ZEROS OF THE WRONSKIAN AND
RENORMALIZED OSCILLATION THEORY

By F. GeszTesy, B. Simon, and G. TEscHL

Abstract. For general Sturm-Liouville operators with separated boundary conditions, we prove the
following: If E;» € R and if ug, solve the differential equation Hy = By, j = 1,2 and respec-
tively satisfy the boundary condition on the left/right, then the dimension of the spectral projection
P, E,)(H) of H equals the number of zeros of the Wronskian of u; and up.

1. Introduction. For over one hundred and fifty years, oscillation theorems
for second-order differential equations have fascinated mathematicians. Originat-
ing with Sturm’s celebrated memoir [20], and extended in a variety of ways by
Bocher [2] and others, a large body of material has been accumulated since then
(thorough treatments can be found, e.g., in [4],[13],[18],[19], and the references
therein). In this paper we'll add a new wrinkle to oscillation theory by showing
that zeros of Wronskians can be used to count eigenvalues in situations where a
naive use of oscillation theory would give co — oo.

To set the stage, we'll consider operators on L%((a, b);r dx) with a < b in
[ — 0o, ¢] of the form

(ru)() =) — (POIU ()" + g(Iu(x)],
where
(11) r,plqe Lﬁ,c((a, b)) are real-valued and r,p > 0 a.e. on (a, b).

WE'll use 7 to describe the formal differential expression and H the operator
given by 7 with separated boundary conditions at a and/or b.

If a (resp. b) isfinite and g, p~1,r are in addition integrable near a (resp. b),
we'll say a (resp. b) isaregular end point. We'll say T respectively H is regular
if both a and b are regular. As is usud, ([6], section XII1.2; [15], section 17;
[22], chapter 3), we consider the local domain

(12)  Dioc = {u € ACic((a b)) | pu’ € ACinc((a, b)), TU € Lfo((a,b);r dX)},
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where ACioc((a, b)) is the set of integrals of Lt functions (i.e., the set of locally
absolutely continuous functions) on (a,b). General opbe theory shows that for
any E € C, x € (a,b), and (a, 3) € C?, there is a unique u € Djoc Such that
—(pu) +qu—Eru=0ae. on x € (a,b) and (u(xo), (pu') (X)) = (c, 3).

The maximal and minimal operators are defined by taking

D(Tmax) = {u € L%((a,b); r dx) N Dioc | 7U € L2((a, b); r dx)},

with

(13) Tmaxu =TU.

Tmin is the operator closure of Tmax | Dioc N {u has compact support in (a,b)}.
Then Tyin is symmetric and Ty, = Tmax-

According to the Weyl theory of self-adjoint extensions ([6], section XII1.6;
[15], section 18; [16], appendix to X.1; [21], section 8.4; [22], chapters 4 and 5),
the deficiency indices of T, are (0,0) or (1,1) or (2,2) depending on whether
it is limit point at both, one or neither end point. Moreover, the self-adjoint
extensions can be described in terms of Wronskians ([6], section XII1.2; [15],

sections 17 and 18; [21], section 8.4; [22], chapter 3). Define

(1.4) W(uz, uz)(x) = ua(X)(Puz)(x) — (pup)(x)uz(x).

Then if Trip is limit point at both ends, Trin = Tinax = H. If Tryin is limit point at
b but not at a, for H any self-adjoint extension of T, if ¢ isany function in
D(H)\D(Tmin), then

D(H) = {u € D(Tmax) | W(u,o_)(X) — 0 as x | a}.

Finally, if uy islimit circle at both ends, the operators H with separated boundary
conditions are those for which we can find ¢+ € D(H), o+ =0neara, ¢_ =0
near b, and ¢4 € D(H)\D(Tmin). In that case,

D(H) = {u € D(Tmax) | W(U, o)(x) — 0 as X | & W(u,p.)(X) — 0 asx T b}.

Of course, if H isregular, we can just specify the boundary conditions by taking
values at a, b since by regularity any u € D(Tmax) has u, pu’ continuous on [a, b]
(cf. (A.4)). It follows from this analysis that

ProposiTiON 1.1. If ug2 € D(H), then W(uz, u2)(x) — Oasx — aor b.

WEe'll call such operators SL operators (for Sturm-Liouville, but SL includes
separated boundary conditions (if necessary)).
It will be convenient to write /_ = a, ¢+ = b.
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Throughout this paper we will denote by 1 (z,X) € Djoc solutions of 71 = zp
sothat 14(z -) isL? at ¢+ and 4 (z, -) satisfies the appropriate boundary condition
a ¢4 in the sense that for any u € D(H), Iirlp W(L(2),u)(X) = 0. If ¥i(z-)

X—fl4

exist, they are unigue up to constant multiples. In particular, v+(z, ) exist for z
not in the essential spectrum of H and we can assume them to be holomorphic
with respect to z in C\spec(H) and real for z € R. One can choose

Vi) =(H-2 " xea)® forx2d, a<c<d<b

and uniquely continue 4 (z, x) for ng. Here (H — 2~ denotes the resolvent of
H and xq the characteristic function of the set Q C R. Clearly, we can include
a finite number of isolated eigenvalues in the domain of holomorphy of . by
removing the corresponding poles. Moreover, to simplify notations, all solutionsu
of 7u = Eu are understood to be not identically vanishing and sol utions associated
with real values of the spectral parameter E are assumed to be real-valued in this
paper. Thus if E is rea and in the resolvent set for H or an isolated eigenvalue,
we are guaranteed solutions that obey the boundary conditions at a or b. It can
happen if E is in the essential spectrum that such solutions do not exist, or it
may happen that they do. In Theorems 1.3, 1.4 below, we'll explicitly assume
such solutions exist for the energies of interest; if these energies are not in the
essential spectrum, that is automatically fulfilled.

With these preliminaries out of the way, we can describe a theorem Hartman
proves in [10] which gives an eigenvalue count in some cases where oscillation
theory would naively give co—oo (see Weidmann [22], chapter 14 for some results
when 7 is limit circle at b). In fact, we have dlightly generalized the theorem
in order to include, for instance, certain singular cases like radial Schrodinger
operators on (0, 00) with potentials singular near 0 (we shall give a proof in
Section 7).

THEOREM 1.2. Let H be an S operator on (a, b) which is non-oscillatory at
E, near a and limit point at b and suppose E1 < E,. Let u; (resp. up) be vy (Ej)
(resp. y—(Ey)). Let N(c), ¢ € (a, b) denote the number of zerosof uy in (a, c) minus
the number of zeros of u, in (a,c). Let Po(H) be the spectral projection of H
corresponding to the Borel set Q C R. Then, if T isoscillatory at E; near b,

(1.58) dmRanPg, g,)(H) = lim N(c),
ctb

and if 7 isnon-oscillatory at E, near b,

(1.5b) dimRan Pre, e;)(H) = im N(c).
C

Theorem 1.2 is a bit more general than Hartman's result in [10] (see also
[9],[11]) since we assume H to be non-oscillatory at E, near a while Hartman
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assumes H to be regular at a. If 7 is oscillatory at E; near b (i.e., ux has infinitely
many zeros near b), N(c) is not constant for large ¢ but instead varies between Ny
and Np + 1. This result leaves several questions open: What happens if H is limit
circle a b or in the case where H is not regular at either end (e.g., the important
case of the real line (a,b) = ( — oo, 00))? Moreover, it isn't clear when ¢ is so

large that lim N(c) has been reached. It would be better if we could actually
ctb

count sometThing analogous to the zero count in ordinary oscillation theory. Our

goal in this paper is to prove such theorems.

The key isto look at zeros of the Wronskian. That zeros of the Wronskian are
related to oscillation theory is indicated by an old paper of Leighton [14], who
noted that if uj,puj’ € ACic((a b)), j = 1,2 and u; and u, have a nonvanishing
Wronskian W(u1, W) in (a, b), then their zeros must intertwine each other. (In fact,
pu; must have opposite signs at consecutive zeros of uz, so by nonvanishing of
W, u, must have opposite signs at consecutive zeros of u; as well. Interchanging
therole of u; and u, yields strict interlacing of their zeros.) Moreover, let E; < E»
and Tu; = Eju;, j = 1, 2. If X, X, are two consecutive zeros of ug, then the number
of zeros of uy inside (Xg, X1) is equal to the number of zeros of the Wronskian
W(u1, up) plus one (cf. Theorem 7.4). Hence the Wronskian comes with a built-
in renormalization counting the additional zeros of u, in comparison to u;. In
particular, this avoids taking limits of the type (1.5a).

We'll let Wy(uy, U2) be the number of zeros of the Wronskian in the open inter-
val (&, b) not counting multiplicities of zeros. Given E; < Ep, we let No(Ey, E2) =
dimRan P, k,)(H) be the dimension of the spectral projection P, g,)(H) of H.
Our main results are the following two theorems:

THEOREM 1.3. Suppose E; < Ej. Let u; =+ _(Ep) and up = 9+ (Ep). Then
Wo(uz, Uz) = No(E1, Ep).

THEOREM 1.4. Suppose E; < Ep. Let up = ¢_(Ep) and u; = ¢_(Ez). Then
either

(1.6) Wo(uz, Uz) = No(Es, E2)
or
(17 Wo(uz, Uz) = No(E1, E2) — 1.

If either Ng = 0 or H islimit point at b, then (1.6) holds.

WEe'll see that if b is aregular point and E; > e > E; with e an eigenvalue
and |E; — E;| is small, then (1.7) holds rather than (1.6). We'll also see that if
u are arbitrary solutions of 7u; = Eju;, j = 1,2, then, in general, [Wo — No| < 2
(this means that if one of the quantitiesis infinite, the other is as well) and any of
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0, +1, +2 can occur for Wy — No. Especially, if either E; or E; isin the interior of
the essential spectrum of H (or dmRanPg, ,)(H) = o0), then Wo(uz, Up) = oo
for any uy and up satisfying 7y, = Eju;, j = 1,2 (cf. Theorem 7.3).

Zeros of the Wronskians have two properties that are critical to these results:
First, zeros are precisely points where the Priifer angles for u; and u, are equal
(mod ). Second, if ¥ € Djoc and 1+ € Djoc Satisfy the boundary conditions at
a, b, respectively, and W(y—, 1+)(xo) = 0 and if (4+(Xo), (P¥4)(%0)) # (0, 0), then
there is a - such that

) -0, x<x
109 = { YE(9), XX

satisfies n € D(H) and

_ ) ), x<x
69 = { YY), X > Xo.

WEe'll explore these properties further in Propositions 3.1 and 3.2.

Section 2 provides a short proof of the ordinary oscillation theorem in the
regular case following the method in Courant-Hilbert ([5], page 454). Even though
this result is well-known (see, e.g., [1], theorem 8.4.5 and [22], theorem 14.10
which describes the singular case as well), we include it here since our overall
strategy in this paper is patterned after this proof: A variational argument will
show Ny > W in Section 6, and a comparison-type argument in Sections 4 and 5
will prove Np < Wp. Explicitly, in Section 5 we'll show

THEOREM 1.5. Let E; < Ep. If up = ¢_(Ey) and either u; = ¢4+ (Ep) or Tup =
Eoup and H islimit point at b, then

Wo(ug, up) > dimRan P, ,)(H).

In Section 6, we'll prove that

THEOREM 1.6. Let E; < Ey. Let either ug = ¢+ (E7) or up = ¢_(E1) and either
Uz = 1+(E2) or up = ¢ (Ep). Then

(1.8) Wo(uz, Up) < dimRanP, ,)(H).

Remark. Of course, by reflecting about a point ¢ € (a, b), Theorems 1.3-1.5
hold for u; = ¥.(E1) and u; = ¢_(E2) (and either Np = 0 or H is limit point at a
in the corresponding analog of Theorem 1.4 yields (1.6) and similarly, 7u, = Eoup
and H is limit point at a yields the conclusion in the corresponding analog of
Theorem 1.5).

In Section 7, we provide a number of comments, examples, and extensions
including:
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THEOREM 1.7. Let E]_,z € R, E1 7/ E,, TU = EjUj,j =12, TV = Epvo. Then
[Wo(uz, Uz) — Wo(u, v2)| < 1.

In addition, Theorem 7.5 addresses the problem of finite versus infinite total
number of eigenvalues in essentia spectral gaps of H.

It is easy to see that Theorems 1.5, 1.6, and 1.7 imply Theorems 1.3 and 1.4.

Some facts on quadratic forms are collected in the appendix.

Our interest in this subject originated in attempts to provide a general con-
struction of isospectral potentials for one-dimensional Schrodinger operators (see
[8]) following previous work by Finkel, Isaacson, and Trubowitz [7] (see also
[3]) in the case of periodic potentials. In fact, in the special case of periodic
Schrodinger operators Hp, the nonvanishing of W(uy, up)(x) for Floguet solutions
U1 = 9, (E1), U2 = ¥e,(Ep), €12 € {+,—} of Hp, for E; and E; in the same
spectral gap of Hp, is proven in [7].

2. Ogcillation theory.  For background, we recall the following:

THEOREM 2.1. ([22], theorem 4.10) Let H bean S operator which isbounded
frombelow. If e < --- < ey < -+ areits eigenvalues below the essential spec-
trumand 41, ...,%Yn, ... its egenfunctions, then ¢, hasn — 1 zeros in (a, b). All
eigenvalues of H are simple.

Remarks. (i) Those used to thinking of the Dirichlet boundary condition case
need to be warned that it is not in general true that if E is not an eigenvalue of
H, then the number of zeros, Z, of ¢4 (E) is the number, N(E), of eigenvalues
less than E. In general, all onecansayisN=ZorN=Z+1.

(i) In the specia case where 7 is regular at a and b, any associated SL
operator H is well-known to be bounded from below with compact resolvent
(see, e.g., [1], theorem 8.4.5; [22], theorem 13.2). Thus Theorem 2.1 applies to
the regular case (to be used in our proof of Proposition 4.1).

The first part of the proposition below is a simple integration by parts and
the second follows from the first.

ProposiTioN 2.2. LetE; < Exand7y; = Eju;,j = 1,2. Thenfora< c < d < b,

d
21 W(uy, u)(d) — W(up, up)(0) = (Ez — Ex) / Uy (U2(X)r (¥) dx.

In particular, W(uz, uz) € ACc((a, b)) and

dW(ug, up)

(2.2) — g

() = (E2 — E)r(ua(qux(x) a.e.

If the problemisregular at a (resp. b), we can take c resp. d) equal to a (resp. b).
In the general case we can takethelimitc | a(resp.d 7 b)in(2.1) if uy and u, are
L2 near aresp. b).
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CoroLLARY 2.3. Let E; < Bz and 7u; = ju;, j = 1, 2. Suppose at each end of
[c,d],a< c< d< beither W(uz,up) =0o0r u; =0. If IiP1W(u1, uz)(X) = 0 (resp.
xlja

”TTW(UL u2)(X) = 0), we also consider ¢ = a (resp. d = b). Then up, must vanish at
X
least oncein (c, d).

Proof. By decreasing d to the first zero of u; in (c,d] (and perhaps flipping
signs), we can suppose u; > 0 on (c,d). If u; has no zeros in (c,d), we can
suppose Uz > 0 on (c,d) again by perhaps flipping signs. At each end point,
W(uy, up) vanishes or else u3 = 0, u, > 0, and uj(c) > 0 (or uy(d) < 0). Thus,
W(uz, up)(c) > 0, W(ug, up)(d) < 0. Since the right side of (2.1) is positive, this
is inconsistent with (2.1). O

Proof of Theorem 2.1. We first prove that v, has at least n— 1 zeros and then
that if ¢, has m zeros, then ( — oo, €ey] has at least (m+ 1) eigenvalues. If ¢y
has m zeros at xg,Xp,...,Xm and we let Xg = a, Xm+1 = b, then by Corollary 2.3,
n+1 MuUst have at least one zero in each of (Xg, X1), (X1, X2), . . ., (Xm, Xm+1), that
iS, ¥n+1 has at least m+ 1 zeros. It follows by induction that ¢, has at least n— 1
zZeros.

On the other hand, if an eigenfunction ,, has m zeros, defineforj =0,...,m,

Xo = a,Xm1 = b,

. —_ wﬂ(x)l Xj S X S Xj+l H
) = { 0, otherwise » Osjsm

Then n; is absolutely continuous with pnj’ piecewise continuous so 7; is in the
form domain of H (see (A.6)) and (|H|Y2;, sgn(H)|H|Y?5;) = en |75 (where
(-,-) and || - || denote the scalar product and norm in L?((a, b); r dx). Thus if
n = Y[ G, then (|H|Y2n, sgn(H)[H|Y2n) = eq||n]|. It follows by the spectral
theorem that there are at least m+ 1 eigenvalues in ( — oc,€y]. Since H has
separated boundary conditions, its point spectrum is simple. m|

The second part of the proof of Theorem 2.1 also shows:

CoroLLARY 2.4. Let H be an SL operator bounded from below. If . (E,-)
(resp.yy_(E, -)) has m zeros, then there are at least m eigenvalues below E. In
particular, E below the spectrum of H impliesthat - (E, -) have no zeros.

3. Zeros of the Wronskian. Here we'll present the two aspects of zeros
of the Wronskian which are critical for the two halves of our proofs (i.e., for
showing Ng > Wy and that Ng < Wh). First, the vanishing of the Wronskian lets
us patch solutions together:

ProposiTiON 3.1. Supposethat ¢+, € Dioc and that o+ j and 74+ j,j = 1,2
arein L?((c, b)) and that ¢»_ and 7 _ arein L?((a, c)) for all ¢ € (a, b). Suppose,
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in addition, that ++j, j = 1, 2 satisfy the boundary condition defining H at b (i.e.,
W(u,¢+j)(c) — O0asc T b for al ue D(H)) and similarly, that ¢)_ satisfies the
boundary condition at a. Then

(1) If W(tp+,1,9+2)(€) = 0and (1+,2(C), (P 2)(C)) 7 (0,0), then there exists a
~ such that

1 = Xieh)(¥+1 — v¥+2) € D(H)
and
(3.1) Hn = X[c,b)(ﬂ/)tl — YTY+2).

(i) If W(t)+1,%-)(c) =0and (v (c), (py")(c)) # (0,0), thenthereisa~ such
that

N =YX@ad¥— * Xcbh¥+1 € D(H)
and
(3.2 Hn = vX@qm¥— + X(ch) T+ 1-

Proof. Clearly, n and the right-hand sides of (3.1)/(3.2) lie in L?((a, b)) and
satisfy the boundary condition at a and b, so it suffices to prove that n and pr’
are locally absolutely continuous on (a, b).

In case (i), if ¥+2(c) # O, take v = —1)41(C)/¥+2(c) and otherwise (i.e.,
if 2(C) = 0) take v = —(pv} 1)(©)/ (P4 )(C). In either case, n and py’ are
continuous at c. Case (ii) is similar. O

The second aspect connects zeros of the Wronskian to Prifer variables py, 6,
(for u, pu’ absolutely continuous) defined by

u(x) = pu(Ysin(@u(®),  (PU)(X) = pu(x) cos(Bu(x)).

If (u(x), (pu’)(x)) is never (0, 0), then p, can be chosen positive and 6, is uniquely
determined once a value of 6,(xg) is chosen subject to the requirement 6, con-
tinuous in X.

Notice that

W(ug, U2)(X) = pu; (X)pu,(X) SIN(y; (X) — O, (X))
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Thus,

ProposiTION 3.2. Suppose(u;, py)),j = 1, 2arenever (0, 0). Then W(uz, Uz)(Xo)
iszeroif and only if 6y, (%) = 6u,(X0) (mod ).

In linking Prifer variables to rotation numbers, an important role is played
by the observation that because of

u(x) = / pu(t) CO(?)(eu(t)) dt,

Ou(%0) = 0 (mod) implies [u(X) — Ou(X0)] /(X — Xo) > O for 0 < |x — Xg|
sufficiently small and hence for al 0 < |x — Xo| if (u,pu’) # (0,0). (In fact,
suppose X1 # Xo is the closest x such that 6,(x1) = 6u(Xo), then apply the local
result at x; to obtain a contradiction.) We summarize:

ProrosiTion 3.3. If (u, pu’) # (0,0) then 6y(xo) = 0 (mod ) implies

[0u(X) — Bu(X0)] /(X — Xo) > O

for x # Xo. Inparticular, if 8y(c) € [0, 7) and uhasnzerosin(c, d), thenf,(d—e¢) €
(nm, (n+ 1)) for sufficiently small e > 0.

In exactly the same way, we have

ProposiTION 3.4. Let E; < Ep and assume that uy» solve ru; = Ejuj, j = 1,2
Let A(X) = Oy, (X) — Oy, (X). Then A(Xp) = 0 (mod ) implies(A(X) —A(Xo)) / (X—Xo) >
0for 0 < [X — Xol.

Proof. If A(Xp) = 0 (mod27) and 6,(Xo) #Z 0 (mod ), then
Sin (fu,(X0)) sin (Bu, (x0)) > 0

S0 U (Xo)uz(Xo) > Ofor O < |x—xo| sufficiently small, and thus by (2. 2) (xo) >
0 for ae. x near xg and so A(x) is increasing. The same holds for A(xo) =7
(mod 27) and 6,,(Xo) # 0 (mod ).

If A(Xp) = 0 (mod27) and 6y, (Xo) = 0u,(X0) = 0 (mod ), then

(puy) (Xo)(PU2)(X0) > O

and so since u(Xp) = V(xo) = 0, we see that it is still true that %(x) > 0 ae for
0 < |x — Xo| sufficiently small. i

Remarks. (i) Suppose r,p are continuous on (a,b). If 6y,(x0) = 0 (mod )
then 6y, (X) — Oy, (Xo) = Co(X — Xo) + O(X — Xg) with cg > 0. If A(Xg) =0 (mod )
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and 6y, (Xo) Z 0 (mod ), then A(X) — A(Xo) = C1(X — Xo) + O(X — Xo) With c1 > O.
If 6y, (X0) = 0 = A(xo) (mod ), then AX) — A(xo) = Ca(X — X0)® + O(X — X0)°)
with ¢ > 0. Either way, A increases through xo. (In fact, co = p(Xo) ™%, ¢ =
(E2 — E1)r(¥0) SiN? (0, (%0)) and ¢z = 51 (Xo)p(X0) “*(E2 — Ey)).

(ii) In other words, Propositions 3.3 and 3.4 say that the integer parts of 6,/7
and A,y /7 are increasing with respect to x € (a,b) (even though 6, and A,y
themselves are not necessarily monotone in x).

(iii) Let E € [E1, E2] and assume [E;, E;] to be outside the essential spectrum
of H. Then, for x € (a, b) fixed,

?wi(E,t)Zdt
Py (Ev X)

dawi
dE

(3.3) (E,X) = —

proves that 0, (E,X) is strictly increasing with respect to E. In fact, from
Proposition 2.3 one infers

4
W(+(E), %+ (E)(X) = (E - E) / ¥+ (E, o (E, 1) ot

and using this to evaluate the limit limg_ g W(y+(E), (¥+(E) — ¢i(l~5))/(E —
E))(x), one obtains

£
W(r)+(E), df—Ei (E))(X) = / ¥+ (E, 1)% dt.

Inserting Prifer variables completes the proof of (3.3).

4. The hare and the tortoise (Ng < Wy in the regular case). Our god in
this section is to prove Theorem 1.5 in the regular case with separated boundary
conditions, that is,

ProrosiTioN 4.1. Let H bearegular SL operator and suppose E; < E,. Then

4.1) Wo(¥—(E1), ¥+(E2)) > No(E1, E2).

The proof will use Prifer angles. As a warm-up, let us prove equality in
the case that H has u(a) = u(b) = O boundary conditions and that E;, are
not eigenvalues. Let 60, (E,x) be the Prifer angles for . (E,x), normalized
such that 0y, (E,a) € [0,7). Since 1_(E;) satisfies the boundary condition at
a, 9y_(E1,@) = 0 and since E; is not an eigenvalue, 6,,(E>,a) > 0. If there
are m eigenvalues below E; and ng + m below E,, then, by standard oscillation
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theory (essentially Proposition 3.3), 0,,_(E1, b) € (mm, (m+1)7) and 6., (E2, b) =
(o +m+ 7. Let ML(E,x) = 0y, (E,X) (mod ), that is, ['+(E,x) € [0,7) and
My — awi € Im.

Borrow a leaf from Aesop. Think of I'_(E;) as a tortoise and ' +(Ep) as a
hare racing on a track of size = with 0 as the start and = as the finish. Every time
either runs through the finish, the race starts al over. Neither has to run only in
the forward direction (i.e., f,,, may not be monotone w.r.t. X) but they can’t run
in the wrong direction back through the start (i.e., Proposition 3.3 holds).

What makes I'+(E») the hare to ' _(E1)'s tortoise is that I'+(Ep) can only
overtake I _(Ej), not the other way around (i.e., Proposition 3.4 holds). Since
I_(E1,a) =0 and I+ (Ez, @) > 0, the hare starts out ahead of the tortoise. Since
I _(Ei,¢) < w but M+(E1,c) /" wasc 7 b, the hare dso ends up ahead (unlike
in Aesop!).

Clearly, the number of times the hare crosses the finish line is the sum of the
number of times the tortoise does, plus the number of times the hare “laps,” that
is, passes the tortoise. Thus,

No + m=m+Wp(y)_(E1), ¥+(E2))

s0 Wo(¥—(Eq), ¥+(E2)) = ng in the Dirichlet case.
This picture also explains why it can happen that

Wo(¥—(E1), ¥—(E2)) = no — 1.

For in this case, 6,_(Ei,a) = 0,_(E2,@) = 0. The hare and tortoise start out
together, so for x = a+¢, the hareis dightly ahead. If at b, I _(E1,b) > I _(E, b),
then the tortoise a la Aesop wins the races; thus the hare has lapped the tortoise
one time too few, that is,

o+ m—1=m+W(_(E1), v (E2))

and so

(4.2) Wo=ng— 1.

Suppose E; < e < E, with e an eigenvalue. As E; N\, e ' _(Ex,b) \, O
asE; e _(E1,b) ~ «. Thus for E; — E; sufficiently small, I _(Ez, b) <
I _(E1,b) and (4.2) holds.

Now we turn to the proof of Proposition 4.1 in the general case (assuming
H to be aregular SL operator for the rest of this section).

LemmA 4.2. Let up 2 be eigenfunctions of H with eigenvalues E; < Ej. Let ¢
be the number of eigenvaluesof H in(Ey, E2). Then W(uy, u2)(X) has exactly ¢ zeros
in(a,b).
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Proof. Suppose u; is the kth eigenfunction. By Theorem 2.1, u; has k — 1
zerosand up has k+¢ zerosin (a, b). Moreover, ' _(E1,a) =T+(Epz, @), T _(Ez,b) =
M+(Ez,b) sol _(E1,a+e) < T(Ez,a+e), M+(Ez,b—¢€) < T _(Ez,b—¢). Sothe
hare starts dlightly ahead and ends dlightly behind and so it laps one less time
than the difference of the number of zeros, that is, Wo(uy, U2) = ((+1)—1=¢.0

Lemma 4.3. Let E; < E; be eigenvalues of H and suppose [E1, Eo] has ¢
eigenvalues. Then for € > 0 sufficiently small, Wo(v)_ (E1 — €), ¥+(E2 +¢€)) = £.

Remark. Since (Ei,Ez) has ¢ — 2 eigenvalues, Lemma 4.2 says that
W(_(E1), ¥+(E2))(X) has ¢ — 2 zeros in (a,b) and clearly it has zeros at a
and b. Essentialy, Lemma 4.3 says that replacing E; by E; — e and E by Ex + ¢
moves the zeros a a,b inside (a,b) to give / — 2+ 2 =/ zeros.

Proof. Suppose first E; < E,. Compare the tortoises associated to ¢ (E1 — €)
and ¢_(E1). The first starts out at x = a in the same position as the second
(i.e., I _(E1 —¢,@) =T _(Ep,a)), which means it must end slightly behind, that
is, T_(E1 — ¢,b) < I _(E1,b). Similarly, since the faster hare for energy E + ¢
ends up where the hare of energy E, does (i.e, I'+(E2 +¢,b) = +(E, b)), it must
start out dlightly farther back, that is, '(Ex+¢€,8) < I'+(E2,@). Thus W(y—(Ex —
€), Y+(Ex + €))(X) picks up two zeros over the ¢ — 2 that W(y_(E1), ¥+(E2))(X)
has.

If Ep = E; = E, the Iy for ¢.(E + €) starts out dightly behind the one for
1+(E) and ends up dlightly ahead of the ' for ¢_(E — ¢), so there has to be
one crossing, that is, Wo(v—(E — €), Y+(E +¢€)) = 1. O

Lemma 4.4. If E3 < E4 < E and uisany solution of 7u = Eu, then

(4.3) Wo(1— (E3), u) > Wo(1)— (Eg), u).
Smilarly, if Ez3 > E4 > E and uisany solution of 7u = Eu, then (4.3) holds.

Proof. In the first case, think of u as defining a hare and ¢»_(Ej), j = 3,4 as
defining tortoises. The E3 and E,4 tortoises start out at the same place and the E;
tortoise runs “faster” in that it is always ahead after the start. Clearly, the hare
will pass the slower tortoise at least as often as the faster one.

In the second case, there are two hares (defined by v _(Ej), j = 3,4), which
start out at the same place, and one tortoise (defined by u) and it is clear that
the faster hare (given by ¢_(E3)) has to pass the tortoise at least as often as the
slower one. m|

LeEmma 4.5. Lemma 4.4 remainstrueif every ¢_ isreplaced by a ..

Proof. Reflect at some point ¢ € (a,b) implying an interchange of .
and ¥_. O
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Proof of Proposition 4.1. If Ng = 0, there is nothing to prove. If Ng > 1, let
spec(H) N (E1, E2) = {em}mem and let es < e, be the smallest and largest of the
emn'S. Thus, Np is the number of eigenvaluesiin [es, &] and so

No = Wo(1)—(&s — €), 1+ (€ + €))

by Lemma 4.3. By Lemma 4.4,

Wo(¥—-(&s — €), ¥+(&r + €)) < Wo(v—(En), ¥+(er +¢)),
and then by Lemma 4.5, this is no larger than Wy(v_ (E1), ¥+ (E2)). O

5. Strong limits (Ng < Wy in the general case). Using the approach of
Weidmann ([22], chapter 14) to control some limits, we prove Theorem 1.5 in
this section. Fix functions ui,u; € Dioc. Pick ¢y | &, dy T b. Define H, on
L2((cn, dn); r dX) by imposing the following boundary conditions on 7 € D(Hp)

(5.1) W(uz,7)(Cn) = 0 = W(uz, n)(dh).

On L%((a, b); r dx) = L%((a, cn); r dX) ®LZ((Cn, tn); 1 dx) B L((ch, b); r dx) take Hy =
al & Hy @ al with « afixed real constant. Then Weidmann proves:

Lemma 5.1. Suppose that either H islimit point at a or that u; isan ¢ (E, X)
for some E and similarly, that either H islimit point at b or u, isan +.(E’, x) for
some E’. Then H,, converges to H in strong resolvent senseasn — oo.

The idea of Weidmann’s proof is that it suffices to find a core Dy of H such
that for every n € Dg there exists an np € N with n € Dg for n > ng and
Hnn — Hn as n tends to infinity (see [21], theorem 9.16(i)). If H is limit point
at both ends, take n € Do = {u € Dio | supp(u) compact in (a,b)}. Otherwise,
pick U1,U, € D(H) with U, = up, near b and Ui, = 0 near a and with Uy = u; near
a and Uy = 0 near b. Then pick n € Dg + span[Uy, U] which one can show is a
core for H ([22], chapter 14).

Secondly we note:

Lemma 5.2. Let Ay — Ain strong resolvent senseash — oo. Then

(5.2 dimRanPE, £,)(A) < lim dimRanPg, g,)(An).

nN—oo

Proof. Fix m < dimRanPg, g,)(A) with m < co. WE'll prove m < Rrus of
(5.2). Suppose first that (E1, E») aren’t eigenvalues of A. Then by theorem V111.24
of [17], PE,E)(An) — PE.E)(A) strongly as n — oo. Picking orthonormal
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©1,...,m iN RaNPE, g,)(A), we see that

n”_m Tr(PE, E»)(An)) > n”_m > {1, PELE) (An)pj) = m
as required.

If E1 are arbitrary, we can always find a 6 > 0 such that E; + §,E; — 6 are
not eigenvalues of A and such that dimRanPg, +5g,—5(A) > m. Thus,

lim dimRanP, g,)(An) > lim dimRan P, +sg,—6)(An) = M. O

nN—oo nN—oo

Proof of Theorem 15. Let ¢, | a, dy T b and H, be as in Lemmg 51
with o ¢ [Ey, Ez]. Proposition 4.1 implies Wo(ug, u2) > dimRanPg, g,)(Hn) =
dimRan P, g,)(Hn) since a ¢ [Ey, E>]. Thus by Lemmas 5.1 and 5.2,

Wo(uz, Up) > dimRanP, ,)(H)
as was to be proven. O

6. A variational argument (Ng > Wp). In this section, we'll prove The-
orem 1.6. Let E; < Ep. Suppose first that u; = _(E;) and up = 9+(Ep). Let
X1,...,Xm be zeros of W(ug,up)(x). We'll prove that dimPg, g,)(H) > m. If
Wo(uyg, U2) = m, this proves (1.8). If Wy = oo, we can take m arbitrarily large, and
again (1.8) holds. Define

o ) w(¥), X< K ,
m(x)_{ u(X), X=X t=i=m

where +; is defined such that n; € D(H) by Proposition 3.1. Let

= N u1(x), X <X i<
" {—WJUz(x), X>% ' l<j=m

If E; is an eigenvalue of H, we define in addition 79 = U, = —17jp, Xo = a and if
E, is an eigenvalue of H, nme1 = Ut = A1, Xmet = b

Lemma 6.1 (mj,m) = (7, 7x) for all j,k where (-, -) is the L?((a, b); r dx)
inner product.

Proof. Let j < k. This just says that f;j‘k ur(X)u2(X)r(x) dx = 0. But by (2.1),

this integral is (Ex — E2) {[W(uz, U2)(X) — W(uz, Up)(%)] = 0 since W(uy, Up)( -)
vanishes at x, respectively in the limit (if x, = a,b) by Proposition 1.1. O
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Notice that by (3.2),

E, +E; E, — E;
(6.) (-2 )n= (25w

This result and Lemma 6.1 imply

Lemma 6.2. If nisinthe span of the 7, then

(425|255

Thus, dimRanPg, g,1(H) > dim(span({7;})). But u; and u, are independent
on each interval (since their Wronskian is nonconstant) and so the n; are linearly
independent. This proves Theorem 1.6 in the ¢_(E1), v¥+(E2) case.

The case up = ¥_(E1), up = 9¢_(E) is similar. We define

A < X .
nj(x):{ g,l(x) YuU2(X), igz C1<j<m

and

Ui(X) + yju2(x), X <X .
m()‘{ ,1() el x>x ' 1si<m

If E; is an eigenvalue of H, we define in addition ng = u; = —17jo, X0 = b and if
E, is an eigenvalue of H, nmi1 = U1 = fime1, Xme1 = b. Again, n;’s are linearly
independent by considering their supports. To prove the analog of Lemma 6.1,
we need

X
/ U (XU (X)r(x) dx = 0.

a

But by (2.1), thisintegral is

L[IQ (Ex — E2) ™ {W(uy, up)(%)) — W(uy, u)(c)].

By hypothesis, W(uy, U2)(x) = 0 and since u; and u, satisfy the boundary condi-
tion at a, W(uy, u2)(c) — 0 asc | a by Proposition 1.1. The cases u; = ¥+(Ey),
U, = ¢+ (E») can be obtained by reflection.

7. Extensions, comments, and examples. The following includes Theo-
rem 1.7
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THEOREM 7.1. LetE; 7 Ex. LetTuj = juj,j = 1,2, 7v2 = Exvo withup linearly
independent of v,. Then the zeros of W(uy, Uy) interlace the zeros of W(u1, v») and
vice versa (inthe sensethat there is exactly one zero of one function in between two
zeros of the other). In particular, |Wo(uz, u2) — Wo(ug, v2)| < 1.

Proof. We'll suppose E; < Ez. A similar argument works if E; < Ej. In
the language of Section 4, Iy, represents the tortoise and IM,, 'y, are two hares.
Since W(up, v») is a nonzero constant, one hare always stays ahead of the other.
It follows that if the hare Iy, crosses the tortoise My, af X1 and X, X1 < Xg, the
hare Iy, must cross it at some point in (X1, X2). O

By applying this theorem twice, we conclude

THEOREM 7.2. Let E; # Eo. Let ug, Up, v1, V2 be the linearly independent func-
tionswith 7u; = Ejuj and 7v; = Ejv;. Then

|Wo(uy, u2) — Wo(vy,Vv2)| < 2.

THeorem 7.3. If dimRan P, g,)(H) = oo, then Wop(uy, Up) = oo for any u;
and up satisfying 7y, = Ejuj, j = 1, 2.

Proof. Firstly, if Wo(u1,uz) = oo for one pair up» this is true for any pair
by Theorem 7.2. Secondly, pick u; 2 such that the operator Hy of Lemma 5.1
converges to H in a strong resolvent sense as n — oo. Hence by Theorem 1.3
(applied to A, defined before Lemma 5.1) and Lemma 5.2 the number of zeros
of the Wronskian in (c,, dn) must go to infinity asn — ooc. m]

Example 1. Let ustake p =r = 1, q = 0 with [a,b] = [0, 1] and Neumann
boundary conditions W'(0) = U'(1) = 0. Let E; = —k2, E; = k3, and uy(X) =
_(E1,X), Ua(X) = 19— (E2,X). Then u(X) = cosh (k1X), u2(X) = cos(kzx), and

W(u1, Up)(X) = —ko cosh (k1X) sin(koX) — ki sinh (k1x) cos(kz>X)

has no zero in [0, 1] if 0 < kg, 0 < kz < 5. Thus, while No = 1, Wp = 0, so we
see that Wp = Np — 1, that is, (1.7) in Theorem 1.4 can happen if the boundary
conditions hold on the same side (note that the problem is limit circleat b = 1
as it must be, given Theorem 1.4). This result is not surprising since W(uy, Uy)
contains no information about the boundary condition at b.

Example 2. Againp=r =1, g=0. Take [a,b] =[ — 1,1]. Consider the two
sets of boundary conditions

(B1) u(£1)=0,
(B2)  u(+1)=+u(+1),
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with corresponding operators Hy and H». The lowest eigenvalue of Hi is %WZ. Hy
has 0 as an eigenvalue with eigenvector o(x) = x. Ho has the lowest eigenvalue
at o where o satisfies /—a tanhy/—a =1 (i.e, a ~ —1.44). Let E; = -2,
E, = 0.5, and —ujf’ = Bu;, —vj” = gy, j = 1,2, with up(1) = v4(—1) = 0 and
v2(1) — v5(1) = uy(0) + U} (0) = 0. Since H has two eigenvalues in (Ey, Ez) and
H1 has none, we see by Theorem 1.3 that Wp(v1, u2) = 0, Wp(ug,Vv2) = 2, and
thus any of 0, &1, +2 can occur in Theorem 7.2.

THEOREM 7.4. Let By < BEx. Let Tuj = Bjuj, j =1, 2. If a < xg < X1 < bare
zeros of ug or of W(uz, up)(+), then the number of zeros of u, inside (g, X1) equals
the number of zeros of W(uy, uz)(+) inside (xo, X1) plus the number of zeros of u;
inside (Xo, X1) plus one.

Proof. Let Iy, be the tortoise and Iy, the hare. 'y, starts out ahead or equal
and the number of times I'y, laps (inside (Xo, X1)) is equal to Wp(ug, Uup). Since
My, ends up slightly ahead (i.e., I'y,(E2, b —€) > Iy, (E1,b — €)), the number of
zeros of U, equals the number of laps plus the number of zeros of u; plus one. O

The following result is of specia interest in connection with the problem of
whether the total number of eigenvalues of H in one of its essential spectral gaps
isfinite or infinite. In particular, the energies E;, E; in Theorem 7.5 below may lie
in the essential spectrum of H. For this purpose we consider an auxiliary Dirichlet
operator H2 , xo € (a, b) associated with H. Hg is obtained by taking the direct
sum of the restrictions H}?O’i of H to (a, xg), respectively (xo, b), with a Dirichlet
boundary condition at xg. We emphasize that the Dirichlet boundary conditions
can be replaced by boundary conditions of the type lim, o [U'(Xo£€)+/u(Xo£e)] =
0, BeR

THEOREM 7.5. Let E; < Ep. Let 7y = Ejuj, 7§ = Ejs, and s(Ej, %) = 0,
j = 1,2. Then we have
(i) dimRanPgE, g,)(H) < oo ifandonlyif Wp(ug,uz) < oo.

(i) dimRanPg,gy(H) — 1 < dimRanP, g, (H2) < dimRanPg, g, (H)
+2.

(III) WO(S]_, Sz) -1 S dimRan P(El,Ez)(H)I?O) S WO(S]_, Sz) +1.
Proof. Items (ii), (iii), and Theorem 7.2 imply (i). If the essentia spectrum of
H and (E1, E2) are not digjoint, (ii) is clear. Otherwise, if the essential spectrum of
H and (E, E) are digoint, a standard rank-one perturbation argument, combined

with the strict monotonicity of the Green’s function G(E, Xo, Xo) of H with respect
to E in essential spectral gaps of H, applies. For (iii) it suffices to prove

Wo,+ (1, %) < dimRanPe, £,)(HL 1) < Woi(s1, %) + 1,

where Wo +(S1, S2) abbreviates the number of zeros of the Wronskian W(ss, )
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inside (xo, b), respectively (a, Xp). But this is immediate from Theorems 1.5 and
1.6. ]

Next we want to see how Theorem 1.2 (and hence Hartman’'s theorem [10])
follows from Theorem 1.4. We start by assuming 7 to be oscillatory at E; near
b. By Theorem 1.4, Wp(uz, U2) = Ng since H in Theorem 1.2 is assumed to be
limit point a b, so we need only show that Wp(uz,u2) = lim N(c) in order to

ctb
prove (1.5a). Suppose first that Wp(uz, Uz) = m < oo. Since; is non-oscillatory
at E> near a we can pick xg such that u, and W(uy, up) have no zeros in (a, Xg].
Hence we can assume without loss of generality that 6,,(Xo) = 6o € (0, 7) and
Ou,(X0) € (0o, 7). Let xm be the last zero of W(ug, u2)(X) (set m = 0 and skip
equation (7.1) if there are no zeros). At Xm,

(7.1) O, (Xm) = Oy, (Xm) + mm
and then
(7.2 Mu,(Xm +€) > Ty, (Xm + €).

Let Ny (X) be the number of zeros of u;, j = 1,2 in (a,X). By (7.1) and Proposi-
tion 3.3,

Nu, (%m) = Ny, (Xm) + m.

As X increases, (7.2) says that the next zero is of u, and then since W has no
zeros, zeros of up and up must aternate. So for ¢ > Xm, N(C) = Ny,(c) — Ny, (c)
aternates between m and m+ 1 and since 7 is assumed to be oscillatory at E;
near b, we immediately get imN(c) = m.
ctb
If Wo(uz, Up) = oo, let mebe the mth zero. Then (7.1) and (7.2) still hold so
N(Xm) = m. Since u, has zeros between any pair of zeros of u;, N(xX) > m for

any X > Xm, S0 limN(x) = oo, as required.
ctb

If 7is non—oTsciIIatory at E near b, we first assume that E; > are not eigen-
values. We need to show that the hare ends up further along than the tortoise.
Without loss of generality we assume uy 2(X) > O for x near b and claim in addi-
tion that usup is not Ly near b. If u; < up or U < up eventualy near b, we are
done since Uyl > U3 or UyUp > U3 for X near b and uj ¢ L2 near b. In fact, by
hypothesis, u; € L2 near a and since E; are not eigenvalues and T is limit point
a b, uj cannot be L2 near b. Otherwise we can find two points X and x; close
to b such that W(uy, uz)(X%o) > 0 and W(uz, u2)(x1) < O, contradicting (2.1). But
Uiz not Ly near b together with (2.1) implies that u,/u; > uj/up for x near b
which, by monotonicity of cot(-), yields that the hare ends up ahead.
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It remains to treat the case where E; » could be eigenvalues. Choose E' < E”
with u(E’) (resp. u(E”)) equal to 1_(E’) (resp. v»_(E")) the corresponding wave
functions. Next, choosing E’ below the spectrum of H (implying that u(E’) has
no zeros by Corollary 2.4) shows that the number of zeros of u(E”) equals
the number of eigenvalues below E” (compare Corollary 2.4), that is, equals
dimRanP_..en(H) if E” is not an eigenvalue. Theorem 2.1 then covers the
case where E” is an eigenvalue. Applying thisto E” = E; and E” = E, proves
(1.5b) since

dimRanP_ ., g (H) — dimRanP_ g (H) = dimRanPgs gy (H).

Finally, we want to consider the relation to the density of states. Given an
SL operator H, let HE_) be the operator on [ — L,L] with Dirichlet boundary
conditions. If the limit exists, we define the integrated density of states (ids),
k(E), by the limit:

k(E) = lim (L)t dimRan P(_oc £)(HE))-

THEOREM 7.6. Suppose H is such that the ids exists for all E. Let E; < Ez
and suppose 7u = Equ, 7v = Epv. Let W) be the number of zeros of W(uy, up) in
[ = L,L]. Then

Jim (2L) W = K(E2) — k(Ey).

Proof. By Theorem 7.2 and Theorem 1.3, |Wq) —dimRan P(El,Ez)(HE_))| <2,
so the result follows from

LIim (2L)~tdimRanP(g, £,)(H)) = k(E2) — K(Ey). O

Acknowledgments. F. G. is indebted to the Department of Mathematics at
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Appendix: Associated quadratic forms The purpose of this appendix is
to clarify some form domain questions which arise due to our general conditions
on the local behavior onr,p, and g in (1.1).

WE'Il consider regular SL operators and hence assume (a,b) C R to be a
finite interval with

(A1) r,p t,qeLl((ab)) red-vauedandr,p> 0 ae. on (a,b).
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Next, define in L?((a, b); rdx) the following linear operators

(H2 5W)(¥) = —r()~(pEIU' (X)),
D(Hgﬁ) ={ue L?(a,b);rdx) | u,pu’ € AC([a,b]),r 1(pu’) € L%((a, b);r dx),

(pu')(@) + au(a) = (pu')(b) + Su(b) = 0},
a, € RU{oo}

(here a = oo denotes a Dirichlet boundary condition u(a) = 0 and similarly at b),

Swpu=su,  (su)(x) = (pY/rNYA(®), a,f € {0,00},
D(S.5) = {u € L%((a,b);r dX) | u € AC([a,b]),su € L%((a,b); r dx),
u@ =0if a =00, ulb) =0if g =00},
S pu=su,  (STWE) = —r)H(PEIr() Y2, B € {0,00},
D(S;, 5) = {u € L%((a,b);rdx) | (pr)*2u e AC([a,b]),s"u € L%((a,b); r dX),
((pr)2u)@) = 0if a =0,
((pr)2u)(b) = 0 if 5 =0},

and the form

Ras(UV) = (Sugt SusV), DR ) = D(Shs)s a8 € {000}
((-,-) the scalar product in L2((a, b); r dx)).

Lemma AL (i) Sup = (S, 5) and S} ; =S ; for al o, 8 € {0, 00},
(i) Hg,g =S sShp b E {0, 00}.

Proof. Define

K:L%(ab);rdx) — D(Sxo)  K*:L%(ab);rdx) — D(S,,)
g/ COIOie ©og- (pf)(X)*l/Zg ay)r(y)dy

A straightforward cal culation verifies (K g)(a) = 0, sK g = g and ((pr)Y/?K* g)(a) =
0, s'’K*g=g.

Weonly show S, ; = S 5, thecase(S; 45)* = S, 5 being analogous. Moreover,
since Sx00 € Sy g implies S, ; C S, we only concentrate on proving S , =
S oo the rest following from an additional integration by parts.

An integration by parts proves S, C S .. Conversely, let f € D(S;, )

and set g =K*'S{_ f. Then

b b
/(f_— 9)(Swo,cch)r dx = /(Skoomf_— s'g)hrdx=0
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for al h € D(Sx,). Thus, Ran(Sx ) is a subset of the kernel of the linear
functional k — (f —g,k). But Ran(Sy ) = {(pr)~Y2}+ (since g € Ran(Sy )
is equivalent to (Kg)(b) = 0) and hence f = g+ c(pr)~Y/2 € D(S}, ,.) for some
constant ¢ proving St ., C S ., and hence (i).

By inspection, we obtaln D(S* 5S8) = {U € D(Sup) | Supu € D(S) p)} =
D(H ) since pu e AC([a, b]) implies (p/r)Y2u = (pr)~Y2(pu’) € L((a, b); r dx)
and S}, ;S,5u=H ﬂu This fact together with (i) proves (ii). O

Furthermore, we introduce the forms

b
Qq/e(Uv) = [ 40Ir (= UG v (Jr ) dx,
D(Qqr) = {u € L¥((a,b);r dxX) | (a/r)?u € L2((a, b); r dx)},

and
Go,3(UV) = BUB) V(D) — &UR)V(a), D(da,s) = AC([a,b]),
(g SSn. Bl Lol aserufx)
Finally, we set
Q=R *das D) =D(S;5).
a={ o 0S5, B={ o GEX. apeRru{x)
and

(A2)  Qus=Qs*+Qyr D(Qap)= D(S; ), apfeRU{co}

Lemma A.2. (i) Qqup is infinitesimally form bounded with respect to ngo.
(ii) Qqyr isrelatively form compact with respect to Qaﬁ, a,f € RU{oo}.

Proof. (i) Since for arbitrary ¢ € [a,b] and u € D(S)),

X b
U2 = ug? - 2 [ uod O o] < U + [ Juous(o] ot
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one infers (after integrating from a to b) for any ¢ > 0,

u®)|

(1)/2)1/2 (ep(t)/2)"/2|u/ (t)| it

(A3 Ul < b-a i3+ 2/(p

2 €
< (b—a)H|ui3 + / (2B05+ Spoli) o

Since 0 < p~t € LY((a, b)), we can find a é(e) such that [ p(t) *dt < § with
Is(e)
ls = {x€ (@b) | p(X) < d(e)}. Thus,

b
u())[? IU(t)I2 u®Z . e,
a/ o) ™ ‘/ / A= I+ s Ul

s(e) ab)\ls()

and one obtains from (A.3),
(A4) lull3, < 2[(b— @)~ +2(e6(e)) T ull3 + QB o(u ),
completing the proof of (i).

(i) Let G2 5(zxy) denote the Green’s function of Haﬁ, a,f € RU{oc},
that is,

b
(Ho5 — 2 W) = / Gos@x ur(v)dy, zeC\R.

Then |q/r|Y/2(HS ; — 27 a/r|*? € Ba(L*((a, b); r dx)) (B2(-) the set of Hilbert-
Schmidt operators) since

lla/r[3(H 5 — 2~ Ha/r|*2)3

bb
[] 5 192 ax P rearcnoxay
b

IN

M@ [ a9/ o]

using the fact that |Ggﬁ(z, -,-)| is bounded on (a, b) x (a, b). m|

Thus the forms Q, 3 in (A.2) are densely defined, closed, and bounded from
below ([12], section VI.1). We denote by H, s the uniquely associated self-
adjoint operators bounded from below guaranteed by the kLmN theorem ([12],
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theorem VI.2.1; [16], theorem X.17). The following theorem identifies H, g as
the usual regular SL operators (with separated boundary conditions).

THeEOREM A.3. H,, g associated with Q, 3 is given by

(A.5) (Ha,sW)(¥) = 1)1 — (pOYU' (X)) + q(x)u(x)],
D(Ha ) = {u € L((a,b);r dx) | u,pu’ € AC([a, b)),
r=1(— (pu') +qu) € L*((a, b); r dx),
(pu)(@) + au(a) = (pu’)(b) + Su(b) = 0},
a,f € RU{oc}.

Proof. It suffices to consider the Dirichlet case « = 3 = oo, the other cases
being similar. Dencte by ﬁoo,oo the operator defined in (A.5) for a = 5 = o0 and
by Heo, o the unique operator associated with Q. . Choose U € D(Q,0) and
V € D(Hoo.50). Then an integration by parts yields

Qoo,oo(uyv) = <U, ﬁoo,oov>-

Thus Hog 50 € Heo.no by Corollary VI1.2.4 of [12] and hence Hog o = Hoo 00 SINCE

~

Hoo oo IS self-adjoint. O

Remark. It follows from the above theorem that for arbitrary SL operators H
(not necessarily regular), elements u € L2((a, b); r dx) which satisfy

(A.6) ue ACuc((a b)), (p/r)?u e LE((a b);r dx)

and which are in the domain of H near a and b, are in the form domain of H.
Moreover, let u(x),v(x) be asin (A.6) and in D(H) for x < ¢ and x > d, then

(A7) Qu(uyv) = / u(x) (rv)(x) dx + u(d) (pv')(d) — u(c) (pv')(c)
(ab)\(c.d)

d
{/m&ﬂwww+mwmﬁwwnm.

In fact, take u as in (A.6) and in D(H) for x < ¢ and X > d. Consider
the operator Ha,ﬁ associated with = and boundary conditions induced by u on
the finite interval (c,d) (cf. (5.1)). Since u [a)€ D(Qa,g) (Qaﬂ the form of
H,5), we can pick a sequence Uy in D(H, ) such that |[Un — U [cg) ]2 —
0 and ((Tih — Un), Fa3(h — Um)) — O (implying [[th — U Ica) [lo — O by
(A.4) and Lemma A.2). Extend Uy to a function u, on (a,b) by patching it
with u such that u, € D(H) (which is possible since u and Uy, satisfy the same
boundary conditions at ¢ and d). By construction, uy, satisfies ||u, — ul| — 0 and
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((Un — Um), H(Un — Um)) — 0 and hence is in the form domain of H. This proves
(A.6) and an integration by parts then proves (A.7).
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