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ABSTRACT. We provide a complete analysis of the asymptotics for the semi-
infinite Schur flow: a;(t) = (1 — |a; (8)|*)(aj41(t) — aj—1(t)) for a—1(t) =1
boundary conditions and n =0, 1,2, ..., with initial condition «;(0) € (—1,1).
We also provide examples with ;(0) € D for which ag(t) does not have a limit.
The proofs depend on the solution via a direct/inverse spectral transform.

1. INTRODUCTION

One of our purposes in this paper is to study the long time asymptotics of the
solution of the differential equation on (—1,1)* for ¢t > 0, n > 0,

(1.1) an(t) = (1= Jan(®)*)(@nt1(t) — an—1(t))
where a1 is interpreted as
(1.2) a_1(t)=-1

for arbitrary boundary conditions a,(0) € (—1,1). This is called the Schur flow
0, 2, 8, 01]. We will also say something about complex initial conditions with
an(t) eD={z]||z] < 1}.

We got interested in this problem due to work of Golinskii [I1] who proved for
initial conditions ay,(0) = 0 (all n > 0) that a,(t) — (—1)", and he obtains the
leading O(1/t) correction. From this point of view, our main result is the following:

Theorem 1.1. Suppose each o, (0) € (—1,1). Then one of the following holds:
(i)
(1.3) an(t) — (=1)" for alln
(ii) There exists 1 < N < oo and
(1.4) 1>a1>a0> - >any >—1
so that
agn(t) > 1 n >0, Qop—1 — —xp, alll1<n<N

1.5
(1.5) Qop—1 — —xn alln> N
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190 BARRY SIMON

(i) There exists 1 < N < oo and x; obeying (LA) so that

aop+1(t) = =1 n >0, agn(t) > zp1 0<n< N

1.6
(1.6) agp(t) oy n>N-1

We will have a complete spectral theory analysis of which case one has based on
the initial conditions. But for now, we note:

Proposition 1.2. (i) If a,,(0) — 0 as n — oo, then we are in case (i) of Theo-
rem [l

(i) If (=1)"ay(0) — £1 as n — oo, then we are in case (i) of Theorem [l

(iii) If0 < a <1 and a,(0) — a as n — oo, then we are in case (ii) of Theorem L1
and

(1) ry=1-2aif N<oo or x,]1—2a®if N=c0

(iv) If -1 < a < 0 and a,(0) — a as n — oo, then we are in case (iii) of Theo-
rem [l and (L) holds.

(v) Case (ii) holds with x,, | —1 as n — oo if and only if a,(0) — 1 as n — co.

(vi) Case (iil) holds with x,, | —1 as n — oo if and only if a,(0) — —1 as n — oo.

Note. These possibilities are consistent with the partial results of Theorem 5 of
Golinskii [TT].

The situation is rather more subtle if we allow complex initial conditions:
Proposition 1.3. There ezists {a,,(0)} € D> so that ao(t) does not have a limit.

Besides this, we will discuss rates of convergence. In cases (ii) and (iii) for
j < 2N 41 (resp. j < 2N), the rate will be exponentially fast. In other cases, the
situation can be subtle, although if Y ° |, (0)| < oo, the rate is that found by
Golinskii when o, (0) = 0.

At first glance, it seems surprising that one can obtain such detailed information
for a nonlinear equation. The reason, of course, is that ([LT]) is completely integrable.
Indeed, it is exactly solvable via a spectral transform [8, [[2, [[T]. In this sense, this
problem is a close analog of work of Moser [I4, [[5] and Deift-Li-Tomei [B] on
asymptotics of Toda flows, except for an extra subtlety we will discuss shortly.

Just as Toda is closely connected to the theory of orthogonal polynomials on the
real line (OPRL), the theory of orthogonal polynomials on the unit circle (OPUC)
[210, M0 17, [T, 6] will be central here. As Golinskii [I1] notes for Toda, OPRL
“plays one of the first fiddles in the performance (albeit not entering the final results
directly).” To push his metaphor, the present paper promotes OPUC and OPRL to
concert soloist—OPs enter directly into the results (see Theorem [[H below), and
more directly in our proofs than in previous works.

Recall (e.g., [16 [I7]) that nontrivial probability measures, du, on 0D = {z | |z| =
1} are parametrized by {a, }52, € D> via the Szegd recursion relations

(1.8) D,11(2) = 20,(2) — @, D) (2)

(1.9) Or(z) =2"d,(1/2)

where ®,,(z) are the monic orthogonal polynomials in L?*(0D, du). We often use
ap(dp) when we want to make the du-dependence explicit. The situation of ([
is made explicit by
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SCHUR AND RELATED FLOWS 191

Proposition 1.4 (|8, [1]; also see our first appendix and [E]). Given «,(0) € D>,
define du by

(1.10) n(dp) = an (0)
and dy; by

e2tcos(8) du(0)
1.11 " T o)
.11 dp(6) [ €2t<os(0) dy(f)
Then
(112) )

is the unique solution of ([I) with initial conditions ay,(0).

Following the analog of Deift—Li-Tomei for Toda flows [B], we will want to con-
sider generalized Schur flows associated to any bounded real-valued function G(6)
on JD via

_ D du(9)
(1.13) Ei(dp)(0) = T 50 dpu(9)
(1.14) ot(an(0)) = an(Se(dp))

When we want to make G explicit, we will use ¢ and X¢. We will say more about
these flows in the first appendix. [I2] calls these generalized Ablowitz—Ladik flows.
Since generalized Schur flows preserve reality only if G(—0) = G(6), there is some
reason in their choice, but we prefer to emphasize the connection to Schur functions
and OPUC.

One can also define ¥; and oy for trivial measures, that is, measures on 9D with
finite support

(1.15) dp =" 0o,
j=1
parametrized by {aj};?;gl with ag,...,am—2 € D and oy = (—1)™*? 1%, etfi,

In this case, since all that matters are {G(0;)}},, we can suppose G is a polynomial.
For this case, the asymptotics of generalized Schur flows were studied by Killip—
Nenciu [T2].

We will also analyze the long time asymptotics in this case. To do so, we will let

(1.16) z; = el
and renumber, so
(1.17) G(z1) > G(z2) = -+ > G(zm)

We define the K-groups Kji,...,K; to be those indices K1 = {1,...,k1}, Ko =
{ki+1,.. ko}, .., Kg={ke—1+1,..., ke =m}, so G(zj) = G(zp) if j,p € Ky and
s0 G(zk;) > G(2k;41). Thus, the K-groups are the level sets of G on {2z} ;.

It will also be convenient to define

(1.18) 250 = T %

p<kj_1

the product of those z where G is larger than the value common in K. Also, given
an initial point measure, du of the form ([CIH), we define the K-group induced

INVERSE PROBLEMS AND IMAGING VoLUME 1, No. 1 (2007), 189-215



192 BARRY SIMON

measure by

k;
(1.19) A = 57y,
fzk]‘71+1
where
kj_
(1.20) W) = T15 20 — 2p) e
) =

k; kj—
er]b:kj71+1 [Hpjzll |Zm - ZPP]MWL

Then we will prove:

Theorem 1.5. Let dp be a finite measure given by ([(LID) and G defined on {z;}7",
and real-valued. Then for £ € Kj,

(1.21) or(ap-1) = (=1)F1 2ED ayy, 4 (dpt™D)

Killip—Nenciu also obtain a limit theorem; we will discuss its relation to ours in
Section

At first sight, the problem looks very easy. «,(-) is continuous under weak
convergence (a.k.a. vague or weak-x) convergence of measures, so one need only
find the weak limit of du; or ¥;(du). For the Schur flow case, dy; has either a one-
or two-point support for its weak limit. But for trivial (i.e., finite point) limits,
lim v, (+) is only determined for n smaller than the number of points in the support
of the limit, so this only determines at most two a’s! The issue can be seen clearly
in the context of Theorem [CF du; converges to du) and so only determines
{ae-1(00) YL,

The key to the general analysis is to track the zeros, {z](n)}?:l, of the OPUC,
®,(z). By (L), ¢%(0) =1 and

(1.22) ®,(2) = [J(= - ZJ(-"))
j=1
so we have

n+1
(1.23) o = (1" I =Y
j=1

The zeros in turn are determined by the Szegé variational principle, that

(1.24) / :

du(0)
is minimized precisely with {w;}}_, = {zj(n) jyy

We will find a consequence of the variational principle (Theorem Bl below) that
lets us use weak convergence beyond the naive limit.

These same ideas work for the Toda flows and are in some ways simpler there
since the exponential factor there, e?*®, is strictly monotone. We begin in Section &,
as a warmup, by proving Moser’s theorem on the asymptotics for finite Toda flows.
In Section Bl we prove Theorem [CH In Section B, we prove Theorem [l and
Proposition[L2—as in Deift-Li-Tomei, the extreme points in the essential spectrum
are crucial. Section | discusses second-order corrections. In Section [, we present
the example of Proposition [[3 and in Section [ discuss hypotheses which prevent
the pathologies there. Appendix A combines ideas of Deift-Li-Tomei [B, [6] for

n

[1G=w))

j=1
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SCHUR AND RELATED FLOWS 193

Toda flows with notions from Killip-Nenciu [I2] to talk about difference equations
associated with (CI3). Appendix B provides a new proof and strengthening of
results of Denisov—Simon on zeros of OPUC near isolated points of supp(du).

We should note that while we show the asymptotics of ay,(t) for n fixed and
t — oo is simple, and one can see that, often, asymptotics of a,,(t) for ¢ fixed and
n — oo is easy (e.g., Golinskii [TT] shows that o, (0) € £* (resp. £?) implies o, (t) € 1
(resp. £?)), the subtle asymptotics is for a,(t) as t — oo and n/t — q € (0, 00).
For o, (0) = 0, this is studied using Riemann—Hilbert methods in [3], and no doubt
their methods extend to any case |a,,(0)] < e " for ¢ > 0. Indeed, using ideas of
[13], one can probably handle other classes where dy is not analytic.

2. MOSER’S THEOREM ON TODA ASYMPTOTICS

As a warmup, we consider a probability measure
N
(2.1) dp(@) =" s,
j=1

where each p; > 0, and the family of measures
thm dp(fb)
f e2t dp(.’l])

The Jacobi parameters, {a, }=' U{b,}_,, associated to dp are defined by looking
at the recursion relations associated to the monic orthogonal polynomials

(2.3) 2P (x) = Poy1(2) + bpy1Po(2) + a2 P11 (2)

with a,, > 0. The Jacobi parameters associated to dp; obey the Toda equations in
Flaschka form:

(2.2) dpi(z) =

da,,

(2-4) % = an(bn+1 - bn)
db,,

(2.5) at = (ai - ai—l)

(with ag = axy =0 in ZH)).
We order the z;’s by
X1 >To > >IN

Then our main result in this section is the following:

Theorem 2.1. The above finite Toda chains obey

(2.6) i bi(t) =z;  lim a;(t) =0

(the first for j =1,..., N and the second for j =1,2,...,N —1). Moreover, errors
for b, are O(e=°") and for a,, are O(e~“"/?) where

2.7 — ; o
(2.7) c FLg}}?}N_l(wg Tit1)

Remarks. 1. This is a celebrated result of Moser [I4], but it is interesting to see it
proven using zeros of OPRL. In any event, it is a suitable warmup for our result on
OPUC.

2. The O(e~¢) and O(e~%/?) estimates are not ideal; we will discuss this further
and obtain finer error estimates at the end of this section.

3. The same proof shows that as t — —o0, b; = znx41—; and a; — 0.

INVERSE PROBLEMS AND IMAGING VoLUME 1, No. 1 (2007), 189-215



194 BARRY SIMON
(4) > :zzgj) §j)
x,(g) > Tp_jtk—1, but we won’t need that.) The key fact is:

. (It is known that xy > xgcjﬂ) >

Pj(x) has j simple zeros z > >
Theorem 2.2. Foreach j=1,....N andk=1,...,7,
(2.8) lim 29 (1) = ay

The errors are O(e™°t) with ¢ given by E10).

(N) _

Remark. Since Py(x) = vazl (z —x;), we have z; " = x; for all ¢.
Proof. Pj(z) is the projection of 27 on {1, ..., 2771} so for any monic polynomial

Q(z) of degree j,
(2:9) [10@) dota) = [1P,@) dpo)

Pick Q(z) = [[)_,(z — 2¢), which minimizes the contributions of z,...,z; to the
integral, and see that

(2.10) [1 @) doa) < 250 (a1~ )

since |Q(z¢)| < |xg — 21|/ for £ > j + 1. On the other hand,

(2.11) |Pj(z)] > [Z:rgli97j o — 2]’

soforg=1,...,7,

(2.12) pac®™s min (o, o ? < [1P,@)] (o)

We conclude for ¢ < j that

(2.13) (i g — a7 < pp (= a) )

which shows that each z, has an :Eéj ) exponentially near to it, but only O(e_Ct/ 7).

But once we know each such z, has one zero exponentially near, we see that for
t large, all other zeros are a distance at least %c away. Thus (2ZTT) can be replaced,
for t large, by

2 =1,...,5
Plugging this into ZI2) and finding the analog of I3) leads to an O(e™*) error.
Explicitly, [ZI3)) is replaced by

(2.15) , nllin xg — 3:§j)|2 < Ce2t@j1—2q)
=1,....

i1 _
(2.14) 1Pi(z)| > (5> min o —af’|

O

Remark. We will need a better error estimate in the next section and show how to
get it later in the section.

Proof of Theorem 2. [23)) can be rewritten:

n+1 n
(2.16) [T@=a"") = @ =bo) [J@ =2 = a2 Pucs (@)
l=q =1
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Identifying the 2™ and "1 terms, we see the analog of ([CZ3J); the first for n =
1,2,..., N and the second forn =1,2,...,N — 1:

n+1 n
n+1 n
217)  bus za S
= j=1
(2.18) “i:bn+12x§")+ Z I§n)xgn) _ Z x;n+1)$§n+1)
J=1 1<j<t<n 1<j<f<n+1

(Z3) and the error estimates of Theorem 2 immediately imply b;(t)—z; = O(e™)
and a;(t)* = O(e™). O

We next want to note, following Moser, that the differential equations ([Z4l) and
&3 yield better error estimates than Theorem Bl has and then explain how to
improve the estimates on zeros to get better estimates on the errors of b, and a,
with the zeros.

Once we know b;(t) — z;, (Z2) implies

(219) ¢t IOg CLj(t) — Tjy1 —Tj < 0
Indeed, since the approach of b;(t) to x; is exponentially fast,
(220) 10g a; (t) — t({EjJrl — .Ij) — 10g Oj

for some finite C}, and thus,

(2.21) a; ~ Cjet@r1=5)

proving the error should be O(e~*), not O(e~°/2). Then plugging Z1)) into EZH),
we see that

(2.22) 1b;(t) — 25| < Cj exp(—2t min[(z;+1 — z;), (z; — 2;-1)])

with the right side being the exact order of error if x;41 — z; # x; — x;—1 (if there
is equality, a? and a§71 can completely or partially cancel). Thus, the error is
O(e=2°), not O(e™).

To improve our estimates on zeros, we use the minimization principle to get a
self-consistency equation on the zeros. This result, proven using orthogonality of
P to P/(xz — x0) is well-known (see (3.3.3) of [ZI]); we give a variational principle
argument in line with the strategy in this paper. The OPUC analog is (1.7.51) of
.

Lemma 2.3. The zeros x,(cj) of Pj(x) obey
Sz Hz¢k|$ - Igj)|2 dp(x)

(2.23) 2 = :
Mz = 272 dp(a)

In particular, for any vy,
Sz =y Togele — 2 dp(a)
I Togelz = 2 dp(a)
@)

Proof. Since IHZL:1|;E — y¢|? dp(z) is minimized at y, = x;’, the derivative with
respect to yi at this point is zero, that is,

/x_xl(cj) H|x (J)|dp z) =0

04£k

(2:24) o) —yl <
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which is (223). 2Z3) implies [Z24)) by noting x,ij) —y is given by [Z2Z3) with the

first z in the integrand replaced by x — y. O
Theorem 2.4. Forj=1,....N and k=1,...,7,
(2.25) 29 (t) — xp| < Ce™2Hmr—2s41)

Proof. We begin by noting that since the {:Céj ) (t)}exr for t large are very near xy
(and so, not near xy) that for some Tj and constant C; and all ¢ > Tp,

(2.26) / H |x — :Céj)|2 dpi(x) > Cye*or

Lk
Moreover, since x1 > x2 > ...,
(2.27) > e — g [ [ lom — 292 < CePtrin
m>j+1 1k
so we need only control the terms m = 1,2,...,j in estimating Z2Z4).

Form=1,...,j, we use ([ZI3) to see

pnezmmkcm — x| H | — ;véj)|2 < Ce2tm p2t(zj41~Tm)
1#£k
< Ce*tTit

Thus all terms in the numerator of [Z24) with y = xz, are bounded by Ce?!®i+1,
Combining this with [Z2Z6), we obtain ([Z2H). O

Remark. Putting the improved bound ([ZZH) in place of ZIH) shows that the sum
in (ZZ7) dominates the sum in the numerator of Z2Z4).

Theorem 2.5. We have

(2.28) [b;(t) — x| < Cslexp(2t(zj41 — x;)) + exp(2t(z; — xj-1))]
la;(t)] < Culexp(t(zjt2 — j41)) + exp(t(zjr1 — 25))
(2.29) +exp(t(z; — xj—1))]

Remark. As explained above (see (ZZ1)) and [Z2Z2)), 2] is optimal, while Z9)

is not quite, although it has the proper e~* behavior.

Proof. [Z2) follows from [ZIM) and [ZZH), while Z29) follows from (ZIJ) and
&23). O

3. A THEOREM OF KILLIP AND NENCIU

In this section, we want to prove Theorem [ We will follow the strategy of
the last section with some changes necessitated by the fact the K-groups can have
more than one point. In particular, we cannot use mere counting to be sure only
one zero approaches a single pure point. Instead we will need the following theorem
of Denisov—Simon that appears as Theorem 1.7.20 of [I7]:

Theorem 3.1. Let zy be an isolated point of the support of a probability measure
on OD. Let

(3.1) d = dist(zo, supp(dp)\{z0})

Then each OPUC, ®;(z;du) has at most one zero in the circle of radius d?/6 about
Z0-
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Remarks. 1. For OPRL, isolated points of the support can have two nearby zeros;
see [.

2. See Appendix B for an alternate proof (of a stronger result, namely, getting
d?/4 rather than d?/6) that uses operator theory.

Lemma 3.2. The zeros zk offl) (z;dw) for any du on the unit circle obey

(3.2) SO VT 2" 2 du(0)
S Moglz = 22 du(9)

In particular, for any vy,

|Z](€n)_ | < NE y|Hz7&k|Z—Ze )|2 dp(0)
fHe;&/JZ—Ze 2 du()

Remarks. 1. If du is trivial with N points in its support, we need n < N.
i0

(3.3)

2. In the integrals, z =€
3. B2) is (1.7.51) of [I7]. Again we give a variational proof.

Proof. In [TT,—,|#z — ye|* du(6), which is minimized by y, = zén), the y,’s are
complex so we can write it as a function of y, and g and demand all 9/9y, and

0/0ye vanish at y, = zg B2) comes from the 9/07), derivative (or conjugate of
the 0/0yy, derivative). (B:ﬂ) follows immediately from B2). O

Theorem 3.3. Let {zj(-n)(t)}?:l be the zeros of ®p(z;dus) where n € Ky, piy s
given by ([CIJ), and dui—o has finite support. Here K,, are the K- gmup defined
after [LID). Then for t large, ®,, has exactly one zero near each {z;}; Pt which,

by renumbering, we can suppose are zJ( )( t). Moreover, for 1 < j < km_l,

(3.4) 125 (1) = 2] < Cexp(t[G(z) — G(z;)))

j
Proof. The proof is identical to Theorem 4] given TheoremBJlto be sure [ ], ;|2 —

z§”>|2 stays away from the zero at z = z;. O

To continue, we will need a lovely consequence of the Szegé variational principle
that will also be the key to the arguments in Section Bl Recall that one can define
monic OPUC for any positive measure, even if not normalized, and, of course,

(3.5) Pj(z;cdp) = ;(z;dp)
for any positive constant c.

Theorem 3.4. Let dy be a nontrivial measure on 0D and let {z; }?:1 be among the
zeros of @, (z;du). Then

k

(3.6) B, (z; dp) :Hz—zj n— k( H|z—zj| du)

Remark. The z;’s can be repeated up to their multiplicity.
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Proof. Let Q,,—1 be a monic polynomial of degree n — k, so H?Zl(z —2j)Qn—k is a
monic polynomial of degree n. Thus, by the Szegé variational principle,

2 k
/\ “‘“ [l dn = [ 10l
j j=1
k 2
< [T %)@l dn
j=1

k
— [10u s [T 1z - 2P dn
j=1

Since @, (z;du)/ H;C:l(z — z;) is a monic polynomial of degree n — k and @ is
arbitrary, the Szegd variational principle implies that

O (z;dp) o £ Y |2
(37) —H?:l(z—zj) = q)n—k( 7]1;[1| ]| d:u’)

which is (B8). O
Remarks. 1. One can also prove this using orthogonality. For if £ < n — k,
2¢ H?Zl(z —z;) L ®,(z;dp), so

Tk

(38) /H n( ) Hz—zJHLz—zmdu—o

j= 1|Z_ZJ|2 j=1 j=1

but
du)
LHS of B) = / _Onlzdy) H|z—z]|2d,u
H .
proving B0).
2. BI) for n — k =1 is easily seen to be equivalent to [B2).

Theorem 3.5. Under the hypotheses of Theorem with dpy = Xi(dp) and £ €
K

VEl

]i}j71
(3.9) Jim @z due) = [T (2 = 2p)@eory s -1(z:dn™)
p=1

Proof. Let {z,(t)} ]_11 be the zeros of ®,(z;du:) which converge to {zp} as

t — oo. By(B:Bl)and(B:ﬂ)forneK],
kj71

(3.10) @z dpg) = H(z—zp(t))q)é_k“( —1G0) H 2 — 2 (O ez )>

p=1

On account of ), the weights of {zp}gj':’f in the measure on the right in BI0)

are bounded by

2H(G(20)=G(2y)) o~ G (2n) ;G (2) _, )

since G(z;) < G(zn). The Weights of points in Kj41,..., K, go to zero. Thus
—tG(Zn) H |Z -2z |2 d,ult N CdM(KJ
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where C is a constant and the convergence is weak. For we have shown the
contributions of z; ¢ K, go to zero and the weights at zy € K, converge to
Ky .
T15) |2 — 2 Pu({ze}) since G(zq) = G(z¢) and 2,(t) = 2.
is immediate by continuity of OPs for index less or equal to the number of
points in the support of the limiting measure. O

Remark. As stated, this theorem required dui—¢ (and so du;) have finite support.
However, the proof works without change if du;—o = dvy + dve with dvy finite and
dro such that

sup  G(z) < min  G(z)
z€supp(dva) z€supp(dvy)

We will need this extended version later in the paper.

Proof of Theorem 3. Let z =0 in B3) and use (CZ3). O

Killip—Nenciu [T2] obtain a limiting formula that involves sums of determinants,
but one can manipulate Heine’s formula (see (1.5.80) of [I17]) to see they have really
found ap—g;_, 1 (du¥3)). In fact, earlier in their proof they essentially do an inverse
of this process.

4. ASYMPTOTICS OF REAL SCHUR FLOWS

In this section—the main one from the point of view of ([[LI)—we will prove The-
orem [Tl and Proposition The central object will be the nontrivial probability
measure dy with

(4.1) an (dp) = an(t =0)
In terms of du, we will be able to specify which case of Theorem [Tl holds. Define
(4.2) O(dp) = min{lo] | ¢ € oeus(dp)}

The central role of such extreme points of oess for Toda flows was understood by
Deift—Li-Tomei [B]. Basically, if zx is interpreted as lim, o , when N = co, we
will have

(4.3) xy = cos(O(dp))
We begin by analyzing the case © = 0.

Theorem 4.1 (Case (i) of Theorem[[T)). Suppose 1 € oess(dp). Then for all n and
j=1,...,n,

(4.4) 2 -1
and
(4.5) an(t) — (=1)"

Proof. @3) follows from ) and (CZJ). Let z£n)(t), . .,z,(ln)(t) be the zeros of
@ (25 dpe). By B,

(4.6) z— zj(-n) (t) =, (z; N7t H |z — z,(cn) (t)? d,u)

y
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where N; is a normalization. By Lemma below, the measure on the right
converges to §,—g, so by continuity of a, (-) under weak convergence (with the critical
addendum that if the limit has k pure points, it only holds for n =0,1,...,k — 1),

< —1 | | |Z ’H,)
k#j
S0, since
b =z—q9

we conclude

(4.7) A =ag — 1

J
Since j is arbitrary, we have proven ). O

Remark. For this case, where we only need information of ®;, one can use [B2)

instead of (BH). By B2),
L) _ J 2 ilz = A2 dp .
J n
J Mgl = 2412 dp
by Lemma LA We used (B8 since it is needed for the later arguments.

Lemma 4.2. For any nontrivial probability measure du on 0D with 1 € 0ess(dp)
and any wi(t),...,wi(t) € D, we have

¢
(4.8) N T 12 = wy @) dpse — 6z

j=1
as t — oo. Here Ny = IH] Lz = w; () du.

Proof. The idea is that in p, points near zero have much stronger weight than fixed
intervals away from zeros. The |z—wy(t)|? factors can overcome that difference (and,
as we have seen in the finite case, do if du has an isolated pure point at z = 1), but
to do this, the w(t) have to be exponentially close to the points they mask. Thus,
the finite number, ¢, of zeros can mask only an exponentially small piece of the part
of duy near z = 1, and since 1 € gegs(du), there are always unmasked pieces.

To be explicit, let dfi; be the measure on the left side of {X). If we prove for
each 0y € (0, ),

(4.9) fe({e™ |6y <m <21 —0}) — 0
then, by compactness, ([E8) holds. Given 6y, since 1 € gess(dp), we can find

(4.10) Ogp>01>9p1>02>03> - >011>pp1 >0
so that
(4.11) p({e™ 16; >n>¢;}) >0
for each j =1,...,¢4 1. Call the set in @), I;.
Let
4.12 = n _
(4.12) = min }i[ le Olk

Then, for each j,
(413) LHS of (E:Q) < e2t(cosGo—coséj)M(Ij)—le(t)
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The right side of (EIJ) goes to zero unless Q;(t) goes to zero as fast
as e2t(cosfo=cosb;) and this can only happen if at least one w;(t) is within
e2t(cosOo=cos03)/¢ of [, Since there are £+1 intervals a finite distance from each other
and only ¢ zeros, for all large ¢, at least one of the RHS of @I3) (for j =1,...,4+1)
goes to zero, proving (). O

The exact same argument proves:

Lemma 4.3. Let du be a nontrivial probability measure on 0D invariant under
z — z. Suppose O(du) = 05 > 0 and {e™ | |n| < O} has finitely many pure
points of du: {e*}5_ | (either one 0 = 0 and K is odd with 0y terms or no
O is zero and K is even with +0) terms). Let £ > K and wi(t),...,we(t) be a
conjugation-invariant set of points in C so that for j=1,... K,

(414) |ei9j _ wj(t)|2 < Ce(2+€)t[cos(®)—cos(9j)]

for some € > 0. Then
¢
(415) Ntil H |Z - wj(t)|2 dpe — %(6Z:€i® + 6z:e*i®)
j=1
Remark. To get 4 on the right in ([@ZIH), we use the fact that since dy; and {w;(t)}

are conjugation symmetric, the limit which lives on {e**®} must also be conjugation
symmetric.

With this lemma, we can prove

Theorem 4.4. Let du be a nontrivial conjugation-symmetric probability measure on
OD with ©(du) = 0o > 0 and suppose there are only finitely many points {0+ }K_|
in {e™ | |n] < s} in the support of du. Let a,(t) solve ([ICT) with

(4.16) an(0) = ap(dp)

IfK =2m+1 (ie, 61 = 0) and 0 < O < -+ < g1 and Opyo =
—Omt1,0m13 = —0m, ..., 00m+1 = —0O2, then [CH) holds with N =m + 1 and
(4.17) xj = cos(f;+1) j=1,....,m
(4.18) N = cos(fs0)

IfK=2m and 0 <6y < -+ <O, and i1 = =60, . .., 02, = —01, then ([LH)
holds with N =m + 1 and

(4.19) x; = cos(6;) j=1,...,m
and xn given by [EIR).

Proof. We will prove the case K = 2m + 1. The other case is essentially identical.
We essentially have a one-element K;-group {z = 1} and m two-element K-groups,
Ko, ..., Kmy1, with K; = {eT®}. The analysis of Section B (see the remark
following Theorem B) works for {a,(t)}27, and proves that for any ¢ > 2m + 1,
®,(z;dp) has zeros exponentially close to {e?*}  in the sense of ([EId) (indeed,
one can take 2 + ¢ = 4).
Thus for any ¢ > 0,

2m+1
(4.20) NUTT 12— 2P 0P dpy — & (Bmpie + 6. -i0) = dn

j=1
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so by @8) for £ =1, 2,

2m—+1
(4.21) Domprre(z) = ] (2= 2)@e(z:dn)
j=1
The two-point measure has ag = cos(0) and «; = —1, which proves the formula

for a2m+1(dut) and a2m+2(d'u/t).

By Lemma below and the argument in the first paragraph, we know that
for any £ > 0, that 2m + 3 zeros of ®a,,134¢(t) approach {e?+}K U {eT€}.
Repeating the argument above, we get aon+3(du:) and aom44(dpe). Iterating, we
get aap1e(dp) for all £. O

Lemma 4.5. If du; is a family of measures indexed by t € (0,00) and for some fized
N, there are {ZJ(»OO)};V:l € ID so that the zeros {zj(")(t) N1 of ®n(z;dpe) approach

{Zg(‘oo) e

{Za(‘oo) =i

then for any ¢ > N, there are N zeros of ®¢(z;dus) which approach

Proof. Since the coefficients of ®;(z;dv) are uniformly bounded by 27 (uniformly
in dv by Szeg6 recursion), ®y(z;dp) are uniformly bounded analytic functions. So

it suffices to show for each j, q)g(zj(.oo); dug) — 0.

Since @y (z;dut) — vazl (2 — z](oo)), we have

N N
(4.22) O (z5dpe) — JJ(1 - 220°) = TT (=)@ (2 dpae)
Jj=1 j=1
Thus
(4.23) o) =0 en(=™) =0
By Szeg6 recursion,
(4.24) ‘1’7v+1(z§oo)) —0 ‘I’N+1(ZJ(-OO)) -0
so by induction,
(4.25) iy (2 =0 B () =0
for all m. O

We summarize in a strong version of Theorem [Tk

Theorem 4.6. Suppose each a,(0) € (=1,1) and let du be the measure with

a(du) = a,(0) (which is conjugation-symmetric). Then

(i) If 1 € oess(dp), [C3) holds.

(i) If ©(du) > 0, 1 ¢ supp(du), and {e | |n| < O} has 2m points, then (D)
holds with N =m +1 and z; is given by @I and EIF).

(iii) If ©(du) > 0, 1 ¢ supp(dp), and {e | |n| < O} has an infinity of points, then
(8l holds with N = oo and z; is given by @IX) and x; — cos(0) as N — oo.

(iv) If ©(dp) > 0, 1 € supp(du), and {e | |n| < ©} has 2m + 1 points, then (3)
holds, N =m + 1, and 0; is given by @ID) and EIJ).

(v) If ©(dw) > 0, 1 € supp(dp), and {e" | |n| < O} has an infinity of points, then
(3 holds with N = oo and x; is given by @ID) and x; — cos(O) as N — 0.

Proof. (1)—(iii) are proven in TheoremsEETland EAl (iv)—(v) follow from the method
of Section Bl with no need for analysis of the edge of the essential spectrum. O
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Proof of Proposition[LA (i) By Theorem 4.3.17 of [I7], «,(0) — 0 implies
supp(dp) = 0D implies 1 € gess(dp).

(ii) By Theorem 4.2.11 of [T, if cty 10, — —1, 0ess(dp) = {1}, 80 1 € Tess(dpt).

(iii),(iv) By Example 4.3.10 of [T, oess(dit) = [0, 27 — 0] where cos g = 1—2a>.
So the only issue is whether 1 € supp(du) or not. Since a,(0) ~ [[j_(1 — a;) (for
a; real), we see that a; — a > 0 means 1 € supp(dp) and o; — a < 0 means
1 ¢ supp(dp).

(v),(vi) By Theorem 4.2.11 of [T7], oess(dp) = {—1} if and only if ay 10, — 1,
which for a,, real means a,, — 1 or a, = —1. If ap, — 1 (resp. —1), 1 € supp(du)
(resp. 1 ¢ supp(dp)) by the argument used for (iii) and (iv). O

5. HIGHER-ORDER ASYMPTOTICS IN CASE (I)

For the special case a,(t = 0) = 0, Golinskii proved that

(5.1) (—1) an(t) =1 "1 0(1)

41 t

(by our method below or his method, one can see o(1/t) is O(1/t?)). He has two
proofs: one uses the difference equation (in n) obeyed by v, (t) in this special case,
and the other, some explicit formulae in terms of Bessel functions. Here is another
proof which does not depend on special features of «,,(0) = 0 but only depends on
the form dy near 6 = 0:

Proposition 5.1. If a,,(0) is real and

(5.2) D ot =0)| < oo
n=0

then &J)) holds.

Remark. All the proof requires is that du = w(0) 22 + dy, where 0 ¢ supp(dys) and
6 = 1 is a Lebesgue point of w with positive density. (2 is only used to prove
that.

Proof. We use the following formula (see (1.5.80) and (1.5.88) of [I7]):

(53) (—1)"ozn(d,u) - N1 /efi(00+-..+9n) H |ei9j _ ei9k|2 Hdﬂ(eg)
7=0

0<j<k<n
where
N=[ T 1 e P TLdu)
0<j<k<n =0
By Baxter’s theorem, (see Theorem 5.2.1 of [I7]), (E2) implies

dé
5.4 du=0(0) = f(0) —
(5.4) peco(6) = £(6)

where f is continuous and nonvanishing.

By ®&3),
L= (=1)"an(dp)

(5-5) _ -1 —i(Bo++++0r) i6; 0y |2 . 2t cos 0 dej
=N; [ (=e +1) H % — "] He F05) 5=
0<j<k<n j=0

INVERSE PROBLEMS AND IMAGING VoLUME 1, No. 1 (2007), 189-215



204 BARRY SIMON

For each fixed €, we can break the integral up into the region |6;| < ¢ for all €, and
its complement. The integral over the complement is bounded in absolute value by
Ce2t cos(a)'

Consider next the integral over the region |6;] < e. By the ; — —0; symmetry,
we can replace 1 — e~ 0ot +0n) by 1 — cos(@y + --- + 6,,) and so get a positive
integrand. Picking the contribution of the region

23 2742
e <ty < R = (e

we get a lower bound of the form

(5.6)

Ce2 (EQ)n(nfl)/Qth(zj’.‘:O cos ;) (E)n

In this way, we see that for € small, the ratio of the complement to the remainder
is

O(E_pe_tDE2 )
for some p, D > 0 (which are n dependent). This goes to zero as t — oo for any
fixed m, ¢, so in IV, and the integral, we can restrict integrals to |6;| < ¢ and make
an arbitrarily small fractional error.
Once |0;] < &, we can replace f(6) by f(0), e**<°% by 2105 and eifs — eifn
by 0; — 6; with fractional errors going to zero. We conclude that

= (= Tan(du) = N7 [ 560+ 40,7

o, do,

5.7
(5.7) H |9j_9k|267t(0[2)+m+0i)

0<j<k<n

where NV, is the integral without the %(90 +o 4 0,)%
To see this, we use positivity. Thus f(0) > 0 and f continuous means §(e) =

Sup\9\<s|% — 1| —0ase |0, so using
f0)(1=6) < f(0) < f(0)(1+6)

in all places, we establish the claim about fractional errors in replacing f(6) by f(0).
Similarly,

eiéj _ eiek
lim sup 7—1‘ =0
el0 16,]<e Hj — Gk
[0k |<e

allowing the other fractional replacement. Because of t-dependence, the replacement
is more subtle in e?¢°(%). We show there is d(g) so |§| < € means

e—(1+5(a))02t < e2t(1—cos 6) < e—(l—é(a))92t
and that allows, after calculations below, to show, as § | 0, the replacement is
allowed.
In the integrals in [&1), we can now take §; to run from —oo to oo for, by the

same arguments as above, those integrals are dominated by the region [0;| < .
Now change variables from 6y, ..., 0, to

2o =00+ + Oni1
szej—eo jzl,...,n

INVERSE PROBLEMS AND IMAGING VoLUME 1, No. 1 (2007), 189-215



SCHUR AND RELATED FLOWS 205

Since eg = dg + - - - + d, is a vector of Euclidean length /n + 1 and §; — éo L eg, we
see

2
05+ +02 = nfl +Q(w1,. .., 7p)
where @ is a positive quadratic form.
The integrands in (&) factor into functions of xo or (x1,...,z,) with identi-
cal integrands in (x1,...,x,). Thus, those factors cancel and we are left with xg

integrals only, and we get:

L [yPe v /ntlay
N

(1) [ wle™" dw
N

_n +1d w2
= ST {log/e dw]
1

n —+
4

proving (ET]). O

Once we drop ([E32), the higher-order asymptotics are not universal. For example,
if du = 9% + 1650 (for which a,,(0) = TLLH; see Example 1.6.3 of [I7]), then
1 — ap(t) = ct=3/2. One can similarly get lots of variation in asymptotics of o, (t)
staying within 7 |, (0)]? < co. In fact, one can arrange that log(1—a.(t))/logt
does not have a limit as ¢t — oo.

Integral on RHS of (&) =

| =

6. PATHOLOGIES FOR COMPLEX INITIAL CONDITIONS

Our goal in this section is to provide the example that proves Proposition
As a warmup, we consider a measure on [0, 00):

Example 6.1. Let

(6.1) T = %
and

(6.2) Pk = ek
and

o ¢
Ek:le xkpk(smk

6.3 dpy = =
( ) Pt Zkzle_mkpk

Finally, let
(6.4) t, = n!
Then, we claim that
_pl/2
(6.5) ldpt, — 0z, || = O(e™™ ")

SO pi—n! is concentrated more and more at single but variable points.
It is not hard to see that ([EH) is equivalent to

Zm;ﬁn eitnzmp

e*tnznpn

2

(6.6) " =0 )
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or, since tpz, =1, to

(6.7) > e ppyt = 0(e™"

m#n

1/2

)

Note first that

e tnTn—j — e—n!/(n—j)!

e j=1
- O(e—n(n—l)) ] > 92
where the O(...) term is uniform in j and n. On the other hand,

_ 3/2__ (. _113/2 1/2
pnflpnl —n (n—1) _ eO(n )

while

nd/2

pnjpn < ppt=e
for j > 2. It follows that
3 ettt = e HOW) et O
m<n
is certainly O(e’”l/z).
For m > n, we only need e~ n®r+i < 1 since

“1_—(n4§)P? 0¥ s 3,.1/2 d
Pr+jPr =€ e" =exp|— s/ dz
n

=0 ")
S0
S et =0 e ) <o)
m>n j=1
This proves ([E1), and so (GH). O

Example 6.2. We will re-use Example [l but with the wrinkle that for odd n, we
will put the points near ¢, and for even n, near —i. Explicitly, define z, by

1
(6.8) 2Rez, = 0
(6.9) |zn| =1
(6.10) (-=1)" ' Imz, >0
With
_p3/2
R
Hn = Zjil e,js/z
define
(6.11) dpp =" pnd-,
n=1
and dyy by (CII)).
As in Example 671
(6.12) Aty — 6, = O0(e™™"")
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so since
(6.13) ap(t) = /zdut
we have
(6.14) ap(n!) =z, — 0
But 29, — —i, while 29,41 — 7, S0
lim ag((2n)) =i lim_ ao((2n + 1)) = —i
and lim ag(t) does not exist. This proves Proposition [[3 O

Since after z,, the dominant weight at time t,, is at z,41, it should be possible
to show, using the methods of Sections Bl and Bl that «;(n!) — Z,41 — 0 and
a;(n!) — Z,4; — 0 so that no a;(t) has a limit.

7. SCHUR FLows wWITH COMPLEX BUT REGULAR INITIAL CONDITIONS

If one allows complex initial conditions, there are two cases where the pathology
of the previous section does not occur. As earlier, ©(du) is defined by (E2).

Theorem 7.1. If
(7.1) S={0]16] <O, ¢ € supp(dp)}

is infinite, the asymptotic dynamics is determined as follows. Number the points in

{01520 in S so
(7.2) 0o < 161] < [02] < ...

We have that
(1) If10j-1] < 10;] < [0j41], then

(7.3) aj(t) = (=1) [J (=)

k=0
(i) If |0;] = 0411, then
j—1
(7.4) a;(t) — [ H(—eie’“)] [ae™ " 4 (1 — a)e®]
k=0
where
Bt
(7.5) o= PR
with
Jj—1 _ _ _
(76) ﬁi — H |ei19j _ 610’“ |2M({e:t10j })
k=0

Theorem 7.2. If the set S of () is finite and there is a unique point, e in
supp(p) with || = ©, then if the points {Hj}é-vzo in S are labeled so [L2) holds,
then (i), (il) above hold for j < N, and for j > N +1,

N

(7.7 at) — () [T~ ) =0y

k=0
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The proofs of these theorems are a simple modification of the arguments in
Sections Bl and Bl Essentially, so long as [0;| < [0;41|, the zeros of ®;(z;du;)
approach {e®* }i:O, and in the case of a nondegenerate bottom of the essential
spectrum, all the extra zeros go to e,

We want to consider a case where the bottom of the essential spectrum is de-
generate, that is, eT? € oo (du), but p is regular near +0 in a sense we will make
precise. For simplicity, we will suppose the set S is empty and e**© are not pure
points. It is easy to handle S finite or {e*'®} eigenvalues, but it complicates the
statements (and, of course, S infinite is already in Theorem [ZT]).

Definition. We say p is weakly regular if there exists ay € (—1,00) so that

(7.8) i) p{e?10]<0}) =0
Lo log(u{et? |0 <0 <O +e})
(7.9) (ii) 151?8 Toge =ay

If (ii) is replaced by
(i) lim p({e? | @< <O +e})e " =y €(0,00)
€
we say p is strongly regular.
Here are the theorems in this case:

Theorem 7.3. If u is weakly regular with ay. — a— ¢ 27, then the asymptotic
dynamics is as follows. Suppose n > 0 is an integer so a_ € (a4 +2n,a4 +2n+2)
(otherwise, if a— < aL, interchange them):

(1) a](t) - _(_eii(—))j .] = 0,1,...,71
(i) opyor(t) = —(—e©)" kE=0,1,...
(iil)  Qongori1(t) = —(—e )1 k=0,1,...

Theorem 7.4. If i is strongly reqular and ay —a_ € 27Z, say a_ = a4 + 2n with
n >0, then

i) a;(t) = —(—e©) j=0,....n—1
(i)  Qonion_1(t) — —(—e @)1 kE=0,1,...
(iil)  anyor(t) — ()" Hae™ + (1 — a)e™®)
with a given by ([[CH) with
(7.10) By =Cy [ =1 —e @20
The proofs here are simple modifications of the arguments in Section Bl In case
ay —a— ¢ 27, u; approaches d e, then |z — ei@|2ut/Nt(1) has d.ie as its limit if
Ogio if a— > ay + 2 or d.-ie if a— < ay + 2. We repeat this n times, and after

that the limits alternate between 0.0 and d,-ie. If ay —a_ € 27, we get measure
modification by products of |z — z;|? which are adgie + (1 — a)d,—io.

APPENDIX A: THE SYMES—DEIFT-LI-TOMEI REPRESENTATION OF DYNAMICS

In this appendix, we will find an operator formulation of the flow ¢ of (CT3J).
This formulation for the Toda flow was discovered by Symes [20] and then gener-
alized to Jacobi analogs of X¢ by Deift-Li-Tomei [5]. Killip-Nenciu [T2] discussed
this for polynomial G and finite CMV matrices. We include this appendix for four
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reasons. First, we wish to show that one can handle infinite CMV matrices. Second,
while we regard this as a central result in symplectic flows, it is somewhat hidden
in [I2]. Third, the elementary identification of the spectral measure below, while
implicit in the earlier works, is not made explicit. Finally, we want to note some
aspects of the equivalence result (his Theorem 1) of Golinskii [I1] without extensive
calculation.

The QR algorithm is critical to this appendix. We will consider bounded oper-
ators on ‘H = (2({0,1,2,...}) which are therefore given by semi-infinite matrices.
We use {9, }22, for the canonical basis of H.

A bounded operator, B, is called positive upper triangular if and only if B,.; =0
for r > s and B, > 0. The set of all such operators will be denoted R. The
following is well known. We sketch the proof to emphasize the final formulae:

Lemma A.1. Let A be an invertible bounded operator on H. Then

(A1) A=QR

with Q unitary and R € R. This decomposition is unique. Moreover,
Adg

(A.2) Qo = ——
| Adol|

Proof. Uniqueness is immediate since Q)1 R1 = Q2R2 implies Q5 1o, = RoRT L and
B € R and unitary implies B = 1.

Let eg,e1,... be the set obtained by applying Gram—Schmidt to Ady, Ads, .. ..
Note that

Adg

A3 € = 77
) 4]

Because A is invertible, {e,}22 is a basis and
(A4) A5] = Zrkjej

k=0

and
(A'5) ree > 0

by the Gram—Schmidt construction.
Let @ be defined by

(A.6) Q8 —¢;

so [A3) becomes [(A2). By ([(AZ) and (AT,

(A.7) Q'A=R

lies in R, and clearly, A = QR. O

We freely use the CMV matrix, C, and alternate CMV matrix, C, discussed in
[I7] and [19]. Here is the main result of this appendix:

Theorem A.2. Let C be a CMV matrix associated to the measure dy. Let G be a
real-valued function in L°° (0D, du). Define Q¢, Ry by

using the QR algorithm ([(AJ)). Define C; by
(A.9) Co=Q;'CQ
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Then C; is the CMV matriz of the measure du; given by ([LI3).

Our proof is related to that of Killip-Nenciu [T2], which in turn is a CMV analog
of the results of Deift-Li-Tomei [B] for Jacobi matrices. For notational simplicity,
we will deal with nontrivial dy. [I2] handles the case where du has finite support.
We need:

Definition. A matrix, M, on H is said to have CMV shape if and only if
(i) M is five-diagonal, that is, M, = 0 if |7 — k| > 2

(ii) Maponte >0,n=0,1,2,...
(111) M2n+1,2n+3 = O, n = 0, 1, 2, N
(iV) M2n+3,2n+1 >0,n=0,1,2,...

(V) M2n+2,2n = O, n = 0, 1, 2, e

(Vi) Mg >0

We say M has alternate CMV shape if M* has CMV shape.

For finite matrices, the following is a result of [T2:

Proposition A.3. A unitary matriz, M, has CMV shape if and only if for some
sequence of Verblunsky coefficients {on}p2g C D>, M = C({an}pg). It has alter-
nate CMV shape if and only if M = C({an}22,).

Remark. Our proof differs from [T2] in that they use a Householder algorithm and
we use the simpler AMR factorization (see [19]).

Proof. That a CMV matrix has CMV shape follows from the form of C; see (4.2.14)
of [I7].

For the converse, define oy € D and py € (0,1) by Mdy = (‘;‘[‘;) By (v), po >0
and, by unitarity, |ao|? + p2 = 1. Let

_ (> »r

(A.10) O(a) = (p —a)
and consider
(A.11) (O(a0) ®1)"'M

It is clearly unitary and has 1 in the 11 corner, and by po > 0 and the definition
of CMV shape, it is of the form 1741 & M7 where M is of alternate CMV shape.
Thus

(Al?) M = (@(O&Q)@l)(llxl@Ml)
Applying this to get M{, we see
(A.l?)) M = (@(Ozo)@l)(lgxz@Mg)(llxl @@(al)EBl)

where My is of CMV shape. Iterating this n times,
M = (@(QO) G- @(05277,72) ® 1)(12n><2n &) M2n)
(1ix1®--- ®6(a1) DO(2) ®--- ®O(azn—1) ® 1)

where My, is of CMV shape. Taking n — oo and taking strong limits, we see that
M = C({am}3Zo)- O

Proof of Theorem A3 We can write
Ct - Rt(Qth)ilc‘QthRt_l
(A.15) = RCR;

(A.14)
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since €/“(©)/2 commutes with C. Since R; and R; ' are in R, it is easy to see that
(Ci)jx = 01if k > j + 2 and the conditions (ii) and (iii) of the definition of CMV

shape hold.

On the other hand, since €*¢/2 is selfadjoint and @ unitary:
(A.16) (OO = (HCOLY = riQr = RIQ
S0

Co= (R M(R;Q; )C(R;Q; ) 'Ry
(A.17) = (R;)"'CR;

s0, since Ry is lower triangular and positive on diagonal, (C;);r = 0if k < j—2 and
conditions (ii), (v), and (vi) hold.

Thus, C; has CMV shape, and so is a CMV matrix by Proposition A3

The spectral measure of C; and the vector dy is that of C and Q:dp which, by [A3]),
is that of C and e'@(©)/25,/||!@(€)/25]|, which is !¢ Odu(0)/ [ '@ du(0). O

Finally, when G is a Laurent polynomial, we want to discuss the associated
difference equation and the associated Lax form and, in particular, show that (CITI)
solves ([CI)). We will not be explicit about uniqueness, but it is not hard to prove
([CI) has a unique solution. First, following the Deift-Li-Tomei [5] calculation for
the Toda analog:

Proposition A.4. Define m on selfadjoint matrices on H by

Aj <k
(A.18) (A=< —Ajr >k
0 ji=k
so m(A) is skew-adjoint. Then the C; of (A3 is strongly C' and obeys
(A.19) Ci = [By,C4]
where
(A.20) B, = n(3G(C)))
Example A.5. For (CI), G(0) = 2cosf, G(C;) = C; + C; ' (under C « €) and
(A.21) Bi=3[Co+C ) — (Co+C )]

with ()1 the part of the (-) above the diagonal and (-)_ below. ([(ATI9)-A20) is,
in this case, ([CZI)-[C2Z2) of [11]. O

Proof. Since Gram-Schmidt is an algebraic operation, on {d,}5%,, Q; is strongly
C', and so R; = Qf exp(3tG(C)) is strongly C'. Clearly, Q4 R; = e!G(©)/2 implies

(A.22) QiR+ Qi = % G(C)Q:Ry
or
(A.23) Qi'Qi+ BB =107 'G(C)Qr = 1 G(Cy)

Since Ry € R, RtR; ! is upper triangular and real on the diagonal. Since Q; is
unitary, @y 1@, is skew-Hermitian. It vanishes on diagonal since both R:R, L and
%G (Ct) are real there and skew-Hermitian matrices are pure imaginary on diagonals.

Since RtR; Uis upper triangular,
(A.24) [Qi ' Quljk = [5 G(C)ln
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for j > k. Since Q;'Q, is skew-Hermitian, vanishes on diagonal, and G(C;) is
Hermitian, we obtain

(4.25) QG =B

where By is given by (A20).
Differentiating (A9,

(A.26) Co=Qr'[~QiQr'CQ: + Qi CQ
Inserting Q;Q; * before the final Q:, we see
Ci = BiC, — C: By
which is (AT3). O

Finally, we note the following that can be obtained by taking limits of [I2] and
is discussed in [9, H]. Let H be a real Laurent polynomial, that is, > ;_  cpe®™®
where c_j, = ¢, and let

dH (0)
A2 f) = — "/
(A.27) Glo) =
which is also a real Laurent polynomial. Define
(A.28) tn({o}720 = “Tr"(H(C(a)))
(A.29) = > o T (Ch)

k=—n

where “Tt” is a formal sum. While ¢y is a formal infinite sum, Oty /0a; is well
defined since only finitely many terms depend on &;. Here is what is proven in
2, O &:

Proposition A.6. Let H be a Laurent polynomial and G given by (A2T). Then
dpy given by ([CIID) solves
0
)
(A.30) aj = 1pj oa, (ta ()

Example A.7. If H(ew) = 2sin6 so G(ei‘g) = 2cosf, then
tr(a) = “Tr” (5 (C - C"))
=41 (Z [—djaj_l + ajaj_1]>
=0
(with a_1 = —1) and ([A30) becomes
& = pj(—aj—1 +aji1)
that is, (). O
APPENDIX B: ZEROS OF OPUC NEAR ISOLATED POINTS OF THE SPECTRUM

In this appendix, we will prove a stronger result than Theorem Bl using a dif-
ferent proof from that of Denisov—Simon presented in [I7]. This will use operator
theory modeled on the following operator-theoretic proof of Fejér’s theorem:

Proposition B.1 (well-known). Let A be a bounded normal operator. Then for
any unit vector, @, {(p, Ap) lies in the convex hull of the support of the spectrum of
A.
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Proof. By the spectral theorem, ¢ € K a subspace (the cyclic subspace generated
by A, A* on ), and there exists a probability measure p on spec(4), and U: K —
L?(C,dp) unitary, so UAU~! = multiplication by z, UA*U~! = multiplication by
zZ,and Up = 1. Thus

(0. A9) = [ 2du(z)
clearly lies in the convex hull of spec(A). O

Theorem B.2 (Fejér’s Theorem). If du is a probability measure on C with

(B.1) /|z|" dp < oo

for all n and ®,,(2) are the monic orthogonal polynomials for du, then the zeros of
D, lie in the convex hull of the support of du.

Proof. Let P, be the projection onto polynomials of degree up to n — 1. Then
P,n = 0 for n in ranP,4; if and only if = ¢®,. Thus, if @ € ranP, then
P,[(z — 20)Q] if and only if ¢®,(z) = (¢ — 20)Q which happens if and only if
®,,(20) = 0. Thus, zeros of ®,, are precisely eigenvalues of P, M, P, | ranP, where
M is multiplication by z.

If n is the corresponding normalized eigenvector of P, M, P, in ranP,, then zy =
(n, PoM,P,n) = (n,2zn) lies in the convex hull of supp(du) by Proposition[BJl O

We are heading towards proving the following:

Theorem B.3. Let A be a normal operator and zg a simple eigenvalue so that
20 ¢ cvh(spec(A)\{z0}) = C. Here cvh is the “convex hull of.” Let z; € C so that
|z0 — z1] = min{|w — 20| | w € C}. Let P be an orthonormal projection and wi,ws
two distinct eigenvalues of PAP | ranP. Then

(w1 —z1)- (20 —21) | (w2 —21)-(20—21)

B.2 <1
(B:2) |21 — 2o? |21 — zo[? -
In particular,

(B.3) |w1 — Zo| + |w2 — Zo| > |Zl — Zo|

which implies there is at most one eigenvalue in
(B.4) fw ] Jw— 20| < 21— zol}
Remark. |z1 — zo| = dist(zo, C).
Proof. Let B = PAP. Pick n1,n2 to be normalized eigenvalues of B and B*, so
(B5) B = wim B*’I]Q = wWaMN2
and let ¢ be the normalized simple eigenvector of A with
(B.6) Ap = zpp A% p = Zopp
(since A is normal, if ¢ obeys Ay = zpp, then A*p also has A(A*p) = 2pA*p so
A*¢ = wp and then {p, A*¢) = (Ap, @) implies w = Zy).
By the spectral theorem for A,
(B.7) wi = (1, Am) = zol(p, ) + (1= [{p,m)|*)z
where 1 € C. Here, if @ is the projection onto multiples of 1, then 27 = ((1 —

Q) AL = Qm)/[[(1 = Q)|
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By (ED),
(B.8) wy — 21 = (1= [{o,m)*) (@1 — 21) + [{&,m)|* (20 — 21)

Since z; minimizes |z — 21| and C is convex, C is in the half-space orthogonal to
20 — 21 not containing zg and so (1 — 21)+(20 — 21) < 0. Thus

(B.9) (w1 —21)+ (20 — 21) < |20 — 21 {0, )|
Similarly, using
wy = (N2, A*n2) = (2, Anz)

we see

(B.10) (w2 — 21)+(20 — 21) < |20 — 21[* [{p, m2)
Thus, [B2) is equivalent to

(B.11) (e, m)? + (e, m)* < 1

Next, note that
(w1 —wa){n2,m) = (N2, w1m1) — (Wan2,n1)
= (B*n2,m) — (n2, Bm) =0

so (n2,m) = 0 and (BJ) is Bessel’s inequality. This proves (B.2).
Obviously,

(20—21)'(20—21) (2’0—2’1)°(2’0—2’1)

B.12 =2
(B.12) |20 — 21/? |20 — 21
so subtracting (B2) from (BX),

(0 —wi)-(z0 —21) | (20 —w2)(20 —21) _

|21 — zo? |21 — 2o?

from which ([B33)) follows by the Schwartz inequality.
That the set ([B4) can contain at most one w is immediate from (B3] since
w1, wy € the set ([BA) violates (B3). O

We can now improve the error of Denisov—Simon (who got §/3 where we get §/2):

Theorem B.4. Let dp obey [B) for all n and let ®,, be the monic orthogonal
polynomials. Suppose that zg is a pure point of du and

§ = dist(z0, cvh(supp(du)\({#0}))) > 0
Then ®,, has at most one zero in {z | |z — 20| < §/2}.

Proof. Let A be multiplication by z on L?(C, du) and P, be the projection used in
the proof of Theorem Then Theorem immediately implies the result. [

Specializing to OPUC:

Theorem B.5. Let du be a probability measure on 0D and {®,}Y_, the monic
OPUC (if du 1is nontrivial, N = oo; if du has finite support, N = #(supp(dp))).
Let zg be an isolated point of 0D and d = dist(zo,supp(du)\{z0}). Then for each
fizedn < N, {z| |z — 20| < d*/4} has at most one zero of ®,(z).

Proof. As proven in [I7], § < d?/2. O
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