6) [, 5]l > Ch,
(B.7) 6,1 llna,0,0) < Co.

Proof Consider first A = 0 and consider the periodic Jacobi matrix on ¢%(Z)
which corresponds to the potential (B.2) (on Z). It is a periodic Hamiltonian with
a fixed Bloch Hamiltonian decomposition. If o = p/q, the period is g and we can
use a quasimomentum label that runs from O to 7 /g. Consider the lowest band and
the quasimomenta range between 7 /3¢g and 27 /34.

Let E4(k) denote the band function for the lowest band. Ej is strictly monotone
in k; indeed, OE4/8k > 0, and jointly continuous in 6 € [0, 7], k € [r/3q,27/3q].
Thus, the width of the energy range, E9(27/3q) — Ep(n/3q) = ¥y is uniformly
bounded away from zero.

Let ®%(E) denote the 2 x 2 transfer matrix from O to n for the potential (B.2).
That is, ®(E) = T (E)T?_,(E) --- T{(E), where

[ E-v(n) -1
ne=( 17 )

and v(n) is given by (B.2) with A = 0. By, for example, Lemma 3.1 of [21], we
have the bound ||(I>fnq_l(E)|| < 2q|6E9/6k|_1 for any integer m > 0. (Remark:
Lemma 3.1 of [21] is formulated for the transfer matrix over one period, but
it is easy to see from its proof that the bound holds for any integer number
of periods.) Thus, IIleq_l(E)H is uniformly bounded for all 8’s, m > 0, and
E € [Eg(27/3q),Ee(7/3q)] = Io.

Let &2'*(E) denote the transfer matrix for the potential (B.2) with A € [0, 1]. Then
we see that ||®2'*(E)|| must also be uniformly bounded. That is, 1852 E)| < €
foralln >0, A € [0,1], 6 € [0,27], and E € I5. By, for example, Theorem 2 of
[38], this implies that the imaginary part of the m-function for A(«, 8, A), which is
identical to the Borel transform Fj » of the spectral measure of & (for h(a, 8, X)),
is uniformly bounded. Namely, Cl_1 < ImFy 5(E +i0) < C for some constant C;
and forall A € [0,1], 0 € [0,27], and E € I,.

Let 95,5 = PZ"\50, where P;’@’A is the spectral projection (for A(c,6,))) on Iy.
Then the spectral measure of vy ) is purely absolutely continuous and has the form
7~ Im Fy 5 (E + i0) dE. Thus, we see that the claim holds. a

As a final lemma, we need to control changes in the dynamics as we change a:
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Lemma B.4

(B8) ”(e-—ish(cx,é‘,k) _ e—ish(a’,@,)\))(soll < 37rs2!a _ O/I'

Proof h(8,c, ) —h(c/,6,)) = 3[cos(anx + 8) — cos(a’nx + 6)] so
I1A(6, &, A) — (e, 8, N)n]l < 3mle — & [lxn|

and so by a DuHamel formula,

LHS of (B.8) < / 3r|a — o | ||xe 0N 8o | dt.
0

But x(f) = x + [, p(u) du where p(u) = e™*pe~" and p = [x, h] has norm at most
2. Since x6p = 0,

LHS of (B.8) < /37r|a —d|2tdt = 31s%a — |
0

as claimed. a
Theorem B.5 o can be chosen irrational so that (B.1) holds for h(c,0, \) and
all 8 € [0,2x], A € [0, 1].
Proof Letf(t) = (In(2 + |¢]))'/3. We pick am, Ty, An inductively starting with
a; =1so

(i) amy1 — am = 27%" for some k.
+

Qi) 1/Ton J57 1Pusr, jrirme MO8 ds > 1/f(T)? for all 6 € [0,7], A €
[0, 1] and & with |a — am| < Ap.

(i) |omer —ax| < Apfork=1,2,...,m.

By (i), @s = lim «, is irrational, and by (ii), (iii), the bound holds for a.., and
(B.1) holds by Lemma B.1.

Start with a; = 1. We explain how to pick Tpn, A, amy1 givenay, ..., om, T1,. . .,
Ty—1, A1, ..., Ap—1. Given oy, let 6o = ¢ + 1 be the decomposition given by
Lemma B.3 and let C;, C; be the corresponding constants. Choose T,, > 27T,
(and T} > 2 so T,, > 2™) so that

(B.9) C} = 3V2rCo(f (Tn) ™ + T,,")' /2 2 2f(T) ™.
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Since C; and C; are fixed (given ay,) and f(T},) — o0, it is certainly possible.
Notice that

(¥, ¥)~

2T
1 .
7 [ 1Pacirme ol ds
(B.10) J

< Zpin|n <TD} WP

since for any unit vector 7,

x

(B.11) / (e~ M) ds < 2n bl ]

— o0

by the Plancherel theorem. Thus, by (B.9) and Lemma B.2,

2Tm
1 ; 2
P ~ish(am,\,0) 2d > ]
Tmi/ “ nZTm/f(Tm)e 60“ s-—f(Tm)

By Lemma B.4, we can pick A, so |@ — am| < A, implies

2T
1 —ish(« 1
7 / 1Pr>t, r(re ™M@ bo|| ds > FT
T
Finally, pick ay1 80 jan — ame1| < A, forn=1,...,m. a
Remarks 1. (B.11) is the standard estimate for which || - || was introduced

(see (X.4.18) of [18]). It is used here as the Strichartz estimate [41] is used in the
proof of Theorem 6.1 of [22]. Indeed, the above proof is essentially a variant of
the proof of a similar result in [22] (Theorem 7.2 of [22]).

2. One can similarly prove an analogous result for a corresponding operator on
¢2(Z). The main difference in this case is that 6y might not be cyclic, and thus,
to assure pure point spectrum, we need to perturb the potential at two consecutive
points. The proof is essentially unchanged except for Lemma B.3, the analog of
which can be obtained by uniformly bounding the m-functions for the two “half-
line” operators, from which one can construct the Borel transform of the spectral
measure for the “line” problem.
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Appendix 3: ULE fails for many models

In analogy with SULE, we say that H on ¢?(Z") has ULE if there are C,a > 0
with

(C.1) |¢a(m)] < Cembm=rme

for all eigenfunctions ¢, and suitable m,,.

Motivated by Jitomirskaya [16], we present a simple argument that many models
do not have ULE: Let Q2 be a topological space, T; : § — Q,i=1,...,v commuting
homeomorphisms, and let i be an ergodic Borel measure on . Letf : Q — R be
continuous and define V,,(n) = f(T"w) forn € Z* where T" = T{" .. . T}». Let H,
be the operator on £2(Z"),

(Hou)(n) = Z u(m) + V, (n)u(n).

|m—n|=1

Theorem C.1 IfH, has ULE for w in a set of positive u-measure, then H,, has
pure point spectrum for any w € supp(u), where supp(u) is the complement of the
largest open set S C Q for which u(S) = 0.

Proof Define the function F : 2 — [0, o] by

Fw)= sup [|(6x e "6,)|(1+ |n—m])"].
1eQ
nmezZv

When ULE holds, the proof of Theorem 7.5 shows that
l(éna e—itHu 6m)| < Cwe—aw|n—m|

and it follows that F(w) < oo. F is clearly measurable and translation invariant so
F(w) < oo on a set of positive measure shows that F(w) = C < oo for a.e. w. Thus
on a dense set in supp(u):

(C.2) |(6ny €7 6)| < C(1 + [n— m|)™

with C independent of w. By continuity, (C.2) holds on all of supp(u) and so the
RAGE theorem [25] implies that H,, has pure point spectrum for any w € supp(u).
a

Example 1 Let dA be a probability measure on R and let S = supp()). Let
Q=S%du= Rpnczr AA(wn), (T"W)m = Wm—n, and f(w) = wo. Then {H,} is the
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Anderson model. If v € S, the constant potential w, = ~ lies in supp(z) and the
corresponding H,, has purely a.c. spectrum. Thus, ULE cannot hold.

Example 2 Let 2 = S, the circle, « irrational, dp = df/2r and T8 = 6 + 7.
Let f be an even function (e.g., y cos( - )). Then [17] shows there are 8’s for which
H, has no point spectrum and so again ULE cannot hold.

Appendix 4: The dimension of the set where G () = ©

In this appendix we consider a probability measure du on [0, 1] and the function
G(x) given by (5.1), and relate the dimension of supports of x to the dimension of
the set where G(x) is infinite.

Theorem D.1 IfA = {x | G(x) = o} is a set of dimension o, then p is
supported on a set of dimension .

Proof . is obviously supported on A.

There is no inequality in the other direction for all yu, since there are point
measures (obviously supported on a set of dimension 0) with G(x) = oo on [0, 1].
However, if we are willing to replace p by an equivalent measure, there is a
complementary result:

Theorem D.2 Let i be a probability measure on [0,1] and suppose p is
supported on a set of dimension o. Then, there is a measure v equivalent to i so
that A = {x | G,(x) = oo} has dimension at most a.

Remark The proof follows the strategy in Howland [14]; more precisely, it
follows the strategy in [14] with some errors corrected.

Proof Let S be a set of dimension a which supports u. By inner regularity, we
can find {C,}2° , closed sets so C; C C; C --- C S, and p is supported on ;- ; C.
Since C, C S has dimension at most «, we can find a §-cover Ufn":l Bf,:’ ) of C, so
that

(i) |Bf,7)| <27", BS,Z' ) is an open interval,

@ e |JBY,

m=1

(D.1)
(i) fj B et < 27,

m=1

Let O, = U,, BY and K, = [0,1]\Oy. Since O, is open, K, is closed and so
d, = dist(K,,C,) > 0. Let

v(:) =) 27"Pu(- NC) =D val).
n=1

n=1
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Then, v(A) =0 < u(ANC,) =0 forall n < u(A) = 0 so v is equivalent to u. Let

We claim that G, (x) < oo for x € K, and that
Ooo = [0,1)\Koo = [0,1][TimO,

=0.uN[ N Uol

m=1n=m

has dimension at most a which proves the desired result.
If x € K, then eventually x € K, and so x ¢ | J,~, C,. Thus,

. dvy (Y)
)
/ I); - y?
(i) f |an()):|)2 < 27" for large n (since x € K, for n large).
It follows that G, (x) < oo as promised.
Given & > «, pick ng so @ + 2™ < a. Then for each n > ng, U2, Um; B,(,f) is

a2~ "-cover of O, and by (D.1), its | - |* power sum is at most 2~ (*~!), Thus, O
has A% measure zero and so O, has dimension at most «. J

< oo for all n (since x ¢ C,).

Appendix 5: Analysis of the measures y;

Here we analyze Example 3 from Section 6.
We require information on the weight that y, gives to intervals. For any x, let

(E.1) AV ={y | a(y) = aj(x) forj=1,...,n}.

AW (x) is a dyadic interval of length 2" containing x uniquely determined by that
except for certain dyadic rationals. Clearly,

(E.2) §>27"= AP (x) C (x—6,x+6)
and so, if 6 > 27",

(E.3a) pip(x = 6,x + 8) > p (1 — p)yr=Pnl®)
where

(E3b) Na(x) = #{j < n | ai(x) = 0},
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In particular, if p < § (lim occurs because log § < 0)

Infp,(x — 6,x + 6)] < f)Inp + (1 —f(x))In(1 - p)

(E4) % 1n(26) = In2 ’
where
(E.5) f(x) = Gm Ny(x)/n.

n—oo

If p > §, we replace f by im N, (x)/n.
In particular, for any x, p:
iy lep(x — 6,x+ 8)] . In(min(p, 1 — p))

(E.6a) =@y ~ = iz

and

(E.6b) gi‘_”(Tyl?foo forall x € [0,1] if 2*min(p,1 —p) > 1.

To get an upper bound let

] AD(x+ L) if api(x) =1
i (x) = i "
(E.7) An('x { A(l)(x — 2—1,;) if an+1(x) =0

SO Al(x) is the next nearest dyadic interval (with the convention that we take
AW(x + ) if x is at the midpoint of AV (x)). Define

AP (x) = AW (x) u AD (x).
Then
(E.8a) §<27" 1= (x = 6,x+6) C AP (x).
Normally, u,(A((x)) and p,(AM)(x)) are of the same magnitude; the exception
whenp < 1 (resp.p > %)is whenalong string of 0’s (resp. 1’s) starts before position
n and includes position n + 1. For then subtracting 2l from x changes many 0’s

into 1’s. Explicitly, if @,—¢(x) = - - - = an(x) = any1{x) = O but @,—,—1(x) = 1, then

£
(E.8b) @06 = | U2 (At
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For example, if x is defined by

n(x0) = 1 NI'<n<(N4+1)!, N even,
YT 0, N<n<(N+1), Nodd

then
T In[p, (x0 — 6,%0 + 6)] _ _In(min(p, 1 - p))
In(25) In2 ’
lim Bl (x0 — 6, X0+ 6)] _ In(max(p, 1 — p))
= In[26] In2 )

Fortunately, as we shall see, this behavior is very atypical of any of the y,’s. For
p < %, let Cy(x) be defined by

Cu(x) = sup{{ | an(x) = an_1(x) = - = an_¢(x) = 0}

where we set C,(x) = 0 if a,(x) = 1. Then (E.3a,b) imply

. Inp,(x —é,x+ 6) gxyInp + (1 — g(x))In(1 — p)
(Ea) fim == s 2T In2

where

Nale) = o).

(E.9b) gmzmﬁ .

n—oo

Both N, and C, are functions of the sequence {a;} and so their behavior is well
known. The law of large numbers says that a.e. w.r.t. p,

. Na(x)
hm——n— =p

and a standard Borel-Cantelli argument shows that a.e. w.r.t. y,,

mcn(x) _ __L
Inn Inp
S0 c
lim Glx) _ 0.
n
Thus:

Proposition E.1 Fixp,q € (0,1). Then a.e. x w.r.t. du,, we have

lim Inpy(x—6,x+46) —glnp—(1-q)In(1-p)
810 In (26) - In2 '
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Recall the definition of H(p), L(p) in (6.6)/(6.7) and of Iy.

Theorem E.2 (= Theorem 6.6) (1) dp, has exact dimension H(p).

(2) Suppose p € Iy. Then for a.e. A w.r.t. Lebesgue measure, the restriction to
[0, 1] of the rank one perturbation of dy, has exact dimension L(p).

(3) If p ¢ Iy, then for a.e. ), the rank one perturbation of dy, is pure point.

@) Ifp € (3.2), p # 1, then for all \, the restriction to [0,1] of the rank one
perturbation of du, is purely singular continuous (so we have an example with
singular continuous spectrum for all ).

Proof (1) By the last proposition, the quantity a(x) given by (2.2) is H(p) for
a.e. x w.r.t. du, so by Corollary 2.2, du, has dimension H(p).

(2) By the last proposition with g = % (recall dpy ) is Lebesgue measure) and
Lemma 5.4 for a.e. x w.r.t. Lebesgue measure

lig)l e DImF(x +ie) =0 (resp. o)
if a > L(p) (resp. a < L(p)). By Simon—Wolff [33,40], (dy,)» is supported on
this Lebesgue typical set for a.e. A. Thus by Theorems 4.1 and 4.2, the rank one

perturbation has dimension L(p) for a.e. A.
(3) By the last proposition and Proposition 2.4, for a.e. x w.r.t. Lebesgue measure

dpp(y)

lx — y|=

if & < y(p) (and is infinite a.e. if & > v(p)). (2 £ v/3)/4 are precisely the points
where v(p) = 2 and so p ¢ Iy means

dL(y) < oo forae.x

x = yI?
so Simon-Wolff [33, 40] implies the rank one perturbations are pure point for
a.e. A
(4) By (E6),if p € (L, 2), then

dup(y)

= 1
= P oo forall x € [0,1]

and so by the Aronszajn—Donoghue theory [33], there is no point spectrum for
any A. m|
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Remark By using Theorem 5.1, one can show if (2 —v/3)/4 < p < %, then the
dimension of the set of A for which (1) has some pure point spectrum is

D(p) = _qlnq+(11;;1)ln(1 )

where
_ —2In2-1In(l - p)

Inp —In(1 — p)

As a final variant in this class of examples, we give an example of a measure
supported by the set W,, defined in (2.3) (examples of this kind go back to Besicov-
itch [5]). Fix 0 < p1 < p2 < 3. Define a measure dy,,, on [0, 1] as follows: The
variables a,(x) will be independent for different n but not identically distributed.
Rather

p1 N'<n<(N+1) Nodd
Prob = =
ob(a,(x) = 0) { p» N'<n<(N+1)! Neven

Then by the law of large numbers, one easily sees that for a.e. x w.r.t. dup,p,,

li_m N——n(x) =p2,

so that by analogs of (E.4), (E.5), and (E.9):

fm e (X—8x+8) __ palopa+ (1 =po)In{l=p2) _ gy, s

im n26 = n2
. Inpyp(x—6x+468)  pilnpi+(1-p1)In(l —p1)
lim n26 = In2 = H(p1).
It follows that
H(p1) < a < H(p2) = for ypp, ae. x,
m,u(x—&,x+6)=oo; li_m_u(x—é,x+6)___0.
510 b 510 §

Remarks 1. One can modify this example to find a measure dv so that a.e.
—Inv(x—68,x+06) -1, limln v{ix—6,x+6)

56 In(20) e 0
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so that only if @ = 0,1 does

o(x | lim v(x —6,x+6)

im 5o exists) = 1.

2. One can further analyze du,,,, to prove that for a.e. A, the rank one perturbed
measure (dup,,p, )» has dimension L(p; ).

Note added in proof. At the time this paper was written, we knew of no “explicit”
Schrédinger operators with strictly fractional Hausdorff dimension. Subsequently,
however, first Jitomirskaya—Last and then Kiselev—Last—Simon have found such
examples (papers in preparation).
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