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Abstract

We prove locally uniform spacing for the zeros of orthogonal polynomials on
the real line under weak conditions (Jacobi parameters approach the free ones
and are of bounded variation). We prove that for ergodic discrete Schrodinger
operators, Poisson behavior implies a positive Lyapunov exponent. Both results
depend on a priori bounds on eigenvalue spacings for which we provide several
proofs. (© 2007 Wiley Periodicals, Inc.

1 Introduction

Our primary goal in this paper concerns the fine structure of the zeros of orthog-
onal polynomials on the real line (OPRL), although we will say something about
zeros of paraorthogonal polynomials on the unit circle (POPUC) (see Section 10).
Specifically, du will be a measure of compact support that is nontrivial (i.e., not
supported on a finite set), usually a probability measure. P,(x) or P,(x; du) will
be the monic orthogonal polynomials and p,(x) = P,/|| P,|| the orthonormal poly-
nomials. The Jacobi parameters {a,, b,};- ; are defined by

(1.1) XPy(x) = Pyp1(X) + byt Py(x) + a3 Py (%)

n=0,1,2,..., where P_;(x) = 0. It follows that (when u(R) = 1)

(1.2) | Pull = ay---an
SO
(1.3) XPn(X) = Api1 Ppy1(X) + bpy1 pr(X) + appp—1(x)
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and x has a matrix representation in the orthonormal basis {p,}°°,

bl aq 0
(1.4) J=|a b a ---|

called the Jacobi matrix. The finite Jacobi matrix, J,.r, is the n x n submatrix of
J in the upper left corner. It is easy to see that (see Section A.2 in the Appendix)

(1.5) P,(x) = det(x1 — J,.F).

Let {x;")};’:l be the zeros of P,(x), so (1.5) says that the xj(") are eigenvalues of
Ju:r. Let dv, be the pure point probability measure that gives weight 1/n to each
x;"). We say that the density of states exists if dv, has a weak limit dv.,. By (1.5),
one sees that

1
(1.6) kaa’vn(x) = ’;Tr(J,f;F),

which is often useful.
The existence of the limit for a large class of regular measures on [—2, 2] goes
back to Erdos and Turan [9]. Nevai [33] realized all that was used is

a7 lim |b,| 4+ |a, — 1| =0
n—00

(following the convention in the Schrédinger operator community, we use a, = 1

as a “free” case, while the OP community uses a, = %). Indeed,

THEOREM 1.1 (known) If du is a measure where (1.7) holds, the density of states
exists and is given by

(1.8) dv=7""(/4—x2) " x 22 dx.

The modern proof is not hard. For a, = 1 and b, = 0, the OPRL are explicitly
given by
sin((n + 1)0)
sin ’
from which one computes dv exactly for this case. If Jy ,.r is the corresponding
cutoff Jy, then (1.7) implies

P,(2cosb) =

1 k k
(1.9) STiCp = S ) = O

foreachk =0, 1,2, ..., which, by (1.6), implies ka dv, has the same limits as
for the free case.

Another case where it is known that dv exists is when a,, and b,, are samples of
an ergodic family, that is, a'” = f(T"w) and b\’ = g(T"w) with T: Q — Q an
ergodic transformation on (€2, dp), a probability measure space. In that case, it is
known (going back to the physics literature and proven rigorously by Pastur [37],
Avron and Simon [1], and Kirsch and Martinelli [28]):
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THEOREM 1.2 (known) For ergodic Jacobi matrices, dv, , has a limit dv for a.e.
w and dv is a.e. w-independent.

Again, the proof uses (1.6) plus in this case that, by ergodicity, % Tr(J,f; ) has
a limit a.e. by the Birkhoff ergodic theorem.

The most important examples of the ergodic case are periodic, almost periodic,
and random.

One easily combines the two ideas to see that dv exists (and does not depend
on 8a, and &b,) if

a, = a,(lw) + (San’ bn = bfla)) + 5bn7

with a'” and b\ ergodic and |8a,| + |8b,| — O.

These results describe the bulk features of the zeros. Here we are interested in
the fine structure, on the level of individual eigenvalues; specifically, the focus in
[38, 39, 43] and a main focus in this paper is what we call clock behavior, that the
spacing locally is equal spacing. The term clock comes from the case of orthogonal
polynomials on the unit circle (OPUC) where dv is typically Lebesgue measure on
a circle and the equal space means the zeros look like the numbers on a clock.

In order for the density of zeros to be dv, the equal spacing mustbe 1/(dv/dE).
The symmetric derivative dv/d E exists for a.e. E and, of course, (dv/dE)dE is
the a.c. part of dv. It is known (see, e.g., Avron and Simon [1]) that dv has no pure
points and, in many cases, it is known that dv/d E is a continuous function, or even
C. To be formal, we start with the following definition:

DEFINITION Let Ej € supp(dv). We let zf,j)(Eo) be the zeros nearest Ej so that
2y P (Eo) < 25 V(Eo) < Eo < 2\ (Eo) < 20 (Eo) < -+
if such zeros exist. If Ey € [supp(dv)]™, then z,’; (Ey) exists for j fixed and n large.

DEFINITION Let Ey € supp(dv). We say there is weak clock behavior at Ey if
dv/dE exists and

d
(1.10) lim n[z\"(Eo) — z,(f‘)(Eo)]d—;(Eo) ~ 1.

We say there is strong clock behavior at Ey if dv/d Ey exists, (1.10) holds, and for
j=1,%£2,4£3,..., fixed,

) . d
(1.11) lim n[z\(Eo) — z,ﬂf*"(Eo)]d—;(Eo) = 1.

DEFINITION We say there is uniform clock behavior on [«, B] if dv/d E is contin-
uous and nonvanishing on [«, 8] and

1im|:sup{ nlE—E'l— (ﬂ)_l
(1.12) " dE

E, E' are successive zeros of p, in [, ﬂ]” =0.




FINE STRUCTURE OF THE ZEROS OF OP, IV 489

It is obvious that uniform clock behavior implies strong clock behavior at each
interior point.

In the earlier papers in this series that discussed clock behavior for OPRL
[39, 43], there was a technical issue that severely limited the results in general
situations. In all cases, a Jost function-type analysis was used to show that a suit-
ably rescaled p, converges, that is,

d
(1.13) Cu P (Eo ol — Eo)é(Eo) + a) S foolx)

where |,| < c¢/n and fo, has zeros at 0, &1, 2, . ... This would naively seem
to show that p, has clock-spaced zeros and, indeed, it does imply at least one zero
near Eq + &, + ﬁ'(j—,;o)—l consistent with clock spacing.

The snag involves uniqueness, for the function

(1.14) sin(mrx) — %sin(nzrrx)

has a limit like f., but has more and more zeros near x = 0. That is, one needs to
prove uniqueness of the zeros near Ey + &, + ,i;(jT“O -

In previous papers in this series, two methods were used to solve this unique-
ness problem. One relied on some version of the argument principle, essentially
Rouché’s theorem. This requires analyticity which, typically, severely restricts
what recursion coefficients are allowed. In the case of OPUC, where one needs to
control zeros in the complex plane, some kind of analyticity argument seems to be
necessary. The second method relies on the fact that if (1.13) also holds for deriva-
tives and f. (j) # O, then there is a unique zero. This argument also requires
extra restrictions on the recursion coefficients, albeit not as severe as the analytic-
ity requirement. For example, in [43], one only needed Y -, |a, — 1| + |b,| < 00
to get (1.13) for E € [-2 + &,2 — ¢]. But to control derivatives, we needed
Z:O:1 n(la, — 1| + |b,|) < oo. In fact, the general argument failed to capture
Jacobi polynomials (whose clock estimates were earlier obtained by Vértesi and
Szabados [48, 51, 52, 53]) where separate arguments are needed. In [39], it was
decided not to deal with asymptotically periodic OPRL since the derivative argu-
ments looked to be tedious.

Note. The papers [38, 40, 43] discuss asymptotics of OPUC when the Verblunsky
coefficients decay exponentially. We have discovered a paper of Pan [36] whose
results overlap those in [38, 40, 43].

The key realization of this paper is that there is a more efficient way to elimi-
nate pathologies like those in (1.14). Namely, we will seek a priori lower bounds on
eigenvalue spacings. If we find any O (1/n) lower bound, that implies the rescaled
pn of (1.13) has at most one zero near any zero of fo,. Such lower bounds are not
new in suitable situations. Erdds and Turédn [9] already have such bounds if the
measure is purely absolutely continuous in an interval with a.c. weights bounded



490 Y. LAST AND B. SIMON

away from zero and infinity. These ideas were developed by Nevai [33] and Golin-
skii [14]. Under suitable hypotheses on the transfer matrix, lower bounds are
known in the Schrodinger operator community; see, for example, Jitomirskaya,
Schulz-Baldes, and Stolz [21].!

While we could have used these existing bounds in the proofs of Theorems 1.3
and 1.4 below, we have found a new approach that allows us to also prove Theo-
rem 1.5 below, and this approach is discussed in Section 2. With these lower bound
ideas, we can prove the following:

THEOREM 1.3 (= Theorem 3.2) Suppose that
o

(1.15) > an = 1] + [bal) < oo.
n=1

Then there is uniform clock behavior on each interval [—2+¢, 2—¢€] for any ¢ > 0.

THEOREM 1.4 (= Theorem 3.4) Suppose that

(1.16) lim a, =1, lim b, =0,
n—o0 n—0oo
0
(1.17) D (a1 = anl + 1bugs — bl) < oo.
n=1

Then there is uniform clock behavior on each interval [—2+¢, 2—¢€] for any ¢ > O.

Remarks.

(1) Theorem 1.4 implies Theorem 1.3, but we state them as separate theorems
since the proof of the first is easier.

(2) We will also prove results of this genre for perturbations of periodic recur-
sion coefficients and for where n + 1 in (1.17) is replaced by n + p for some p.

(3) We also obtain results (see Theorem 3.8) near £2 if

o0

(1.18) Zn(lan — 1|+ |b,]) < oo.

n=1
Using our strong lower bound, we will also prove the following:
THEOREM 1.5 Let a') and b\’ be ergodic Jacobi parameters. Let Eq be such
that:

(1) The Lyapunov exponent y (Egy) = 0.
(ii) The symmetric derivative of v exists at Ey and is finite and nonzero.

Then there exists C > 0 so that with probability 1,
(1.19) liminfn[z" (Ey) — 2" (Eg)] > C.
n—o0

I These authors use “equal spacing” for O(1/n) lower bounds and do not mean clock behavior
by this term.
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This result is especially interesting because it implies that the zeros cannot have
Poisson behavior. It implies that Poisson behavior and ergodicity require y (Eo) >
0. We will say more about these issues in Sections 4 and 11.

While our initial interest in a priori lower bounds came from clock theorems
and we could have finished the paper with Section 4 if our sole purpose had been
to prove Theorems 1.3—1.5, it seemed natural to also consider upper bounds. More-
over, in looking over the upper/lower bound results in the OP literature, we realized
one could get more from these methods, so we discuss such bounds also.

Broadly speaking, we have two sets of results and methods. The methods rely
on either transfer matrices with hypotheses on recursion coefficients or on OP
methods with hypotheses on the measure. We believe that the results are of interest
to both the Schrodinger operator and OP communities. Because the OP methods
are unfamiliar to many Schrodinger operator theorists and are easy to prove (albeit
very powerful), we have included an appendix with some major OP methods.

The detailed plan of the paper is as follows: In Section 2, we prove our a priori
lower bounds involving the transfer matrix (or, more precisely, the growth of sub-
ordinate and nonsubordinate solutions). In Section 3, we prove a variety of clock
theorems, including Theorems 1.3 and 1.4. In Section 4, using ideas of Deift and
Simon [8], we prove Theorem 1.5. In Section 5, we obtain upper bounds on eigen-
value spacing using the transfer matrix. Section 6 discusses using suitable Priifer
angles to control spacing of zeros.

In Section 7, we begin our discussion of OP methods with a technical result on
L” bounds on w~! and bounds of the Christoffel function. These bounds, which
we will need for examples later are local versions of some bounds of Geronimus
[11] with a rather different method of proof. In Section 8, we discuss upper bounds
on eigenvalue spacing using OP methods and, in particular, find a remarkable lower
bound on the density of states that is a kind of microlocal version of some bounds
of Deift and Simon [8]. In Section 9, we discuss lower bounds on eigenvalue
spacing. The methods in Sections 8 and 9 are borrowed from Erdos and Turan
[9, 50], Nevai [33], and Golinskii [14], but we show how to localize them and
squeeze out stronger results. In Section 10, we briefly discuss the analogues of our
results for zeros of POPUC, and in Section 11 we discuss a number of examples,
counterexamples, conjectures, and questions.

Percy Deift has long been a player in spectral theory and more recently a cham-
pion of orthogonal polynomials. In particular, this paper exploits the work of Deift
and Simon [8]. It is a pleasure to dedicate this paper to Percy.

2 Variation of Parameters and Lower Bounds via Transfer Matrices

Our goal here is to use variation of parameters to study eigenvalue spacing.
Variation of parameters has an ancient history going back to Lagrange [15], and
it was extensively used to study variation of solution with change in potential, for
example, to study asymptotics in tunneling problems [16]. The usefulness of the
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method as a tool in spectral theory goes back at least to the work of Gilbert and
Pearson [13] (also see [12, 23]) with significant later contributions by Jitomirskaya
and Last [18, 19, 20] and Killip, Kiselev, and Last [24]. It is essentially their
equation we will use although, interestingly enough, the earlier applications are to
E and E’' with E € Rand E' = E + ie, while our application is to E and E’ both
in R.

Given E € C, we consider solutions of

(2.1) aptn i1 + (by — E)uy + ap_qty—1 =0

forn =1,2,.... Here {a,, b,},- | are the Jacobi parameters of the measure we are
considering and

2.2) ap = 1.

For 6 € [0, ), we denote by u, (E, 6) the solution of (2.1) with
2.3) uo(E, 0) = sin(0), ui(E,0) = cos(®).
In particular,
2.4) u,(E,0 =0 =p,_((E), n=1,2,....
The transfer matrix is defined by

_ (41 (E,0=0) upqi(E,0=7)
(2:5) T(n, E) = ( U (E.60 =0)  u,(E,0 = gz) )

so for any solution of (2.1),

(2.6) (””“) =T, E)(”l).
Up Uo
Let K (n, m; E) be the kernel

2.7) Kn,m; E) = u,(E,Ou,(E, 7) — u,(E, 3)u,(E,0).
Define the operator A, (E) on Ct = {v. = {v}f_, | vx € C} by

(2.8) (AL(E)v), = ) K(n,m; E)v,

m=1

(note that K (n, n) = 0, so the sum also goes to n — 1). The following summarizes
results from [18, 19, 20, 24]:

THEOREM 2.1 Let w,(E) and w,(E") solve (2.1) for E and E’', and suppose
(2.9) wo(E) = wo(E"), wi(E) = w(E").

Then

(2.10) w, (E) :wn(E)—i—(E/—E)ZK(n,m;E)wm(E’),

m=1
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that is,
@2.11) w.(E') = w.(E) + (E' — EY(AL(E)w(E")).
Moreover, with || - ||us the Hilbert-Schmidt norm on CE, || - || defined by

L 12
(2.12) oIl = (Dw) ,

n=1

and (-, -) the associated inner product, we have that

(2.13) IAL(E)lIfs = lu(E, 0)||7 llu(E, 2 — u(E,0), u(E, )|
(2.14) = max [lu(E, 0)1} min [lu(E, 0)]}.
In particular,
L—1
(2.15) IAL(E) < Z IT(j, E)II*.
j=0
Remarks.

(1) That (2.10)—(2.11) hold is either a direct calculation verifying the formula
or a calculation obtained by expanding (wl:’fég) )) in terms of (MZ+EéE9?) ) for60 =0, %
(2.13) is a direct calculation from (2.7), and (2.14) is a clever observation [24].

(2) Clearly,

[re51)

so ||u(E, O)||i < RHS of (2.15). Similarly for |Ju(E, )|, so

2
= 1 (E)* + |un(E)* > |u, (E) |,

lu(E, O)llLllu(E, 7] < RHS of (2.15),

so (2.13) implies (2.15).

(3) |IT (n)|| measures the growth of the fastest-growing solution, so the RHS
of (2.15) in fact measures (maxy ||u(E, 6) ||i) and thus, by (2.14), one could place
ming ||u(E, 0)||/maxg ||u(E, )| in front of the RHS of (2.15).

Here is the key lower bound:
THEOREM 2.2 Let E' and E" be two distinct zeros of py(x). Then
(2.16) |E' — Eol 4+ |E" — Eo| = [ AL(Ep)|| "
In particular,

(2.17) 125"V (Eg) — 25V (Eo)| = 1AL(Eo)||I 7.
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PROOF: By (2.11), for E; = E’, E”,

(2.18) p—1(Ej) = p._1(Ep) + (E; — Eg)AL(Eo) p._1(E)).

To say p.(E’) = pL(E") = 0 says E and E” are eigenvalues of J;.r and p._;(-)
are the eigenvectors. So, by orthogonality of eigenvectors,

(2.19) (p—1(E), p—1(E"))L = 0.
By interchanging E’ and E”, if necessary, suppose
(2.20) Ip.—1(ENNlL = Il p.o1(E") I

Take (2.18) for E’ and E” and take the inner product with p._;(E’) and subtract to
get

Ip.—1 (EDII* < |E" = Eol |{p.-1(E"), AL(Eo)p.1 (E"))]|
+|E" — Eol (p.—1(E"), AL(Eq) p.-1(E"))]
< (|E' = Eo| + |E" = EoDI|AL(EQ)| | p-—1 (ED?
on account of (2.20). (2.16) is immediate.

(2.13) follows from (2.16) and z™" < Ey < z+D, O

While our main applications are to clock theorems and Poisson statistics, there
is a universal tunneling bound.

THEOREM 2.3 Let J;.r be a finite Jacobi matrix with o_ = infa,, @y = maxa,,
and B = max b, — min b,,. Let

2.21) y =a ' |(B+20) +of + 1]
Then any pair of eigenvalues E and E' of Ji.r obeys
2
y-—1
(2.22) |E — E'| > T

Remark. This bound is exponential, ~y ~2L, for L large.

PROOF: Adding a constant to b,, does not change eigenvalue differences, so we
can suppose that

B

>

Then any E in the convex hull of spec(J.. ) obeys | Ey| < §+2a+, so |Ey—b,| <
B + 2ay. Thus, y is an upper bound on the Hilbert-Schmidt norm of

1 (E - bn+1 _an)
an41 1 0

and so on the Euclidean operator norm.
Pick E between E’ and E”. Tt follows that

T, E)Il <y’

(2.23) max b, = —minb, =
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so (2.21) follows from (2.17) and (2.15). Il
One can also use our proof to see that one cannot have too many zeros near Ej.

THEOREM 2.4 Define §1, ,(Eo) to be the smallest number so that

(2.24) #z" | 12" — Eol <8}y <n—1.
Then, forn > 2,

1
(2.25) Sr.a(E0) = I AL(E0) s /n.
Remarks.

(1) If one has strong clock behavior, é;, , ~ cn/L for n fixed and L large, so
J/n is worse than one expects in nice cases.

(2) Our proof shows that (2.17) can be “improved,” if || - ||gs is used, to

1
(2.26) 25" (Eo) — 25 (Eo)| = —= I AL(Eo) s
L L /2 HS
PROOF: There are at least n zeros, zy, ..., 2y, in {z | |z — Eo| < 6r.,}. Order

them so that if ¢;n = pu(z;), then [lgill. = lleallL = -++ = llgall. Let ¢ =

®;/ll@;jll. Then the argument in the proof of Theorem 2.2 says that, for j < k,
1< [8La(lAj| +14D1?

2.27) <287 (A, * + 1Al
where
(2.28) Aji = (@, AL(E0)¢r)

and (2.27) comes from (a + b)?> < 2(a” 4+ b?). Summing over all pairs and noting
that |A,]? occurs n — 1 times, we find that
nn—1)
———— =257 ,(n = DAl

which is (2.25). Il

3 Clock Theorems for Bounded Variation Perturbations
of Free and Periodic OPRL

The basic result from which we will derive all our clock theorems presupposes
the existence of a complex solution to the difference equation (2.1) for which we
have precise information on the phase. The model is the Jost solution that is as-
ymptotic to /)" where E = 2co0s(6),0 <6 < 7.

THEOREM 3.1 Let {a,, b,}°2, be a set of Jacobi parameters and A a closed inter-

n=1

val in R. Suppose there exists a solution u,(E) of (2.1) for E € A that obeys
)
3.D uo(E) >0, Imu,;(E) > 0.
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(ii)
(3.2) u,(E) = lu,(E)| exp(i[na(E) + B,.(E)])
where o is C' with
do
(3.3) —— >0 allE € A,
dE

each B, continuous on A, and

(3.4) im [ sup |B.(E)) — Bu(E)|] = 0.
"7 EEeA
|[E-E'|<1/n
(i) The transfer matrix T,,(E) of (2.5) obeys
3.5) = sup ||T,(E)| < oo.
n,EeA

Then the density of states exists on A,

1 da
3.6 dv(E) = —— —dE,
(3.6) V(E) e

and there is clock behavior uniformly in A.

Remarks.
(1) ais, of course, a rotation number and (3.6) an expression of the connection
between the density of states and rotation numbers; see Johnson and Moser [22].

(2) (3.4) implies B, is irrelevant for eigenvalue spacing comparable to 1/n.
To control possible spacings with AE small compared to 1/n, one needs some
Lipschitz control of §,, that is,

|Bu(E") — Ba(E)I
sup
E#E' n|E — E'|

— 0,

which is where differentiability of 8, and so moment conditions on {a,, b,} came
into [43]. We avoid this by using (3.5) to get a priori bounds.

(3) (3.4) implies the same if 1/n is replaced by A/n for any fixed A. Define
¢n(A) by
(3.7) tu(A) = sup |B.(E") — Bu(E)|.

E,E'eA
|[E—E'|<A/n

(4) (3.4) is implied by an equicontinuity assumption, for example, uniform
convergence of 8, to a continuous limit.

PRrROOF: By (3.1), u, and u, are independent solutions of (2.1) and so cannot
vanish at any points. Moreover,

(3-8) Pn—1(E) = A(E)u, (E) + A(E) u,(E)
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where
W(p.—1,u)
39 AE) = ————> -~
(3.9 (E) = — )
Here, W is the Wronskian. Given sequences f;, and g,
(310) Wn(fa 8) :an(ﬁ1+1gn - fngn+1)

is constant (call it W(f, g)) if f and g both solve (2.1). Since p_1 =0, py = 1,
and ap = 1, we have W (p._1, u) = uo(E), and clearly W (u, u) = 2i Im(u up) =
2iugImuy, so

i1
3.11 A(E) = ——
(3.11) (E) 2 T,

is pure imaginary. Thus, (3.8) says p,—i(E) vanishes if and only if u, is real, that
is, by (3.2),

(3.12) Pu1(E) =0 < na(E) + B, (E) = kx, keZ
Let

313 — min | - %

(3.13) n=min) o |

Pick Ny so that n > Ny implies

n 1
3.14) 2244“,, =)

This can be done since {,(A) — 0 as n — oo by hypothesis. Since ¢,(A) is
increasing in A and ¢,(A + B) < §,(A) + ¢,(B), we have ¢,(xf) < ¢,([x]B) +
&(xB — [x18) < ([x] + 1), (B) < 2x¢,(B) if x > 1. Thus (3.14) implies

1
(3.15) q=> = = nq > 28,(q).

This in turn implies
/ 1 / / n /
(3.16) E—-E > g [nla(E") —a(E)]+[B.(E') — Bu(E)]] = 5 NE —El.
By (2.17) and (2.15), any two successive zeros obey

1
(3.17) |[E'—E| > —.
nt

Thus, (3.17) implies that for n > Ny, any two solutions of (3.12) have distinct
values of k. We also see from (3.16) and continuity that if £ is a solution of (3.12),
there is another solution in (E — 27 /(nn), E), and it has the next larger value of £
(.e.,k+1).

Subtracting (3.12) for two successive values of (3.12) and using ¢, (27 /n) — 0,
we see that
(3.18) sup n(a(E") —a(E)) — | — 0.

E’ <E successive
eigenvalues in A
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Given the uniformity of convergence of the difference quotient to the derivative,
(3.18) implies that

3.19) (E'—E) b4 0
. — - — — 0.
sup n JE

E' <E successive
eigenvalues in A

This implies the density of states exists and is given by (3.6) and that one has
uniform clock behavior. U

THEOREM 3.2 (= Theorem 1.3) Let {a,, b,},>, be a set of Jacobi parameters
obeying
o

(3.20) D bal + lan — 1] < 00

n=1
so esssupp(du) = [—2,2]. For any ¢ > 0, we have uniform clock behavior on
[-2+¢6,2—¢]

Remarks.
(1) This includes Jacobi polynomials (rescaled to [—2, 2]) for which
1bal + lan — 1] = O(n ).

(2) Of course, the density of states is the free one.

PROOF: Itis well-known (see, e.g., [6, 26]) that when (3.20) holds, there exists,
for all x € (-2, 2), a solution #, (x) so that if

(3.21) z+z ' =x
(i.e., z = €' withx = 2cosf and 0 € (0, 7)), then
(3.22) 77", (x) —> 1

uniformly on compact subsets of (—2, 2). Furthermore, i1,,(x) is continuous on
(—2, 2) for each fixed n. By evaluating the Wronskian near n = oo, we see

(3.23) W (il i) =z — 2.

Thus, if

(3.24) u,(E) = w
uo(E)

then (3.1) and (3.2) hold. If

(3.25) uo(E) = |ug(E)|e="),
then we have that

(3.26) Bn(E) = Boo(E)
uniformly on [—-2 + ¢, 2 — ¢]. By continuity, (3.4) holds.
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« is given by

E
(3.27) a(E) = arccos(i),

SO

1.8 1 da 1 1
(329 TRdE A VieE
and (3.3) holds.
Finally, standard variation of parameters about z" and z =" shows that (3.5) holds
foreach A =[2+¢,2—¢].
Thus, Theorem 3.1 applies, and we have clock behavior. U

In the above, we used the fact that 8, — B uniformly to obtain (3.4). In the
bounded variation case, we will instead use the following:

LEMMA 3.3 If B, = BV + B? where BV is C' and
aB"

— 0

(3.29) - sup

and P — B uniformly, then (3.4) holds.

PROOF: Immediate since E, E’ € A implies
98"

1B2(E) — Bu(E")| < |E — E'| sup + 1BP(E) — BP(E).

EecA

THEOREM 3.4 (= Theorem 1.4) Let {a,, b,},>, be a set of Jacobi parameters with

(3.30) a, —> 1, b, — 0,

and

(3.31) D (a1 = anl + 1bugy — byl) < oo.
n=1

Then for any ¢ > 0, we have uniform clock behavior in [-2 + €,2 — ¢].
Remark. Again, the density of states is the free one by (3.30).
In order to prove this theorem, we need the following result:

THEOREM 3.5 Let B, (0) depend continuously on 0 € I, a compact subinterval of
(0, ), and suppose

(332) sup Y || By1(0) — Bu(0)]| < 00
oel n=1I

and

(3.33) B, (0) — B (0)
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uniformly where B (9) has eigenvalue e*'?. Explicitly for Vs (0) continuous and
invertible,

ei9 0 1
(3.34) Boo(0) = Voo (O) | o =it ) VoolO)
Suppose each B, (9) has eigenvalues e*'%"®) with ¢,(0) € (0, 7). Let
(3.35) T,(0) = B,(0) -~ B1(9).
Then

(1)
(3.36) sup [ 7,(0)] < oo.
6el,n

(i1) There exists Soo(0) depending continuously on 6 so that

(3.37) 1T(6) = Voo () D () Se (B) | — O
where
i7(0) 0
(3.38) D, (6) = (e 0 e_,-nn(e))
with
(3.39) na(©) = pa(0).
n=1

Remark. See the notes to section 2.1 of [42] for a history of results on bounded
variation.

PROOF: This is a strong version of Kooman’s theorem [29]. In section 12.1 of
[42], (3.36) is proven, and in the notes to that section, it is noted that (3.37) holds.
In those notes, there is no V., because the analogue of D, is not diagonal but can
be diagonalized in a basis where B, is diagonal. U

PROOF OF THEOREM 3.4: Define

_ (anan+1)_1/2(2 cos(0) — bpy1) _(an/an+1)l/2
i mo = (@ e 0

so the transfer matrix at £ = 2cos 0 is

4 1/2 i 172
Tn(9)=< ") Bn(9)<" ) -+ B1(0)

api1 n

(3.41) =a, 1’T,(0).

Since det(B,) = 1, B, (0) has eigenvalues et @, € (0, ), if and only if
(3.42) (@nans1) "2 (2c0860 — byyy) = 2c0s(gy) € (—2,2),
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and this holds uniformly for 6 € (§, ¥ — ¢) and n > N, for some fixed Ny. Thus,
for n > Ny, we define

(3.43) (@) =Y ;(6)
J=No
and define
- i (9) 0
(3.44) D,(0) = ( 0 ein,,(@))
and
(3.45) Seo(0) = Soo(0; By - Byy)Byy—1 -+ By

where S (6; B, - - - By,) is the S for the sequence By,, By,+1, - ... Thus, (3.37)
and (3.41) show that

(3.46) IT,(0) — a; > Voo (0) D, (0) S () || — O.

We now proceed to construct a solution u obeying the hypotheses of Theo-
rem 3.1. Pick a two-vector x(8) by x(6) = /@S (0)~! ((1)) where ¢y is chosen
below and u,, by

(3.47) T,(0)x(6) = (”Lt*éé?))

Then (3.46) says that

(3.48) un (0) = un (0)] exp(i[n,(6) + B> (0)])
where

(3.49) B ) — B2 ®)
uniformly.

Here ,Bé%) (6) is @o(0) plus the phase of the 21-element of V., (6), and therefore
i(m,@) + ,Bé? (6)) is the phase of the lower component of

ay 12 Voo (0) Dy () S (0)x (0).

Since u,, is not real, uo(6) # 0, and so ¢y(6) can be chosen so that u((0) > O.

Since ¢;(0) — 0, ny4+1—n, — 0, and thus the imaginary part of the Wronskian
of u and u is positive, so u obeys (3.1).

By (3.42),

dp,  sin(9) _1p 06
3.50 — d, 127
(3-50) 0E ~ sin(p,) ) oE
SO

an, 00 "~ [ sin(0) i

3.51 = —(n— N, iy 2_1).
(3.51) E =g N0+ Z(Sm(%)<aa+1)

J=No
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Thus, if
(3.52) B =y —nﬁ

' " U BE’
then

1 9 sin(0) | 96
3.53 - =—-——+ = apans1) 2 —1) ) —
(3-53) n 0E ( Z <51n(<pn 1) oE
converges uniformly to 0, since
in(@
(3.54) SO ) > 1
sin(gy)

uniformly in 6.

Lemma 3.3 applies, so condition (ii) of Theorem 3.1 holds with(E) = 6(E) =
arccos(E/2). We thus have clock behavior with density of states the free one, that
is, given by (3.28). 0

Now consider the periodic case, that is,
(355) pyp = Ay, bn+p = bp.

The spectrum now has bands (see, e.g., [30]). For any E in the interior of the
bands, there is a Floquet solution with u,, = €'”®u, with y(E) € (0, ) and
g—g < 0. Thus

(3.56) Uppir = ity EVEPHE)

where B is the phase of u,. Theorem 3.1 applies with @ = y(E)/p and
r

(3.57) Brp+r(E) = B°(E) — 5 VB

There are only r such functions so (3.4) holds, and we recover the zero spacing
part of theorem 2.6 of [39].

If a'” and b are periodic and a, = a\¥ + 8a,, b, = b'¥ + 8b,, and
o
(3.58) > (18bu] + 18a,) < oo,

then one can construct Jost solutions on the interiors of the bands. All that changes
is that (3.57) is replaced by

(3.59) Jim By (B) = B(E) =y (E),

so Theorem 3.1 still applies. Similarly applying the ideas in the proof of Theo-
rem 3.4, we obtain a bounded variation result. Since it includes the (3.58) result,
we summarize in a single theorem:
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THEOREM 3.6 Let a'% and b\ obey

(3.60) al,=a®, b, =b",

for some p. Let a, and b,, obey

(3.61) lim |a, —a®| + |b, — b?| =0,
o

(3.62) Y (ansp = anl + |busp — bul) < 00.
n=1

Then, for any closed interval that is a subset of the interior of the bands (see Re-

. . . . 1d
mark), we have uniform clock behavior with density of states - d—l’;.
Remark. There are p closed bands, By, ..., B,, generically disjoint but perhaps

touching in a single point (closed gap). By the interior of the bands, we mean
’_, Bi", which will be smaller than ((J;_, B;)™ if some gap is closed; that is,
we must remove all of the gaps, including those that degenerate to single points.

p need not be the minimal period, so we have the following:

COROLLARY 3.7 Suppose
a, — 1, b, — 0,

and, for some p, (3.62) holds. Then, in any closed interval in {E = 2cos(0) |
po £0,n/p,...,(p— 1)m/p}, we have uniform clock behavior.

As a final topic, we want to discuss zeros very near £ = 2 when

o0

(3.63) > nlla, — 1]+ |bal) < oo.

n=1
It should be possible to extend this argument to get uniform clock behavior in
[—2, 2], with a suitable modification to take into account the behavior exactly at
4+2. When (3.63) holds, the Jost function u# can be defined on [—2, 2]; see, for
example, the appendix to [6]. If u(2) = 0, we say there is a resonance at 2, and if
u(2) # 0, we say that 2 is nonresonant.

THEOREM 3.8 Let {a,, b,};2 | be a set of Jacobi parameters obeying (3.63). Define

0< 91(") < 92(") <--- 50 E;") = ZCOS(GI.(")) are the zeros of p,(x) nearest to x = 2
and below. Then

(1) If2 is a resonance, then

1
(3.64) no" — ( j— E)n.

(i) If 2 is nonresonant, then

(3.65) no" — jm.
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Remarks.
(1) The two simplest examples are the nonresonant a,, = 1 and b,, = 0, where
sin((n + 1)6)

(3.66) pn(2cos8) =c, Sind
and the resonanta, =1 (n > 2),a; = «/E, and b,, = 0, where
(3.67) pn(2cos0) = d, cos(nb).
(2) Notice that (for simplicity, consider the nonresonant case)
B - g, ~ CEDT

the eigenvalue space is O (n~2) and not equal in E but has clock spacing in 6.

Remark. The key fact that at a zero energy resonance, the scattering phase is 5
(mod ) and otherwise it is O (mod 7) is well-known in the continuum case, for
which there is extensive physics literature; see, for example, Newton [35].

PROOF: By the theorems found in the appendix to [6] (which codifies well-
known results), when (3.63) holds, one has ([6, eq. (A.27)])

(3.68) |Pa(e)] < Cn+ 1)
and the existence of a solution u,, (¢'?) with

(3.69) e "u, () — 1
uniformly on 0. uy is called the Jost function and
(3.70) W(p._1,u) = up.

We want to use (2.14) where there is a collision of notation, so we let v(6, ¢)
be the solution at £ = 2 cos # and boundary condition ¢. Then (2.14) becomes

(3.71) [AL(2cosO)| < max 1v(®. @)l min lv(®, @)L

If up(@ = 0) # 0, we get one solution for 8 small, v(6, ¢y(0)), which is uniformly
bounded in 8 and n, and another solution v(6, ¢; = 0) (= p._1) bounded by Cn.
It follows that

(3.72) min [[v(@, )[. < CLY?,  max[v(®, )| < CLY?.
12 4

If up(@ =0) =0, westart atn = 1 since u (0 = 0) # 0 and construct the bounded
and linearly growing solution that way (in essence, the two solutions in this case
are p._; and g, where g is the second-kind polynomial), so (3.72) still holds.

We conclude, using Theorem 2.2, that when (3.63) holds, then

C
(3.73) sup |E — E'| > —-
E,E’ successive zeros of p, n
E,E'e[2—¢,2]
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Define ¢(6) by
(3.74) uo(e') = lug(e'”)|e'?.

@ can be defined by 6 # 0 since u(0) is then nonzero. We can pick 6 continuous
on (0, &). We claim

0 mod 7 if 2 is nonresonant
3.75 0) =limp®) =
( ) (0 610 v(®) % mod 7 if 2 is a resonance.

Postponing the proof of this for now, let us complete the proof of the theorem.
By (3.70) and W (u, 1) = z — z~! (since u ~ "), we see that

uo(e®) u, (%) — uo(e')yu, (e'®)

3.76 n(2cosf) = .
(3.76) Pa(2cos6) 2i sin(0)
i0 i0
(3.77) _ Jo@DNunleDN G o + go0)
2 sin 6
where
(3.78) Pn(0) = —¢(0)
as n goes to infinity uniformly in a neighborhood of 6 = 0. Thus, zeros of
pn(2cos0) are given as solutions of
(3.79) nb + B, (0) = jm.
In the resonant case, since
(3.80) sup |Ba(0) — = -0,
0]<c/n 2 mod 7
there is at least one solution asymptotic with
(3.81) om (-1
. no; J > .

If there were multiple solutions for some j, we would have two zeros with
0<0 <86,

n@—0)—>0 60<2X,
n

for n large (v can be any number strictly larger than %),
|2cosf’ —2cosf| < |0 — 0] sin(H)
=0(;)0(3),
violating (3.73). Thus, there are unique solutions and (3.64) holds.
In the nonresonant case, (3.79) holds, but instead

(3.82) sup 182(0)|mod = — 0,

101=<c/n
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which proves existence of solutions with
(3.83) no" — jn

for j = 1,2, .... We must prove uniqueness for j > 1 and nonexistence for j = 0.
The uniqueness argument for j > 1 is the same as in the resonant case. To
show no solution with j = 0, we suppose that J has m eigenvalues above E = 2
(by Bargmann’s bound [17], the number is finite). Let J(X) be the Jacobi matrix
with
Ay ()\) = dy,

b,+A, n<m+1,

b,(A) =
@) b,, n>m-+1.

It is easy to see that as A — oo, J(A) has at least m + 1 eigenvalues. Thus we
can define Ay = inf{A | J(A)} has m + 1 eigenvalues in (2, c0)}. Then Ay > 0
and J (1) has a resonance at 2. By the analysis of the resonant case, p{*)(x) has
m zeros in (2, 00), and its (m + 1)™ zero asymptotic to 2 — % %)2, which means
Pn(x), whose zeros are less than those of p*?), cannot have a zero asymptotic to
0w — 0.

That proves the result subject to (3.75). In the nonresonant case, up(e'?) is
continuous and nonvanishing at & = 0, and u(1) is real, ¢(0) = 0 mod =, so
continuity proves the top half of (3.75).

In the resonant case, we note that a Wronskian calculation (see [6, eq. (A.49)])

shows that

(3.84) Im(u; () ug(e'?)) = sin 6.
Since up(1) =0, u1(1) # 0, and u; (1) is real, so

i uo(e')
3.85 lim I 0.
(3-85) 610 m< sind ) 7

On the other hand, uo(e™%) = uy(ei?), so ¢(0) + ¢(—6) = 0 mod 7, which
means that any limit point of ¢(6) is a multiple of 7. This is only consistent with
(3.85) if the limit is congruent to 7 mod 7. 0

4 Lower Bounds in the Ergodic Case

Our main goal in this section is to prove the following:

THEOREM 4.1 (= Theorem 1.5) Let a'”? and b' be ergodic Jacobi parameters.
Let Ey be such that:

(i) The Lyapunov exponent y (Ey) = 0.
(ii) The symmetric derivative of v exists at Ey and is finite and nonzero.
Then there exists C > 0 so that with probability 1,

(4.1) liminfn[z{"(Eo) — z{ P (Eg)] > C.
n—o00
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This is particularly interesting because of the connection to Poisson behavior,
which is defined by:

DEFINITION We say a probabilistic family of Jacobi matrices has Poisson behavior
at Ey if and only if for some A (normally A = density of zeros) we have that for
anyo; < B <op <Py <---<PBpandanyky, kp,...,k, € {0,1,...},

4.2) Prob(#{zf,j)(Eo) € [Eo + 2 Ey+ ﬁ—’"]} =kyform=1,..., e)

l—[ [)\.(ﬁm - am)] " 7}»(ﬂm*am)

Remark. Poisson behavior was proven in certain random Schroédinger operators
by Molchanov [32] and for random Jacobi matrices by Minami [31]. See Stoiciu
[46, 47] and Davies and Simon [7] for related work on OPUC.

COROLLARY 4.2 Let a\”) and b\ be ergodic Jacobi parameters and E, € R
so that the symmetric derivative of v exists at Ey and is finite. Suppose there is
Poisson behavior at Ey. Then y (Ey) > 0.

Remarks.

(1) Basically, (4.1) is a rigid level repulsion inconsistent with Poisson behav-
ior.

(2) Ergodicity is critical here. Killip and Stoiciu [27] have examples that are
not ergodic for which there is Poisson behavior with y = 0.

PROOF OF COROLLARY 4.2: Suppose first y (Ep) = 0 so Theorem 4.1 applies.
For each n, let f;,(w) be the characteristic function of { | |2V (Eg) —z{V (Eo)| <
1cn™'}. By (4.1), f,(w) — O for a.e. », so

4.3) / £ (@)dw — 0

asn — OQ.

Clearly, if there is one z) in [Eg — $Cn~", Eo] and one in [Ey, Eg + ;Cn™"],
then f,(w) = 1. Thus, by the assumptlon of Poisson behavior,

AC 2
lim f folw)dw > (T e—*C/‘*) ,

which contradicts (4.3). U

Our proof of Theorem 4.1 will use the complex solutions constructed by Deift
and Simon [8] and the estimate of Theorem 2.2. It is thus important to be able to
estimate A in terms of any pair of solutions with Wronskian 1.
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LEMMA 4.3 Let u" and u® be any pair of solutions of (2.1) with Wronskian 1.
Then the kernel K of (2.7) has the form

(4.4) K, m, E) =uu® —u@®uD.
In particular,
(4.5) IALCE) i < N7 a7 .

PROOF: Noting that uflj)u,(,{) — uf,{)u,(f) = 0, we see that K is invariant under
linear changes of the u’s of determinant 1. This proves (4.4). (4.5) follows as in
Theorem 2.1. O

We need the following result of Deift and Simon [8]:

THEOREM 4.4 Let a,(l‘”) and b,(j") be ergodic Jacobi parameters and let (1)—(ii) of
Theorem 4.1 hold for Ey. Then for a.e. w, there exists a complex-valued solution
u(-,w) of (2.1) so that:

(i) The Wronskian of u and u is —2i.
(i1)) We have that

n—1

dv
4.6 li -1 2 ) .
4.6) 1m sup|n| E lu(j, w)|” <2x JE

n—o0 ]:0

Remarks.

(1) In fact, lu(j, w)| = |u(0, T/w)| and E(|u(0, w)|?) < oo, so by the Birk-
hoff ergodic theorem, the lim sup on the left of (4.6) can be replaced by a limit that
is a.e. constant with a constant bounded by the right side of (4.6).

(2) [8] states results for a.e. E with y(E) = 0, but the proof shows that what
is needed is (1)—(ii).

PROOF OF THEOREM 4.1: By (4.5), taking u"’ = u and u® = (2i)"'i, we
see

dv
4.7 li NAJBE)| <7 —
4.7) imsupn~ || A,( )Il_ﬂdE

by (4.6). Thus, by Theorem 2.2,

1[dv]™!
liminf [z (Ep) — 20V (E)] = — | o= |
n—oo 7w |dE

which is (4.1). g
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5 Upper Bounds via Transfer Matrices
Our goal in this section is to prove:

THEOREM 5.1 Let {ay, b,};>, be a set of Jacobi parameters. For any bounded
interval I C R, we have

[8e supge, 1T, (E)IN(T_y a)'/”
- :

(5.1) sup |E—E'| <
E, E’successive
zeros of p, in [

COROLLARY 5.2 Let {ay, b,};2 | be a set of Jacobi parameters and 1 = [a, B] a
closed interval. Let

(5.2) A =supa, < o0, T = sup [|T,(E)| < oo.
n n;, Eel

Let ¢ = 8eAT. Then for any § > 0, there is Ny so that if n > Ny and E €
[ 4+ 8,8 — 8] is a zero of p,, then there are at least two additional zeros in
[E — =, E + ©], one above E and one below.

PROOF OF COROLLARY 5.2: It is known that any point in spec(J) is a limit
point of zeros, so for large enough Ny, there are zeros in [«, « + 6) and (8 — &, B].
Thus, (5.1) implies the result. O
Example 5.3. Leta, =1and b, =0 so

sin((n 4 1)6)

(5.3) prn(2cosb) = -

sinf
and for n odd, p,(0) = 0. The next nearest zero is at ¢ = 7 — -Z4, so at
E~ = (%(2cos@)\gz% = —2). In this case, p, at E = 0 (0 = %) is

1,0,-1,0,1,0,...)forn =0,1,2,... and g, = (0, —1,0,1,...),50 T}, 0aa =
(+1 o) 50 IT,(0)[| = 1 and ||T,(E)|| ~ 1 for E near 0. Thus, the correct answer
for the spacing is 2r ~ 6.3 and our upper bound is 8¢ ~ 21.7, a factor of about

3.5 too large.
To get Theorem 5.1, we will use the following:

THEOREM 5.4 Let Q be a polynomial with all its zeros real. Let Q(Ey) = 0,
Q'(Ey) = 0, with Eq < E| and Q nonvanishing on (Eq, E). Then

|Q(E))|
(5.4) |E; — Eo| < e ——2°.
=0k
PROOF: Since
2 1
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we see that g(E) = log(|Q(E)|/|E — Eyl) is concave on [Ey, E;]. Note that
g(Eo) = log|Q’(Ey)| and that the tangent to g at E is

|Q(E)| 1
(5.5) lo ( - (E — E)).
*\IE/ — Eol )~ 1E — Edl !
Thus,
|Q(E))|
|Q'(Eg)| < (— e,
‘ |E1 — Eo
which is (5.4). O
The Q we will take to get (5.1) is not P, but the discriminant
(5.6) An(E) = Tr(T,(E))
associated to the periodic set of Jacobi parameters
(5.7) am =ag b =by, q=1,...,n m=>0,

We have the following:

LEMMA 5.5 The zeros of pn—1 and A, interlace. Thus, if E; < E, < E3 are three
successive zeros of A, then p,_1 has two zeros, E and E’', with

(5.8) |E — E'| < |E; — Eq|.

PROOF: We need the analysis of A, as a periodic discriminant [30]. A, has
n bands given by oy < B; < ay < B < -+ =< a, < B, and bands [«;, B;].
A1(=2,2) = U;.Zzl(aj, B;) and, in particular, the zeros of A lie one per band.

Pn—1 has one zero in each gap [B1, azl, [B2, 3], ..., [Bn-1, @,]. That gives us the
interlacing. (5.8) is an immediate consequence of this interlacing. 0

To get a bound on A/, at its zeros, we need a bound on the rotation number for
ergodic Schrodinger operators found by Deift and Simon [8]. This rotation number
is

(5.9) a(E) = n(l —v(—o00, E)),
where v is the density of states. Therefore, « runs from 7 to 0 as E runs from

min spec(J) to max spec(J), and cos(«) runs from —1 to 1.

PROPOSITION 5.6 In the periodic case, on spec(J),

deos(@(E))  1(+x \ V"
(5.10) Tzz(gaj) :

Remarks.

(1) (1.2) of [8] is an integrated form of (5.10). We can take derivatives since
spec(J) is a union of intervals.

(2) Deift and Simon assume a; = 1. By using the modification of the Thouless
formula for general a;, it is easy to see their proof yields (5.10).
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(3) In the free case (a, constant, b, = 0), one has equality in (5.10).

PROOF OF THEOREM 5.1: A,(E) is related to a(E) by
(5.11) A, (E) =2cos(na(E)).

Thus, at zeros of A, where cos(na(E)) = 0, we have [sin(na(E))| = 1. So at
such points,

=2

¢ - o sin((E)) 2
JE— 1 JE—
ngE = e
d cos(a(E)) " —1/n
j=1
by (5.10).

Since A,, = Tr(T,), |A,| < 2||T,]|, so (5.4) becomes
T Ty @'

dA,
dE

Between the zeros of A are two (Ey, E1)-type intervals and so, between the first
and third of three zeros are four such intervals. (5.8) and (5.12) imply (5.1). O
6 Priifer Angles and Bounds on Zero Spacing

There are various possible Priifer angles. We will exploit one that is ideal for
studying the energy dependence of zeros of p,,.

PROPOSITION 6.1 Fix Jacobi parameters {a,, b,},>,. For eachn = 1,2,...,
there is a unique continuous function 6, (E) determined by

pn(E)
6.1 On(E)) = ———,
(6.1) tan(6,(E)) or (E)
. T
(6.2) El—l>lzloo 0,(E) = —3
Moreover,
o (E)?
6.3) do, Z]=() p;i(E)

= > O
dE an(pn—l(E)2 + pn(E)z)

PROOF: p,(E)/p,—1(E) - —o0 as E — —o00, and the ratio is continuous on
R U {00}, so existence and uniqueness are immediate, as is (6.2) since tan(—%) =
i
db,  Pn-1Py — PuPp_
dE ~ p? (1+p2/pt_)

so that (6.3) follows from the CD formula (A.3). O

—oo. Note next that since - arctan(y) = we have

1
1+y2a

6.4)
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Remark. (6.3) is closely related to well-known formulae relating the derivative of
projective angles in SU(1, 1) or SL(2, R); see theorem 10.4.11 of [42]. These
formulae have been used by Furstenberg, Carmona, and others; see, for example,
Carmona [5] or Simon [44].

The transfer matrix 7, (E) is a 2 x 2 matrix of determinant 1/a,, so

(6.5) 1T, (E) 'l = anit | Tu(E)|.
Thus, since (pj41, pj)T =T;(E)(1, 0)", we have that
(6.6) a AN THE) T < pi(E) + pi(E)* < | Ti(E)|.
Since
= n—1 n—2
(6.7) 3 S+ pL) <D P <D (pIH P,
j=0 j=0 j=0

(6.3) immediately implies the following theorem:
THEOREM 6.2 Let

(6.8) m(E)= sup (1+ ar DI B
<j<n—

Then

n do,
— < nt,(E)t,_1(E).

© 20 (B 1(E) ~ " dE =

This, in turn, implies % upper and lower bounds on zero spacings sufficient for
what we needed in Section 3:
THEOREM 6.3 If A is an interval in R on which

ta= sup (1+a, DIT,(E)|? < oo,

EcA,n
then
. a,m

(6.10) inf |E—E'| = =

E,E'cA AN

E, E’successive zeros of p,(E)
and
2a,TT:

(6.11) sup |E—E| <4,

E,E'eA
E,E’ successive zeros of p,(E)

Moreover, if A = [«, B], p, has zeros in [;3—2annti/n, Bl and [«, oz+2annr§/n]
once | —a| > Zannri/n.
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PROOF: Since 6, is monotone in E and p,(E) = 0 if and only if 6,(E) = £m
for some £ € Z, we have at successive zeros, E < E’, that

) E"de,
(6.12) 7 =6,(E') — 6,(E) =fE 5

(6.10) and (6.11) are then immediate from (6.9). The final assertion comes from
the fact that 8(E,) — 08(Ey) > m implies that tan(6(E)) has a zero in [Ey, Ey]. U

dE.

7 Relations of the Weight to the Christoffel Function

The previous sections were dominated by the transfer matrix. In this section,
we shift to the weight where the CD kernel (see (A.1)) will play a major role. This
section is a technical interlude: a detailed result that will be useful in the analysis
of examples in later sections. Our main result in this section is the following:

THEOREM 7.1 Suppose that

(7.1 du = wx)dx + dug
with d s singular, and that for some xo, a > 0, and some r > 0,
xo+a
(7.2) / wx) " dx < oo.
xo—a
Then
(7.3) Ka(xo, X0) < Cn'*"

where C, depends only on r and a and the integral in (7.2).

This result generalizes one of Geronimus (see [11, remark 3.3 and table II]) in
two ways. His estimate is on |¢,|?, not K,,, and, more importantly, his estimates
require global estimates on w in the context of OPUC rather than just our local
estimate. One reason we can go beyond Geronimus is that he uses the Szegé func-
tion and we just use the Christoffel variational principle. Another reason is that we
have a powerful result of Nevai [33]:

PROPOSITION 7.2 ([33]) For any p in (0, 00), there is a constant D), so

1

(7.4) / |7, (X)|” dx = Dy |7, (0)]7
—1

for any polynomial 1, of degree n.

PROOF: Since this is a special case of Nevai’s result that depends on several ar-
guments, for the reader’s convenience, we extract exactly what is needed for (7.4).
Let

(7.5) dpo(x) = %(1 —xH"V2dx
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on[—1, 1], so if x = cos(0), then

do
duo = —
s

on [0, ], which implies, as is well-known, that the OPs for (7.5) are given by
1 n=0

7.6 L(cos(@) ={ ’

(7.6) P(€OsE) =1 /3 cosmo), n>1,

the Chebyshev polynomial (of the first kind).
It follows that for x = cos(f) € [—1, 1],

(7.7) K,(x,x;dpg) =1 +chos2(jn) <2n+1.
j=1

Thus, by (A.7),

1
d
(7.8) sup |7, ()| < 2n + 1)/ 17, (021 — x2)~12 2L
lx|=<1 —1 T
If m is an integer, (;r,)™ is a polynomial of degree at most mn, so (7.8) implies
! dx
(7.9) sup |7, ()" < (2mn + 1)/ |72, () [P (1 — xH) 712 —.
lx]=<1 -1 T
If2m — 2 < p < 2m, we write
m 2m—
770 |*" < 1| sUp |72, (x)[) "
lx|<1
to deduce
1
d
(710 suplm,(0)l” < {Zn([g] + 1)} / ol -ty
[x|<1 1

Given p, pick € from 1,2, ... so {p > % and apply (7.10) to the polynomial
7, (x)(1 — x2)¢, which has degree n + 2¢, and get

172 (0)” < sup [(1 — x*) 7, (x)]”
[x]=1

1
fos20([2] 1)) [ o &
—1

since (1 — x2)~-1/2 < 1.
Find D, so forn > 1,

2(n + 26)([%] + 1) <D,'n

and (7.11) implies (7.4). Il

(7.11)
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PROOF OF THEOREM 7.1: By (A.16), we can suppose dus = 0. By scaling
and translation, we can suppose xo = 0, a = 1. By Theorem A.2, we need to
get lower bounds on f_ll |7, (x)|?w(x)dx. By Hoélder’s inequality, for any o, 3,
p € (1,00), and g dual to p,

1 1
/ |7 (x)|* dx =/ |77, () |“w ()P w (x) 7 dx
-1 -1

1 1/p 1 1/q
(7.12) 5( f |nn(x)|°‘pw(x)’3”> < / w(x)—/f‘qu) .
—1 —1

We want to pick 8, ¢, and @ so Bg = r,ap = 2, and Bp = 1, that is,

1+r 2r r
(7.13) qg=1+r, p= , o= , B =
r 1+r

The result is that

1
/ (1) P () dx
-1

1 —1/r 1 (+r)/r
(7.14) > (/ wx)™" dx) (/ |7T,,(x)|2’/(1+’)dx>
—1 —1

> Clm, (0)n~' .

Taking the inf over all ,,’s with ,,(0) = 1 and using (A.5), we get

1

K, (0,007 >Cn 7,
which is (7.3). Il
Example 7.3. Let du be the measure on [—1, 1] given by
(7.15) dp(x) = Coplx|*(1 = |x*)’ dx

where a > 0, b > —1, and C is a normalization constant.
This is an even measure so py,—1(0) = 0. Moreover,

(7.16) Pan(x) = gu(x?),

where ¢, are the OPs for the measure obtained from an x — y = x? change of

variables. Since dx = (dy)/y'/?, we see g, are the orthogonal polynomials for the
measure
(7.17) Caplyl?712(1 = y)" dy.

Thus, up to a constant,

Kn(07 0; d//L) = Kn,aﬂ(lv 1)
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where I?,,;a, g 1s the CD kernel for the Jacobi polynomial associated to (1 —x)*(1 +
x)P dx with a = %a — % and B = b. If we call these orthogonal polynomials j, g,

and J, g the conventional normalization, then [50, 54]
1 —
gl ~ Copn ™",
2
Jop(1) ~ Cyn®,

SO
J(X,,B(l) ~ (C;{L)_I/Z(HI/Z)JQ’/S(I) — C(S/)gnOH-l/Z
and
Kn;a,ﬂ(l, 1) ~ n20(+2'
Taking o = %(a — 1), we get
(7.18) K, (0,0; dp) ~ n'*a.

We can take r in Theorem 7.1 arbitrary with ra < 1, so (7.3) cannot be improved.

The following shows that in some cases the power of n in Theorem 7.1 is opti-
mal:

THEOREM 7.4 Let du(x) = w(x)dx where supp(du) C [—1, 1] and
(7.19) lwx)| < Clx|*

for some o < 1. Then

(7.20) |K,(0,0)] > Cyn'*.

Remark. For w(x) = Cy|x|* on [—1, 1], (7.2) holds for any r < é, so (7.20) says
(7.3) cannot hold for any smaller power of n in case r > 1.

PROOF: Let 7, be the polynomial of Theorem A.7 where xo = 0 and a = 1.
Onlx| e[, 2], j=0,1,2,....,n—1,

1, j=0,
[T ()] <1 | | — 1.2
ﬂ+55 ]_ 9 Ly ee ey
so, by (7.19),
1 i+ 1\ 1 171
2

/|77n(X)| dﬂfzc{n1+a+;< " ) |:2_nz+ﬁj|;}

1 1 =+ D
<x{ge (2]

j=1

S C;ln—(1+a)

. i1 .
since n® > n'+% and 300 UtDT < oo since o < 1.
J= ]
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By deg(m,) = 2n — 2 and Theorem A.2,
K2 -20,0)"" < €7 '),
which is (7.20). O

8 Upper Bounds via OP Methods

Our main purpose in this section is to note that the upper bounds produced by
the method of Erdos and Turédn [9] provide a universal bound. So long as dus = 0
near xo € supp(du) and w(x) is continuous and nonvanishing at x(, the bound is
independent of the value of w at xo! Upper bounds on spacing imply lower bounds
on the density of zeros. Deift and Simon [8] obtained universal lower bounds on
the density of zeros, so the bounds we find are a kind of microscopic analogue of
theirs. One key to the Erdds-Turdn method is the following:

LEMMA 8.1 Letx; < xp <--- <x,inRandlet1 < j <n—1. Then there exists
a polynomial 7w of degree at most n — 1 so that

(8.1) w(xp) =0, l<tl<n, L#£]j, j+1,
(8.2) w(x;) =w(xjp) =1,
(8.3) 7(y) > 1, in [x;, xj11].
PROOF: Let
(8.4) mo(x) = 1_[ (x —xj).
L£jj+1
If
(8.5) o (xj) = 1o (Xj41),
take
(8.6) 2() = o)
7o (x;)

so (8.1) and (8.2) hold (we will look at (8.3) shortly). If (8.5) fails, for y € R\
[xj, xj41], let

(8.7) Ty (x) = (x = y)mo(x).

As y runs through (—o0, x;], }:xil
J
to x;41, the ratio runs from 1 to oo. Since (8.5) fails and mo(x;) and 7o (x;41) have

the same sign, there is a unique y with

runs from 1 down to 0, and as y runs from oo

(8.8) 7y (xj) = my(xj41)
so take
(8.9) r) = 28

7y (X))
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In any event, 7t obeys (8.1) and (8.2). By Snell’s theorem, 77’ has a zero between
any two zeros of 77, and so by counting degrees, exactly 1. It follows that 7’ has a
local maximum in [x;, x;4] and no local minimum, so (8.3) holds. O

Let {xj};’:1 be the zeros of the OP, P,, associated to a measure du. Recall (see
Theorem A.4) that there are positive weights {1;}_, so

(8.10) [ #@due = Y
(=1

for any polynomial 7 with degw < 2n — 1.
THEOREM 8.2 Forany j =1,2,...,n—1,

(8.11) p(lxj, Xjs1]) < A+ A

PROOF: Let 7 be the polynomial of degree n — 1 or less given by Lemma 8.1.
Let7 = % sodegm <2n—2 <2n — 1. Since 7(x;) =0,¢ # j, j + 1, and
7(x;) = (xj41) =1,

(8.12) RHS of (8.10) = A; + Aj41.

Since 7 > 0 and 7 > 1 on [x;, xj41],

(8.13) LHS of (8.10) > wu([x;, xj411)

so (8.10) implies (8.11). Il

To exploit (8.11), we need upper bounds on A;.
Suppose

(8.14) E. = ¢ supp(dt)

inf
and for E € [E_, E.],
(8.15) d(E)y=max(E, —E,E—E_)<E, —E_.

THEOREM 8.3 Suppose I is a closed interval on which du is purely a.c. and
max,e; w(x) = wy < 00. Then for each § > 0 and all weights A; associated
with x; € I and dist(x;, R\ I) > 8, we have with m = [%] and n the number of
zeros,

(8.16) A<

m n?

d(E 1
w7 max; d( )+0( )

where the O(1/n?) is uniform in all \’s with the given § (and also depends on
max; d(E)).
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PROOF: Let a = max; d(E), xo be the x; for &;, and 7 (x) = m,,(x; xo, a)
given by Theorem A.7. Since 7 (x) = 1 and deg(72) < 2n — 1, we have

Aj < leﬁ(xe)z
= /du(x)ﬁ(x)z =K, + K,

where K is the integral over (xo — §, xo + §), and K the integral over all other x.

By (A.34),
1
5=0(33)

with estimates only dependent on a and 8. This follows from the facts that 7 (x)? =
O (1/n?) on the region of integration and p(R) = 1.

If (xo —6,x0+6) CI,du < wydx, so(8.16) follows from (A.35). Il
THEOREM 8.4 Suppose I is a closed interval on which d is purely a.c. and

(8.17) O<w_= mi? wx) < ma]x wx) = wy < o0.
xe xe

Then for any E € I'™,

i - : — E| <8}
8.18) 1 D(EY — DBV < dop d(E) lim P2 | 1x .
(8.18) 1nrrisoljpn[zn (E) —z, "(E)] <4rd( )6%1 im0 T —El = 9]

In particular, if E is a point of continuity of w,
LHS of (8.18) < 4w d(E)
independently of the value of w(E).

PROOF: Clearly,
1zZ\P(E) — zI"V(E)| < [min{w(x) | 20 V(E)
<x <zZVEWN " TnEVE), ZP(E)).

From this, (8.11), (8.16), and lim ;- = 2, we get (8.18) by using the fact that since
E is a limit point of an infinity of zeros, we have lim, , |z (E) — E| =0. O

(8.19)

This is the promised universal lower bound on the density of zeros. The method
is flexible enough to say something if w(x) has a zero of a fixed order.
THEOREM 8.5 Suppose du is purely absolutely continuous in a neighborhood of
Ey, and for some g > 0,
.. w(x) _ w(x)
(8.20) 0 <y =liminf ———— <limsuyp———— = y, < .
x>E |x — Eol? T xoE, |x— Eol?
Then

(8.21) limsupn|z"V(Eo) — 2"V (Ep)| < .

n
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PROOF: By (8.20) for any §, there is N so forn > N,
(8.22) u(lzy " (Eo), 23 (E0)D) = (y-—=8)27"(g+1) 7" (" (Eo) =z " (Eo)) "™
By the proof of (8.16), the A’s associated to z,jf(E ) obey

(8.23) s < Ci(ys + 8)[max(Con~!, |25 (Eo) — Eo|)]4
) ;<

n
for constants C; and C,. (8.11), (8.22), and (8.23) imply (8.21). Il

Given our bounds in Section 7, we can also say something when the singularity
of the weight is not as regular as some power. The key is an abstraction of an
argument of Nevai [33] (see also Golinskii [14]).

THEOREM 8.6 Let a = max(supp(du)) — min(supp(du)). Fix integers p and g
so that

(8.24) Qp—2)% <2n—1.
Then for any successive zeros E and E' of p,, we have

a 1 1 124
(8.25) |E — E'| < —|:KP<—(E+E/),—(E+E/)>:| .

p 2 2

PROOF: Let 7 be defined in terms of the = of Theorem A.7 by Theorem A .4,
1 q
(8.26) a(x) = |:er (x; E(E +E'), a)} )
By (8.24), deg[7]* < 2n — 1 so, by (8.10),
(8.27) 1R due = Y i)
j=1
1 a 2

8.28 <\|\—+—
(628 = <2p+2p|E—E’|>

since )" A; = 1, 4; > 0, and min| E; — 3(E + E")| = 3|(E — E')|.
Since 7 ((E + E’)) = 1, by Theorem A.2,

-1
(8.29) K, (%(E + E'), %(E + E/)) < flﬁ(x)|2du(x).

Since |[E — E'| < a,

1 a a
<

2 T lE-E| T pE-F
(8.25) is immediate from (8.28), (8.29), and (8.30). O

(8.30)

The following abstracts an argument of Golinskii, who needed to make global
hypotheses since he relied on estimates of Geronimus:
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COROLLARY 8.7 Suppose that for some interval I, A > 0, and C, we have

sup |[K,(E, E)| < C(n+ 1)".
Eel

Then for any é§ > 0,

(8.31) lim sup |E — E’||:L] < 00.
n—00 E,E' successive zeros log n
dist(E,R\I)>3
PROOF: Pick g = [logn] and p as large as possible so that (8.24) holds. Since
(n + D? =exp(Alog(n + 1)),
[Kp]l/zq is bounded and (8.25) implies (8.31). O
Combining this corollary and Theorem 7.1, we obtain a local version of Golin-

skii’s [14] result:

COROLLARY 8.8 If (7.1) and (7.2) hold, then we have (8.31) for I = (xo — a,
Xo + Cl).

We also have the following (a local version of results of Nevai [33] and Golin-
skii [14]):

THEOREM 8.9 Suppose for some interval I we have that

(8.32) du =wdx +dus
where
(8.33) flogwdx > —00.

I
Then for any é > 0,

(8.34) lim sup |E — E'In"? < 0.

n— 00 .
E.E’ successive zeros

dist(E,R\1)>$
We need the following lemma:

LEMMA 8.10 If J has Jacobi parameters obeying
o

(8.35) > lan = 1P + [ba]* < o0,
n=1

then for any § > 0, there is Cs so

(8.36) sup || T,(E)|| < exp(Csv/n + 1).
Ee[—2+8,2—6]
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PROOF: Define u(E) = ¢ where 2cosf = E and 0 < 6 < 7. By standard
variation of parameters about u:*, one proves

LHS of (8.36) < 1_[{1 + C(bj| + |a; — 1])}.
j=1
Since 1 + x < exp(x) and

n n 1/2
> byl + lay — 1) < [Z(W +la; — 1|2>] [2n]2,
j=1 Jj=1

(8.36) is immediate. O

PROOF OF THEOREM 8.9: By scaling, we suppose I = [—2,2]. By Corol-
lary A.3,

(8.37) K,(x,x;du) < K,(x, x; dv)
where
(838) dv = X[=2,21W dx.

Let d¥ be the normalized dv. By the theorem of Killip and Simon [25], the
Jacobi parameters obey (8.35), so by (8.37),

sup K,(x,x;dn) <exp(Csv/n+1).

xe[—248,2-9]
In Theorem 8.6, take ¢ = [4/n] and p as large as can be so (8.24) holds. Then
p ~ c4/n and (8.25) implies (8.34). Il

9 Lower Bounds via OP Methods

In this section, we will get lower bounds in terms of the CD kernel alone. The
basic method is due to Golinskii [14], but when he applied the method, he made
global assumptions on the measure, and we want to note that local assumptions suf-
fice. Other OP lower bound methods are due to Erdos and Turan [9] and Nevai [33].

THEOREM 9.1 If E and E' are distinct zeros of P,(x), E = %(E + E"), and
8 > Y|E — E'|, then

©.1) |E — E'| > [0 — GIE — E')?] [ K,.(E,E) ]1/2

3” Sup\y—E|§6 Kn(y’ y)
Remarks.
(1) In most applications, § is fixed and |E — E'| — 0,50 8> — (3|E — E'|)* ~

82 > 0. In typical cases, the inf and sup of K, (y, y) for |y—E| < 8 are comparable
and (9.1) gives an 1/n lower bound.

(2) This theorem also yields a result with the same asymptotics as (2.22) for
K, (E, E) > 1, while the sup is bounded exponentially in 7.
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(3) Interestingly enough, the proof here depends on (2.19) written as (9.2).

(4) Itis interesting to compare Theorems 9.1 and 2.2. (2.17) only depends on
information at Ey while (9.1) has a sup K,,(y, y) over a neighborhood, but (2.17)
requires information on both solutions of (2.1) while (9.1) only on p,,.

PROOF: Since p,(E) = p,(E’) =0and E # E’, we have
9.2) K.,(E,E")=0
by (A.3) (the Christoffel-Darboux formula). Thus (supposing E < E’ for nota-
tional convenience),
K,(E,E)
(93) =K,(E,E)—Ku(E,E")

a
—— Ku(E, y)

(94) <|E—E| sup
dy

ly—E|<i|E-E

9.5 <IE-E|-[3(E-EP) sup [82— (v E)'2
ly—E|=s

d
P K, (E, y)‘-
y
K, (E, y) is a polynomial in y of degree n, so by (A.29) and (9.5),
1 2y -1
(9.6) K,(E,E) <|E— E/I{cS2 - [E(E - E’)} } (3n) sup |K,(E,y)|.
ly—E|<s

By the Schwarz inequality,

9.7) sup |K,(E.y)| < K,(E.E)'* sup |K,(y. y)|">.
ly—E|<3 ly—E|<8

(9.6) plus (9.7) imply (9.1). O
COROLLARY 9.2 Let I be an interval on which

9.8) t=sup |T,(Y)| < oo.

n,yel

Then, for any E € I'™,
2
9.9) hmhﬁMé“%E)—zf”UDlzjiddeJR\D?
n—oo

Remark. This should be compared with what follows from (2.15) and (2.17), which
implies
LHS of (9.9) > +2.
PROOF: (9.9) follows from (9.1) if one notes that for y € I,

(m+ Dt < K,(y,y) < (n+ Dt O

We can also use Theorem 9.1 to get a lower bound in terms of local bounds on
the weights.
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THEOREM 9.3 Suppose diu = wdx + dus where dus(xg — 8, xo + 8) = 0 and
(9.10) 0< inf wkx)< sup wx) < oo.

ly=xol=d |y—xol <8
Then for any ¢ < 6,
9.11) inf liminfn|z("Y(y) — 257D ()] > 0.

ly—xol<e n—>00

PROOF: By (9.1), it suffices to prove

(9.12) sup [ K, (v, y)] < o0
l[y—xol<e

and

(9.13) , nf [n 'K, (y, )] > 0.
y—xo <&

By (9.10), for ¢ fixed, uniformly in y with |y — x| < &, we can find a fixed
scaling and some translate of c(4 — x2)/2x;_5 5 dx lying below du(x — y), so
using (A.14) and the explicit K, for Chebyshev polynomials of the second kind
(i.e., the free K,,), we get (9.12).

On the other hand, by (A.4)—(A.5),

-1
9.14) K, (xo, x0) = </|ﬂn(X)|2du(X))

for any m, of degree n with m,(xo) = 1. Using a suitable m,/, of the form given
by Theorem A.7 and estimates we used earlier in this paper, we get an O (n) lower
bound on K,,; that is, (9.13) holds. Il

10 Zeros of POPUC

While we have discussed OPRL up to now, virtually all the ideas extend to
POPUC. POPUC are defined by taking the first n — 1 recursion parameters (Ver-
blunsky coefficients), «, . .., o, in D, and picking 8 € 9D and letting

(10.1) $n(2) = 200-1(2) — By, (2).

Since ¢;,_, is nonvanishing on D and since |@,—i| = |¢,_,| on 0D, we have
l¢n—1/9,_;| < 1 on D by the maximum principle. Thus, ¢,(z) is nonvanishing
on D and, by symmetry (¢,(1/2) = z7"[¢;;_, — Bz¢,—1]), nonvanishing on C \ D.
Thus, the zeros of ¢, lie on dDD; indeed, they are the zeros of a finite unitary matrix
(see theorem 8.2.7 of [41]). Zeros of POPUC are discussed extensively in Golinskii
[14], Cantero, Moral, and Veldzquez [3, 4], Simon [45], and Wong [55].

As explained in section 10.8 of [42], there is an OPUC analogue of (2.7)—(2.8)
(namely, (10.8.3)—(10.8.5) of [42]), which immediately leads to an analogue of
Theorem 2.1. While (10.8.3)—(10.8.5) are stated for the solutions . + F¢., they
also hold for . and ¢.. Key to this analogue is the orthogonality of ¢.(z;) and
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¢.(z») for two zeros of ¢,(z). This follows from the CD formula_ for OPUC (see
[41, theorem 2.2.7]) for ¢,(z1) = @, (z2) = 0 implies z;¢,(z;) = By, (z;), so

©(21) @5 (22) — 2122 @a(21) Pu(22) =0
and thus, by (2.2.42) of [41],
(10.2) Y 9@ ei(z2) =0.
Jj=0

Combined with the techniques of section 12.1 of [42] and our proof of Theo-
rem 3.4, we get the following:

THEOREM 10.1 Let {a,};2, be a set of Verblunsky coefficients that obeys

(103) Dl —al < 00
n=0

and

(10.4) la,| = 0.

Then the zeros of the POPUC, ¢,(z), for any choice of  have uniform clock be-
havior on any compact subset of 0D \ {1}.

Remarks.

(1) An interesting example is o, = (n + 2)~# for any B > 0. This is related
to a conjecture of [43], albeit the conjecture there is for OPUC, not POPUC.

(2) The density of zeros in this case is d8/2m on 0D; see theorem 8.2.7 and
example 8.2.8 of [41].

(3) If (10.3)—(10.4) are replaced by
o0
(10.5) > el < oo,
n=0

then 0D \ {1} can be replaced by dID. This is a result of [43]. Because we have
global control in this case, one does not need a priori % bounds on zero spacing.

There are also analogues of the bounds of Sections 5, 6, 8, and 9:

(1) One has that

d? i i0 1
(10.6) ﬁlogw —e’| =—
so there is a bound like (5.4) for POPUC (all of whose zeros lie on 0ID), and thus
there is an analogue of Theorem 5.1.

|ei(p _ ei0|2’
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(2) If one defines 1, (z) by

oM@ — ei"sﬂn—l (')

10.7 )
( : ‘p:fl(ele)
then

(10.8) dn, [>1 0 le; (€))7

o |pa-1(e)
This follows from (2.2.71) of [41], which implies

d . . " _
(10.9)  —loglpn(re™)P| =14+ D+ [onsn @7 Y lgi ().
r=1 j=0

By the Cauchy-Riemann equations,

(10.10) LHS of (10.9) =2 % arg[g,.1(e")].
Since (10.7) implies

(10.11) M =0 — (n— 1)0 + 2arg[g,_1(¢'")],
we obtain (10.8).

(10.8) implies dn,/d6 > 0, and given that zeros of ¢, occur when 1, = arg 8
mod 27, bounds like those of Theorem 6.3 on zero spacing for POPUCs.

(3) Since all the techniques of the Appendix extend to OPUC, the estimates
of Sections 8 and 9 extend to POPUC; indeed, somewhat weaker variants occur
already in Golinskii [14].

11 Examples, Counterexamples, Conjectures, and Questions

Clock behavior based only on local behavior. Suppose (7.1) holds on for some
(c,d) C R; we have dus([c,d]) = 0, w > 0 on (c,d), and w is C* there. We
have proven O(%) upper and lower bounds in this case. This leads to the natural
question:

Open Question 11.1. Under the above hypothesis, does one have clock behavior
on (c,d)?

This is a very subtle question because clock behavior involves the density of
states, and it is not even clear that exists on (c, d) only under the above hypothesis.
What is clear is that if the density of states exists, it is a global quantity and not just
dependent on w on (c, d). We want to demonstrate this by example. We will need
the following:

PROPOSITION 11.2 Let dug be given by

(11.1) duo = 2m)~'V4 — x2 X2 dx.
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Suppose f is a C? function on [—2,2] with f'(2) = f'(=2) = 0, f"(=2) =
f"(2), and

(11.2) f=a>0, /fduo=1,
where a > 0 is a positive real. Let

(11.3) du(x) = f(x)dpuo(x).

Then the density of states exists for diu and is given by (1.8), and there is clock
behavior uniformly on each interval [—2 + ¢,2 — ¢].

PROOF: By theorem 13.2.1 of [42], there is a map Sz, of real measures dp on
D (i.e., those measures with real Verblunsky coefficients) to those measures du
on [—2, 2] that are of the form f duy where

2
(11.4) / Fx)E—xH7V2dx < o0,
-2

and under this map, dp(0) = w(0)d6 where
(11.5) w(@) =cf(2cosh).

Thus, w is C? (including at 6 = 0, ) and so fo:_oo n?|w,|> < oo, which
implies Z:":_oolz'ﬁ,,l < 00. Thus, by Baxter’s theorem (theorem 5.2.1 of [41]), the
Verblunsky coefficients are in £'. By (13.2.20) and (13.2.21) of [42], (1.15) holds,

which implies the claimed result. g

Example 11.3. Let d i be d scaled to [—1, 1]. We pick f; obeying the hypoth-
esis of Proposition 11.2 and f, scaled to [—1, 1], and so that duy = fduo and
du, = frdpgobey duy = du, on [—%, %]. Both have clock behavior on [—%, %]
but with different density of states, namely (1.8) and (1.8) scaled.

Pointwise upper bounds. We obtained lower bounds on zfll)(Eo) — zr(fl)(Eo)
if T,,(Ey) is bounded, but our upper bounds required control of 7,,(E) for E in a
neighborhood of Ej.

Open Question 11.4. Are there upper bounds on spacing if we only know that
T, (Ey) is bounded?

Improved spacing estimates.

Open Question 11.5. Can 4/n in (2.25) be improved?
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More on spacing and y (E). We saw that y (Ey) = 0 plus some regularity of v
at Ey implies an O (1/n) lower bound. Does it imply clock spacing? In particular:

Open Question 11.6. Is there local clock behavior for a.e. Ey with ¥ (Ep) = 0 in
the case of almost periodic Jacobi parameters?

Example 11.7. [27] has proven, for o« < %, the OPUC analogue of Poisson behavior
for a, = 1 and b, an independent random variable of the form b, = Cn~%w,, where
w,, is uniformly distributed in [—1, 1]. We assume their result is true in the Jacobi
case. Of course, y(E) = 0 in this case. We do not have a contradiction with
Corollary 4.2 since this model is not ergodic. The example does show, though, that
ergodicity is a necessary hypothesis.

Example 11.8. Corollary 4.2 shows that ergodicity along with Poisson behavior
imply a positive Lyapunov exponent. This raises the natural question: Does er-
godicity along with a positive Lyapunov exponent imply Poisson behavior? The
answer is negative, as can be shown by the following example: Consider the Ja-
cobi matrix with @, = 1 and b, = Acos(Qran + 6), where |A| > 2 and « is a
(Liouville) irrational for which there is a sequence of rationals {p,/g,},~, such
that |« — p,/q.| < n~9. This is an ergodic Jacobi matrix, and it is well-known
(see, e.g., [1]) that its Lyapunov exponent y (E) is positive for any E. By using the
results of Avron, van Mouche, and Simon [2] and considering scales of the form
mq,, where m > 2 is an integer, one can show that, for each 6, there would be
clusters of m — 1 zeros, each of which is contained in an interval whose length is
of order (2/|1|)%/2. As @ is varied, these clusters will move over regions whose
size is roughly of order 1/g,. This behavior contradicts Poisson behavior. More
precisely, it is possible to show that Poisson behavior does not occur for Lebesgue
a.e. E in the spectrum.

Zero spacing and the Szegd condition.

Open Question 11.9. Does one have O(n~') bounds (upper and lower) when a
Szegd or quasi-Szegd condition holds?

Spacing at zeros of w(x).

Open Question 11.10. What can one say at zero spacing at points xo where w(x)
has a “regular” zero, that is, w(x) ~ |x — xp|* for some o > 0?

Edge zeros when a, = 1 — n~". The following illuminates Theorem 3.8.

Example 11.11. Let b, = 0Oanda, = 1 —n7Y for y > 0. Then Theorem 3.4
applies and there is clock behavior away from —2 and 2. If y > 2, Theorem 3.8
applies and the largest E; has E; = 2 — Cn™2 + o(n™?). We claim for y in general

(11.6) 2-Con" + 0™ ) <Ef*™<2-Cin7,
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capturing the leading behavior for y € (0, 1). The upper bound in (11.6) comes
from monotonicity of E;™ in the a’s and the fact that for J,.p max;<;<ula;| ~
1 — n77. The lower bound comes with a trial vector that lives in [n/2, 2] with
maximum at 3n/4 and constant slope in between.

OPUC. This paper has a fairly complete analysis of OPRL and POPUC. Many
questions remain for general OPUC.

Appendix: Tools of the OP Trade

As explained in the introduction, this paper is intended for two audiences, so
we include here a summary of tools well-known to the OP community but not so
well to the Schrodinger operator community. Because the tools, while powerful,
are simple, we can even give complete proofs. We will discuss the Christoffel vari-
ational principle, Gauss-Jacobi quadrature, Bernstein’s inequality, and Dirichlet-
Fejér trial polynomials.

A.1 Christoffel Variational Principle

We will define OPRL for arbitrary positive measures (with finite moments) even
if w(R) # 1. The monic polynomials P, are independent of normalization, but the
orthonormal polynomials p,, are not. For example, po(x, du) = du(R)~"/2. The
Christoffel-Darboux (a.k.a. CD) kernel or reproducing kernel is defined by

(A1) Ko(x,y) =Y pj(y) pjx).
j=0

We will use K, (x, y; du) if the measure needs to be more explicit. The name-
reproducing kernel comes from

(A2) (P f)(x) =/Kn(x,y)f(y)du(y)

where P, is the projection in L?(R, d 1) onto the space of polynomials of degree 7.
We need the following in Section 6:

THEOREM A.1 (CD formula) We have

Pnt1(Y) Pu(X) = pu(¥) Pny1(x)
y—x |
PROOF: This is a discrete version of integrating a Wronskian. Take the equa-

tion (1.3) at y, multiply by p,(x), and subtract (1.3) at x, multiplied by p, (y), and
obtain

(A.3) K, (x, y) = an+l|:

OQnr1(x, y) = pn(y) pn(x) + Qn(x, y),
where O, is the right side of (A.3). Since p_;(x) = 0 and Qy = 0, so (A.3)
follows by iteration. U
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Remark. For x and y real, p,(x) and p, (y) are real so the bars are not needed. In-
deed, one can drop all the bars for complex x and y, but given the OPUC analogues,
it is natural to use the bars.

THEOREM A.2 (Christoffel variational principle) Let

(A4) An(x0;dp) = inf(flnn(X)lzdu(X) ‘ degm, <n, m,(xp) = 1>.

Then
(A.5) A (x0; dp) = K, (x0, x0; dn) ™"
Remarks.

(1) A, are called Christoffel numbers. More generally, we have p-Christoffel
numbers defined, for 0 < p < oo, by

(A.6)  Au(xo, psdp) = inf(/lﬂn(X)I”du(X) ‘ degm, <n, m,(x9) = 1)-

(2) Another way of writing (A.4) is that A, is the optimal constant in

(A7) 170 () |* < A (03 )™ f 170 () d 1 (x)
or
(A.8) |72 (X0)|” < An(x0, 3 dpr) ™! /Iﬂn (017 dp(x).
(3) Our proof shows the inf in (A.4) is a min and the minimizing 7 is given by
(A9) m(x) = K(x, xp).
PROOF: Expand 7, in terms of the orthonormal basis {p; };':0:
(A.10) Ta(x) = > a;pj(x).
Jj=0
7, (x9) = 1 is equivalent to
(A.11) > ajpj(xo) = 1.
j=0
By the Schwarz inequality
(A.12) 1 < K(x0.%0) Y a7
j=0
(A.13) = K (x0, Xo) / 7, (x)* d (),

where equality occurs in (A.12) if a; = p;(xo)/K (xo, xo), that is, if m, is given by
(A.10). (A.5) is immediate from this case of equality and (A.13). O
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Christoffel numbers have been a critical tool in OP theory for over a century,
with important uses by Erdos and Turan [9], and were turned to high art by Freud
and Nevai; see Nevai [34]. They can be used for lower bounds on K, that is, upper
bounds for A,, by using any convenient trial polynomial for , (see Section A.4
below). One gets upper bounds on K, that is, lower bounds for A,,, by the following
immediate corollary:

COROLLARY A3 Ifdu > dv, then
(A.14) K, (x0, x0; dpt) < K, (x0, Xo; dv).
Remarks.

(1) This shows the true power of Theorem A.2 and the need to allow p(R) # 1.
(2) In particular, if

(A.15) dpu = f(x)dx + dus,
then
(A.16) K, (x0, x0; dp) < K, (x0, Xo; f dx).

A.2 Gauss-Jacobi Quadrature

The main result here is the following:

THEOREM A.4 (Gauss-Jacobi quadrature) Let y be an arbitrary, positive, nontriv-

ial measure on R with finite moments. Fix n and define d ., to be the point measure

()

with weights only at the zeros {x;"};_, of p(x) and weights

(A7) dpn (")) = (" dpo)

the Christoffel numbers of dju. Then, if  is a polynomial of degree 2n — 1 or less,
we have

(A.18) /H(X)dM(X) = /H(X)dun(X)-

Remark. In our applications, we will care much more that the masses are at the
zeros than the variational formulae for the weights.

SKETCH OF PROOF: Here is a proof intended for Schrodinger operator experts.
(For the more usual OP proof, see Freud’s book [10].) Let J,,. r be an n x n matrix
in the upper corner of the Jacobi matrix, (1.4), associated to d . Then the recursion
(1.3) implies that if

(A.19) W@ =pi1@, j=1,2..n,
then
(A.20) [(Jn;F - Z)”]j = _an+18jnpn(z)-
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Thus the eigenvalues of J,.p are the zeros of p, and the normalized eigenvectors
are p;_1(2)/K(z, z)V/2. It follows that du, is the spectral measure of Ju.F with
eigenvector (10 --- 0)'.

For any measure dn and associated Jacobi matrix J, since dn is the spectral
measure for § = (10 ---)T, we have

(A.21) /xfdn = (8, JS),

so [x“**dn = (J*8, J*8) fork, £ = 0,...,n — 1 depends only on {J*§}}_; and
so on {ay, bk}z;(l). Moreover,

(A.22) /xz"_ldn = (J 18, JJ"18)

depends only on {a, bk}z;(l) U {b,}. Thus, J and J,.r, which have the same set of
these parameters, have the same moments of order up to 2n — 1, that is,

(A.23) kadM:/xkdun;F, 0<k<2n-1,

which is (A.18). O

A.3 Bernstein’s Inequality

These inequalities control 7, in terms of n and 7, for polynomials 7, of degree
at most n.

THEOREM A.5 Let 0D be the unit circle in C, 0D = {z | |z| = 1}. Let 7, be a
polynomial of degree n. Then

(A.24) sup |7, ()| < n sup|m,(2)].
zedD zedD

Remark. If m,(z) = 7", one has equality in (A.24).

PROOF: (Szegd [49]) Since 7, (e?) = >0 a;e'’? we have
27 N
. iy o d
(A25) nn(elQ) — / Zel,l(g—‘ﬂ)nn(ellp)_(p’
0 - 27
j=0
SO

' o N - . dp
cimety =[5 e v, e3P
0 .
j=1

, . d
(A.26) =/Fn(9—(p)eln(Q—fﬂ)nn(ettﬂ)zp
T
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where
n—1
(A27) Fa@) = Y (n—[jDe”’
j=—n+1

(for the j > 0 terms in (A.26), integrate to 0).
By cancellation,

(A.28) (I —cosO)F,(0) =1 — cos(nb),
so F,(9) > 0 and, by (A.27), [ F,(6)2 = n. Thus,

1 i0 F _ d_(p _
7, (&) < I7nlloc | [Fa(0 — @)l T = n||7alloo-

THEOREM A.6 Let m, be an arbitrary polynomial of degree n. Then
(A.29) sup [l ()|(a*> —x»)'?] <3n sup |m,(x)].

x€[—a,a] x€l[—a,a]

PROOF: By scaling, we need only check the case a = 2. Define

- 1
(A.30) ,(2) = 7", (z + 2)
7T, is a polynomial of degree 2n so, by (A.24),
(A.31) sup|, (e'%)| < 2n sup |m,(x)]
0 xe[—2,2]

since e’ — ¢! + ¢~ = 2cos 6 maps 9D to [—2, 2].
By (A.30),

1 d .
T, <Z + —)(1 — ) =—27"7(2)
Z dz

= —nz " '7,(2) + 277 (2),

so, by (A.31),

sup |77, (2cos0)2sinb| < 3n||7, |l cos
el?edD
which is (A.29) for a = 2.

A.4 Dirichlet Trial Polynomials

533

For use in both (A.4) and (A.18), we want a rich set of trial polynomials 7, (x).
In particular, we want m,’s concentrated near x = xy and otherwise small in
some interval [xo — a, xo + a]. By scaling, we may as well consider xo = 0,
a = 1. An analyst might try (I — x?)", but that has width n~!/2—and we will
see that one can do better. We will get width n~'. One can’t do better than this,
by Bernstein’s inequality, if 7,(0) = 1 and ||7,|lc = 1; then m,(x) > % for

x| < 1/@2n) — O(1/n?).
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Our choice is related to Dirichlet and Fejér kernels and is, in fact, essentially
the minimizer for the Christoffel problem with xo = 0 and du = x—1.4(1 —
x2) 12 dx.

THEOREM A.7 For any xo € R and a > 0, there exist, for each n, polynomials
7, (x; X0, @) so that

(A.32) degm, = 2n — 2,
(A.33) ma(x0) = 1,
) 1 a .
(A.34) |mp(x)] <min( 1, — 4+ ———) iflx —xo| <a.
2n  2nlx — x|
Forany é < a,
Xx0+98 1
(A35) / ()P dx = =2 4 0<—2>.
X0—3 n n

Remark. (A.34) implies |, (x)| < Cs/n if |x —xg| > &, and for any ¢, |7,(x)| < &
if |[x — xo| = C¢/n.

PROOF: By scaling, we can suppose that xo = 0, a = 1, in which case we will
call the polynomials D,,, that is,

(A.36) 14 (x; X0, @) = Dn<x ;xo).
Recall there are polynomials 7, (x) (Chebyshev of the first kind) with
(A.37) degT, =n
so that
(A.38) T, (cos0) = cos(nb).
Define D, by
(A.39) Dy (x) = ! nXI:(—l)jT (x)
. n n L 2j(X).

By (A.37), (A.32) holds for D,,. By (A.38) (and cosf =0 < 6 = % mod ),
T»;(0) = (—1)/, so D, obeys (A.33) for xo = 0.
By (A.38), |T,(x)] < 1on[—1,1],s0
|IDy(x) <1 on[—1,1],
which is half of (A.34). For the other half, sum the geometric series to see that

_1\n—1 _
(A.40) Dy (cosf) = 2L+< D! cos((2n = D6)
n

2n cosf
which implies the other half of (A.34).
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Since
. 6 1 ifk=j=0,
f cos(2k0) cos(ZjG)E = % itk=j#0,
4 0 ifk #j,
we have
/ﬂ DZ(COSQ)ﬁ = i[l + ! (n — 1)}
" 2r  n? 2

Lo
T 2n n?)’

Since d6 = (1 + O(x?))dx near x = 0 and Dﬁ = 0(1/n?) away from x = 0, we
obtain (A.35) whena = 1. O
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