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1. Introduction

In this paper, we will primarily discuss one-dimensional discrete
Schrédinger operators

(hu)(n) =u(n+1) +u(n — 1) + V(n)u(n) (1.1D)

on (*(Z) (and the half-line problem, 4., on *({n € Z|n > 0}) =
£2(Z)) with u(0) = 0 boundary conditions. We will also discuss the
continuum analog

(Hu)(x) = —u" (x) + V(x)u(x) (1.1C)

on L*(R) (and its half-line problem, H,, on L*(0,00) with u(0) = 0
boundary conditions).

We will focus on a new approach to the absolutely continuous
spectrum o,.(4) and, more generally, Z,.(4), the essential support of
the a.c. part of the spectral measures.

What is new in our approach is that it relies on estimates on the
transfer matrix, that is, the 2 x 2 matrix 7g(n,m) which takes
<u(m—|—1)) <u(n+1)

to
u(m) u(n)
uum case use (Z((;C) ) instead of (M(Z(;t)l) )). We let Tx(n) = Tg(n,0).

For example, we will prove the following:

) for solutions u of hu = Eu (in the contin-
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Theorem 1.1. Let b, be the operator (1.1D) on ¢*({n € Z|n > 0}) with
u(0) = 0 boundary conditions. Let

1
S—{E h_mZnZ;HTE(n)||2<oo} .

L—oo
Then S is an essential support of the a.c. part of the spectral measure
for hy (i.e., S =2y (h)) and S has zero measure with respect to the
singular part of the spectral measure.

The behavior of the transfer matrix is a reflection of the behavior
of eigenfunctions since 7 is built out of eigenfunctions. Indeed, if u
and w are any two linearly independent solutions of Au = Eu nor-
malized at 0, then 155 ||7(n)||* and L S50 [[u(n))? + [w(n)[] are
comparable and so Theorem 1.1 relates the a.c. spectrum to the be-
havior of eigenfunctions.

That there is a connection between eigenfunctions and a.c. spec-
trum is not new. Gilbert-Pearson [15] related a.c. spectrum to sub-
ordinate solutions. Typical is the following (actually due to [26]; see
also [23, 24]): Call a solution u of hu = Eu subordinate if and only if
for any linearly independent solution w,

> utwf / > tn)f —0 (12

as L — oo. Let

So = {E|there is no subordinate solution} .

Then S is an essential support of the a.c. part of the spectral measure
for i, and Sj has zero measure with respect to the singular part of the
spectral measure.

The Gilbert-Pearson theory provides one-half of the proof of
Theorem 1.1. Indeed, we will show that S C Sy. The other direction
is intimately related to some new eigenfunction estimates which we
discuss in Section 2. Its relation to the theory of Browder, Berezinski,
Garding, Gel’fand, and Kac is discussed in the appendix.

Related to Theorem 1.1 is the following, which also relies on the
eigenfunction estimate of Section 2:

Theorem 1.2. Let hy be as in Theorem 1.1. Let m;, k; be arbitrary
sequences in {n € Z | n > 0} and let

Slz{E

lim || 7 (m;, k;)|| < OO} :

J—00
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Then S| supports the a.c. part of the spectral measure for h, in that
pac(IR\Sl) =0.

These two theorems allow us to recover virtually all the major
abstract results proven in the past fifteen years on the a.c. spectrum
for ergodic Schrodinger operators with the exception of Kotani’s
results [30, 32] on {E|y(E) = 0}. More significantly, they establish
new results and settle an important open problem. Among the
results recovered via a new proof are the Ishii-Pastur theorem
[21, 38], Kotani’s support theorem [31], and the results of Simon-
Spencer [46].

In a companion paper with A. Kiselev [29], we will use Theorems
1.1, 1.2 and Theorem 1.3 below to analyze, recover, and extend re-
sults on decaying random potentials [44, 12, 11], sparse potentials
[39, 40], and n~*(1 > & > 3) potentials [28].

Theorem 1.1 and Fatou’s lemma immediately imply that if Q is
any subset of IR and

sup/||TE(n)||2dE< 00 (1.3)
o

then Q lies in the essential support of dp,. (for Fatou’s lemma and
(1.3) show for a.e. E € Q we have that lim1 32 || 7x(n)||*> < o0) but
(1.3) does not seem to eliminate the possibility of singular spectrum
on QO (on the set of Lebesgue measure zero where Fatou does not
apply). In this regard, the following result, which is an extension of
ideas of Carmona [4], is of interest:

Theorem 1.3. Suppose that

b
lim [ [ 7e(n)|l” dE < o

n—oo
a

for some p > 2. Then the spectrum is purely absolutely continuous on
(a,b).

It is interesting to compare Theorems 1.2 and 1.3. A priori,
one might think there could be potentials so there exist
np <myp <ny<mpy<--- (with the m; —n; and njy; —m; growing
very rapidly) so that 7y (n) is bounded at the m; and unbounded at the
n;. While this could happen at a single £, by these two theorems it
cannot happen for all £ in (a, b).
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To describe our most important new result, we define

Definition. Let V, W be bounded functions on {n € Z|n > 0}. We say
that W is a right limit of V' if and only if there exist nj — oo so that
V(n+n;) — W(n) as j — oo for each fixed n > 0.

Then we will prove from Theorem 1.1 and the eigenfunction
expansion results of Section 2 that

Theorem 1.4. If W is a right limit of V and h., h., are the half-line
Schrodinger — operators — associated to W,V respectively, then
Zac(th) C Zzlc(h+)-

Remark. This result is particularly interesting because it is easy to see
that ess(h1) C 0ess(h4) With the inclusion in the opposite direction.
Our proof of Theorem 1.4 depends on the shift to transfer ma-
trices rather than eigenfunctions.
This theorem will have an important corollary:

Theorem 1.5. Let W be an almost periodic function on Z (resp. R). Let
h (resp. H) be the full-line operator given by (1.1). For each W,, in the
hull of W, let h, (resp. H,,) be the corresponding operator. Then the a.c.
spectrum, indeed the essential support of the a.c. spectrum, of hg, is
independent of .

Remarks. 1. The result holds more generally than almost periodic
potentials. It suffices that the underlying process be minimally ergodic.

2. We will also recover the Deift-Simon [10] result that the mul-
tiplicity of the a.c. spectrum is 2.

3. Following Pastur [38] and others (see [5, 7]), it is known that the
spectrum and its components are a.e. constant on the hull. In 1982,
Avron-Simon [2] proved that the spectrum is everywhere constant
rather than a.e. constant in the almost periodic case. Theorem 1.5 has
been believed for a long time, but this is its first proof. It is known
(see Jitomirskaya-Simon [25]) that the s.c. and p.p. components need
not be everywhere constant.

In this paper, we will also obtain rigorous spectral results on the
operator iy where V(n) = Lcos(n?), and 1 < f8is not an integer.

Theorem 1.5 is reminiscent of the invariance of the a.c. spectrum
under rank one perturbations for all couplings. This is no coinci-
dence. In our development of Theorems 1.1-1.2, what distinguishes
a.c. spectrum from non-a.c. spectrum is its invariance under boun-
dary conditions.
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While the main focus of this paper is on the a.c. spectrum and
transfer matrices, we will say something about point spectrum also.
In this introduction, we will focus on the discrete case with V
bounded. In [47], using constancy of the Wronskian, Simon-Stolz
proved

Theorem 1.6 ([47]). If S°°, ||Tz(n)|| > = oo, then hu = Eu has no so-
lution which is L* at infinity.

As we will see in Section §, it can happen that
S ||Te(n)||* < oo without there being a solution L? at infinity;
indeed, without there even being a bounded solution, but

00 -2 .
>t ITe(n)||”" < oo has one important consequence. Call a solu-
tion u of hu = Eu strongly subordinate if for any linearly independent
solution w we have that

u(n)* +u(n + 1) /[w(n)* +w(n +1)*] =0

as n — oo. It is easy to see that any strongly subordinate solution is
subordinate. We will prove that

Theorem 1.7. If V is bounded and ), | | Te(n)|| "> < oo, then there is a
strongly subordinate solution of hu = Eu. This solution, u.., obeys the
estimate

2 -2 71'_2 1 2
OO < 7)1+ 5 1P (Y- )

m=n HTE(

In particular, if

S {1 } <o

n=1
then hu = Eu has an L* solution.

Theorem 1.7 is essentially an abstraction of a well-known argu-
ment of Ruelle [41]. We will use it in [29, 36] to prove point spectrum
in certain models, including new and simplified proofs of the results
of Simon [44] and some of the results of Gordon [17].

The plan of this paper is as follows. In Section 2 we develop
eigenfunction estimates. Their relation to the BGK eigenfunction
expansions is discussed in the appendix which includes higher-di-
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mensional results. In Section 3 we use the results of Section 2 and the
Gilbert-Pearson theory to prove Theorems 1.1 and 1.2 and we will
use Carmona’s formula to prove Theorem 1.3. In Section 4 we re-
cover and extend the Simon-Spencer [46] results. In Section 5 we
prove Theorem 1.4 and in Section 6 we prove Theorem 1.5 and some
other consequences of Theorem 1.4, including the Kotani support
theorem. In Section 7 we discuss Acos(n?). In Section 8 we prove
Theorems 1.7 and 1.8.

We would like to thank Bert Hof and Svetlana Jitomirskaya for
useful discussions. B.S. would like to thank M. Ben-Artzi for the hos-
pitality of the Hebrew University where some of this work was done.

2. Eigenfunction estimates

We consider half-line problems in this section. In the discrete case for
fixed ¥ (n) and z € C, define up(n), uy(n) to be the solution of hu = zu
(h given by (1.1D)) with boundary conditions

up(0) =0 up(l) =1
Z/IN(O) =1 l/lN(l) =0.

We will use X to denote D or N in formulas where either is valid, and
Y for the opposite condition.

In the continuum case, up,uy obey Hu = zu (H given by (1.1C))
with boundary conditions

up(0) =0 1,(0)

1
uy(0) =1 uy(0) =0 .

Of course, u is z-dependent and we will sometimes use u(-;z). It is
standard that u(n;z), u(x;z), and /(x;z) are entire functions of z for
real x, n.

The solutions u are related to the transfer matrix by

. uN(n+1) MD(I’Z+1)
Tg(n) = ( uy (n) up(n) ) (2.1D)
in the discrete case and
_ [ un(x) up(x)
Tg(x) = (uN(x) uD(x)> (2.1C)

in the continuum case.
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For z € €, = {z | Imz > 0}, there is a unique solution L? at +oo
(for arbitrary ¥ in the discrete case and for V' which is limit point at
infinity in the continuum case). Both it and its derivative (in the
continuum case) are everywhere non-vanishing. In the continuum
case, we denote the solution by ¢ (x; z) if normalized by ¢ (0;z) = 1
and ¢%(x;z) if normalized by (¢V)'(0;z) = —1, and in the discrete
case ¢2(0;z) = 1, ¢ (1;z) = —1. This normalization is chosen so that
the Wronskian of ¢¥ and uy is +1.

The m-functions are defined by

@1 (+52) = Huy(-32) + my(2)ux(-3z2) (2.2)

where we take the plus sign in case X = D and minus in case X = N.
(Noting that the Wronskian of ¢f and ¢! is zero, we see that
my(z)my(z) = —1.)

It is well known (see, e.g., [5, 27]) that the m-functions are Herglotz
(i.e., analytic with Imm > 0 on €, ) and that the measures

dp* (E) = lim D im my (E + i€) dE (2.3)

el0 TT

are spectral measures for the operator Hy (h or H with appropriate
boundary conditions; i.e., in the continuum case Hp y are defined on
L?(0, 00) with u(0) or «'(0) boundary conditions, and in the discrete
case Hp (resp. Hy) is defined on ¢*(Z.) (resp. £>({2,3,...,})) with
u(0) = 0 (resp. u(1) = 0) boundary conditions). That is, Hy is unit-
arily equivalent to multiplication by E on L*>(RR, dp* (E)). Note that in
(2.3) (and similarly (2.8) below), the limit is intended in the weak
sense, that is, holds when smeared in £ with continuous functions of
compact support.

In the discrete case and in the continuum case with X = N, we
have

dp*(E)
[+ ] (2.4a)
and
my(z) = / dg—_@ : (2.4b)

In the continuum case with X = D, we only have
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D
/dE'O2 —1(—E1) < 0o (2.5a)

and a Herglotz representation

mp(z) = ap + / (E 1_ i fE2> dpP(E) (2.5b)

for a suitable real constant a.
We are heading toward a proof of the following theorems:

Theorem 2.1D. In the discrete case, for any V and n,

/ ux(m; E)P dp* (B) =1 . (2.6D)

Theorem 2.1C. In the continuum case for any V > 0 and all x,

a2
/|MX(X7E)| de(E) <

o (15 ¢ 2) (2.6C(a))

| =

where F correspond to X = D/N. Moreover, for a universal constant C,
we have that for all x

x+1 | 4 .
/ L |(2Xiy11;)l2dy] dp¥(E)< C . (2.6C(b))

Remarks. 1. In (2.6C(b)), if x < 1, interpret x — 1 as 0.

2. Obviously, ¥ >0 can be replaced by V > ¢ for any c¢ if
(E+1)"" in (2.6C) is replaced by (E — ¢+ 1)_1. The proof shows
that as long as —V < a(—A) + f for some « < I, estimates similar
to (2.6C) hold (with (E + 1) replaced by (E + ||+ (1 —o)~") and
the 1 (resp. 1) in the inequality replaced by 1(1—a)~' (resp.
(1— oc)_l). Thus, the result allows any ¥ whose negative part is
uniformly locally L!.

As a preliminary we note that

Lemma 2.2. (a) |m(E +ie)| — 0 as € | 0 uniformly for E in compact
subsets of R. (b) e|[Re m(E + i€)| — 0 as e | 0 and is uniformly bounded
for E in compacts.
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Proof. (a) is a direct consequence of (2.4/2.5). (b) follows from those
formulas and the dominated convergence theorem. O

The resolvent, (Hy —z)*l, of the operator Hy has a continuous
integral kernel (in the continuum case). In general, this kernel
Gx(x,y;z) has the form

Gx(x,y;z) = ”X(x<§Z)(P{(x>§Z) (2.7)

where x. = min(x,y), x> = max(x,y). This formula is easy to verify
and shows that G is continuous.

Theorem 2.3.
1
lim —Im Gy (x, x; E + i€) dE = [ux (x, E) dpX(E) .  (2.8)

Proof. By (2.7) and (2.2),
Gy (x,x; E + 1€) = Fuy(x, E + i€)ux (x; E + ie)
+ my (E +i€)uy (x; E + ie)* .

Since uyy are entire and real for z real, we have that
lim o Im uy (x, E 4 i€)uy (x, E +ie) = 0. Similarly, ux(x; E 4 ie)” =
ux (x; E)* + iea(x; E) + O(€?) where u3 and a(x) are real. Thus,

Im{my(E + ie)ux (v; E + ie)?] = [ + 2]+ [3]

with
= uy (x; E)’Im my (E + ie) — mluy (x, E)|* dp* (E)

by (2.3) and
=ea(x;E)Re m(E +1i¢) — 0

by Lemma 2.2(b) and

— Im[O()m(E + i€)] — 0
by Lemma 2.2(a). Thus, (2.8) is proven. O
Remarks. 1. (2.8) is essentially a version of the spectral theorem. We

will discuss this further in the appendix.
2. The same method shows more generally that
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1
lilrg; Gy (x,; E +i€) = ux(x, E)ux (v, E) dp* (E) . (2.8)

3. (2.8/2.8") are not new; they are implicit, for example, in Section
I1.3 of Levitan-Sargsjan [37].

Proof of Theorem 2.1D. (2.8) says that £u|2 dp is the spectral measure
for Hy with vector 8,. Thus, [|u(n;E)|"dp*(E) = (6,,0,) =1. O

Proof of Theorem 2.1C. Gp(x,x;z) is analytic in €\[0, co) and goes to
zero as |z| — oo. It follows that

ju(x, E)[* dp* (E)
E+1

But since V > 0, (Hy + 1)*1 < (H)((O) + 1)*1 where H)((O) is the opera-
tor when ¥V = 0. Thus,

by the method of images formulas for G(%). This proves (2.6C(a)).

To prove (2.6C(b)) where x > 2, pick g a C*> function with
0<g<1, g supported on [-2,2], and g=1 on [-1,1]. Let
() =gy —x). Then

7l(u’)2dy S/fz(u’fdy

x—1
— [ ruruay = [0
~[rE-rars [ a

x+2

c(1+ &) / Py

x—2

Thus, (2.6(b)) for x > 2 follows from (2.6(a)).

A similar calculation works for x = 1. Explicitly, pick f which is
supported on [0,3) and f =1 on [0,2]. Because u(0)u'(0) =0, the
above calculations still show that
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; 1
[y Pay< [ rE-vitas [
0

%
1+\E|/2
0

(2.6(b)) for x = 1 and x > 2 imply the result for all x. O

Remark. If V is uniformly locally L?, one can show that (2.6C(b))
holds without the need for integrating over y.

3. Criteria for a.c. spectrum

Our main goal in this section is to prove Theorems 1.1 and 1.2 as well
as a continuum analog of Theorem 1.2. We begin with an estimate
based on the Gilbert-Pearson theory and then apply the bounds
of Section 2. We will then provide a new proof of the Pastur-Ishii
theorem. Finally, we present a condition for purely a.c. spectrum.
Fix V and E. For each 0 € [0, ), let @y be the vector formed from
the solution with (sin 6, cos 6) boundary conditions at 0, that is,

@) = 1) ) (3.1a)
and let ¥y be @/, 9, that s,
Wo(-) = TE(')(fzisn00>' (3.1b)
_ (up(n+1) [ vp(n+1)
Define Uugp, Vg by (I)o(n) = < Hug.(}’l) ), ‘Po(n) = < 91)9(1’1) >

The Wronskian of u and v is constant, that is, (®,J¥) = | with

J = <_01 é) It follows by the Cauchy-Schwarz inequality that

1@ (n)[[[¥o(n)]| = 1. (3:2)

Clearly, ||Wo(-)|| < ||T&(-)|| by (3.1b). Let us use the symbol %fOL ~dx
for the integral in the continuum case and for the sum %er;:l - in the
discrete case. Then

7 [P < 7 [Tl ax (33)
0 0
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o 2
( [ 1@l >de)
0
1 1 i
<(; / @) (7 [IvowFa) . G4
0 0
(3.3) and (3.4) immediately imply
JEI¥o )P e _ ( dx) ie
o~ /|| ol (3.5)

Recall the definitions of Gilbert-Pearson. A solution uy is called
subordinate if and only if

By (3.2),

Lemma 3.1.

fo o) _ (3.6)
o Jo v X)I dx

To use (3.6), we must deal with the fact that ®, ¥ are not quite the
same as u, v. In the discrete case, we have that

L+1

L
2 o) < 3 I¥o(n)
n=1 n=1

while
Ll L
;W( EZ: luo(n)|* + [ug(n + 1) )
L
> §Z||q)9

so returning to fOL -dx notation for the sum

L+1

oJr v (x)| dx 2f0 [[Wo(x “ dx
1

S Jup(x)? - S| ®g(x)|)* dx

SO
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fL-H ;00); <2< /HTE |l dx> . (3.7D)

In the continuum case, one can mimic the proof of Theorem 2.1C
to see that if ' > 0, then

L+1

[ + ey ar < c+1E]) [ we?ar
0

0

Thus
Ll 5 L+1 2
20 d F )P
ama T 60 e
L+1
—FW|<‘/HWQ nch)<l/|mw )| w)
L\ | X
s(ll)cu+m(;;/wﬁwWw>.

0

(3.7C)
(3.6) and (3.7) imply that

Theorem 3.2. If H has a subordinate solution at energy E, then
| L
lim —/||TE(x)H2dx:oo . (3.8)
L—oo L

Let Q= {E | H has a subordinate solution atenergy £} and let
= RR\Q. Recall S, the set of Theorem 1.1, is given by

S:{ tim 7 /HTE 1l dx<oo}.

Theorem 3.2 says that O C R\S so S C Sy. Gilbert-Pearson have
shown that Sy is the essential support of the a.c. part, p,., of the
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spectral measure of H,. Thus, S C .Sy implies that if 4 CS and
|[A| > 0, then p,.(4) > 0. Theorem 1.1 thus follows from

Proposition 3.3. For a.e. E w.r.t. u,., we have that E € S.

Proof. In terms of the measures dp* of Section 2, let
du(E) = min(dpP,dp") in the discrete case and du = (1 +E2)~" x
min(dp?,dp") in the continuum case, where the min is defined viz.

min(uy, 1) (S) = iAf}g {ui(4) + m(B)}
SCAUB

Since the singular parts of dp” and dp" are disjoint and the a.c. parts
are mutually equivalent (see, e.g., [45]), du is equivalent to the a.c.
part of the spectral measure for .. By (2.1) and (2.6), we have that
for each n,

/ du(E) | Tem)| < 4 (39D)

in the discrete case and for each xo > 1,

x0+1

/ du(E) / ITe@)|? < C (3.90)

xo—l

in the continuum case. Here C is a universal constant. It follows that
/ du(E)GL(E) < C | (3.10)
where

Gu(E) = 1 TP
n=1

in the discrete case and

G.(E) =ﬁ [z P

where Q(L) is the smallest even integer less than L (so L/Q(L) — 1 as
L — 00).
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By (3.10) and Fatou’s lemma, [du(E)limG.(E) < oo, so
limG(E) < oo a.e. w.r.t. du, that is, E € S for a.e. E w.r.t. to du. [

Remark. An immediate consequence of Theorem 1.1 is that if 7, is an
ergodic family of potentials and the Lyapunov exponent y(E) > 0 on a
Borel set T C R, then for a.e. @, X,.(H,) N T = (). For by Fubini’s
theorem for a.e. w, for a.e. E € T, wehavelimlIn||7(n)| > 0so thata
fortiori, thZn T (n )||* = 0o and thus, for a.e. o, SN T has zero
Lebesgue measure. This result is the celebrated Ishii-Pastur theorem
[21, 38, 5, 7]. Note that our proof is more direct than the one that goes
through the construction of exponentially decaying eigenfunctions.

To prove Theorem 1.2 (and also Theorem 1.4), we need to extend
(3.9) from T(n) to T(n,m). As in that equation, du is the min of dp"
and dpP which is an a.c. measure for A

Theorem 3.4D. For any nm, [ ||Tg(n,m)| du(E) < 4.

Proof. We have that ||T(n,m)|| < |[T(n,0)|[ |T(0,m)|| = |[T(n,0)]
|7 (m,0)||, so by the Schwarz inequality,

[ 1t e < ( / ||TE<n,0>||2du)1/2 ( / |rTE<m,o>||2du)l/2 <4

by (3.9). O

An immediate consequence of this theorem and Fatou’s lemma is

Theorem 3.5D (=Theorem 1.2). Let m;, k; be arbitrary sequences in
{n€Z |n>0}. Then for a.e. E in the a.c. part of the spectral measure
for hy, we have that lim;_, || Tg(m;, k;)|| < oo.

The continuum versions of these results are straightforward
analogs following the above proof using (3.9C). Here du(E) =
(1+ E%) " min(dpP (E), dp" (E)).

Theorem 3.4C. For each xy,yy and a universal constant C,

x0+1 w+1

Jaue)| [ a [ aizeonn] <c.

xo—1 yo—1
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Theorem 3.5C. Let x;,y; be arbitrary sequences in {x € R |x > 0}.
Then for a.e. E in the a.c. part of the spectral measure for H,, we have
that

xj+1 yi+1

tm [ ae [ aylet) < oo

J—00
xj—1 yi—1

We will need the following variant of these ideas in Section 5:
Theorem 3.6D. In the discrete case,

n+L 1/2
[aue (i 3 o) <4 G

m=n+1

Proof.  Since  ||[T(m,n)|| < ||T(m)| ||T(n)||, we have that

G TG, m)I2) < TGSy T (m) )72, 50 (3.11) fol-
lows from (3.9D) and the Schwarz inequality. O

In the same way, we get

Theorem 3.6C. In the continuum case for a universal constant C,

xo+1 x+L 1/2
/ du(E)< [ g/ HTE<x,y>H2dy) <c.
xo—1 X

Theorem 3.7 (=Theorem 1.3). Suppose that for some x, — oo,
b
lim /||TE(xn)H”dE <0

for some p > 2. Then for any boundary condition at zero, the spectral
measure is purely absolutely continuous on (a,b). More generally, if W
is an arbitrary function on (—oo,00) so that

(i) W =7V on (0,00)

(i1) W is limit point at both —oco and co.

Then H = —;i—zz + W has purely a.c. spectrum on (a,b).
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Proof. Fix a boundary condition 6 at zero and let uy = (cos(6),
sin(0)). For any x, let

dul(E) = n'dE /|| Te(x)ug|* . (3.12)
Then Carmona [4] proves that as x — oo,

du’

X

—dyu’ (3.13)

the spectral measure for boundary condition 6 (the convergence in
(3.13) is in the vague sense, i.c., it holds after smearing with contin-
uous functlons in E). Since T is unimodular, ||77!| =||T|| so
1T ugll = 17| lugl) and thus, dp(E) = F(E) dE with

| B(B)] < |ITe@)I - (3.14)

For the whole-line problem, Carmona proves a result similar to (3.12/
3.13), but in (3.12) ||Tg(x)ue|| is replaced by ||Trug|| with O(E)
dependent on £ (and x) but (3.14) still holds. The result now follows
from the next lemma. Ll

Lemma 3.8. Let f,(1) be a sequence of functions on (a,b) C R so that
for some g > 1,

/ fu()idi<C

uniformly in n. Suppose that f,(1)dA converge to a measure du(A)
weakly. Then du is purely absolutely continuous.

Proof. The ball of radius C in L? is compact in the weak-* topology,
SO there exists a subsequence Ja@y and f00 € [P so that
[ fuo(A)g(A)di — [ foo(2)g(2) du(2) for all g € L7 with ¢’ dual to p.
Thus d,u foo da is absolutely contlnuous O

We end this section with two remarks that shed some light on
the earlier theorems in this section. The first concerns an explicit
relatlonshlp between the m-function and the basic average
7 fo || 7 (x)||* dx which is connected with Lemma 3.1:

Proposition 3.9. We have for any 0 that

Imme<E+i%> 5+\/_|:§||TE ]
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where || Tg(0)|| is short for 1.

Proof. Let u; be the solution with 6 boundary conditions normalized
at n =1 and u, the solution with complementary (5 — 0) boundary
conditions. Then Jitomirskaya-Last [23, 24] prove that if |f]|, =
(3L F(n) H)Y? and €(L) is defined by

el lluall, = (26)7" (3.15)

then

W@+kﬂﬁﬁ+Vﬁ)mﬂL-
L

If Lis odd, let f = (u1(1),u1(2),...,u1(L — 1)) and let g = (u2(2),
—uy(1),uz(4), —u2(3), -+, —ua(L — 1)). Then constancy of the
Wronskian implies that (f,g) =4, so by the Schwarz inequality,

L—-1 1

—— < il lluall, = ) (3.16)

2

For L even, the inequality holds with %, so a fortiori, (3.16) holds.
Thus, 1 > ¢(L + 1). Since Imm(E + i€) /e is monotone increasing as €
decreases

Imm(E +iL™") _ Imm(E +ie(L +1))
L1 - e(L+1)

_ImE o] _ 5+ VI sy,

€ e lmllp

By (3.15), (ellull1) " < 2ljuall,y. sO

Imm(E +iL™")

= <2(5+V24) w7,y -

Now [uz(n)[* + |uz(n + 1)I* < [|T(n)]]%, 50
L+1

TP = [u(0)] + (L +2))° +2]wall7,
n=0

proving that 2||us]|; g < SEIT(n)||* and the claimed inequality.

O
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The second result concerns the fact that lim %Zﬁ:l IT(n)|]* < oo
says nothing about upper bounds. We claim that this sum cannot
grow too fast, at least for a.e. £ w.r.t. dy,.

Theorem 3.10. Fix 6 > 0. For a.e. E w.r.t. du,,, we have that for any

L>2,
1< 2 146
(ZZHTE(n)n ) < CyllogL)'™ .
n=1

Remarks. 1. (logL)H(S can be replaced by any increasing function
(n) with 3° £(2")™! < o0, for example, (logL)(log(log L))" .
2. If we replace ||Tg(n)|| by ||u(n; E)||, this result holds for du(E)
rather than just for du, (E).

Proof. Let gy (E)=2" kzn 1HTE(n)H Then by (3.9D),
[ gi(E) dp,(E)< 4 s0 S°02 k' 2g(E) € L' (dp,.), which, in partic-
ular, implies that

gk(E) < Cgk'™? (3.17)

for a.e. E w.r.t. du,,.
Let 21 < L < 2%, Then

L 2k
LS N Tem)|? < 275> 1 Te()|® < 2g4(E)
n=1 n=1

so (3.17) completes the proof. O

4. Barriers and a.c. spectrum

Theorem 1.2, which we proved in Section 3, is ideal for showing that
barriers can prevent a.c. spectrum, an idea originally developed by
Simon-Spencer [46]. In this section, we will explain how to recover
their results using Theorem 1.2. Our techniques here allow one to go
further since they can handle the case where V' goes to zero. We will
illustrate this at the end of this section. A more thorough analysis of
this case will be made in a forthcoming paper [36]. As the simplest
example of the strategy, we recover

Theorem 4.1 ([46]). Let hy be a Jacobi matrix on 2(ZY). Suppose
lim|V (n)| = co. Then hy has no a.c. spectrum.
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Proof. Pick n; so |V (n;)| — oo. Then
Tl -1 = (571 )

so forall £, ||Tg(n;,n; — 1)|| — oo as j — oo. By Theorem 1.2, the a.c.
spectrum must be empty. ]

To recover some of the other results of [46], we need bounds that
show if E is in the middle of a gap of size 24, then the transfer matrix
over a length L has an a priori bound that grows as L — oo in a way
independent of the potential. We could obtain this using Combes-
Thomas estimates with explicit constants (as in [46]) or using the
periodic potential methods of [34, 35], but we will instead use the idea
of approximate eigenfunctions. Our simple estimates can be viewed as
a quantitative version of an idea of Sch’nol [42]. Basically, we will see
that any solution is found to grow exponentially at a pre-assigned
rate in some direction.

Theorem 4.2. Suppose h is a one-dimensional operator of the form
(1.1D) on a subset D of Z with D, = {—n,—n+1,...,n—1,n} C D.
Suppose that there is an operator B on (*(D') for some D' C Z with
D, C D' so that

(i) spec(B) N (E — 8, E + 0) = 0.

(i) Bu = hu if u vanishes outside D,.

Then
(a) Any solution of hu = Eu obeys

()] + [u(=0)* > (1 + 1) u(0)]*  fore=1,2,....n+1
(4.1)

and

[u(0)]* + [u(=0)* > (1 +6°) 2 ([u(0)]” + [u(1)?
+u(=D) fort=23,....n+1. (4.2)

(b) For any vector ¢ € R?,

IT(6,0)0]* + I T(~£,0)0|* = 8*(1+ *) ol fore=1.2,....n .
(4.3)

(c) We have that
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IT(=nm)]| 2 36%(1+ 063" . (4.4)

Remarks. 1. One remarkable aspect of these estimates is that they
(and their multidimensional case continuum analog) are independent
of .

2. The point, of course, is that since 6 >0, (1 + 52)£ grows to
infinity as ¢ — oo. We show it is exponentially fast, but that is not
needed.

3. While the estimates are elegant and explicit, it is likely the
exponent is not optimal. For & small, (1 + 6%)" ~ exp(nlog(1 + &%))
~ exp(nd?). One would expect that || T(n, —n)|| ~ exp(20n) for & small
(and fixed) and #» large.

Proof. Let y; be the characteristic function of {—j,...,j}. Then
((h = E)(xu))(€) = =0jrqu(C+ 1) = 6; —pu(—€ — 1)
so if we define

a; = ()] + (=) forj=1,2,...

and
ay = [u(0)[?

we have that

I(H = E) )|’ = a1 - (4.5)
Clearly,

s J
lul® = " ac . (4.6)
k=0

But by hypothesis (i), (i), if j =0,1,...,n,
I(H = E)yul® = |(B = E)zull* > | ull” - (4.7)

(4.5), (4.6), and (4.7) imply that

5 ( EJ: ak> <ajy (4.8)

k=0

for j=0,1,2,... n.
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It follows inductively that for £ =1,2,...
ar > 0*(14 6% ag (4.9)
for (4.9) holds for £ = 1 (by 4.8), and if (4.9) holds for ay, ..., a;, then
by (4.8),

J .
aji > 52<1 +Z§2(1 +62)k1>(10 — 52(1 _’_52)]a0 .
k=1

(4.9) is precisely (4.1).
A virtually identical inductive argument proves (4.2). (4.3) follows
from (4.1) and its translate:
u(l+ D+ ju(—€+ D) > 1+ )" D) €=1,....n .
To prove (4.4), let « = %52(1 + 52)”_1 so that (4.3) becomes
17 (n, 00> + | T(=n,0)p|* > 2a]j ]| . (4.10)

If & <1, (4.4) is trivial so suppose that « > 1. Picking any unit vector
¢, we conclude that

1T, 0> 2 or  |T(=n,0)| > .

Suppose the former. Since 7'(n,0) is unimodular, we can find a
unit vector ¢, so that ||T(n,0)¢p|| = ||T(n,0)|". Thus,

2 2 2
I7(n,0) 0|1 < 5 ll@oll” < el
because we are supposing that o > 1. Thus, by (4.10),
2 2 2
I7(=n,0)@oll” = allo||” = |7 (1, 0) e[| -
It follows that
2 2
|7 (n, =n)[|” = | T(=n,n)|* > o

which is (4.4). Ll

Once we have Theorem 4.2, we immediately conclude by Theorem
1.2 that
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Theorem 4.3. Suppose that h has the form (1.1D) on Z" so that there

exist x, > n and W, on Dy {xn —n,...,x, +n} so that

@ (up)N spec(—% + W,) =0 for some boundary conditions on

D,.
W) W,(j) = V() for j € {x, —n,...,x, +n}.

Then (o, ) is disjoint from the a.c. spectrum of h.

Proof. Fix E € (a, 8). Then by Theorem 4.2,

lim || 7g(x, — n,x, +n)|| =0 .
It follows by Theorem 1.2 that (o, ) is disjoint from the a.c. spec-
trum. O

With this result, one can recover the theorems in [46] that depend
on gaps in the spectrum.

Before leaving the subject of Theorem 4.2, we note that (4.1) has a
continuum, higher-dimensional analog.

Theorem 4.4. For any K > 0 and dimension v, there exists a universal
constant C,(K) depending only on v and K so that if V is in the local
Kato class and there exists an operator B on L*(R") so that

(i) Bu= (—A+V)u, all u € C3°(D,) where D, = {x | |x| <n+ 1}

(i) o(BYN(E—8,E+6) =10

(1i1) |V %4a( | x | <ns1y | < K where the norm is the K, Kato class norm
[7, 43]

(v) |E] <K

then any L} . distributional solution of (—A + V)u = Eu in D, obeys

/ ()P dx > C(K)P(1 + C (K)o / (o) d
JEhi<iH1 i <1
(4.11)
for j=1,2,....n.

Proof. Let y; be the characteristic function of {x | |x| < j}. It is fairly
easy to see one can construct a sequence, f;, of C* functions on R" so
that

Tty = 1
fj%j+1 =/

and
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sup |D*fjl| = dy < 00 (4.12)
J

for each multi-index o.
We claim that with H = -A+ 7,

I(H = E)ful® < C(K) ™ 121 = 2)ull® - (4.13)

Accepting this for a moment, we will prove (4.8). We have for
j<n-—1,

I(H = E)ful® = (B = E)full® = &||ful* > 6°

2
Xj“” .

Thus with a; = (1,11 — ;{j)u||2, we see that

J
C,0 < Z W) <aj

1

so that as in the proof of Theorem 4.2,
a; > Cvéz(l + Cvéz)j_zal

which is (4.11).
To prove (4.13), notice that

(H—E)fju=(=Afj)u+2(Vf;) - Vu

SO
I = E)fjull” < 20| (=Afull* +81(Vf) - Vul* . (4.14)

By Theorem C.2.2 of [43], we can bound ||V - Vu||* by a constant
C1 (depending on K) times ||(x,_; — ;(j)u||2 so by (4.14), we have the
estimate (4.13). O

o0

Theorem 4.5. Fix o < and let {a,},”, be identically independently
distributed random variables with distribution % X[,Ll](x) dx. Then there
exists N < N, < --- so that for any my,...,my,,--- >0 and a.e. {a,}
the potential on Z:
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(0 n<m
(n—my) “a, m; <n<m +N
0 m +N <n<m +N +m
V(n) =
(n —my — N, mp+---+ Ny +m;<n
—---—mj)ﬂa,, <m+---+N,
0 m+--+N;<n<m+-+N+m

has no a.c. spectrum.

Remark. The choice can be made so that by Theorem 1.6, there is no
point spectrum, that is, so the spectrum is purely singular continuous.

Proof. Let Tg(0,n) be the transfer matrix for the power-decaying
potential n~*a,. By [44], for a.e. {a,} and a.e. E € [-2,2],

lim ||7z(0,7n)|| = oo . (4.15)

Let A = {E | inf,>/ || T¢(0,n)|| > 1}. By (4. 15) I[-2,2]\4¢| | O as
¢ — oo so we can pick N so that [—2 2]\\A( )\ < 27!, Now induc-
tively pick N; given Ni,...,N;_ so if

49 = {E

then [~2,2]\|4)| < 2.

For this choice of N;’s, the theorem holds since for a.e. E, E € Am
for all large and thus for such E, |Tg(m;+---+N,- 1
+mj,my + - -+ m; + N;)|| > j. Theorem 3.5 implies o, = 0. a

iggnfE(Nl +- N, N+ N +n)|| > n}

[29] will have a much more effective analysis of this type of
example.

5. Semicontinuity of the a.c. spectrum

In this section, we will prove Theorem 1.4. Consider first the discrete
case. Pick n; so V(n+n;) — W(n) as j — oo for each n. Let Ty (resp.
Tw) denote the transfer matrix for the Jacobi matrix with V (resp. W)
along the diagonal. By Theorem 3.6D,
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Jawe(; s o) <e s

m=n;+1

where duy (E) is a measure equivalent to the a.c. part of the spectral
measure for V. Since V(n+n;) — W(n) as j — oo, we have that

Ty(n; +m,n;) — Ty(m,0)

so (5.1) implies that

1L NE
[aw@(; 1 o) <4 (52)
m=1

It follows by Fatou’s lemma that for a.e. E with respect to duy (E),
we have

L1 5
h_mzl;\\Tw(m,O)H <00 .

Such E are thus a.e. in X,.(hy+ W), that is, Zu(ho+ V) C
Yoc(ho + W) as claimed. O

The proof in the continuum case is similar, except that we use
Theorem 3.6C in place of Theorem 3.6D.

We note that the notion of right/left limits, which enters in
Theorem 1.4, is in the spirit of the notion of limit class introduced by
Davies-Simon [9].

6. Consequences of semicontinuity of the a.c. spectrum

Let (Q, T, u) be a metric ergodic process, that is, 7 is a continuous
invertible bijection from Q — Q with Q a compact metric space (recall
that any separable compact space is metrizable) and u a probability
measure with support u = Q.

Definition. A point wo € Q is called right prototypical if and only if
{T"wy | n >0} is dense in Q, and left prototypical if and only if
{T"wo | n <0} is dense in Q. If wyg is both left and right prototypical,
we say it is prototypical.

The ergodic theorem implies that a.e. wy € Q is prototypical. Fix a
continuous function f: Q — R and let h, on ¢*>(Z) be defined by
(hou)(n) =u(n+1)+u(n—1)+ f(T"w)u(n).
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Theorem 6.1. The essential support of the a.c. spectrum of h, is the
same for all prototypical points and is of multiplicity 2. Moreover, for
any prototypical wy and any o € Q, we have Zyc(hy,) C Zac(he).

Proof. Let h be the operators on 2(+n > 1) with u(0) = 0 boundary
conditions. By general principles (see, e.g., Davies-Simon [8]), the
restriction of 4, to its a.c. subspace is unitarily equivalent to the
restriction of 4 @ h, to its a.c. subspace. Thus, the theorem follows
from
(i) if wy is prototypical and is w arbitrary, then Zac(hio) C Zac(hE)
(ii) for prototypical wg, Zac(h) ) = Zac(h

o

(o) )

for (i) implies equality if both wy and w are prototypical and (ii)
implies multiplicity 2.

To prove (i), pick n; — oo so T wy — w. Then, since Vring, (n) =
f(T""wg) = Vi, (n+m), we have that V, (- +n;) — V,(-) so (i)
follows from Theorem 1.4.

To prove (ii), let wy be prototypical and w # wy, also prototypical.
Pick nj — o0 so T*wy— w. Fix L and use the fact that
|T(n,m)|| = ||T(m,n)|| (since T is unimodular) to note that

1< , 1 5
ZZHTw(—L—m)H =ZZHTw(—m,—1)H
m=1 m=1

1 5
:llmzZ”Tw‘)(f’lj—m,nj—I)H
m=1

so by Theorem 3.6D,

[ ot (1) <4

where du,, (E) is an a.c. measure for 4/ . Thus, as in the last section,

o *

Tac(hy) D Zac(hf,). By symmetry, (ii) holds. O
Remark. That the typical a.c. spectrum is of multiplicity 2 is a result
of Deift-Simon [10] proven using Kotani theory. Our proof is
different.

If V' is almost periodic, then every w € Q is prototypical. Thus,
Theorem 6.1 implies Theorem 1.5. More generally, if (7,Q,u) is
minimal (or if it is strictly ergodic which implies minimal), then every
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o € Q is prototypical, and we see that the a.c. spectrum is constant
(rather than just a.e. constant) on Q.

Example. Consider the sequence Vi, V5, V3, ... given by
0,1,0,0,0,1,1,0,1,1,0,0,0,0,0,1,0,1,0,...

defined as follows. For two finite sequences of 0’s and 1’s of length n,
say wi,...,w,, and wy,...,w,, say w < w, if and only if

leﬂ/],...,W]‘:ﬂ/j, Wj+1<ﬂ/j+1 .

With this order, the sequences of length n are well-ordered, for
example,

(0) < (1), (0,0) <(0,1) < (1,0) < (1,1),
(0,0,0) < (0,0,1) < (0,1,0) < --- .

V' is obtained by placing the two sequences of length 1 in order, then
the four sequences of length 2, etc. Clearly, V' is prototypical for a
Bernoulli model. By Furstenberg’s theorem, that model has no a.c.
spectrum, so ¥ is an explicit sequence for which we know that
O'ac(ho + V) = 0.

Another consequence of Theorem 6.1 is a new proof of the Kotani
support theorem:

Theorem 6.2. Let Q be the compact metric space of sequences V, with
|Vo2| < a with the product topology. Let f: Q — R by f(V) =V and
T:Q— R by (IV), = Vpg1. Let py, 1y be two measures on Q under
which T is ergodic. Let X; be the essential support of the a.c. spectrum
of the prototypical h, for the process (supp(y;),T,u;). If
supp(u;) C supp(u,), then £y D X,.

Proof. Let w; € supp(y;) be p-prototypical. Since w; € supp(u,),
Theorem 6.1 implies Z(h,) C Z(hy,). O

Remark. In a sense, Theorem 1.4 is a deterministic version of the
Kotani support theorem, so it is not surprising that it implies the
Kotani theorem.

While we have stated these theorems in this section for the discrete
case, they all extend easily to the continuum case.



Eigenfunctions, transfer matrices and a.c. spectrum 357
7. The potential 4cos(nf), g > 1

Jacobi matrices with potentials of the form ¥V (n) = Acos (n*), where
A, B are real parameters with > 1, had been studied numerically
and heuristically by Griniasty-Fishman [18] and Brenner-Fishman
[3]. The particular case 1 < § < 2 had been studied in more detail by
Thouless [48]. The numerical evidence indicates that for f > 2, such
potentials exhibit “localization” with the same Lyapunov exponents
as those of random potentials (Anderson model) with the same
coupling. The case 1 < f# < 2 is different, and far less conclusive.
One still expects “localization” away from £ = 0 (the center of the
spectrum) and for large 4, but the Lyapunov exponents are smaller
and seem to vanish for £ = 0 and small 4. Mathematical results exist
for the case where f§ is an integer and A is large (larger than 2, to be
precise), in which case it is known [16, 22] that there is no absolutely
continuous spectrum. More precisely, for every polynomial p(n) with
a leading coefficient that is an irrational multiple of =, it is known
that Acos (p(n)) can be obtained as a realization (an element) of an
ergodic family of potentials coming from a suitable ergodic trans-
formation on the d-dimensional torus [6] (with d the degree of p(n));
and that the corresponding ergodic families have only positive
Lyapunov exponents as long as 4 > 2 [16, 22]. Further, the corre-
sponding ergodic families are minimal [14], and so it follows from
our Theorem 6.1 that every realization of such a family has no
absolutely continuous spectrum. We note that this is also true for the
case = 1, where the absence of a.c. spectrum follows from earlier
results [2]. Our purpose in this section is to extend these results to
cases where f is not an integer. We discuss half-line problems here,
and denote by A the free Laplacian on ¢*(Z"). The results are also
valid for full-line problems if we replace n by |n|. We shall prove the
following:

Theorem 7.1. For any A > 2 and > 1, Z,c(h{ + i.cos (nf)) = 0.

Remarks. 1. cos(-) in the above theorem can be replaced by any real
analytic function f(-) of period 27, in which case the theorem would
hold for 4 “large enough.” This follows from the argument below
combined with the results of Goldsheid-Sorets [16]. The explicit 4 > 2
for the cos(-) case is due to Jitomirskaya [22].

2. The result is actually also more general in the sense that one can
replace n” by, for example, Zf‘:l a;nP, where k is any positive integer,
B; > 0 for each j, and the a;’s are some real numbers (except if the
largest f3; is an integer, in which case we would need some further
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condition, such as that the corresponding a; would be an irrational
multiple of 7).

3. For 1 < f < 2, the result also follows for 4 = 2, by results of
Helffer-Sjostrand [20] and Last [33].

Proof. Let 4 > 2. We only need to consider the case where f§ is not an
integer. Fix k< ff<k+ 1, where k£ is an integer, and consider
(n+m)f where n is large and m < n. By writing (n+m)’ =
nP(1 4+ n/m)" and expanding (1 + n/m)" as a Taylor series, we obtain:

k
(n+m)f =" amh :Za F=tm® + ﬁ_k_lmkH) , (7.1)

=0

gk

I4

Il
o

where ag =1, a, = (1/0) [[;=y(B — j) for ¢ > 1. Let by, = (a,n"~*/2)
where <> denotes fractional part (i.e., (x) =x—[x]). Since
(n+ 1)  — bk 0, {122, is clearly dense in [0, 1] and we can
pick a convergent subsequence {n;} so that by, — by = by, where
by is an irrational. Moreover, by compactness, we can find a subse-
quence of that for which by, — b, for all £ < k, where the b,’s (for
¢ < k) are some numbers in [0,1]. For the resulting polynomial
p(n) = Sk_, bun’ we see from (7.1) that (p(n)/2m) is a pointwise limit
of translations of (n?/2r). Thus, the potential Acos (p(n)) is a right
limit of Acos(nf), and by Theorem 1.4, we have
Tac(hy + Acos (nP)) C Zoe(hf + Zcos (p(n))) =0 (where the last
equality follows from the discussion above). O

In the above proof we only needed to show that some fixed real-
ization of a suitable ergodic process is obtained as a limit of trans-
lations of (nf /27). However, since the underlying ergodic systems are
minimal, it follows that translations of that realization are themselves
dense in the ergodic family. Thus, one sees that we can actually ob-
tain every realization as such a limit. We can combine this with
Kotani’s result [32] — that ergodic potentials taking finitely many
values have no absolutely continuous spectrum (unless they are pe-
riodic) — to show that if f(-) is any real periodic piecewise constant
function on the line (with only finitely many discontinuities per pe-
riod), then for any f > 1 that is not an integer, Z,¢ (%] + f(n%)) = 0.
The proof here is very similar to that of Theorem 7.1, except that we
need to choose a realization that does not take values in any of the
points where f is discontinuous.

Finally, we would like to discuss the special case 1 < f < 2 and to
explain how one could prove Z,.(h{ + Acos (n?)) = () also for 4 < 2,
if one could prove that “Hofstadter’s butterfly has wings.” Noting
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that we could choose the largest order coefficient b; in the proof of
Theorem 7.1 at will, we obtain for 1 < f§ < 2:

Proposition 7.2. Z,.(hf + icos (n?)) C NyerZac(ho + 4cos (non)) for
any countable set F of irrational o's.

Tac(hg + Acos (n#)) = 0 would thus follow, if we could prove the
following:

Conjecture. Fix A # 0 and Ey real. Then there exists 0 > 0 and irra-
tional o with a(hy + /.cos (nan)) N (Ey — 6, Ey + 6) = 0.

Intuitively, this conjecture comes from the fact that for 4 small,
ho + 7 cos (man) should have a gap about the energy E = 2 cos(na). In
numerical drawings of Hofstadter-like butterflies for various values
of /. [19], one indeed sees those “‘stripes” appear for small 4, and then
broaden and get more structure as / increases, up to the critical point
A = 2 where they form the wings of the famous Hofstadter butterfly.
Unfortunately, we do not know how to prove that these wings exist.

8. Transfer matrices and bound states

In this section, we will prove Theorem 1.7. As noted already, Theo-
rem 1.6 is motivation for considering » -, | 7(n)||* as an indicator
of bound states. If it is infinite, sz = Eu has no solution L? at infinity.

Example 1. Take V =0 and E = 2. Then hu = Eu has the solutions
u(n) =cy+cm

none of which are ¢2. But

Te(n) = (n: 1 1_—nn)

has ||Tz(n)|| = v2n+0(1) and thus >0°, | Te(n)|| > < 0o. We see
that 3°°° || Tz(n)|| "> < oo does not imply that there is an £2 solution.

Example 2. Let V(n) =con™?, n=1,2,... with ¢g <1 and E =2.
Then standard arguments (variation of parameters) show that there
are two solutions u (n) with
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us(n) ~n*
with oy the roots of a(a — 1) 4+ ¢y = 0, that is,

1 1
Uy = 5 + Z —Cy .
We see that ||T(n)| ~ Cn*, sosince oy >3, >, || T(n )|~ < oo But if
co > 0, there is no bounded solution. Thus, >, ||T(n )| < oo need
not even imply that there is a bounded solution!
The following (note (8.5) and (8.7)) includes the first part of
Theorem 1.7 as a special case. Its proof just abstracts Ruelle [41]:

Theorem 8.1. Let A1, A, ... be unimodular 2 x 2 real matrices and let
T(n) =A,Ay—1 ...A;. Suppose that

||An+1n | .
Z N (8.1)

Then there is a unit vector u € R? so that for any other unit vector
v € R?, we have

17 (n)u]
1T (n)o]|

—0 . (8.2)

Proof. Let t(n) = ||T(n)|| and a(n) = ||4,||. Since |T(n)| is self-adjoint
and unimodular, it has eigenvalues #(n) and #(n)"'. Thus, taking

Uy = (Cf’s (0)> we see there exists 0, so that
sin(0)

1T (n)ug||* = t(n)* sin®(0 — 0,,) + t(n) "> cos® (0 — 0,) (8.3)
for pick 0, so that |T(n)|ug, = t(n) 'ug,. Now by (8.3) for n+ 1,
t(n+ 1)*sin®(0, — 0,11) < |T(n+ Dug |*
< a(n+1)*||T(n)u,|*
—a(n+1)%t(n)"?

Since 4,1 is unimodular, #(n) = ||T(n)|| < ||T(n+ D] ||4,}]| =
t(n+ 1)a(n+1) so
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t(n)?sin?(0, — 0,11) < a(n+ 1)*t(n) % .

Since sinz(x) > (%)2, we see that

maln+1 2
100 = O] < 5 <t(n)2) (8.4)
Thus, (8.1) implies
D 10 = Onit| <00 .
So if (8.1) holds, 0, has a limit 0., and
T [a(m + 1)2]
Qn - 900 S ~ - 7 . 85
o, —0u <53 | s (5.5)

Let us = up,, and v, = uyayg . Since 0, — 0 — 0, for n large en-
ough, we have by (8.3) that

IT(m)vac® = 4 2(n)* . (8.6)
On the other hand, by (8.3) again,
1T (myucc||* < 1(n)* (0 = 0u)* + 2(m) > . (8.7)
(8.6) and (8.7) imply that

1T () |

WM <200, — 0..)* +2t(n) ™ — 0
T = 20— 0"+ 20

since a(n+ 1) > 1 and (8.1) imply that #(n) — oco. From this, (8.2)

follows. [

The following includes the second part of Theorem 1.7 as a special
case (where a(n) is bounded):

Theorem 8.2. Under the hypothesis of Theorem 8.1, suppose that we
also have that

ZHT 1 <Z”A”;+ > <00 . (8.8)

n=m
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Then there is a unit vector us, with

> 2
S T )us* < oo
n=1

Proof. Using (8.7) and (8.5), we see that 3°° | [|T(n)us||* < oc if (8.8)
holds and if }_, t(n)"* < co. But since a(n) > 1, (8.1) implies that
>, 1(n)7? < 0. O

Example 3. Suppose that ||4(n)|| is bounded and #(n) ~ n” in the sense
that C_n’ <1(n) < Cin’. Then (8.1) requires y >1 while (8.4)
requires 7 > 3. Notice in Example 2, y = o, while an ¢ solution re-
quires a_ < —%. Since o = 1 — o, Example 2 provides an example
with y = 3 where there is no ¢* solution (namely, take ¢o = —32). Thus,
7 > 3 is best possible!

If one has control over the limit of In ||7(n)||, one can say more:

Theorem 8.3. Suppose that the hypotheses of Theorem 8.1 hold and

that
. In||T(n)]
Im ———— =1
n—oo f(n)
and
. Infl4(n)||
lim ———— =0,
n—co  f(n)

where f(n), a monotone increasing function, is such that
Zefef(n) < 00
for any € > 0. Then the uy, of Theorem 8.2 obeys

M w

Proof. By (8.5) and (8.7), for any € > 0, for n large
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Q26 (m) 2
—2(1—¢)f (n) 2(1+€)f (n)
T (m)use]|* < &7 +<)< e2le)f()>e

<e 2(1—€)f(n + ) —(2-11l¢)f [Zeef :|
i I (m)uce | <1,
S
On the other hand, ||T(n)u|,. > ||T(n)|"" implies
T(n)ux
fim 1Tl 5 O

VAN

Typical cases of this theorem are f(n) = n*; f(n) = n is Ruelle’s
theorem. For the case f(n) = In(n) where (8.9) fails, we have

Theorem 8.4. Suppose the hypotheses of Theorem 8.1 hold and that

T
i 12070 _
n—00 n
i 1214001 _
n—oo n
where y > % Then
m— In[|T(n)ux|

li <1- 8.1
e (8.10)
while

. In||T(n)ux||

1 — >y 11

M e 2 (810

Proof. As in the last theorem, (8.11) is a consequence of || 7 (n)us| >
I7(n)||"". To get (8.10), we use (8.5), (8.7) to see that for any e > 0,

00 2
IT(n)uncl < =2 + <Z'">
m=n
< n72",'+e + Cn272”y+25 ) H

Example 2 shows there are cases where the limit is 1 — y. [29] has
examples where the limit is —y.

The ideas of this section can be applied to certain continuum
problems by sampling the wave function at a discrete set of points.
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Appendix: BGK eigenfunction expansions

The proofs of the estimates in Section 2 are one-dimensional, relying
on the relation between Green’s functions and m-functions. Our goal
in this appendix is to discuss an alternate proof which extends to
higher dimensions. The applications of these estimates in Section 3
are intrinsically one-dimensional, so those results do not extend to
higher dimensions. Nevertheless, we believe these general estimates
may be of use elsewhere.

We recall the abstract eigenfunction expansion dubbed BGK ex-
pansions in [43] after work of Berezinski, Browden, Garding, Gel’-
fand, and Kac (see [43] for references). In the discrete case, they take
the following form. Let 7 be an arbitrary function on Z'. Let
(Hu)(n) = >y u(n+£) + V(n)u(n). Then there exist measures
{dpy(E)};=, on R and a measure dp. (E) so that the dp’s are mu-
tually singular [1, 13, 45]. Moreover, for a.e. E w.r.t. dp,(E), there
exist k£ linearly independent functions {u j,k(n;E)}/;:1 on Z" so that

() D1 wi(n+£) + (V(n) = E)uy(n) = 0.
(i) For any f on Z' of finite support, define

aj(/)(E) = 32, ujx(n; E) f (n). Then
ajx(Hf )(E) = Eaj«(f)(E)
and for any f, g of finite support,

“()O” k
t0) =3 Y [@iDBax@E dn® (D)
=1 =1
with an explicit p, -term intended in Z;::OT”.

Pick f =g =0,, a Kronecker delta function at n. Then (A.1)
becomes

9

k
> Z/W/}k(n;E”zdpk(E) =1. (A2)

=1 j=1

3

This is essentially (2.6D) except in arbitrary dimension. In the one-
dimensional case, dp, =0 for k#1. If we define dp(E)=
lu(1;E)[*dp, and i(m;E) = u(n; E)yu(1;E)”", then (A.2) is exactly
(2.6D).

In the continuum case, the situation is similar. One needs some
minimal local regularity on V (see [43]). Using the fact that
e (x,x) =0(t"'/?) as ¢ | 0, one can show that as f — &,, a 6-func-
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tion at x, (f,(H + c)*ff) stays finite and bounded in x so long as
2¢ > v. Thus, (A.2) in the continuum case becomes

o dolE)
Z ;/‘ i E)| (1 +\Ey)f§ ¢

uniformly in x where £ > 3.
As in Section 3, from these bounds and Fatou’s lemma, we get
bounds like before for a.e. E w.r.t. >, dp,(E),

lim E)|
im 2L+ Z]un
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