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Abstract

Necessary and sufficient conditions are presented for a positive measure to be
the spectral measure of a half-line Schrodinger operator with square integrable
potential.

1. Introduction

In this paper, we will discuss which measures occur as the spectral measures
for half-line Schrodinger operators with certain decaying potentials. Let us begin
with the appropriate definitions.

A potential V' € Lﬁ)c([R{+) (where RT = [0, 00)) is said to be a limit point at
infinity if

2

d

together with a Dirichlet boundary condition at the origin, u(0) = 0, defines a
self-adjoint operator on L?(R™), without the need for a boundary condition at
infinity. This is what we will mean by a Schrédinger operator. (In some sections,
we will also treat V' € L]10C where we feel that this generality may be of use to
others.)

The spectral theory of such operators was first described by Weyl and subse-
quently refined by many others. We will now sketch the parts of this theory that are
required to state our results; fuller treatments can be found in [6], [26], [43], for
example.

The name ‘limit point’ was coined by Weyl for the following property, which
is equivalent to that given above: For all z € C\ R there exists a unique function
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740 ROWAN KILLIP and BARRY SIMON

¥ € L>(R™) so that =" 4+ Vi = z4 and v (0) = 1. The value of v/ (0) is denoted
m(z) and is termed the (Weyl) m-function. It is an analytic function of z. Of course,
by homogeneity, one has that

_vO
¥(0)

(1.2) m(z)

where v is any nonzero L? solution of —” + Vi = zv. This will prove the more
convenient definition.

Simple Wronskian calculations show that m(z) has a positive imaginary part
whenever Im z > 0. Therefore, by the Herglotz Representation Theorem, there is a
unique positive measure dp so that

dp(E)
(13) / 1+E2 <
and
1 E .
(1.4) m(z):/ [E—z_ 1_HEZ:|d/o(E)—I-Rem(z).

Uniqueness follows from the fact that

(1.5) dp(E) = w—iim L Imm(E +ie)dE.
el 0

Moreover, the boundary values m(E + i0) exist almost everywhere and are equal
to the Radon-Nikodym derivative, dp/dE.

At first sight, (1.4) does not permit us to recover Imm from dp without first
knowing Rem (i). Actually, it can be recovered from the asymptotic [1], [16]:

(1.6) m(z) = /—z+0(1)

that holds as |z| — oo along rays at a small angle to the negative real axis. (If the
support of dp is bounded from below, it holds as z — —o0.)

Just as V' determines dp, so p (or m(z)) determines V. This is a famous result
of Gel’fand-Levitan [15], [23], [24]; see also Remling [29] and Simon [35].

As we have described, each potential gives rise to a spectral measure, which
also determines V. Our main goal in this paper is to give necessary and sufficient
conditions in terms of p for V € L2(R™). Our model here is a result we proved
recently [20] for Jacobi matrices, the discrete analogue of Schrédinger operators.
(Other precursors will be discussed later.) To properly frame our result, we recall
briefly the Jacobi matrix result. A Jacobi matrix is a semi-infinite tridiagonal matrix
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bl al 0
al b2 an

(1.7) J = ,
0 an b3

viewed as an operator on £2(Zy) = ¢%({1,2,3,...}). The spectral measure here is
defined by

_ du(x
(1.8) m(E) = (81, (J — E) 151)=/ wx)
x—F
We write Jg for the Jacobi matrix with b, =0, a, = 1.
Our earlier result is:

THEOREM 1.1 ([20]). J — Jg is Hilbert-Schmidt, that is,

(1.9) > (an—1)*+ b} < o0,

n=1

if and only if the spectral measure dju obeys:

(i) (Blumenthal-Weyl) supp(dp) = [-2,2] U{E;" }JJ.\' U {Ej—}j.";l with E; >
Ey >--->2and Ef < Ej <--- <=2 withlim; e Ef" = +2 if N = oc.
(il)) (Normalization) u is a probability measure.

(iii) (Lieb-Thirring bound)

(1.10) Y (EF|-2)*? < 0.
+,j

(iv) (Quasi-Szeg6 condition) Let dpac(E) = f(E)dE. Then

2
(1.11) /zlog(f(E))x/4—E2 dE > —oo.

We have changed the ordering of the conditions relative to [20] in order to
facilitate comparison with Theorem 1.2 below.

To state the result for Schrodinger operators, we need some further preliminar-
ies. Let dpg be the free spectral measure (i.e., for V = 0); it is

(1.12) dpo(E) = 17" 110,00 (E)VE dE.

For any positive measure p, we define a signed measure dv on (1, c0) by

(1.13) - / FOk dv(k) = / F(E)dp(E) — dpo(E)].
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Notice that dv is parametrized by momentum, k, rather than energy, £ = k2. This
is actually the natural independent variable for what follows (in [20] we used z
defined by E = z + z~1). We will write w for the m-function in terms of k:

(1.14) w(k) = m(k?).
With this notation,

dv .
(1.15) ﬁ—lm[w(k—i-lO)]—k

at a.e. point k € (1, 00). Here j—}; is the Radon-Nikodym derivative of the a.c. part
of v, which may have a singular part as well.
We will eventually prove (see §9) that if V € L2, then

(1.16) v 12200 = [0 0+ 1D]? < 00

and as a partial converse, if dp is supported in [—a, co) and (1.16) holds, then dp
is the spectral measure for a potential V' € leoc.

We also need to introduce the long- and short-range parts of the Hardy-
Littlewood maximal function [17], [31],

(1.17) (Mv)(x) = sup L|v|([x—L,x-|—L]),
L>0 2L

(1.18) (Msv)(x) = sup L|v|([x—L,x—|—L]),
0<L<1 2L

(1.19) (M;v)(x) = sup L [v|([x —L,x+ L]).
1<L 2L

The main theorem of this paper is this:

THEOREM 1.2. A positive measure dp on R is the spectral measure associated
toaV e L>(RY) if and only if

(i) (Weyl) supp(dp) = [0, 00) U{E;}N_, with Ey < E3 <---<0and E; — 0 if
N = oc.

(i1) (Normalization)

2
(1.20) flog[l + (Msz(k)) }kz dk < oo.
(iii) (Lieb-Thirring)

(1.21) > IE;P? < o
J
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(iv) (Quasi-Szegd)

*© 1 do 1 ldpo
1.22 1 E
(1.22) /0 og[4d 0+ 2 dp VEdE < 0.

Remarks. 1. It may be surprising that we have replaced the innocuous nor-
malization condition in the Jacobi case by (1.20). The reason is the following:
W(R) =1 in the Jacobi case is the condition that y is the spectral measure of some
Jacobi matrix. In this theorem, we do not presume a priori that dp is spectral
measure. We will eventually see that (1.20) implies that p is the spectral measure
of an L12OC potential. Indeed, (1.20) has additional information needed to control
high energy pieces.

2. The name of condition (i) was chosen because the fact that it is implied by
V € L? is an immediate consequence of Weyl’s theorem on the invariance of the
essential spectrum under (relatively) compact perturbations.

3. Bounds on sums of powers of eigenvalues in terms of the L norm of the
potential are usually referred to as Lieb-Thirring Inequalities in deference to their
exhaustive work on this question, [25]. However, the particular case that appears in
Theorem 1.2 was first observed by Gardner, Greene, Kruskal, and Miura; see [14,
p. 115].

4. The argument of log in (1.22) has the form

(123 Db+ = [0 AP

so that the integrand is nonnegative. This is significantly different from (1.11) where
the integrand can have both signs, and the finiteness of the measure implies one
sign is automatically finite so that we do not have to worry about oscillations. In
our case, an oscillating integrand would present severe difficulties because spectral
measures are not finite.

5. Theorem 1.2 implies that if V € L2, then o,.(H) = [0, 0c). This is a result
of Deift-Killip [9].

We will prove Theorem 1.2 in two parts. First, we prove an equivalence of
V € L? and a set of conditions that has an unsatisfactory element. Then we will
show the conditions of Theorem 1.2 are equivalent to those of Theorem 1.3. Both
portions are lengthy.

The intermediate theorem requires one further object. Let

(1.24) F(gq) = 71_1/2/ p_le_(q_l’)zdv(p).
p=1

By (1.3), this integral is absolutely convergent.

THEOREM 1.3. A positive measure dp on R is the spectral measure associated
toaV e L2(R™) if and only if
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(i) (Weyl) supp(dp) = [0, 00) U{E;}N_, with Ey < Ez <---<0and E; — 0 if
N = o0.

(i1) (Local solubility)

o0
(1.25) / |F(¢)|* dg < .
0
(iii) (Lieb-Thirring)
(1.26) > IE;P? < o
J
(iv) (Strong quasi-Szegd)
lw(k +i0) +ik|*7, ,
1.27 1 k=dk .
(1.27) / 0g|: 4k Imw(k 4+ 10) =

Remarks. 1. Notice that
lw(k +i0) +ik|* > |[Imw(k +i0) + k|?
> [Imw(k 4 i0) +k|* — [Imw(k 4 i0) — k|?
=4k Imw(k +i0).

Now, the argument in the log in (1.27) is at least 1 and the integrand is strictly
positive, so that the integral either converges or is +00.

2. There is a significant difference between (1.27) and (1.11). Since (1.27)
involves w and not just Im w, the singular part of dp enters in both (ii) and (iv).
Still, as we shall see, the restriction on dps is mild.

3. The occurrence of w in (1.27) means that if one starts with dp, it is difficult
to check this condition — one first has to calculate the Hilbert transform (conjugate
function) of dp. Consideration of the example

o0
dp=dpo+ Y _ ¢;8(E—j*)dE
j=1
shows that (1.25) is not strong enough to allow the replacement of (1.27) by the
weaker quasi-Szegd condition (1.22). Specifically, (1.25) only requires ¢; € 02
while (1.27) implies ¢; € ¢!, The relation of the two quasi-Szegd conditions and
their connection to Re w(k) is discussed in Section 8.
The advantage of the maximal function is that it involves no cancellation; we
see plainly that (1.20) is a statement about the size of dp — dpy.

4. The name ‘local solubility’ comes from the fact that this condition (plus the
fact that support of dp is bounded from below) guarantees that dp is the spectral

measure for some Lﬁ)c potential. See Section 6.
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5. We will prove Theorem 1.3 in Section 7, and then use it to prove Theorem
1.2 in Sections 8-11.

There are significant differences from Theorem 1.1, both in the form of Theo-
rem 1.3 and its proof. Understanding the difficulties that led to these differences is
illuminating. To understand the issues, we recall that Theorem 1.1 was proved by
showing a general sum rule, dubbed the P, sum rule:

(1.28) 0w+ F(EF)=1>"02+1 > Ga))
+,j J J
where
1 2 VAa—E? —
(1.30) G(a) = a* —1—logla)?,

(1.31) FB+p ) =3B —p2—logp*, [BI>1.

To prove Theorem 1.1, one proves (1.28) is always true (both sides may be infinite)
and then notes Q(dp) < oo if and only if (1.11) holds, F(EF) = (|EF|—2)3/2 +
(O(|EF|=2)?), and G(a) = 2(a — 1)+ O((a — 1)3). Thus, 3" ; F(E}") < o0
if and only if (1.10) holds and the right side of (1.9) is finite if and only if (1.7)
holds.

For nice J’s (e.g., b, =0 and a, = 1 for n large), (1.28) is a combination of
two sum rules of Case [3], [4]. For general J’s, it is proved in Killip-Simon [20]
with later simplifications of parts of the proof in [36], [39].

The difficulties in extending this strategy in the continuous case were several:

(i) The translation of the normalization condition @ (R) = 1 is not clear. We
needed a condition that guaranteed dp is the spectral measure associated to a
reasonable V, preferably belonging to Lﬁ)c. We sought to express this in terms of
the divergence of p(—oo, R) as R — oo. As it turned out, the A-function approach
to the inverse spectral problem, [16], [35], leads quickly and conveniently to the
condition (1.25), which is perfect for us.

(i1) The natural half-line sum rules in the Schrédinger case invariably lead to
terms involving V(0) or worse still, ¥/(0). This is clearly unacceptable for one
seeking V € L? conditions.

(iii) The half-line sum rules also lead to terms that, like (1.11), have an
integrand with a variable sign. In (1.11), the fact that [ f(E)dE < 1 implies
uniform control on [ log, (f(E))v4— E2dE and so the terms of the ‘wrong’
sign (where f(E) > 1) present no problem. But in the whole-line case where
p(R) = oo, terms of opposite signs could involve difficult to control cancellations.
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The resolution of difficulties (ii) and (iii) was to fall back to the whole-line
sum rule used in [9]. The penalty is that the strong quasi-Szegd condition, (1.27),
little resembles the quasi-Szeg6 condition of our earlier theorem, (1.11). It is this
disappointment that led us to push on to find Theorem 1.2.

Whole-line sum rules date to the original inverse-scattering solution of the
KdV equation, [14]. Consider the operator

2

1.32 Lo=—7—
(1.32) 0 i2

+ X(0,00)(X) V(x)

acting on L?(R) with eigenvalues EJ(O). The well-known sum rule is [9], [14], [47],

o0
(133) [T vera=3 e 0

0 -

J

where

1 Tk +i0)+ik|*], ,
1.34 —— [ 1 K2 dk.
. ¢ n/o Og[4klmw(k—|—i0)

As in [20], we will need to prove it in much greater generality than was known
previously. Essentially, assuming that w is the m-function of an Lﬁ)c potential V,
we will prove (1.33) always holds although both sides may be infinite.

If one notes that the half-line and whole-line eigenvalues interlace,

(0) (0)
(135) Ej EEJ ij+1’

it is clear that (1.33) proves Theorem 1.2.

As was the case in [20], [36], [39], the key to the proof of (1.33) is a ‘step-by-
step’ sum rule, that is, a result that, in essence, is the difference of (1.33) for Lo
and for

2

dx?

which always holds. A second important ingredient is the semicontinuity of Q.

In Section 2, we will discuss a relative Wronskian which is the analogue of the
product of m-functions used implicitly in [20], [39] and explicitly in [36] to prove
a multi-step sum rule. In Section 3, as an aside, we will re-express this relative
Wronskian as a perturbation determinant. In Section 4, we prove the step-by-step
sum rule. In Section 5, we prove lower semicontinuity of the quasi-Szegd term.
In Section 6, we discuss (1.25) and, in particular, show it implies p is the spectral
measure of a locally L? potential. Section 7 completes the proof of (1.33) and of
Theorem 1.3. Sections 8—11 prove Theorem 1.2 given Theorem 1.3.

(1.36) L, = + X(2,00)(X) V(X)
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The earliest theorem of the type presented here is Verblunsky’s form [46]
of Szegd’s theorem [37], [42]. Let us elaborate. The orthogonal polynomials
associated to a measure on the unit circle obey a recurrence and the coefficients
that appear in this recurrence are known as the Verblunsky coefficients. The result
just mentioned says that the Verblunsky coefficients are square summable if and
only if the logarithm of the density of the a.c. part of the measure is integrable. In
fact, there is a sum rule relating these quantities.

One of the more interesting spectral consequences of Szegé’s theorem is the
construction by Totik [45] (see also Simon [37]) that given any measure supported
on the circle, there is an equivalent measure whose recursion coefficients lie in all
P (p > 2). We expect that the results and techniques of the current paper will
provide tools allowing us to carry this result over to Schrédinger operators (although
it seems likely that {7 will be replaced by £?(L?) rather than by L?.

Krein systems give a continuum analogue for orthogonal polynomials on the
unit circle. The corresponding version of Szeg8’s Theorem can be found in [22];
though for proofs, see [33]. Using a continuum analogue of the Geronimus relations,
Krein’s Theorem gives results for potentials of the form V(x) = a(x)? £ a’(x)
with @ € L?. Note that the operators associated to such potentials are automatically
positive — there are no bound states. For a further discussion of the application of
Krein systems to Schrodginer operators, see [11], [12], [13].

More recently, Sylvester and Winebrenner [41] studied the scattering for the
Helmbholtz equation on a half-line and obtained necessary and sufficient conditions
(in terms of the reflection coefficient) for square integrability of the derivative of the
wave speed. Applying appropriate Liouville transformations connects this work to
the study of Schrodinger operators with potentials V' (x) = a(x)? £a’(x), just as for
Krein systems. Our methods parallel their work in places, particularly with regard
to the semicontinuity properties of Q discussed in Section 5. However, dealing
with bound states adds to the complexity of our case.

As mentioned earlier, it was proved in [9] that o,.(H) = [0, co) for

d2

H=—"_
dx?

+V

with V € L2. Earlier work by Christ, Kiselev, and Remling, [21], [5], [28], settled
the case V(x) < C(1 + |x|?)™ for o > % by entirely different means. The most
recent development in this direction is the use of sum rules by Rybkin, [32], to
prove o,.(H) = [0, 0o) for potentials of the form V = f + g’ with f,g € L?.

Acknowledgements. We wish to thank Wilhelm Schlag, Terence Tao, and
Christoph Thiele for various pointers on the harmonic analysis literature. We would
also like to thank Christian Remling for some insightful comments.
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2. The relative Wronskian

In this section, we will consider V' € LIIOC(IR"') for which the operator

d2

2.1 H=——54+7V
2.1 P

with boundary condition u(0) = 0 is essentially self-adjoint and has o (H) C
[0, 00). As noted in the introduction, for any k € C4 with k? ¢ o(H), there is a
unique solution ¥4 (x, k) of

(2.2) —" + VY =k%y

which is L? at +00 and ¥4 (0) = 1. By the above assumption on o, this extends
to a meromorphic function of k in C4 with poles exactly at the negative eigenvalues
of H. Moreover, the poles are simple.

We define

(2.3) W(x, k) = e ™y’ (x, k) +ike ** gy (x,k),

where W is the Wronskian of ¥4 (x,k) and ¥ (x, k) = ¢~*k*  which is the
solution of

(2.4) " =k*y;

that is, L2 at —oo (recall Im k > 0). Note that W(x, k) is a meromorphic function
of k, an absolutely continuous function of x, and is easily seen to obey

(2.5) % W(x, k) =e "y, (x,k)V(x).

The zeros of k — W(xg, k) are precisely those points where one can find a
¢ € C for which

x, k), x>x
(2.6) u(x) = wt(l.kx ) 0
ce , < Xo

is a C! function; that is, W(xg, k) = 0 if and only if k2 is an eigenvalue of the
operator L; of (1.33) with # = x¢. In particular, all zeros lie on the imaginary axis:
k =ik with k > 0.

We will use k1(x) > k2(x) > --- to indicate the zeros of W(x,ik) so that
—k;j(x)? are the negative eigenvalues of L.

We define the relative Wronskian by

Wi(x, k)

2.7) ax(k) = 47 0.5
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For each x, it is a meromorphic function of k. Like the m-function — and unlike
W(x, ) —it is independent of the normalization {4+ (0, k) = 1. By the above, we
have:

PROPOSITION 2.1. The poles of ax(k) are simple and lie at those points
k =1ik;(0) for which —«; (0)2 is an eigenvalue of Lo. The zeros are also simple
and lie on the set k = ik;(x) where —k; (x)? are the eigenvalues of Ly. (In the
event that a point lies in both sets, there is neither a pole nor a zero— they cancel
one another.)

PROPOSITION 2.2. For Rek # 0, ax(k) is absolutely continuous in x. More-
over, loglax (k)], defined so that it is continuous in x with log(ax=o(k)) = 0, obeys

(2.8) j—x loglax (k)] = V(x)(ik +w(k; x))™!
where
AN

is the m-function associated to the operator Ly restricted to [x, 00).

Proof. As a ratio of nonvanishing absolutely continuous functions, ay (k) is
absolutely continuous, and then so is its log. By (2.5),
e Ky (x )V ()
W(x, k) ’

d
Ix loglax (k)] =
As
Wk) ik

e~ ¥kyy (x k) Y (x,k)
(2.8) is immediate. O

+ik=wk;x)+ik,

PROPOSITION 2.3. (a) Fork € C4 withRek # 0,

2.10) lloglax (k]| < [Rek|™ [0 V()| dy.

(b) Fix K > 0. Then there exist R > 0 and C. So, for all k in C4 with |k| > R
and all x in [0, K],

(2.11) [loglax (k]| < Clk|™".
Proof. (a) If Rek > 0 and Imk > 0, then Im w > 0 and so
lik +w(k;x)|"! < [Rek|™!.
Thus (2.10) follows from (2.8).
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(b) By [16], uniformly for x € [0, K], w(k;x) —ik — 0 as |k| — oo with
arg(—ik) < %. This plus (2.8) implies that (2.11) holds uniformly in x € (0, K)
and |arg(—ik)| < Z. By (2.10), it holds for argk € (0, %) U (3, ). O

PROPOSITION 2.4. Suppose that for some ko € (0, 00), lim, o w(ko+ie;0) =
w (ko +10;0) exists and Imw(ko +i0:0) € (0, 00). Then for all x, limg o w(ko +
ie; x)=w(ko+i0; x) exists and limg g ax (ko+ie) =ax(ko+i0) exists. Moreover,

T (ko.0)

. 2
2.12) lax (ko +i0))? = T )

where
dko Imw(ko +10; x)

2.13 T (ko,x) = .
13 (Ko X) = 1 (ko +10:) + ko P

Proof. As Imw(kg +i0;0) € (0,00), we may also take the vertical limit
Y+ (x, ko 4+ i0); indeed, this is just the solution to (2.2) with ¥ (0) = 1, ¥/(0) =
Imw (kg +i0;0), and k = ky.

AsImw(k+i0) >0, ¥ (x, ko+i0) is not a complex multiple of a real-valued
solution and so cannot have any zeros. Thus lim, o w(ko +ié&; x) exists. Similarly,
by (2.3), W(x, ko +i¢e) has a limit and

(2.14) IW(x. ko +i0)| = [+ (x, ko +i0)| |w(ko +i0; x) + ik].

As Y4+ (-,ko+10) and Y4 (-, ko + i0) obey the same equation, their Wron-
skian is a constant (in x); that is

(2.15) Y4 (x, ko +i0)|* Imw(x; ko +i0) = Ck,.
The definition (2.13) and (2.14), (2.15) imply

4Ck0k0
T (ko,x)
Thus (2.7) implies (2.12). O

(2.16) \W(x. ko +i0)[*> =

We write the letter 7' in (2.13) because, as we will see, it represents the
transmission probability of stationary scattering theory.

PROPOSITION 2.5. Let V € L?

loc

([0, 00)) and suppose cess(H) C [0, 00). Then
as Kk — oo (real ),

[ 1 *
@17 toglaxi) = —5- [ VOrdy+ g [ VOrdy+ow)

with an error uniform in x for x € [0, K] for any K.
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Proof. By [16], [35],
1
(2.18) w(ik,x) =—«k —/ Vx+y)e 2 dy +o(k™ 1)
0

with the o(k~!) uniform in x for x € [0, K]. Notice that the integral in (2.18) is
o(k~1/2) since V € L2 . Thus

loc*
1
(2.19) [w(in,x)—«]"' = (=2c)"1 + (2K)_2/ V(x4 y)e 2 dy +o(k™3).
0
To get this, note that one error term is O(k3)o(k~!) and by the fact that the

integral in (2.18) is a priori o(k~1/?), the other is O(k~3) O (k~1/2)2.
Thus, by integrating (2.8), the proposition will follow once we show

X 1 X
(2.20) lim « / V(y) / V(y+s)e > ds =% / V(y)?dy
K—>00 0 0 0
for all V € L?(0, x + 1). To prove this, note first that it is trivial if V is continuous

since then, x fol V(y+s)e 25 ds = %[V(y) + 0(1)] for each y uniformly in y in
[0, x]. Moreover,

X 1
(2.21) UO f(y)(/o g(y+s)Ke_2sts)dy’

x 1/2 x+1 1/2
5%(/0 If(y)lzdy) (/0 |g(y>|2dy)

so an approximation theorem goes from V' continuous to general V in L2(0, x + 1).
To prove (2.21), use the Cauchy-Schwarz inequality and

1 x+1 1/2
5/0 ke g (- +9)2 dSS%(/O lg? dy)
2

where | - ||2 is L2(0, x) norm. O

1
H/ g(-+s)ke 2 ds
0

3. Perturbation determinants: an aside

In this section, we provide an alternate definition of a, (k) which we could
have used (and, indeed, initially did use) to define and prove the basic properties of
this function. The definition as a perturbation determinant makes the similarity to
the Jacobi matrix theory stronger. Expressions of suitable Wronskians as Fredholm
determinants go back to Jost and Pais [18]. We will not use this alternate definition
again in this paper, but felt it is suggestive and should be useful for other purposes.

We will write J; for the space of trace-class operators with the usual norm:
Al = Tr(|A).
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We need one preliminary:

PROPOSITION 3.1. Let V be in Llloc((O, o0)) and consider L = —j—xzz +V
on L?(R) (with a boundary condition at infinity if V is limit circle there). Fix
0 < K < oo and view L?([0, K]) as functions (and multiplication operators) on all
of R that happen to vanish outside this interval.

Given z € Cy, the mapping f +— f(L —z)~ Y is continuous and differentiable

from L?(0, K) into the trace class operators.

Proof. Let Lp be the operator with a Dirichlet boundary condition added at
x = K; thatis, Lp = L}, GBL$ with L7, on L?(—o0, K) with u(K) = 0 boundary
conditions and L$ on L?(K, oo) with u(K) = 0 boundary conditions and the same
boundary condition at infinity as L.

Let u4 solve —u” + Vu = zu with u_ square-integrable at —oo and u ., L?
at +o00 (or, obeying H’s boundary condition at infinity if V' is limit circle). Let ¢
be given by

ur(Ku—_(x), x<K

s o) = Uu_(Kuy(x), x>K

and normalize u_ so that W(u4,u_) = 1. Then, standard formulae for Green’s
functions [6] show that with G(x, y), the integral kernel of (L —z)~! and Gp (x, y)
that of (Lp —z)7!,

(3.2) G(x,y)—Gp(x,y) = (u+(K)u—(K) " o(x)e(y).
Since ¢ is bounded on [0, K], f¢ € L? and so

SI(L=2""=(Lp—2)""]

is a bounded rank one operator, and so trace class. Thus it suffices to prove that
f(Lp—z)"!= f(Ly —z)"1 @0 is trace class, and so f(Lp —z)~ 1 is trace class
on L?(—o0, K).

Similarly, when we add a boundary condition at x = 0 which is rank one, so
with Hp the operator on L?(0, K) with u(0) = u(K) = 0 boundary conditions, it
suffices to prove that f(Hp —z)~! is trace class.

AsV 10, K]isin L', Hp is bounded from below, and so by adding a constant
to V, we can suppose Hp > 0. Thus it suffices to show that f(Hp + 1)~! is trace
class. Write

o0
f(Hp+1)7! :/ e! femH0 dy
0

= / et (fe DIy D) gy,
0
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By general principles (see [34]), the integral kernel of e~ /2 call it P;(x, y),
obeys

_ _ 2
de,y)fECt‘”zexp(—E%ng—), r<1

<C, t>1.
From this it follows that for any g € L2(0, K),
lge™HP ]2 < Cllgllp2(1+ [s| 714
and || - || a Hilbert-Schmidt norm. Thus

o0
wum+n*m§A e || fe Iy e /2y di < o0

The proof of continuity and differentiability in f follows from these estimates.
O

Remark. The use of Dirichlet decoupling and semigroup estimates to get trace
class results goes back to Deift-Simon [10].

COROLLARY 3.2. If L; is given by (1.36) and z € C4, then
(3.3) X;=(L;—2)(Lo—z) ' —=1€7;.
Moreover, if V(x) is continuous in a one-sided neighborhood of x = 0, Tr(X;) is

differentiable at t = 0 and

(3.4) Tyl = v0)60.0)
dt =0

where G is the integral kernel of the operator (Lo —z) ™.
Proof. We have
(3.5) Ly—Lo="Vyxion

so that (3.3) follows from Proposition 3.1. By the continuity assumption, X; has
a piecewise continuous integral kernel X;(x, y) = V(x) x[0,:1(x)G(x, y), so that
(see, e.g., Theorem 3.9 in Simon [38])

t
Tr(Xt):/O V(x)G(x,x)dx

from which (3.4) follows. O
The main result in this section is this:

THEOREM 3.3. Let V € L2 (0, 00) with 0ess(H) = [0, 00). Then for

loc

k e Cy\{k = —ik | —k? € 0(Lo)}
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we have
(3.6) ax(k) = det[(Lx —k?)/(Lo —k?)].

Proof. By continuity, we can suppose Re k = 0. Similarly, by Proposition 3.1,
we can suppose V' is continuous on [0, x].
Let az (k) be the right-hand side of (3.6). If we prove that for 0 < ¢ < x,

d
3.7) - logla; (k)] = V(0)lik + wlke; )]
then, by (2.8) and ag(k) = 1, we could conclude (3.6).
As

i log[det(l + A)]

JA =Tr(A)

A=0

and for ¢ near ¢q,
(3.8) logd, (k) = logdy, (k) + logdet[(L; —k?)/(Ly — k)],
(3.4) and (3.8) imply that

L oglir (1)

7 = V(t0)G(to, to)

to

where G is the integral kernel for (L, —k?)~!. This leads to (3.7) after we write
the Green’s function in terms of ¥ and (). O

4. The step-by-step sum rule

In this section, we will prove a general step-by-step sum rule for all V' €
Lﬁ)c([O, 00)) that involves f(f V(y)?dy. We begin with a preliminary: Recall
(see Proposition 2.1) that «; () > 0 is defined so that «1(t) > k2(t) > --- and
{—«;j (t)Z}JI.Vz(tI) are the negative eigenvalues of L, and «; () = 0if j > N(t), which
may be infinite.

PROPOSITION 4.1. Forany V € L2 ([0, 00)) and t € (0, c0),

loc

@.1) Dl () =k (0)%] < o0
J

Proof. Let A(s) = —j—; + X[t,00)V +SX[0,1)V so that A(0) = L; and A(1) =
Lo. Let E;(s) denote the negative eigenvalues of A(s) with £y < E» <--- and
E;(s) =0if j > N(s), the number of negative eigenvalues of A(s). Let ¥ (s)
be the corresponding normalized eigenvectors. Pick a > 0 so for all s € [0, 1],
A(s) = 1—a.
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By first-order eigenvalue perturbation [27], [19] (a.k.a. the Feynman- Hellman
theorem) if j < N(s):

d
— Ej(s) = (¥ (), X0, V¥ (5))

ds
= (E;(s) + a)((A(s) + @) "9 (), x10.0V(A(s) + @)~ (s))
so that
42) ‘ Ejls )‘<2 al (Y5 (5). (A(s) + @) 0.0V (AG) + @) 2y (5))].
Thus
94k (s)
(4.3) > || = 2alxealV 1A +a) 2 < C
j=1

where || - |2 is the Hilbert-Schmidt norm. The existence of such a C, independent
of s € [0, 1], follows from

t
lxo.al VI (A +a) 25 = /0 V)P (AGs) +a) ™! (x.x),dx < C,
Now, (4.3) implies
o0
D |Ei(s) = Ej(w)] < Cls—ul
j=1
which for s =1, u = 01is (4.1). O
Remark. One may also prove this proposition using the J; — L! bound for

the Krein spectral shift function. Indeed, the proof of this general result follows
along the general lines given above.

We can use this to define the Blaschke product needed to deal with the zeros
and poles of a;(k):

PROPOSITION 4.2. Let

@a bl =[S S e 2 (g0 -]
J

k—ik;j(0) k+ik;(t)
Then:
(i) The infinite product converges on C \ {ik; (0)}g -
(ii) B (k) has a continuation to C \ [{ix; (0)}}g U{0}] and
(4.5) k € R\{0} = |B; (k)| = 1.
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(iii) Fork ¢ iR,
(4.6) |log| B; (k)|| < C|Re k|2
(iv) Uniformly for arg(y) < %,

2
@) loglBi(iy)] = 375 D ki (00 = (1)1 + O(y %) as |y| — oo
J

Proof. Let k, A > 0. Define

k+ik k—iA 2i
4.8 Fk;e,2)=1 — == (k—A).
*+8) (ke 4) Og[k—ilck—i-ik} PR
Then
F(k;A,A)=0
and, by a straightforward computation,
d 2ik?
4.9 — Flkik,A) = ——5—5-.
4.9) g L) ==y
It follows for k € C with ik ¢ [min(k, A) max(k, A)], that
max(k,A) MZ
(4.10) |F(k;k,A)| < 2/ — __du.
min(e,2) K| 1k2 4+ p2|

The right side is invariant under k — k, and so we suppose Imk > 0. Then
m <1, so that

max(k, A)% — min(k, 1)?
|k| inf{|k —ip| | u € £(min(k, L), max(k, 1))}

4.11) |F(k;k, )| <

We can thus prove:
(i) By (4.11), if k ¢ {0} U {ik;(0)} U {—ik;(¢)} = O, we have for all n
sufficiently large that

| F(k;kn(0), kn(1)] < Ck|Kn(0)2_Kn(t)2|~

So, by (4.1), the product (4.4) converges absolutely and uniformly on compact
subsets of C\ Q.

(ii) The above argument shows B has analytic continuation across R\{0}.
Since the continuation is given by a convergent product, and the finite products
have magnitude 1 on R, that is true of B on R\{0}.

(iii) From (4.11) and inf{|k —iu| | k € ...} > Relk|, we have
k2 =32
F(kik, M| £ ————

which, given (4.1), implies (4.6).
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(iv) By (4.9) for y real and large,
0 2uc? 22 K4
— F(iy,k,A)=——F——-=—%+0| —
o TN =y T et ( )
and so (4.7) holds by integrating and by the fact that

K (0) ) ) 3 5
[ dp =310 -5 07 .
Kj(t)

Let a; (k) be given by (2.7) and B;(k) by (4.4). The two functions are analytic
in C4+ and have the same zeros and poles, so that

az (k)
Bz(k)]

is analytic in C. We define g; by taking the branch of log which is real for k = ik
with « large.

4.12) g:(k) = log|:

PROPOSITION 4.3. (i) g;(k) is analytic in C.
(i) Fora.e. k € Ry, limgo g¢(k +ie) = g¢(k) exists and if Inm(k? +i0) > 0,

then
T (k,0)
4.1 R =11
with T given by (2.13).
(i11) For each & > 0,
(4.14) Imk > &= |g: (k)| < Celk| ™"
(iv) Forallk € C4+,Rek # 0,
(4.15) 8¢ (k)| < C[|Rek|™" + [Rek|7?].
As y — 00 along the real axis,
(4.16) giiy)=ay™ +by +o(y7?)
with coefficients
t
4.17) a= —%f V(x)dx
0
t
(4.18) b= %/ V(x)>dx—3 Y [0 —k; (1)),
0 ,

7
Proof. (i) is discussed in the definition.

(i1) This combines Proposition 2.4 and (4.5).
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(iii) This follows from (2.10), (2.11), (4.6), (4.7), and the continuity (and so,
boundedness) of g; on compact subsets of C.

(iv) This combines (2.10) and (4.6).

(v) This combines (2.17) and (4.7). O

We are now ready for the nonlocal step-by-step sum rule.

THEOREM 4.4. Suppose V € leoc(lR"') and Imm(E + i0) > 0 for almost
every E > 0. Then for any yyg, y1 € (0, 00),
(4.19)

gy [ g [T(E,O)]ﬁ
Re[g’“y°) Yo } "/E W@ 4@+ L TEn]

where g; is given by (4.12) and T', by (2.13).

Proof. It h is a bounded harmonic function on C with a continuous extension
to C4+, then for y > 0,

. y h(§)

(4.20) h(x +iy) = 2] Eonzi2
This Poisson representation is standard [31], [40] and follows by noting that the
difference of the two sides is a harmonic function on C4+ vanishing on R so that
by the reflection principle, is a restriction of a bounded harmonic function on C
vanishing on R and so is 0 by Liouville’s Theorem.

As Re g (k) is a bounded harmonic function on {k | Imk > &}, we have for
all y >0and ¢ > 0,

dE.

(4.21) Reg/(x +iy+ie) :% %

and therefore,

(4.22) Regt(iYO‘f—iS)—% Regt(iy1+is)=/Q($,yo,y1)Regt(S+i8)d5

where

1 Yo Yy
Q. y1,y0) = —[— —-—
mlE2+y2 yo £2+4y3

_ L yg—yt &
T yo  (E24yDE2+y])

By (4.15), uniformly in ¢,

IRe g; (£ +ig)| < C[IE]72 + &7
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and clearly,

52
Q)] < Cyp,y, @¢

s0, by the dominated convergence theorem, we can take ¢ | 0 in (4.21). The left
side converges to the left side of (4.19) and, by (4.13) and Re g;(—k) = Re g, (k),
the right side converges to the right side of (4.19). g

Here is the step-by-step version of the Faddeev-Zhabat sum rule (1.33):

THEOREM 4.5 (Step-by-Step Faddeev-Zhabat Sum Rule). Suppose V €

Lﬁ)c(R+) and Imm(E + i0) > 0 for almost every E > 0. For any t > 0,

(4.23)

1 /t V(x)*dx =3 [kj(0)> —k;(1)*] + lim /Oo P(§ y)log[T(g’t)] dg

8 Jo 3T ! y=oo Jo ’ T(.,0)
J
where
1 482y
20 ren =l @ranen )

Proof. By (4.16), with b given by (4.18),

y318:(2iy) — 5 g1(iy)] = blg — 5] +o(1)
and so, by (4.19),

(4.25)
Rl i (CA D OO S N I £2 T(£,0)
P=03 [ 2y ] /0 (€2 + 492)(E2 + 2) log[ T(E, z)} dg
which is (4.23). O

Remarks. 1. As limy o P(§,y) = %52, formally, (4.23) is just a difference
of (1.34) for L and L;.

2. In the preceding theorems, the assumption that Im m (E +i0) > 0 for almost
every E > 0 was only used to allow us to apply Proposition 2.4 to obtain a simpler
expression for the boundary values of a; (k). The assumption may be removed
if one is willing to replace the ratio T'(§,¢)/ T (€,0) by the limiting value of the
relative Wronskian.

5. Lower semicontinuity of the quasi-Szegé terms
For any V € LllOC (0, 0), we can define (in the limit circle case after picking a

boundary condition at infinity) 7'(k, 0) by (2.13) for a.e. k € (0, o0) and then

(5.1) V) = —% /Ooolog[T(k,O)]kzdk.
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Since T < 1, —log[T'] > 0 and the integral can only diverge to oo, so that Q(M)
is always defined although it may be infinite. The main result in this section is:

THEOREM 5.1. Let Vy,, V be a sequence in L2 _((0,00)). Let V be the limit

loc

point at infinity. Suppose

(5.2) [aw,,(x) —V(x)|?dx —0
0

for each a > 0. Then

5.3) O((V) <liminf Q(Vy).

Remarks. 1. As noted in the introduction, this is related to results in Sylvester-
Winebrenner [41]. However, they have no bound states and |r(k)| < 1 in the upper
half-plane. This fails in our case and our argument will need to be more involved.

2. Itis interesting that the analogue in the Jacobi case [20] used semicontinuity
of the entropy and this result comes from weak semicontinuity of the L?-norm.

3. It is not hard to see that this result holds if Lﬁ)c is replaced by LllOC and
the |...|% in (5.2) is replaced by |...|'. Basically, one still has strong resolvent
convergence in that case. But the argument is simpler in the Lﬁ)c case we need, so
that is what we state.

We will prove this theorem in several steps, writing wy (k) and w (k) for the

m-functions (parametrized by momentum) associated to V;, and V respectively.

PROPOSITION 5.2. Let V,,, V obey the hypothesis of Theorem 5.1. Then for
all k withRek > 0 and Imk > 0, one has wy (k) — w(k) as n — oo.

Proof. Let H (resp., Hy,) be the operator u — —u” + Vu on L?(0, co) with
boundary condition #(0) = 0 at x = 0 and, if need be, a boundary condition at co
for some n if the corresponding H,, is limit circle at oo.

By the standard construction of these operators, H being limit point at infinity
has D = {u € C5°([0,00)) | u(0) = 0} as an operator core. ([26, Th. X.7] has the
result essentially if V' is continuous, but the proof works if V' is L120c~ Essentially,
any ¢ € [(H +i)[D]]* solves —¢” + Vo = i with ¢(0) = 0 and that cannot be
L?; it follows that H +i[D] = L? which is essential self-adjointness.)

Let f = (H —k?)¢ with ¢ € D. Then

M[(Hn = k)™ = (H =) f | = 1(Hn = k)7 (Va = Vg
< m k|71 (Ve = Vgl — 0
by (5.2), so that we have strong resolvent convergence.
If o € L?(0,a) and ¥ = (H, —k?)~ ¢, then for x > a,
Y (¥)
Vn(x)

wp(k,x) =
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and so, for x > 0, we have wy (k, x) = w(k, x).
Differentiating (2.9) with respect to x and using (2.2) leads to the Riccati
equation

d
(5.4) W2y —w?
dx
By combining this with (5.2), one can deduce wy (k) — w(k). d

We now define the reflection coefficient (for now, a definition; we will discuss
its connection with reflection at the end of the section) by

ik —wy(k)
ik +wyk)

The following bound is clearly relevant.

(5.5) (k) =

PROPOSITION 5.3. Let k = |k|e!™ with n € [0, %), |k| # 0. Then

'k — 1+ si 1/2
(5.6) sup l 2l = (Lﬂ(n)) .
zecy |ik+z 1 —sin(n)

Proof. z+— l’ Ilg __é is a fractional linear transformation which takes z = —ik e C_
to infinity since Rek > 0 if n € [0, Z). Thus C is mapped into the interior of the
circle {ll]’;jrfc | x € R} U {—1}. By replacing k by k/|k|, we can suppose |k| = 1.
Let

x—iel|?
T = e

Straightforward calculus shows that f/(x) = 0 exactly at x = +1. Since
| f| = 1 as x — %00, we see the maximum of f(x) = (1 + x% 4 2xsinn) /(1 +
x2 —2xsinn) occurs at x = 1 and is (1 4 sin(n))/(1 — sin(7)). O

LEMMA 5.4. Let f,, and foo be a sequence of functions on D, the open disk,
with

(5.7) sup | fn(2)] < oo.

z€D,n

Let f,(z) = foo(z) forall z € D. Let f,(e'?) be the a.e. radial limit of fy(re'?)
and similarly for feo(e'?). Then f,(e'?) — foo(e'?) weak-x; that is, for all
g € L1(dD),

2w . . do 2w . . do
i6 i6 i0 i0
(58) | @ 5= [ e fote 5

Proof. By (5.7), it suffices to prove (5.8) for g(e!?) = e*? for all k. But for
H functions (see [31]), fe’kef(ele)% =0if k > 0 and fe_’kef(ele)% =
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£®(0)/k!. Pointwise convergence in D and boundedness imply convergence of
all derivatives inside . |

THEOREM 5.5. Let ry(k) be given by (5.5) for Imk > 0. Then for a.e. k €
(0,00), rp(k) = limg o, (k + i &) exists and obeys

(5.9) lrn (k)| <1, (k >0).
Moreover, for any g in L' (a,b) with0 <a < b < oo,
b b
(5.10) / gk)yry(k)dk —>/ gkyrk)dk
a a
and for 1 < p < oo,
(5.11) liminf /
n—-oo a

Proof. Pick 0 <¢ <a <b <d < oco. Let Q be the semidisk in C4+ with flat
edge (¢, d). Let ¢ : D — Q be a conformal map. Since

b b
1w ()P K2 dk > [ ()72 dk.

a

sup arg(k) < %,

keQ

we have

(5.12) sup |rp(k)| < o0
n,keQ

by Proposition 5.3. We can thus apply Lemma 5.4 to 5, o ¢ and so conclude (5.10).
Now, (5.9) follows from Proposition 5.3 for n = 0.

Note that (5.10) implies r, — r in the weak topology on L?((a,b),k? dk).
Thus (5.11) is just an expression of the fact that the norm on a Banach space is
weakly lower semicontinuous. O

Proof of Theorem 5.1. Notice that

(5.13) T (ko,0) + |r(ko,0)|*> = 1.
Thus
o |r|*™
(5.14) —log[T] = —log(1—|r]*) =) .
m=1 m

(5.11) implies that for each m and 0 < a < b < o0,

b 2m b 2m
/[—”(k)' ]kzdkfliminf/ [—'r”(k)l ]kzdk,
a m a m
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which becomes

br M |r|2m br M |7‘ |2m
/ [Z —]kzdkfliminf[ [Z "—}kzdk
a m 4 Lm=1 mn

m=1
so, by (5.14),
1P 2 o [ 2
——/ log[T (ko,0)]k*, dk <liminf ——/ log[Ty (ko,0)]k= dk ).
T Ja 0

b4
Now take a | 0 and b — o0. d

We end this section with a sketch of an alternate approach to Theorem 5.1.
We present this approach because it is rooted in the physics of scattering. Since we

have a direct proof, we do not produce all the technical details —indeed, one is
missing. The argument is in a sequence of steps:

Step 1. Let L be the whole-line problem obtained by setting V' =0 on (—o0, 0).
Let j be a C* function with 0 < j <1 and j(x) =0if x >0 and j(x) = 1 if
x < —1. Let J be multiplication by j. Then, by [7],

(5.15) s-lim eLye™ b p (L) = PE(L)

t—>to0

exist and are invariant projections for L. Now, L | ran(Pei) is absolutely continuous
and has spectrum [0, 0o) with multiplicity 1.

Step 2.
(5.16) Pr(L)PF(LYP; (L) =Ry (L)

is a positive operator on ran(P, ) which commutes with L | ran(P, (L)) and so,
by the simplicity of the spectrum of this operator, it is multiplication by a function
R (E). Since 0 < R, (L) <1, as a function, 0 < R(E) < 1. R is discussed in [7].

Step 3. By computations related to those in [41],
(5.17) R (k) =|r(k)?
with r given by (5.5).

Step 4. We believe that for V;, — V in the sense of Theorem 5.1, one has for
a dense set of vectors uniformity in z of the limit in (5.15), but we have not nailed
down the details. If true, one has

(5.18) w-lim Ry (L) = Ry (L).

Step 5. By (5.17), |rn(k)|?> — |r(k)|?> weakly as L°-functions (i.e., when
smeared with g € L(a,b)) on [a,b] for any 0 < a < b < co. By the weak
semicontinuity of the norm, (5.11) holds for p > 2.
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Step 6. Get semicontinuity of Q(V) from (5.11) for p > 2, as we do in the
above proof.

6. Local solubility

In this section, we will study (1.25) and describe its relation to dp as the

spectral measure of some V' € Lﬁ)c. We will prove:

THEOREM 6.1. Let dp be a measure obeying condition (i) of Theorem 1.3.
Define F by (1.24) and suppose (1.25) holds. Then dp is the spectral measure of

2
someV € Lloc'

THEOREM 6.2. Let dp be the spectral measure of a potential in L?. Then
(1.25) holds; that is, F € L*>(R™).

Before discussing the main ideas used to prove these results, we wish to
reassure the reader that the hypotheses of Theorem 6.1 do bound the growth of dp
at infinity. Specifically, we know that (1.3) must hold for any spectral measure. We
state this first because such information is helpful in justifying some calculations
that appear once the real work begins.

LEMMA 6.3. If dp obeys condition (i) of Theorem 1.3 and (1.25) holds, then
dp(E)
1
(6.1) / T B2 < o0

Proof. Unravelling the definitions of F(g) and dv given in (1.24) and (1.13),
we find

F(q)=n"1/? /1 ” exp{—(¢ —VE)*}E~ d[p— pol(E).

The contribution of pg can be bounded using
o0

o0
l/ﬂ exp{—(q— \/E)Z}E_l/z dE = %/(; exp{—(q—k)z} dk <2772,

4

which shows that
(o,¢]
2y
/1 exp{—(¢— VE) }E~' dp(E) <2+2|F(q)|.

dq
. 1+q . . . . . . .
restricted to [1, 00). The remaining portion of the integral is finite by condition (i)

of Theorem 1.3. O

Integrating both sides

s leads to (6.1), at least when the region of integration is

The key to proving the two theorems of this section will be the fact that
essentially, F (), the Fourier transform of F, is e_%“ZA(a), where A(a) is the
A-function introduced by Simon [35] and studied further by Gesztesy-Simon [16].
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We will, first and foremost, use formula (1.21) from [16]:
(6.2) Ale) = =2 / A7V 2sin(2a/2) d(p— po) (L)

where A™1/2sin(2a+/1) is interpreted as [A|~1/2 sinh(2ay/|A]) if A < 0 and (6.2)
holds in a distributional sense. We will also need the following (eqn. (1.16) of [16]):

2 o
exp(a /0 Vo) dy)

proven in [35] for regular V’s and in (1.16) of [16] for V € Llloc. Finally, we need
the next result, which follows readily from Remling’s work [29], [30]. (It can also

be proved using the Gel fand-Levitan method.)

(6.3) [A) = V()| =

/ V()| dy
0

PROPOSITION 6.4. Let dp be a measure obeying (6.1) and condition (i) of
Theorem 1.3. If the distribution (6.2) lies in L} [0,00), then dp is the spectral

loc
measure of a potential V € L]IOC [0, c0).

Proof. Consider the continuous function

x|/2
K(x,t) = %(]ﬁ(x —1)— %qﬁ(x +1), where ¢(x)= / A(a) da
0

and A(x) is given by (6.2). As explained in Theorem 1.1 of [30], A(«) is the
A-function of a potential in Llloc provided

(6.4) / )Y O)[8(x —1) + K(x,1)] dx dt >0

for all nonzero ¥ € L?([0, 00)) of compact support. We will now show that this
holds.
For ¢ € C2°, elementary manipulations using (6.2) show

/ V(X)) K(x,t)dx dt
= f f lﬁ(x)w(t)sm(Xﬁ);m(tﬁ) dx dt d[p— po)(X).

Thus by recognizing the spectral resolution of the free Schrodinger operator we

have
. 2
LHS(6.4) = / ‘ / w(x)w dx| dp())

for such test functions. It then extends easily to all ¥ € L?([0, c0)) of compact
support, because K is a bounded function.
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This representation shows that LHS(6.4) is nonnegative. It cannot vanish for
nonzero ¥ because the Fourier sine transform of v is analytic and so has discrete
zeros; however, the support of dp is not discrete by hypothesis. Thus we have
shown that A(«) defined by (6.2) is the A-function of some V € Llloc.

Unfortunately, we are only half-way through the proof; the A-function need
not uniquely determine the spectral measure through (6.2). This is the case, for
example, when the potential is limit circle at infinity; different boundary conditions
lead to different spectral measures, but all have the same A-function. Christian
Remling has explained to us that using de Branges work, [8], one can deduce that
this is actually the only way nonuniqueness can occur. In our situation however, we
have some extra information which permits us to complete the proof of uniqueness
without much technology, which is what we proceed to do now.

Let dp; denote the spectral measure for the potential V' just constructed (with
a boundary condition at infinity if necessary). Classical results tell us that (6.1)
holds for dp; and that ffoo exp{cv/—AYdp1(X) < oo for any ¢ > 0. Lastly, by
construction we have

(6.5) / A2 sin(2av/2) d(p — po) (1) = / A2 sin(20v/2) d(p1 — po)(X)

as weak integrals of distributions. We wish to conclude that p; = p.

Our first step is to prove that the support of dp; is bounded from below. Let us
fix a nonnegative ¢ € C°(R) with [ ¢(x) dx =1 and supp(¢) C [1, 2]. Elementary
considerations show that there is a constant C so that

‘ / k~1sin(Rak)p(a/N)da| < CN?(1 + k)~100

for all N > 1 and all k > 0. More easily, we have
ANZe*Nk > I sinh(4N k)
> / k™! sinh(20k)p (&) da > X sinh(2Nk) > N2eNk
for the same range of N and k. Putting this together with (6.5) we obtain
(6.6) /0 VYA dp (3) < Cp + Coe*NVTEL
—00

where E; denotes the infimum of the support of dp just as in condition (i) of
Theorem 1.3. Taking N — oo in (6.6) leads to the conclusion that the support of
p1 is bounded from below (by 16 E1, which is easily improved).
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Now that we know that the supports of both p and p; are bounded from below,
we may use

(6.7) % / ae~@’/s sinak) da = s3/%k ™% fors>0and k €C,
on both sides of (6.5) and so obtain

(6.8) /e_” dp(L) = /e_” dp1(A).
That p; = p now follows from the invertibility of Laplace transforms. O

As outlined above, our discussion of the local solubility condition revolves
around a relation between the distributions A and F. Let

(6.9) Al@) = Ag(a) + Ar(a)

where Ag is the integral over A < 1 and Ay, over A > 1. Since
o0

(6.10) / V247 piae e_“2/4,

—OoQ
(1.13), (1.24), and (6.2) immediately imply
6.11) 14 4y (@) = i[F a) — F(—20)].

For p > 1 and ¢ <0, we have e~ (p—a)? < e P, Combining this with
/ e’ d|v|(p) < oo,
p=>1

which follows from (6.1), we obtain that for g <0,

(6.12) F(g) <Ce™.

Proof of Theorem Theorem 6.1. By (1.25) and (6.12), F € L?(R) and hence
F € L*(R). By (6.11), AL (@) € L2. By (6.2), As() is bounded on bounded
intervals, so that A(«) € Lﬁ)c. By Remling’s theorem (Proposition 6.4), dp is the
spectral measure of some V € L1 . By (6.3), |A(«t) — V(c)| is bounded on bounded

loc*

intervals,so A € L2 =V e L2 O

loc loc*

To prove Theorem 6.2, we need the following elementary fact:

PROPOSITION 6.5. If T is a tempered distribution on (1, 00) which is real and
ImT («) € L?, then T € L.

Proof. We begin by noting that if 7 € L?(0, 0o), then

(6.13) / |Rei;(oc)|2da:/ |Iml;(a)|2doc

—o0 —o0
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since A () = h (), where h (x) = h(—x), and thus, by the Plancherel theorem,

(6.14) / - h(a)? da = / - h(x)h(x)dx =0

implying (6.13). In particular,

(6.15) [oo \h(e)|? do = 2/|Im;?(a)|2 da.

Given T, pick C° g with g(x) = g(—x), |g(x)| <1, g(x) = 1 for |x| small,
supp(y) C [~1,1], and [ g(x) dx = 1. Define

(6.16) gr(x) = g(%), rs(x) = S_Ig(g)

and note that r5 * (g2, T) € L2, supported in (0, oo) for § < 1, and since

(6.17) [rs * (gL T) (@) = h1(a8) (8L * T)(ax)

and /1 1, & are real, we have
/|Im[r5 % (g 1))~ (@)]? da < f|1mf|2 da.
Thus, by (6.15) and the Plancherel theorem,

/|r3 % g T(x)|?dx < 2/|Im T ()| da

sothat T e L? with § | 0 and L — oo. O
Proof of Theorem 6.2. If V € L?, then
o [es) 1/2
(6.18) /0 O (/0 |V(y)|2dy) a1/
and so (6.3) says that
(6.19) |A(a) — V()| < Ca? exp(Ca®?)
and thus, e_“z/zA(oz) eL?
From (6.2),
(6.20) |As ()| <€

since e_“z/zAS(a) € L2, and thus, e_“z/zA(oz) € L2. By (6.11) and the fact that
F is real-valued, it follows that Im Fel2

F is not supported on (1, co), but by (6.12) and boundedness on (0, 1), F =
Fi + F,, where F, is supported on (1, o0) and F; € LZ. Thus, Im ﬁl e L2, so that
Im F, € L2. By Proposition 6.5, F> € L2, that is, (1.25) holds. O
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7. Proof of Theorem 1.3

Here we will use the results of the last three sections to prove Theorem 1.3 as
well as the strategy of [20] as refined in [39] and [36]. We treat each direction of
the theorem separately.

Proof of V € L? = (i)—(iv). As V € L%, V(Hy + 1)~! is compact, and thus
(i) holds by Weyl’s Theorem. (ii) is just Theorem 6.2. Fix R < oo and let
V(x), 0<x<R

7.1 VR (y) =
o ® §

so that L; = Hg if t > R. Thus applying Theorem 4.5 to V®) with r > R gives
(7.2)

R 0o
1 2_ 2 (R)13 : 1
L[ =3 Y0P+ i, [ o @, 0)) dat.
By rewriting P as

£ 1
P(s’y):_[ 52 52 ]7
L+ £+ 5)

we see that it is monotone increasing in y. As the integrand log(%) > 0, the
monotone convergence theorem implies

N(R)

R
(7.3) é/o V2de=2 Y [k«B] + ov®),

j=1
Now take R — 0o. Theorem 5.1 controls Q (V ®)) and since the K;R) converge

individually to the «; associated to V', we have

(e.¢]

o0
3 .. (R)13
0. 2] <tmint 3 1"

(a trivial instance of Fatou’s Lemma). Thus (7.3) becomes
00 o0
(7.5) %/0 V(x)*dx =3 i+ 0).
j=1

In particular, V € L? implies Q < oo, that is, (1.27) holds. As K; = [EJ(-O)]3/2,
then Y[E(”]>/2 < co. By (1.35), this implies (1.26). O

Proof of ()—(iv) = V € L?. By Theorem 6.1, dp is the spectral measure of a
V € L2 _ so that, in particular, (4.23) holds. Since —«; (¢)* <0 and log[T'(§,1)] <0,

loc



770 ROWAN KILLIP and BARRY SIMON

this implies that

1 ! 2 2 3 . o 1
(7.6) gfo V(x) dx§§ZKj(0) +ygn;o/() P(g,y)log( )dg.
J

T'(§.0)

By the same monotone convergence argument used in the first part of the proof,

t
. [ veras <3 YETPR 0

J

Taking t — oo, we see V' € L? and that (7.7) holds with = co. O

Our proof shows that the Faddeev-Zhabat sum rule, (1.33), holds for any
V e L?(0, 00). Rewriting Q in terms of the reflection coefficient (see (5.14)) and
fixed on (=R, 0o) with R < 0o, one can obtain (1.33) for V € L?(—o0, 00) by
using the ideas in [39].

8. Isolating Re w

The next four sections are devoted to deducing Theorem 1.3 from Theorem
1.2. This amounts to showing that the two lists of conditions are equivalent. (They
are not equivalent item by item, only collectively.)

The role of this section is to prove that

(8.1) Strong quasi-Szeg6 < quasi-Szegd + (R < 00)
where
8.2) R=/ log{1+( zw) %kzdk.

0

Note that the strong quasi-Szeg6 condition involves both the real and imaginary
parts of w, whereas the quasi-Szeg6 condition depends only on Im w and R only
on Re w. Hence the title of this section.

We now present an outline of the proof of Theorem 1.3: under the assumption
of the Weyl and Lieb-Thirring conditions, we prove

(i) Strong quasi-Szegd = quasi-Szegd (this section).
(ii) Strong quasi-Szegd + Local solubility = Normalization (see §11).

(iii) Quasi-Szegb + Normalization = R < oo (see §11), so, by (8.1), Quasi-Szegd
+ Normalization = Strong quasi-Szeg6.

(iv) Normalization = Local solubility (see §9).

The first two statements show that the conditions in Theorem 1.3 imply those in
Theorem 1.2, the second pair proves the converse.
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LEMMA 8.1. Forany f € Candany 0 <e <1,

e log(1 +¢€|f]?)
log(1+f1?) < ) 1
log(1+e€|f|7) +log(1+€1).
Moreover, if e = (1 4+ 8)72 and § > 6, then
log(1+e€ 1) < 610g(%5 + % + %8_1).

Proof. The first inequality follows from the concavity of the function F : x +—
log(1 + x| f1?):

elog(l +|f1%) = (1—€)F(0) +€F(1) < F(e) = log(1 +¢| f ).
The second inequality follows from
LH[fP<1+elfP+e +1fP=0+el /)M 4+
by taking logarithms. For the last inequality, notice that
1+ (1+8)>=6>+28+2<8>+45+6+45'+862=16(38+ 5 + 1671)?
and since § > 6, we have 2 < %8 + % + %8‘1. Therefore,
T+ (1+8)? < (Ls+4+1s7hH8,
which gives the result. O

THEOREM 8.2. Using the notation

lw(k +i0)+ik|*7, ,
8.3 sos = |1 k2 dk,
(8-3) Q /Og[ 4k Imw(k + i0)
o 1 dpo 1 1dpg
8.4 S=[ log|> 2L 4 - VE dE,
54 os= | Og[wpo* +401}

and R as in (8.2), we have QS < SQS < Q0S+ Rand R <55SQS. In particular,
O0S+ R <004 SOS < o0.

Proof. The bulk of the proof rests on the following calculation:

55) |w(k+i0)+ik|2_lmw+1+ k N k  (Rew)?
' 4kImw(k +i0) 4k 2 4Imw 4Imw\ k

5 1 Rew\?
(8.6) ( + = + )|:1+(1+8)2( )]

1 d . . . . . .
where § = mTw = d_;i,' Taking logarithms and integrating immediately shows that

0S <SO0S < 0S+R.
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To prove R <55 SQS, we make use of the following notation:

d R
5= (14872 fl)=—  and A={k:5> 0
d,O() k

Notice that from the calculation above,
SOS = /log(%S + 1415 hi2 dk + [ log(1 + €| f1*)k? dk.
Combining this with Lemma 8.1 gives
R= /(;Oolog(l + 1 fPk*dk
< fAlog(l +e|l Pk dk + /A log(1 + ¢ Yk>dk + 49 /A log(1 + €| f|*)k?* dk
<49S80S + 6/Alog(%5 + 1+ 18k dk <55508.
The number 49 appears because on A€, § < 6 which implies ¢! < 49, O

9. The normalization conditions

In this section, we will prove that
Normalization = (1.16) = Local solubility

(cf. step (iv) in the strategy of Section 8). This then implies that dp is the spectral

measure of a potential V € Lﬁ)c by Theorem 6.1.

PROPOSITION 9.1. Let dv be any real signed measure on [0, 00) and define
Mjv by (1.19). Then the following are equivalent:

9.1) My e L*(dk),
9.2) lv|([n,n +1]) € £2,

2
9.3) /10g|:1 + (%) }kzdk < 0.

Proof. 1t is not difficult to see that (9.1) = (9.2):

2 _ *° B 2 o 2
Z[|v|([n,n+l])] _/(; [|v|([k l,k-l—l])] dk_4/0 [Mlv(k)] dk.

To prove the converse, we write v, = |v|([n,n + 1]). Then, for any k € [n,n + 1],

[v|([k — L,k + L]) 3 "
9.4 Mpv(k) = su < sup —— E Vi.
O i) szl 2L mz]% 2m+1 = ’

Indeed, one may take m to be the integer in [L, L + 1). As the discrete maximal
operator in (9.4) is £2 bounded, we deduce
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9.5) f (Mo dk <Y [ sup Mlv(k)]z <cY w2
0 n keln,n+1] n

This proves (9.2) = (9.1).
As log(1 + x?) < x2,

/log[l FET2Mpv(k)A k2 dk < /[M;v(k)]zdk,

which proves (9.1) = (9.3).

We will finish the proof by showing that (9.3) implies (9.2). For each k €
[n,n + 1], it follows directly from the definition that %vn < Mjv(k). Thus

v2 Mjv\?

which shows that v, > (n + 1) only finitely many times. For the remaining values
of n, one need only apply the estimate log(1+ x) > %x for x € [0, 1], which follows
by comparison of derivatives, to see that v, € £2. O

Mgv

2
A ) ] k?dk < oo, the equivalent conditions of

THEOREM 9.2. If/log[l +(
Proposition 9.1 hold.

Proof. The result follows by the reasoning used to prove (9.3) = (9.2): For
all k € [n,n+1],

i, n+1]) < v[(k =1,k +1]) = 2M;v (k).

Thus (9.6) holds with Msv in place of M;v and the argument given above may be
continued from there. O

THEOREM 9.3. If (9.2) holds, then so does Local solubility, that is, (1.25). In
particular, by Theorem 9.2,

Normalization = Local solubility.
Remark. This is step (iv) of the strategy in Section 8.
Proof. By the definition (1.24),

9.7) F(q) = 271_1/2[ e~ P=D? 4y (p).
p=>1
As (n +x—q)*> > (n—q)> —=2|x||n —q| for |x| < 1,
o
9.8) |F@)| <2772 =m0 2n=dl |y (fn, n + 1)).
n=1

Thus by Young’s inequality for sums, (9.2) = F € L2. O
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We conclude this section with a result needed in Section 11. In the proof, we
will use the following simple inequality: for § € [0, 1],

9.9) log[ts+1+167"=2(6-1)2
As equality holds when § = 1, the result follows by differentiating:

S—1 1
56D =207

THEOREM 9.4. If (strong) quasi-Szegd and local solubility hold, then v obeys
(9.2). In particular, by Theorem 1.3, this follows for V € L?.

Proof. Let us recall that the quasi-Szegd condition says

o0 ldo 1 1dpol],,
.10 log| - — 4+ -+ - — |k“dk )
(9.10) /0 og[4dp0+2+4dp <00

(By Theorem 8.2, this is also implied by the strong quasi-Szegd condition.)
Let us decompose dv = dv4 — dv— where dvi are both positive measures.
The definition of dv, (1.13), shows that for k > 1,

dp _, Ldv
dpo k dk

Moreover, dv_ is absolutely continuous; in fact, (1.15) shows ‘ZLk_ <k.
Let us restrict the integral (9.10) to the essential support of dv_, that is, where

j—/ﬁ) < 1. Using (9.9), we deduce that

©.11) /oo dv_
' o | dk

2
dk < oo

and hence that |v_|([n, n + 1]) € £2. To complete the proof, we need to deduce the
same result for v .

The local solubility condition says F € L? where F is defined as in (9.7). The
first sentence of Theorem 9.3 says

F_(q) = / D% 4y_(p) € L2(dq)
p>1
and so F € L? implies
Fi(q) = / P 4y (p) € L2(dg).
p>1

For g € [n,n + 1], we have F1(q) > e vy ([n,n + 1]) and thus may conclude
vi([n,n+1]) €2 |
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10. Harmonic analysis preliminaries

For harmonic functions in the half-plane, it is well known that the conjugate
function belongs to L? (0 < p < oo) if and only if the same is true for the
nontangential maximal function. The first direction appears already in the paper
of Hardy and Littlewood that introduced the maximal function [17, Th. 27]. The
other direction, which is much harder, is due to Burkholder, Gundy, and Silverstein
[2]. The purpose of this section is to present an analogous theorem with a peculiar
replacement for L?. Theorem 2 of [2] covers this situation perfectly if one is willing
to consider the maximal Hilbert transform; we are not. However, this does resolve
one direction; for the other, we will use subharmonic functions in the manner of
[17].

We will use the following notation: f < g means f < Cg for some absolute
constant C, whereas f ~ g means that f Sgand g < f.

PROPOSITION 10.1. Let do be a compactly supported positive measure on R,
(10.1) /log[l +|Ho|*]dx /log[l +|Mo|*] dx.

Proof. This is a special case of [2, Th. 2]. It is also amenable to the good-A
approach discussed in textbooks: [40, §V.4] or [44, §XIII]. O

As noted earlier, Burkholder, Gundy, and Silverstein do not provide the con-
verse inequality; indeed as they note, in the generality they treat, the result is false
without switching to the maximal Hilbert transform. Nevertheless, the function
x > log[l + x?2] grows sufficiently quickly that the result is true. We divide the
proof into two propositions.

PROPOSITION 10.2. There is a Ao so that for any finite positive measure do
on R,

2
(10.2) / log|1+ |M(7|2 dx < /IOg 1+ (1—1(;)2 +(92) 1 dx.
{Mo>Ao} [ ] [ (dx) ]
In particular, |{Mo > 2A¢}| < RHS(10.2).

Proof. Let u(z) +iv(z) = [ do(x)/(x —z) denote the Cauchy integral of do.
Then

F(z) =log[l +u(z) +iv(z)]

is analytic—u > 0 because it is the Poisson integral of a positive measure. In

particular, | F'|'/2 is subharmonic. Now as | F(z)| > log |1 + u(z)|,
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(10.3) log[l + [Ma](x)] < sup log[l +u(x + iy)]
y>0

(10.4) < sup |F(x +iy)|
y>0

(10.5) S {IMIFIV?)(0)).

Elementary calculations show |Re F'| <log(1+4u +|v[) and [Im F| < 7 therefore,

2
log[14+ Mo] < {l—i-M\/log[l—I-u—l—Iv } <1+{ log[1+u+|vl]} .

From this, one may deduce that for A; sufficiently large,

(10.6) log[1+ Mo | < M +/log[1 +u + |v]]

on the set where log[1 + Mo] > A;.
Interpolating between the L> and L? bounds on M shows that

/ |Mf|2dxs/ £ dx.
Mf>A | fI>A/2

Combining this with (10.6), we see that for Ao > e* and € sufficiently small,

/ log[1+ Mo] dxﬁ/ log[1 4+ u + |v|] dx.
{Mo>Ao} {lu+iv|>€}

To obtain (10.2), we need merely note that log(1 4 x) ~ log(1 4 x?) on any interval
[a, 00) with a > 0. |

PROPOSITION 10.3. For any finite positive measure do on R,

(10.7) /log[l +(Mo)?]dx < /log[l + (Ho)? + (ZC;) ]dx.

Proof. By Proposition 10.2, it suffices to prove

do\?
(10.8) / Mazdxsflo 14+ (Ho)?> + (5=) |dx.
{Mogxo}l | g[ ( (dx)]

Let Q = {Mo > 4o}, doy = yqdo, and dop, = yqecdo. We will prove
(10.8) by writing Mo < Mo + Mo». It is a well-known property of the maximal
function that

o({Ma > 44o}) < Aol{Mo > 2X0}.

Combining this with Proposition 10.2 shows that ||oq|| = 0(2) < RHS(10.8).
Consequently, by the weak-type L! bound on the maximal operator,

Ao
/ |Moy > dx < / loll 4 < < RHS(10.8).
{(Mo<Ao} o A
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Now we turn to bounding Mo,. On €, we know that do must be absolutely
continuous and its Radon-Nikodym derivative is bounded by 41¢. Therefore, L2
boundedness of the maximal operator implies

5 do|? do 2
/|M02| dx < /{MUSMO} E‘ dx < /log[l + (E) ]dx.

which completes the proof. O

Putting the previous propositions together, we obtain:

THEOREM 10.4. If o is a positive measure of compact support, then

(10.9) /log[l +|Hol? + (Z—i)z] dx wflog[l +|Mo|?]dx.

11. Taming Rem

The purpose of this section is to prove Corollary 11.3 below and so complete
the proof of Theorem 1.2 as laid out in Section 8.
Let Hy denote the short-range Hilbert transform: Hso = K * 0 where

0, |x| > 1
K(x) = { 1r.—1
2T =x], x| <1
and let H; = H — Hj denote the long-range Hilbert transform: H;o = K * o with
1.—1
=x", |x|>1
=X, x| < 1.

Note that both Hg and H; are Calder6n-Zygmund operators and so bounded on
LP(R) for 1 < p < co. As in the introduction, we define short- and long-range
maximal operators:
lo|([x —L,x+ L]
[Ms0](x) = sup ( 5L ),
L<1

and for Mj, the supremum is taken over L > 1. Naturally, both truncated maximal
operators are L?-bounded for 1 < p < o0.
We will use the notation

0agary = Y[l (rn + 1) ]

n

as introduced in (1.16). Obviously, ||u||§2(M) < |\l

LEMMA 11.1. Let ®(k) = (1+k?)~L. For each complex measure . € £>(M),
we have

2
[ToxianiPak<lnlogy,. [ 1Mkt . [ 1P,
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Proof. All three inequalities follow by replacing |du| by its average on each of
the intervals [n, n + 1]. This operation changes ® * |du| and M} by no more than
a factor of two. For Hj, it introduces an error which can be bounded by ® * |du|.
We then use the L? boundedness of the appropriate operator. O

THEOREM 11.2. If i is a positive measure on R with ||/L||%2(M) < 00, then

(11.1) /log[l + |Hu|2k_2] (1+k2) dk < oo
if and only if
(112) /1og[1 + |MSM|2k_2] (14 k2) dk < oc.

Proof. As neither integral can diverge on any compact set, we can restrict our
attention to k > 1.

We begin by proving that (11.2) implies (11.1). Given a compactly supported
positive measure do, Theorem 10.4 and Lemma 11.1 show that

n+1
/ log[1+|Hsa|2] dkg/
n

n

<o+ [
n

< ||0||§2(M)+/ log[l + |Mo|2] dk

n+1
log[l + |H0|2] + |Hjo|* dk

" log[l + |HU|2] dk

< ||0||%2(M)+/10g[1 + |Mso|2] dk—l—/ |Mjo|? dk

< 2||a||§2(M)+/ log[l + |Msa|2] dk.

Choosing do = (14n2)"/2du,, where du, is the restriction of dy to the interval
[n —1,n 4 2], we combine the above with Lemma 11.1 which gives

3 +n?) o [1+ .y |2]dk
n g n2+1 /"L

n+1
Sl + 0402 [ tog[1+ ot Hol?] ak
n

n+4
S 1y + 00+ [ tog[ 1+ herlMan ]
.

Sl + [ Tog 1+ K2 M ]+ k.

The proof that (11.1) implies (11.2) is a little more involved because the Hilbert
transform is not positivity-preserving.
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Let ¢ be a smooth bump which is supported on [—2, 3] and is equal to 1 on
[—1,2]. We will write ¢, (x) for ¢ (x —n). Elementary calculations show that

(113) 15 (¢do))(x) ~ ¢ (1) [ Hs01(x)| < o[ @(x)
where ®(x) = (1 4+ x2)~!. By Theorem 10.4, Lemma 11.1, and then (11.3),
n+1 n+1
/ 1og[1 n |Ms0|2] dk < / log[l n |M(¢,,do)|2] dk
< [ 1og1 + 1H@ndo) + 62 217 ak

< [ 1og[1 + Hs(@udo) ]k + o2

5[10g L+ g2 Hyo 2| dk + o>

By choice of do = (1 + n2)"Y/2du, where dji, is the restriction of du to the
interval [n — 4, n 4 5], the proof may be completed in much the same manner as
was used to prove the opposite implication. O

It is now easy to complete the outline from Section 8.

COROLLARY 11.3. In the nomenclature of Theorems 1.2, 1.3, and 8.2,
(11.4) Normalization = R < 00
(11.5) Strong quasi-Szegd + Local solubility = Normalization.

Proof. We begin with (11.4). As the m-function associated to the free operator
is purely imaginary on the spectrum, we have for all k > 0,

dp(E)—dpo(E) 2 [ §dv(§)
E—k? 7] E-k2

L[ dvE) 1 [ dv(E)
) erk T ) Tk
(11.8) = f(k) + [Hu](k),

where f (k) is defined to be the first term on the right-hand side of (11.6) and du
is defined by

(11.6) Rew(k):/
(—00,1]

(11.7) = f(k)+

/ (k) du(k) = / (k) dv(k) + / g(—k) dv(k).

By Theorem 9.2, normalization implies v € £2(M) and hence pu € {>(M);
thus we may apply Theorem 11.2 to see that (11.1) holds. As

log[1 4+ (x + y)z] <x%+ log[1 + y2]
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and | f(k)| < (k —1)7! for k > 1, we see that this is sufficient to deduce R < oo.

We now turn to (11.5). By Theorem 8.2, we know that R < oo and so by the
calculation above, (11.1) holds. From the proof of Theorem 9.4 we are guaranteed
that dyu1, defined as above, belongs to £2(M). Thus we may apply Theorem 11.2 to
deduce that the normalization condition holds. O
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