Jevol.equ. 1(2001) 411419 r | of Evoluti
1424-3199/01/040411 — 09 $ 1.50 + 0.20/0 ournal of Evolution
© Birkhiuser Verlag, Basel, 2001 Equations

Approach to equilibrium for a forced Burgers equation
WERNER KIRSCH AND BARRY SIMON1
Abstract. We show that approach to equilibrium in certain forced Burgers equations is implied by a decay

estimate on a suitable intrinsic semigroup estimate, and we verify this estimate in a variety of cases including a
periodic force.

1. Introduction

This paper is a contribution to the literature [10, 11, 3] on large time asymptotics of the
forced Burgers equation

i~ w1 AV (x)
— —L = — Au; , tr>0,xeR",i=1,...,v, 1.1
o1 +;”fax,» 5 At =04 ! Y (1.1

where u is real valued. We will make two assumptions on the initial data u; (x,t = 0) =
)

ou®  oul”
i L — 1nij 1.2
1) o, ox; all i, j (1.2)
X
(i) Yo(x) = / V() -dy e L. (1.3)
0

(1.2), which is vacuous in the standard v = 1 case, implies that the value of 1y given
by (1.3) is independent of the path taken from O to x in the line integral. Typical of our
results is:

THEOREM 1.1. Let V be a C! periodic function on R'. Then, there is a unique initial
condition ué%) (x) obeying (1.2), (1.3) for (1.1) whose solution is independent of t. Moreover,
if u® is any other initial data obeying (1.2)/(1.3), then

Jim_ sup[lu(x, 1) u® (x)[] = 0. (1.4)
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REMARK. (1.3) does not imply that u(® is L°°, but our proof shows that for t > 0,
u(-,t) € L. Thus, for t > 0, the quantity in the limit in (1.4) is finite.

What is new about our ideas and Theorem 1.1 is that there is no regularity condition on
the initial condition u at infinity other than (1.3). Previous approaches require at least that
¢~¥0 have some kind of average. To understand how we overcome this, we need to begin
the proof by reminding the reader of the Cole-Hopf transformation. Define

@o(x) = exp(—yo(x)) (1.5)
so that

u? = —g;! 2—‘2) . (1.6)
V is bounded so

H= —%A +V 1.7
is bounded below. Thus we add a constant to V' so that henceforth

inf spec(H) = 0. (1.8)
Define

px, 1) = (e o) (x). (1.9)

Then direct manipulation shows that

PROPOSITION 1.2. Let g € L>® be C' and let ¢y, ¢ obey (1.5), (1.9). Then, for
t>0, ¢x,t)>0and ¢, Vo, Ap are C! and

u(x, 1) = —p(x, )" H(Ve)(x, 1) (1.10)

obeys (1.1) fort > 0 andlim; jou(-,t) = u® = V.

REMARKS. 1. It follows from [9] with V a C! function with bounded derivatives
that ¢ and (—A + V) are C!. It follows that Ag is C! which by elliptic regularity
means V¢ is C!. The Laplacian here and in (1.1) may be distributional rather than
classical. If VV is assumed Holder continuous, we can replace these by classical
derivatives.

2. As we will discuss below, e™
the L°° map.

3. This result does not require that V be periodic; V need only be C! and in L>®°. We
will use it in this form below.

H maps L™ to L> and (1.9) is intended in the sense of
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When V is periodic, it has a periodic ground state €2, that is, a positive periodic solution of

(—%A—i—V)Q:O. (111
Thus
uQx) = —Qx) "LV (x) (1.12)

is a stationary solution of (1.1). A natural approach to (1.4) is to prove that

0 —>cQ (1.13)
and
Vo - cVQ (1.14)

both in L*°. This is essentially what previous works do.
To understand the limitations of this approach and why one can hope to go beyond them,
consider the case V = 0. Then uoo =0, Q = 1, and

P, 1) = Qur)~V/? / exp(—(x — )%/20¢0(y) dy.

If 2R)™V fsup. lyi| <R @o(y)d’y — c as R — 00, it is not hard to see that ¢(x, ) — c as
t — oo for each fixed x, so (1.13) holds, but this is not true in general.
For example, if R, = e¢" and

po(y) =24+ (=D" if Ry <sup|yil < Ras1,
12
then for t ~ R, R, 1, it is not hard to see that ¢ (0, ) ~ 2 4+ (—1)" and thus ¢(0, ) does
not have a limit. But in this example, one can see that V¢ does go to zero.

Our key observations are that rather than prove (1.13) and (1.14) separately, it suffices
to prove that

Vip/Q) — 0 (1.15)

and that (1.15) is equivalent to some estimates on the intrinsic semigroup associated to H.
Specifically, let K, (x, y) be the integral kernel of e~ and let

Li(x,y) = Q7 (0K (x, Q). (1.16)

L, is the kernel of a semigroup on LZ(R”, Q2d"x).
To prove Theorem 1.1, we will prove two estimates:

19xLe (x, y)| < C 17 *[exp(—=D(x — y)*/1) + exp(—El|x — y])] (1.17)



414 WERNER KIRSCH AND BARRY SIMON J.evol.equ.

for suitable C, D and all ¢+ > 1, all x, y and
9Ly (x, y)| < Ct~WHD/2 (1.18)

allr > 1,all x, y.
We will show that if Q obeys 0 < a < Q < b, is C3 and V = Q! (AQ) is bounded
and uniformly Holder continuous, then (even if V is not periodic)

0Ly (x, y)| < Ct™*[exp(—=D(x — y)*/1)] (1.19)
for some o > v/2, all t > 1. This will lead to the following generalization of Theorem 1.1:

THEOREM 1.3. Let V be a C! function and suppose that V is bounded and uniformly
Holder continuous. Suppose that —%A + V has a ground state Q2 obeying) <a < Q <b

for some a, b and all t. Then there is a unique initial condition ug%) (x) (= VQ/ Q) obeying
(1.2), (1.3) for (1.1) whose solution is independent of t. Moreover, ifu(o) is any other
initial data obeying (1.2)/(1.3), then

lim sup[|u(x, 1) — uQ(x)|] = 0. (1.20)
11— o0 x

Certain quasiperiodic Schrodinger operators have a quasiperiodic ground state [5]. Thus
the above theorem applies to this situation as well; see [11].

In Section 2, we will reduce Theorems 1.1 and 1.3 to (1.19). In Section 3, we will derive
(1.17) using ideas due to Davies. In Section 4, we will prove (1.18) in the periodic case
and (1.19) in general.

We are dedicating this paper to the memory of Tosio Kato, who taught us so much about
Schrodinger operators, about semigroups, and about non-linear equations, areas which
come together here.

2. Reduction to intrinsic heat kernel estimates

According to Proposition 1.2, the solution u of (1.1) is related to a solution of (1.9) via
(1.16). This leads to

THEOREM 2.1. Suppose there exist 2 so
e Q=0 2.1
and

O<a=<Qx)<b 2.2)
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and that

lim [V(p(-.0)/Q( )l =0.
Then (1.20) holds with uY = VQ/Q.

Proof. By (1.3), we have
O<c=g=<c

so by (2.2)
clb_IQ <@ < cza_IQ.

Since e~ H

is positivity preserving and (2.1) holds,
ab™IQx) < o(x, 1) < c2a”'Q ().

So by (2.2) again,
clbfla <@, 1) < C2a71b.
Now

u(-,t)—ué%)

Vo)(-, D /e(-, 1) = (V) (-)/Q(x)
(Ve — VQ)/pQ
[Vip(-. )/ DI/l

415

(2.3)

24)

Since ¢ and €2 are uniformly in # and x bounded above and below, we see that (1.20) is

equivalent to (2.3).

O

Now consider the unitary map U : L>(R") — L(R", Q2 dx) by (Uf)(x) = f(x)Q2(x)~!
and let M be the self-adjoint operator UH U 1 on L2(RY, Q% dx). Then, as is well-known

(and a direct calculation),

(f. MP) 2@ .02 dyy = /(Vf)ZQZ dx
or equivalently,
Mf=—Af —2(v)Q . V£

Now let K;(x, y) be the integral kernel of e H thatis,

(™ f)(x) = / Ki(e ) f ) d'y

2.5)
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and let L;(x, y) be the integral kernel of e ™ that is,
@M = [ L f oL .

Since e™™ = Ue™™ U1, we see that L; and K; are related by (1.16).
Now if ¢ = e " g, then

lo(-. /)] = Ue™go=eMUgo
= /Lr(uy)wo(y)fl(y)d“y.
Since ¢ and €2 are uniformly bounded, we see that
IVIp(x, 1)/ Q2] < C/ 19x L (x, y)1d”y.
Thus:

PROPOSITION 2.2. A sufficient condition for (2.3) to hold for any initial ¢y (coming
froma u?o) obeying (1.2)/(1.3)) is that

sup/ |0y L (x, y)|d"y — 0 (2.6)
x
ast — oo.
THEOREM 2.3. If (1.19) holds or if (1.17)/(1.18) hold, then (2.6) holds.
Proof. (1.19) plus scaling implies that
/ |0 Le(x, 1)l d"y < Cre~er"?
which goes to zero if 1 — oo since o > v/2. (1.17)/(1.18) imply
0. L (x, )| < € 17274 exp(=D(x = 3)?/21) + exp(— Elx — y])]
which implies
/ |8:Ls(x, )| d"y < Cre~ £ G718

which goes to zero as t — oo. O

3. Exponential-Gaussian estimates on 9, L,

Our goal in this section is to explain how one can get (1.17) from ideas of Davies [1, 2].
His ideas immediately imply an estimate

|K; (x, y)| < Cet™ % exp(—(x — )/ (4 + &)1) 3.1)
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for any ¢ > 0. (3.1) implies (even dropping the Gaussian) that
le™ e < 172

so by interpolation with boundedness on L (see Simon [9] and references therein),

le™™ 2 = le ™2y o < Ct7V4
Thus

le™ O oo < e P2 o e o g2 e 2 g2 < €172
and thus for any 0| < 7 /2,

lexp(—te' H) |1, oo < Cot™"/?
which yields

|Keio (x, y)| < Cot V)2, (3.2)

By interpolation between (3.1) and (3.2), we see that for complex ¢ in a section
Sp = {t | |Arg(t)| <0} wehaveif 6 < /2,

K (x, Y| < Co [t] ™72 exp(=Dp (x — y)*/I1]) (3.3)
and this implies by a Cauchy estimate that in the same sectors
|, K: (x. )| < Co lt] ™~ exp(=Dp(x — y)*/I1])

(where Cyg, Dg can change value from one equation to the next).
Thus for ¢+ > 1 and real,

[(—A + V) Ki(x, y)| < Clt] ™2 exp(=D(x — y)*/|t]). (3.4)
Since V is bounded, (3.3) and (3.4) imply that for r > 1,
[(=Ax + DK (x, y)| < C [t|™"? exp(—=D(x — y)*/[t]).

But 3, (— A, + 1)~ has an explicit convolution integral kernel which is L! at short distances
and exponentially decaying at large. This implies for ¢ > 1

13K (x, Y)| < C 17 [exp(—D(x — y)?/1) + exp(—E|x — y])]

which, with (3.3) and the formula (1.16), implies (1.17). We summarize:

THEOREM 3.1. The estimate (1.17) holds for any potential V obeying the hypothesis
of Theorem 1.3.
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4. Improved time decay estimates on o, L,

Here the goal is to show that
|0 L)(x, )| = Ct™ 4.1

for some « > v/2. We believe the estimate holds with « = v/2 4 1/2 and have proven
this if V is periodic: One makes a Bloch wave decomposition [8] to write the semigroup as
an integral over the Brillouin zone and a Gaussian approximation to control the resulting
integral. One uses the fact that the minimum of the bottom band is known to be a unique
point with a strictly quadratic minimum [4]. In general, we rely on estimates of Porper-
Eidel’man [6] and only get « > v/2. (In a later paper [7], they get @ = v/2 4 1/2 for the
case p = 1 below that does not accommodate our situation.)

Indeed, (4.1) is exactly Corollary 3.4 of their paper which they prove for fundamental
solutions of equations of the form

p(x)du =V - (a(t, x)Vu), 4.2)

where p, a and Va are all Holder continuous.
But (2.5) can be rewritten

Mf =—-Q72V - (Q2Vf)

SO
oru =—Mu

is of the form (4.2) where
p= Q% and aj = 928,~j.

Thus, their result applies so long as Q is C! with V uniformly Holder continuous.
Since AQ =VQwithV e Cland Q a priori bounded, we see that
VQ=V(=A+ 1D (-=V+DQ.

Since (—V + 1) is bounded, the explicit integral kernel for V(—A + 1)~! shows V2 is
uniformly Holder continuous of any order less than 1. Thus, their Corollary 3.4 applies and
(4.1) holds.
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