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Abstract

The results of Denisov-Rakhmanov, Szeg6-Shohat-Nevai, and Killip-Simon are
extended from asymptotically constant orthogonal polynomials on the real line
(OPRL) and unit circle (OPUC) to asymptotically periodic OPRL and OPUC. The
key tool is a characterization of the isospectral torus that is well adapted to the
study of perturbations.

1. Introduction

This is a paper about the spectral theory of orthogonal polynomials on the
real line (OPRL) and orthogonal polynomials on the unit circle (OPUC), that is,
the connection of the underlying (spectral) measure and the recursion coefficients.

Specifically, given a probability measure, d7, on R with bounded but infinite
support, the orthonormal polynomials, p,(x), obey a recursion relation

(1.1) Xpn(X) = an+1Pn+1(X) + bp+1pn(X) + an pn—1(x)

where the Jacobi parameters {ay, b, },~, obey b; € R, a; € (0,00). As is well
known (see, e.g., [103, §1.3]), (1.1) sets up a one-to-one correspondence between
uniformly bounded {ay, b, },>; and such measures, dn (this is sometimes called
Favard’s theorem).

Similarly, probability measures, du, on dD) which are nontrivial (i.e., their sup-
port is not a finite set of points) are in one-to-one correspondence with sequences
{an )52 of Verblunsky coefficients in D = {z : |z| < 1} via the recursion relation
of the orthonormal polynomials ¢, (z), namely,

(1.2) Zon(2) :Pn§0n+1(2)+&n(ﬁ:(z)
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where

(1.3) i) =2"ou(1/2)  pn=1—laa»HV2

Underlying the association of measures and recursion coefficients are matrix
representations. For OPRL, we take the matrix for multiplication by x in the
{pn}S2, basis of L?(R, dn), which is the tridiagonal Jacobi matrix

b1 ai 0
(1.4) g=| b2 a2
0 an T

For OPUC, one takes the matrix, ‘€, for multiplication by z in the basis obtained by
orthonormalizing {1, z, z71 22 772 }in L?(9D, dp). This CMV matrix (see
[103, §4.2]) has the form

(1.5) € =2,

(1.6) PL=0(xg) ®O(a2) D+~ ,

(1.7) M=T1x1 B O(x1) DO(axz) D,
Sy

(1.8) Oa) = (p _a),

where p = (1 — |o|?)1/2. Note that ¢ is unitary, while J is self-adjoint.
As a model for what we wish to prove, let us briefly survey some of the main
results relating to (slowly decaying) perturbations of the free case, that is, a, = 1,

b;, = 0 for OPRL and «; = 0 for OPUC.

(1) Weyl’s theorem [118], [13], [1], [45], [51]. If a, — 1, by, — O, then
Oess(dn) = [—2,2] and if ), — 0, then 0ess(di) = dD. Here o0ess(dn) is the
(topological) support of the measure, dn, with all isolated points removed.

(2) Denisov-Rakhmanov Theorem [90], [91], [78], [31], [86]. If 0ess(dn) =
Yac(dn) = [-2,2], then ay, — 1 and b,, — 0. If 0eg5(dt) = Zac(dp) = 9D, then
an — 0. Here X,.(dn) is defined as follows: let dn = dn,c + dns with dng singular
and dn,. = f(x)dx, then X,.(dn) = {x : f(x) # 0} as a measure class, that is,
modulo sets of Lebesgue measure zero.

(3) Szegd’s theorem [110], [111], [99], [83], [61]. In the OPUC case, define

ditae\ db
(1.9) Z(dpL)E—/IOg( 59 )E
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Then Z(du) < oo if and only if

(1.10) > laj (dp)]? < oo.
j=0

In the OPRL case, define

2 dn, dE
1.11 Zdn) =— | log|2m(4— EXH)1/2 11X .
(1.11) (dn) /20g( w(4— E?) dE)Zn@_Ez)l/z

Then, if we assume supp(dn) C [—2, 2], we have

N
(1.12) Z(dp) < 00 <= limsup » _ log(a;) > —o0
j=1
and if that holds, then

o0

(1.13) Y (an—1)*+bj <00
n=1

and

(1.14) Y (an—1) and ) by,

are conditionally convergent to finite numbers.
(4) Killip-Simon Theorem ([61]). For OPRL, define

2 /2
(1.15) 0(dn) :_/ log(n(4_E2)—l/2 dnac) (4— E2)V2 4E
2 dE b4

and let {£;} be the point masses of dn (eigenvalues of J) outside [—2,2]. Then
(1.13) holds if and only if o (dn)=[—2.,2], Q(dn)<oo, and Zj(|Ej|—2)3/2<oo.

(5) Nevai’s Conjecture [84], [61]. For OPRL, if Y oo i |an — 1| + |bn| < oo,
then Z(dp) < oo (Z given by (1.11)).

The five results listed above capture different aspects of the philosophy that
the measure is close to the free case if and only if the coefficients are asymptotic to
the free ones. In this paper, we study extensions of all these results to perturbations
of a periodic sequence of Jacobi or Verblunsky coefficients; that is,

(1.16) al)  =a® ) =bp0  nx1
or
(1.17) o) =a®  nz0

and some fixed p > 1. Note that p = 1 is the perturbation of the free case con-
sidered above. For simplicity in the OPUC case, we will normally suppose p is
even—indeed, the shape of a CMV matrix repeats itself only after shifting by two
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rows/columns. As explained in Section 15, the situation when p is odd can be
reduced to this using sieving. For OPRL, p is arbitrary.

The philosophy described above becomes more subtle when we move to the
periodic setting; rather than having a single ‘free operator’ we have a manifold
of them (the isospectral torus). Nevertheless—and this is the main thrust of the
paper—spectral measures that are close to those of the isospectral torus correspond
to coefficients that approach the isospectral torus. One of the key obstructions
here is that a sequence of coefficients may approach the isospectral torus without
converging to any particular point therein.

In order to make these heuristics precise, we need to make a few definitions.
To keep the presentation as coherent as possible, we will focus our attention on the
OPRL/Jacobi case for the remainder of the introduction.

To any pair of p-periodic sequences, {a,(,o), br(;o)}nez, we can associate a two-
sided Jacobi matrix Jo. Two such pairs of sequences are termed isospectral if the
corresponding Jacobi matrices have the same spectrum. We write 7 j, for the set
of p-periodic sequences that are isospectral to Jo. Topologically, this is a torus as
explained in Section 2.14 below.

Given two bounded sequences {a,, b, }5>, and {a,, b, }52 ,, we define

o0
(L18) (@), @ 5D =3 e Fllamer — el + bmsk =Byl
k=0

which is a metric for the product topology on X, ((0, R] x [-R, R]). The OPUC
analog is
o0
(1.19) dn((@). (@) =Y e |otmasc — ) 1]
k=0
a metric for X5~ D. The distance from a point to a set is defined in the usual way:
(1.20) dm((a,b),T) = inf{d((a,b), (@’ ,b")): (d',b') € T}
and similarly in the OPUC case.
We begin with the periodic analog of Weyl’s Theorem.

THEOREM 1.1 (Last-Simon [70]). Let Jo be a two-sided periodic Jacobi ma-
trix and J a one-sided Jacobi matrix with Jacobi parameters {a,, by }fn":l. If

(1.21) dm((a,b), T j,) =0
then!
(1.22) Oess(J) = 0 (Jo).

IRecall that oegs(J) is obtained from the spectrum of the Jacobi matrix J by removing all isolated
points.
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As indicated, this result first appeared in [70]. It is derived from a theorem
that had earlier been proven with different methods by others [43], [73], [89]. The
inclusion gess(J) D 0 (Jp) follows easily using trial vectors; the reverse seems to
be more sophisticated. In Section 8, we prove this using the methods of this paper.
The OPUC version appears here as Theorem 15.1; it was also proved in [70].

Note that (1.21) does not imply that there is a sequence {(a},. b))} € T s, such
that

dm((a,b), (@', b)) —0.

It is much weaker. Equality of essential spectra under this stronger hypothesis
follows immediately from Weyl’s original theorem on compact perturbations.
Our first major new result is an analog of the Denisov-Rakhmanov Theorem.

THEOREM 1.2. Let Jy be a two-sided periodic Jacobi matrix and J a one-
sided Jacobi matrix with Jacobi parameters {am, by }or— ;. If Oess(J) = 0 (Jo) and

(1.23) Zac(J) =0 (Jo)
then dy,((a,b), T j,) = 0.

Remark. Using Theorem 1.4 below, we will show that the hypotheses of this
theorem can hold while (a, b) only approaches J j, without actually having a limit.

A two-sided p-periodic Jacobi matrix is said to have all gaps open if the
spectrum has exactly p connected components—the largest number possible. As
explained in Section 2, this holds generically (indeed, on a dense open set).

Our next new result is

THEOREM 1.3. Let Jy be a two-sided periodic Jacobi matrix with all gaps
open and parameters {a,(lo), b,(lo) 1 o
with parameters {ay, by } 52 | and spectral measure d1. We assume that 0es(J) =

o(Jo) and

Also, let J be a one-sided Jacobi matrix

(1.24) Y dist(Ej, 0ess(J)? < 00
j

where {E; } enumerates the eigenvalues of J outside o(Jo). Then

d
(1.25) —/ log( "ac)dist(x, R\ o (Jo)) V2 dx < oo
a(Jo) dx

implies

pN ai
. J

(1.26) Jim Zlog(ﬁ)
j=1 j
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exists and lies in (—o0, 00). Conversely, (1.25) holds so long as

(1.27) lim sup Zlog( (0)) > —00
a

N—o0 j=1

and in this case, the limit in (1.26) exists and lies in (—o0, 00).
Lastly, if (1.25) or (1.27) holds, then

(1.28) > dm((a.b). T j,)* < o0

m=0

and there exists J1 € J j,, so that
(1.29) dm(J,J1) —> 0.

Remarks. 1. Thus, when (1.24)—(1.27) hold, J has a limit Jy in J 5. In the
normal direction to J j,, the convergence is ¢ (in the sense of (1.28)). But in
the tangential direction, we only prove it has a limit. It would be interesting to

know what can be said about how slowly (1.29) can occur and to know if there are
examples where (1.24)—(1.28) hold but

(1.30) Z dm(J, J1)? =

m=0
2. Notice that (1.27) will only fail if the partial sums converge to —oo.

3. The final statement that there exists J; € 7y, with (1.29) is not our result
but one of Peherstorfer-Yuditskii [88]. With our methods, we can prove that the
a’s and b’s approach a periodic limit only if we replace (1.24) with the stronger
assumption that the discrete spectrum is finite.

4. By (2.23), all a{”) in (1.26) and (1.27) can be replaced by Cap(c(Jo)), the
logarithmic capacity of the spectrum of Jj.

Our third new result is

THEOREM 1.4. Let Jy be a two-sided periodic Jacobi matrix with all gaps
open and parameters {a,so), b,(f’) tnez. Let J be a Jacobi matrix with parameters
{an, bn}52 | and spectral measure dn. Then

(1.31) > dm((a.b). T j,)* < 00

m=0
if and only if
(1) o’ess(-]) = G(JO)a
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(i) ) dist(E}. 0ess(J))¥? < 00, and
J

d ac .
(i) — / log(L)dlst(x, R\ o (Jo))"/? dx < co.
a(Jo) dx

Here { E; } enumerates the (discrete) spectrum of J outside o (Jo).

Remarks. 1. Since (i)—(iii) are equivalent to (1.31), one may easily construct
examples where (i)—(iii) hold, but there is no J; with (1.29). This provides the
examples promised in the remark after Theorem 1.2. It also shows a stark differ-
ence between (1.24)—(1.25) and (ii)—(iii). In terms of the spectral measure, this
difference is reflected only in the behavior near the band edges.

2. As we will see (Section 12), there are results even if all gaps are not open,
but for Theorem 1.4 they are not so easy to express directly in terms of the a’s
and b’s.

3. A special case of part of Theorem 1.4 is known, namely, Killip [59] proved
that Zac(J) =0 (Jo) for {an, by }°2 | obeying Y 12, |an —a,(f’) 12+ by —b,S") |2 <00
(which is a strictly stronger hypothesis than (1.31)).

THEOREM 1.5. Let Jg be a two-sided periodic Jacobi matrix and J a Jacobi
matrix with Jacobi parameters {ay, by}~ | and spectral measure dn. Suppose

o0
(1.32) Y lan—ag?| + by = b¥| < oo
n=1

Then (1.25) holds.
Remarks. 1. Condition (1.32) can be replaced by

(1.33) > dn((a.h). T 5,) < o0.

n=1

Indeed, if (1.33) holds, then (1.32) holds with {a'”, 5'?} replaced by some fixed
sequence in J j,.
2. As we will show (see Proposition 3.5), the theorems above continue to hold

if d,, is replaced by

p—1
(134 dw((@,b), (@, b)) =Y (amik —ap g+ bmik = b1 ])-

k=0
For OPUC, we need to sum k from 0 to p in order to get an equivalence; see the
discussion at the end of Section 4.

In Section 15, we prove an OPUC analog of each of these theorems. We need
to replace the all-gaps-open hypothesis with a stronger one (that holds generically).
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The deficiency is not so much with our method, but rather that an independent ques-
tion, which is known in the Jacobi case (independence of the Toda Hamiltonians),
is currently unresolved in the CMV case. Our results confirm Conjectures 12.2.3
and 12.2.4 of [104] as well as Conjectures 12.2.5 and 12.2.6 in the (generic) special
case that all gaps are open.

For the case of OPUC with a single gap, the analog of Theorem 1.2 is known
and motivated Simon’s conjectures in [104]. In that case, the isospectral tori are
labeled by a € (0,1) and consist of {¢™* : A € D} where a,({l) = Aa. Then
dm(a, T) — 0 is equivalent to |o,| — a and o, 41/, — 1. This is often called
the Lopez condition. Bello-Lépez [10] proved the OPUC analog of Theorem 1.2
for this case if gess(J) = 0 (Jo) is strengthened to o(J) = o(Jp) (the analog of
Rakhmanov’s result). The full analog for this special case appears in Simon [104],
Alfaro et al. [2], and Barrios et al. [9].

Associated to each two-sided p-periodic Jacobi matrix, Jo, is a polynomial,
A j,, of degree p, known as the discriminant. This is a classical object described
in detail in the next section. It is usually defined as the trace of the one-period
transfer matrix. It is also the unique polynomial (with positive leading coefficient)
such that

o(Jo) ={x: Ay (x) € [-2,2]}.

In particular, two sequences of coefficients are isospectral if and only if they give
rise to the same discriminant.

The key to the proofs of our results is what we call the magic formula. Let J
be a two-sided Jacobi matrix, then

(1.35) Aj(J)=8P 4877

if and only if J € 7 ;,. Here S is the right shift (cf. (2.31)). In particular, (1.35)
already implies that J is periodic! In the OPUC case, A is a polynomial in z and
z~1. It turns out that A(%) is always self-adjoint; moreover,

(1.36) Ay (€) = SP + 877

if and only if € € T,,.
It has been previously noted that for periodic Jy, one has

Aj,(Jo)=SP +S7P.

That this holds for some polynomial in Jg is in Naiman [80], [81]. That the poly-
nomial is the discriminant was found by Sebbar-Falliero [98]. After learning of
our results, L. Golinskii has kindly pointed out to us that Naiman [81] also has a
theorem which implies any J obeying (1.35) is periodic, the core of proving the
converse. We will discuss this further in Section 3.
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Nonetheless, the two facts that make (1.35) magical to us—that it character-
izes the isospectral torus and that it is ideal for the study of perturbations—seem
to have escaped prior notice.

While J may be tridiagonal and 6 five-diagonal, both A(J) and A(%) are
2p + 1-diagonal, that is, vanishing except for the main diagonal and p diagonals
above and below. Thus, both will be tridiagonal if written as p x p blocks. The
key to our proofs will be to extend results from the a, = 1, b, = 0 case to block
tridiagonal matrices, and then use (1.35) or (1.36) to study perturbations of the
periodic case. A slightly different approach to proving Theorem 1.4 is outlined in
[60].

The magic formula is very powerful and opens up many other avenues for
study:

(a) Szegd and Jost asymptotics for periodic perturbations and, in particular, the

analogs of Damanik-Simon [22].

(b)  Periodic analogs of the results of Nevai-Totik [85] and its various recent ex-

tensions [23], [102], [106].

(¢) Analogs of the Strong Szegd Theorem for the periodic case following Ryck-
man’s paper [96] for the Jacobi case.

We should point out a major limitation of our results. If B is a disjoint finite
union of closed intervals in R (or dD), one can construct an isospectral torus of
Jacobi (or CMV) matrices whose recursion coefficients are almost periodic. As dis-
cussed in Section 2, these are strictly periodic if and only if the harmonic measure
of each interval is rational. There are obvious potential extensions of Theorems 1.1-
1.5 to this setting, but except for Theorem 1.1 (where the method of [70] applies)
and Theorem 1.2 (where Section 9 has some extensions), we do not know how to
prove them (or even if they are true). There is no analog of A in the almost periodic
case, so our method does not work directly.

Here is the plan of this paper. Section 2 reviews the theory of the (unperturbed)
periodic problem. In Section 3, we prove the magic formula for OPRL, and in
Section 4, the magic formula for OPUC. While we will not discuss Schrodinger
operators in detail here, we discuss the magic formula for such operators in Sec-
tion 5. As we have mentioned, the magic formula brings block Jacobi matrices
into play, so Section 6 discusses matrix-valued OPRL and OPUC—mainly setting
up notation. Section 7 uses known results on Rakhmanov’s theorem for matrix-
valued orthogonal polynomials to prove a Denisov-type extension which we use
in Section 8 to prove Theorem 1.2; the section also proves half of Theorem 1.1.
Section 9 provides two results that go beyond the periodic case to prove Denisov-
Rakhmanov-type theorems for special almost periodic situations. Section 10, fol-
lowing [101], proves the P, sum rule of Killip-Simon [61] and the C; sum rule for
matrix-valued measures, and Section 11 uses these results to prove Theorems 1.3
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and 1.4. Section 12 explores what we can say if gaps are closed. Section 13 proves
analogs to the Lieb—Thirring bounds of Hundertmark-Simon [55] as preparation
for proving Theorem 1.5 in Section 14. Finally, Section 15 discusses the OPUC
results.

2. Review of the periodic problem

In this section, we collect some of the major elements in the strictly periodic
case. As this is textbook material, we forgo proofs and historical discussion. Full
details can be found, for example, in [20], [40], [72], [104], [107], [112], [113]
and the references therein.

To discuss the strictly periodic case, we need to extend our operators to be two-
sided, that is, to act on EZ(Z). In the Jacobi/OPRL case, we simply continue the
tridiagonal pattern with parameters {a,, b, }nez. Two-sided (or extended) CMV
matrices are formed as 6 = £, where & and Jl are doubly infinite direct sums

.1 L= PO_z(x—2) D Op(xxg) ®O2(c2) D~
(2.2) M= B O_1 (1) PO (1) B -

that are misaligned by one row/column, just as in (1.5)—(1.8).
We adopt the convention of indexing the elements of matrices so that

(2.3) Juu=br  Foo=ap Moo= —0—1
except Moo = 1 in the one-sided case.
2.1. Transfer matrices. Let J be a two-sided Jacobi matrix. A sequence {u; }
obeys (J —x)u = 0 if and only if
(2.4) anun+1 + (bn —X)upy +an—1up—1 =0

or, what is equivalent,

(2.5) (“"“) — An ( tn )
ApUp Ap—1Un—1

with

1 (x—b, —1
(2.6) Ap(x) = o ( 2 0 ) .
Note that the desire to have A, depend only on one pair (a5, b,) and have deter-
minant equal to one resulted in the factors a, and a,—1 appearing in (2.5). (The
same price is usually paid when writing Sturm-Liouville equations as first-order
systems.) The choice is not the most common one (although it is used in Pastur-
Figotin [87]), but we feel it is the ‘right’ one since, in particular, det(A,(x)) = 1.
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In the OPUC case we define

2.7 Mu(2) = p; (_W X )
which encodes the recurrence relation (1.2):
‘/’n—l—l(z)) ((Pn(z))
2.8 =M,(z .
=9 (r0)) = wnor (3

We will now explain the link to formal (i.e., not necessarily £?) eigenvectors of a
two-sided CMV matrix, ‘6. It is not as simple as (2.5).

LEMMA 2.1. Suppose (€ —z)u = 0 with z # 0 and let v = %~ Mu where %
denotes the diagonal matrix with entries
z :jodd

1 :jeven

%jj =

and M is as in (2.2). Then
u v u
29) z ( 2”“) = 2Mpn11(2) ( 2"“) = Man41(2) M2 (2) ( 2”) :
V2n+2 U2n+1 V2n

Proof. The key observation used to verify (2.9) is

2o (D)=o@ (1) = (1) =me ().

This follows by simple algebraic manipulations:

() =een (2)

& apx +ppx ' =zy and ppx —apx’ =y’
— ¥ =p zy—ayx) and Y = pyx —anx’

= x' =p; (zy —anpx) and y' =p, ' (—anzy +x)

(7))

With (2.10) now in hand, we may argue as follows:
(€—2)u=0

= zu =ZLMu

= v:=%"Mu obeys zu=F%v

= Fv=Mu and zu=F%v
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ZU2p— Ury— ZU v

U2n Uozn ZU2n+1 ZU2n+1

u UVon— zZVv u

U2n Uzn—1 ZU2n+1 V2n

u v v u
() = My ) [ 2*) and 2 ) = Moa(2) 27,

V2n+2 U2n+1 U2n+1 U2n
which are the two parts of (2.9). O

2.2. The discriminant. As in Sturm-Liouville theory, the discriminant is de-
fined as the trace of the one-period transfer matrix:

@1h A(z) = TH(T(2)),
where
(2.12) Ty = ) A @) 22ME) (OPRL)

z7PI2M,_1(2)--- M1 (z)Mo(z)  (OPUC).

In the OPUC case, p is even. Also, the factor z~?/2 is there to cancel the extra
factor of z on the left-hand side of (2.9). From a strictly OPUC point of view,
it is more natural to omit this factor (as in [103], [104]); however, as the magic
formula is an operator identity, we have elected to use the definition best adapted
to this perspective. The only negative side effect of this choice is that our Lyapunov
exponent (defined below) differs by —% log |z| from that in [103], [104].

For OPRL, the discriminant is a real polynomial of degree p with leading
behavior

p
(2.13) A(x) = (al...ap)—l[ H(x—bj)—i— O(xp_z):|

J=1

P
(2.14) = (a; --~ap)_1 [x” _ (Z bj)xp_l + 0(xp—2):|.

j=1
For OPUC, it is a Laurent polynomial of total degree p with
(2.15) A(Z) = A(1/2)
so A is real-valued on dD. Moreover,

(2.16) A(z) = (/00,01 cee Pp—l)_l (ZP/Z 4.4 Z_P/Z)‘
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2.3. The Lyapunov exponent. On an exponential scale, the behavior of formal
eigenfunctions is determined by the Lyapunov exponent

1
(2.17) y(z) = lim — log||T"(2)|
n—>00 np
1
= — log (spectral radius of 7'(z))
p

1
(2.18) =5 log |A+(2)]

where A are the eigenvalues of T'(z) with the convention |Ay| > |A_|.
As det(T'(z)) = 1, these eigenvalues are the roots of

(2.19) A2—AA+1=0
which implies

(2.20) ha(ey = 2@ VAZE) 4

2 2

%A(z)+%\/A(z)2—4'.

2.4. Gaps and bands. Our recurrence relations admit bounded solutions for a
given z if and only if A(z) € [-2, 2]. In the Jacobi/OPRL case, this is a collection of
intervals in R. For CMV/OPUQ, it is a collection of arcs in dD. In either case, one
may partition this set into p bands. These are the closures of the (disjoint) regions
where A(z) € (—=2,2). These can only intersect at the ‘band edges’, A~ ({—2,2}).

The open gaps are the intervals/arcs that are complementary to the bands—
excluding the two semi-infinite intervals in the OPRL case. When two bands touch,
we refer to the common band edge as a closed gap.

A? — 4 has simple zeros at the edges of the open gaps and double zeros at the
closed gaps; indeed, this is a complete list of its zeros. It is possible to distinguish
whether these zeros correspond to A(z) = %2 from the fact that there must be two

and so

(2.21) y(z) = 5 log

zeros of A 42 between consecutive zeros of A F 2 and the fact that A has positive
leading coefficient.

2.5. Spectrum. In both cases, the spectrum of the two-sided operator (acting
on {%(Z)) is the union of the bands: ¢ = A~1([-2,2]). It is purely absolutely
continuous and of multiplicity two.

The spectrum of a two-sided p-periodic operator uniquely determines its dis-
criminant; see Lemma 3.3. One consequence of this was noted already in the
introduction: isospectral tori are the classes of p-periodic recurrence coefficients
that lead to the same discriminant.
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For a one-sided operator, the essential spectrum remains A~!([—2,2]); it is
absolutely continuous with multiplicity one. In addition, up to one eigenvalue may
appear in each open gap.

2.6. Potential theory. From the way it is defined, one can see that y(z) van-
ishes on the bands and is both positive and harmonic in the complement (in the
OPUC case one must also exclude z = 0). This leads to the solution of the Dirichlet

problem for a charge at infinity,
A A2
7+\/T_1‘ (OPRL)

A A2
S+ ,/7—1’ (OPUC)

and so to the logarithmic capacity of the spectrum,

1
> log

(2.22) ge\o(z:00) = . .
7 log|z| + 7 log

(M7, 4;)"'”  (OPRL)

(2.23) Cap(o) =
(1225 01)''? (OPUC).

2.7. Harmonic measure. Taking normal derivatives in (2.22) leads to a for-
mula for harmonic measure on o (aka equilibrium measure for the logarithmic
potential),

|A"()|  dx

a0 2 (OPRL)

A’ )] do P
Ja—arey 2 (OPUO)
where supp(dv) = o0 = {z : |A(z)| < 2}. (Note: [104] has 1/ p rather than 2/ p,
but that is an error.)

(2.24) dv =

RSTISIELSTIN)

Recognizing
A (x) d A(x)
(2.25) _— = — arccos( )
VA—A2(x) dx 2

we see that the harmonic measure of each band is exactly 1/p. In particular, the
connected components of the union of the bands all have rational harmonic mea-
sure. This gives strong restrictions on sets that can be bands. In the OPRL case,
rational harmonic measure of connected components is also sufficient for a set to be
the spectrum of a periodic Jacobi matrix. In the OPUC case, there is an additional
condition needed: after breaking the bands into arcs of harmonic measure 1/ p, the
harmonic midpoints {{; }le of these intervals must obey ]_[Jl-’zl {j = 1. Clearly,
the condition on the harmonic midpoints can be achieved by simply rotating o. Dis-
carding this condition gives rise to Verblunsky coefficients that are p-automorphic,
Op+p = e'®q,,, rather than p-periodic.
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2.8. Thouless formula. Harmonic measure appears naturally in the theory in
several other ways. It is the density of states measure:

(226) Jim Z FDan = [ S vy

for every polynomial (or continuous function) f. The same formula holds with 6
replacing J. This connection, or more precisely the resulting expression for y(z)
in terms of Cap(o) and the logarithmic potential of dv, is known as the Thouless
formula.

Two further characterizations of dv involve the orthogonal polynomials. dv
is the weak limit of - N Zn o P2(x)dn(x) (resp. N Z |<pn(e’9)|2du(9)) It
is also the limiting density of zeros, that is, the weak limit of the probability mea-
sures, dv,, which give weight 1/n to each of the zeros of p, (resp. ¢,). These
two characterizations are closely linked to (2.26); however, in the OPUC case one
should keep in mind that for each 7, the zeros of ¢, lie strictly inside D.

2.9. Floquet theory. Looking at the eigenvalues of T', one sees that when
Ay # A_, there is a basis of formal (i.e., non-£2) eigenfunctions obeying

(2.27) Unm-tip = At

If A4+ = A_, which happens precisely at the band edges, then both are 1. If the

edge abuts an open gap, there is only one eigenfunction obeying (2.27) since 7 has

a Jordan block structure. At closed gaps, 7 = =£1 and so all solutions obey (2.27).
Solutions obeying

(2.28) Upmkp = € K01,

are called Floquet solutions and ¢'% is called the Floquet index; they have much

the same role as plane waves in Fourier analysis. Since A_ = A;l, if (2.28) has a

solution, then e %% is also a Floquet index.
In the OPRL case,

(2.29) (2.28) holds <= A(x) = 2cos 8.

Thus, by the discussion above, for each 8 € (0, ), (2.28) or (2.29) holds for exactly
p values of x: x1(0) < x2(8) <--- <xp(0). These x;(0) are known as the band
functions.

The changes in the OPUC case are purely notational:

(2.30) (2.28) holds <= A(z) = 2cosf.

For 6 € (0, i), this has p solutions all of which lie in dD.
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2.10. Direct integrals. Let S denote the right shift,

If the sequences of coefficients are p-periodic, then J (or €) commutes with S?,
which means that the two operators can be ‘simultaneously diagonalized’. We
elaborate this point in the OPRL case; the OPUC is almost identical.

Let us write

Yp 1= EBzzﬁ—Lz([oz ). 48 ¢cP)
p - 92]7,’_ ’ n,zna

where 6(% is the p-dimensional Hilbert space

P
65 :{“|”n+p :eieun} (ulv)g = Zﬁnvn-
n=1
From Fourier analysis, there is a unitary operator %: {2(Z) — ¥p so that
FSPF! is multiplication by /%1 and FJF~! acts fiber-wise (i.e., on each £2)
as a p X p matrix, J(6). In particular, the eigenvalues of J(8) are the solutions of
(2.29), that is, they are the band functions x; ().

2.11. Hyperelliptic Riemann surfaces. As ~/ A2 — 4 appears repeatedly in the
theory, it is natural that the associated Riemann surface should enter the analysis.
A? — 4 has simple zeros at the edges of open gaps and at info(J) and supo (J).
It has double zeros at the closed gaps. Let £ denote the number of open gaps,
then ~/ A2 — 4 has square root singularities at 2(£ + 1) points, and so its natural
analyticity domain is the genus £ Riemann surface, ¥, obtained by taking two
copies of C\ o(J), gluing at the bands and adding points at co. There is a natural
projection r: ¥ — C U {oo} which is 2 to 1 except at the branch points of v/ A2 — 4.
A similar analysis works for OPUC, but now there are £ gaps and the genus is £ — 1.

2.12. Minimal Herglotz and Carathéodory functions. For a half-line periodic
Jacobi matrix, the m function is defined by

(2.32) m(z) = (8o, (J —2)"189)  VzeC\o(J).

This can be shown to obey a quadratic equation with polynomial coefficients
(2.33) A(z)m(2)® + B(z)m(z) + C(z) = 0.

Moreover, these coefficients can be chosen to obey

(2.34) B? —4AC = A?—4.

This implies that m(z) has meromorphic continuation to &. Indeed, m has minimal
degree (i.e., degree £ + 1 in the OPRL case and £ in the OPUC case) among all
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meromorphic functions on ¥ that are not of the form g o w with g meromorphic
on the Riemann sphere. It can be shown that there is a one-to-one correspondence
between minimal meromorphic functions obeying Imm(z) > 0 if Imz > 0 and
m(z) = —z~! + O(z72) on the top sheet of ¥ and all periodic Jacobi parameters
with the same A. (We call these minimal Herglotz functions.)

There is a similar description for OPUC, but now one uses

(2.35) F(z) = (0. (€ 4+ z)(€—2)"18)

which obeys Re F(z) > 0 if |z] < 1 and F(0) = 1. Again F obeys a quadratic
equation, showing that F' has a meromorphic continuation to & of minimal degree,
and again there is a one-to-one correspondence between all {ay, }5 ;(1) with the same
A and all minimal Carathéodory functions.

2.13. Dirichlet data. One can describe the set of minimal Herglotz functions
in terms of their poles. For each open gap, {G; }le, 7 Y(G;) = Tj is a circle
since 7 is 2 to 1 on G; and one-to-one on EJ- \ Gj. A meromorphic Herglotz
function has £ 4 1 simple poles, one at co on the second sheet and the other £, one
in each T;. Thus, the set of meromorphic Herglotz functions is homeomorphic
to szl T; under the bijective map from such functions to its poles. A similar
analysis holds for OPUC but now there is no pole at infinity, there are £ gaps,
and Xf=1 T describes the possible poles. The difference is that for OPRL, the
dimension of the torus is ¢, and for OPUC it is £ — 1.

2.14. Isospectral tori. By combining the bijective maps from periodic OPRL
to minimal Herglotz functions and of such functions to Dirichlet data, we see for
a A of period p with £ gaps,

{(an, bn)f;:l : the discriminant is A}

is an £-dimensional torus in R?”. Generically, £ = p — 1. In the OPUC case,
generically £ = p and the torus is naturally embedded in C?. This torus is the
isospectral torus which we will denote by J or 7y, if a given periodic Jo underlies
our construction. For clarity of exposition, we will typically blur the distinction be-
tween p-tuples (aj, bn)fl’=1 and the corresponding infinite sequences {ay, by tnez
of period p. Because of our perturbation theory viewpoint, we use Jo to label the
torus, but we emphasize that from another point of view, the torus is associated to
the set 0ess(Jp) and not to Jyp.

2.15. Isospectral flows. The fact that spaces of p-periodic coefficients foliate
into tori suggests that there is some kind of completely integrable system in the
background. That is true: it is the Toda flow in the OPRL case and the defocus-
ing Ablowitz-Ladik flow in the OPUC case. Since we will not need these below,
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we say no more about them, but see Chapter 6 of [107] for the OPRL case and
Section 11.11 of [104] for OPUC.

3. The magic formula for Jacobi matrices
Our goal in this section is to prove

THEOREM 3.1. Let Jgy be a two-sided p-periodic Jacobi matrix with discrimi-
nant A j,(x) and isospectral torus 7 j,. Let J be a two-sided (not a priori periodic)
Jacobi matrix. Then

3.1 Ap(J)=8SP+SP = JeTy,
where S is the right shift, (2.31), on £>(Z).

We provide two proofs of the ‘harder’ direction = or rather of
(3.2) Aj,(J) =8P + 8P = J is periodic

which is the key step. Our first proof is immediately below; the second, suggested
to us by L. Golinskii, appears after Lemma 3.4.

LEMMA 3.2. Let £ =1,2,... . Then
3.3)
0 k>{
(Je)m,m+k = VYAmAm+1 " Am+k—1 k=1¢
aAmam+1- Am4—2bm +bmt1+ -+ bpie—1) k=L0—1.

Proof. Writing

(3.4) (Je)m,mﬁ-k = Z Im.iy Ji; i T Ji£71,m+k’

[1seeerlo—1

we see that since J is tridiagonal, all terms are zero if k > £, that we must have
(withig =m, iy =m+k)thatiy—iz1=1forg=1,...,Lif k ={, and that if
k=4{—1,ig—ig—1 =1forall butone g € {1,...,£} and it is zero for that g. [J

LEMMA 3.3. If J and Jy are periodic, then o(J) = a(Jo) if and only if
Aj=Ay,.

Remark. This lemma says that the spectrum determines the discriminant and
vice versa. That the discriminant determines the spectrum is elementary: o =
{x : A(x) € [-2,2]}. Therefore we only prove the other direction—indeed, we
give two proofs.

First Proof. Harmonic measure dv is intrinsic to the set o; it is the solution
of an electrostatic problem there. But then dv determines A via (2.24). O



PERTURBATIONS OF OP WITH PERIODIC COEFFICIENTS 1949

Second Proof. o determines the gaps—even closed gaps—via harmonic mea-
sure. The gap edges determine the zeros of A —2 and so A —2 up to a constant.
The zeros of A + 2 then determine the constant. O

Proof of Theorem 3.1. For all 8 € [0,2x), Jo(0) is self-adjoint and so diag-
onalizable. Moreover, the eigenvalues of Jy(6) are precisely the roots of A(x) =
2cos(6). Thus

(3.5) A gy (Jo(8)) = (2cos O)1.

But then A j,(Jo) and S? + S™2 both have direct integral decomposition with
fibers (2 cos )1, so

(3.6) Aj,(Jo)=SP +S7P.

Since J € Ty, = Ay = Ay,, this proves < in (3.1).
Now suppose the left-hand side of (3.1) holds. By (2.14), (3.3), and

(3-7) (Sp + S_p)m,m+p =1 (Sp + S_p)m,m+p—1 =0
this implies
(3.8) Am - Amt p—1 = a§°)---a§,°)
and

p—1 p—1

_ (0)

(3.9) Y bmij =Y b2y

j=0 j=0

In particular,

p—1
am"'am-{—p—l:am—i-l"'am-l—p Z(bm+j+1—bm+j)=0
Jj=0

which lead to

so J is periodic.

Since J is periodic, Ay (J) = S? + S72; moreover, Ay, (J) = SP + S7P
by hypothesis. Thus we learn that applying the polynomial A; — Ay, to J gives
zero. By the k = £ case of (3.3), it must therefore be the zero polynomial, that is,
Ay = Aj,. Lemma 3.3 now completes the proof. O

Remarks. 1. Showing that J was periodic only required equality in A j,(7) =
S? + S7P, for the two most extreme upper (or lower) diagonals. Nevertheless,
J € 7T, requires equality everywhere.
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2. We need not suppose a priori that each a, > 0 and can allow some a, = 0
(J can still be defined on £2(Z)), for (3.8) implies that if the left-hand side of (3.1)
holds, then each a, > 0.

We now turn to our second proof of (3.2).

LEMMA 3.4 (Naiman [81]). Let A be a two-sided (bounded) infinite matrix of
finite width (i.e., for some w, we have that |k —£| > w = Ay¢ = 0). Suppose

(3.11) [A,S?+S57P]=0
for some p, then
(3.12) [4,87]=0.
Remarks. 1. This is Lemma 2 in [81]; no proof is given.
2. [A, B]= AB — BA.
3. (3.12) has an equivalent form:
(3.13) [A,SP] =0 <= Ak4p+p = Ak for all k, £.

4. As (3.13) shows, [J, S?] = 0 for a Jacobi matrix if and only if a; and by
are p-periodic.

Proof. Since A has finite width, we can find diagonal matrices Dy, Dy, 41,
..., Dg, with Dy, # 0 # Dy, so that

k>
(3.14) A=>"D;S/.
J=k1
Since Dj is diagonal, so is S D;S™7. Thus
k> k2
(SP+S7P)A= ) (SPD;STP)SITP 4 Y " (STPD;SP)SIP
J=ki J=ki

k2 k2
ASP+57P)= Y D;jSITP4+ " D;SI7P
j=ki Jj=ki
Since the composition (3.14) uniquely determines each D;, (3.11) implies
SpDsz_p = Dy,

that is, Dy, is periodic. Thus, Di,S? commutes with S” + S77, so we can
remove it from (3.14) without losing (3.11). This shows inductively that each D;
is periodic. O

Second proof of (3.2). J commutes with A(J), so (3.12) holds. O
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Our next goal is to compare dm ((a,b), T) given by (1.34) and dp,((a, b), T)
given by (1.18). As well as satisfying natural curiosity, this relation also plays an
important role (via Theorem 11.13) in the proofs of Theorems 1.3 and 1.4.

To capture the essence of what follows, let us pause to ponder the following:
suppose dm ((a,b), ) = 0 for all m, does this mean that (a, b) € T? The hypoth-
esis tells us that each length- p block belongs to the isospectral torus; it does not
a priori even guarantee that the coefficients are periodic. Example 4.5 shows that
periodicity can fail in the OPUC case. However, such problems do not arise for
OPRL. The reason is simple: within the isospectral torus, ay, ...,ap—1 determines
ap and by, ..., by determines bj,.

PROPOSITION 3.5. Given a p-periodic Jacobi matrix Jo, 1 < g < oo, and
e > 0, there is a constant C so that
(3.15) y }
e 7P | dm((@.5). T 1) | g = | dm((@.5). T so) | po = C | dm((@. 5). T 1) | o

1

for all sequences {(ay, by)} obeying e~ > a, > ¢ > 0. All {9 norms are over

me{l,2,3,...}.
The key input is
LEMMA 3.6. Given {(a,,b,)} obeying e™! > a, > &> 0,
n—p+1
la, —al®| +|b, = b| < dm((a.b). @@ b)) +C Y dr((a.b).Ty,)
r=m

for all n > m. The constant C depends only on €.

Proof. The proof is by induction on n. For m <n <m 4+ p — 1, the result is
immediate from the definition of d,.
For n > m + p — 1, we consider the functions

p

p
flar.....ap) =Y [log(ay) —log(@™)]  g(br.....bp) =Y [b; —b\"].

j=1 j=1
These vanish on 7 j,, as explained in the proof of Theorem 3.1.
As g is Lipschitz (with constant 1),

|bn —bn—p| = |gbn.....baps1) —gbn-1.....bu—p)|
<|gn.....ba—ps)| +|gbn-1.....bn—p)|
< dn—p+1((@,0), T 1,) + dn—p((a, ), T ).
In a similar way,

‘log[an] —log[an_p]‘ = {f(an, .. ,an_p+1)—f(an_1,...,an_p)‘
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leads to

‘an _an—p‘ = Ce[‘in—p+1 ((a, b), gJo) + CZn—p ((a» b), gJo)]-

Combining these two inequalities gives
ap _al(10)‘ + |bn _br(zO)} = ‘an—p _a(O) ‘ + ‘bn -p _b(O)
+(1+C8)[dn—p+1((avb)v Jo)+d~n—p((a’b)vg./0)]v

which completes the proof of the inductive step. O

Proof of Proposition 3.5. The left-hand inequality in (3.15) follows immedi-
ately from the definitions of d,, and dy; we focus on the second inequality.

Choose (@@, 5©@) minimizing d,((a,b), T Jo); strictly, this amounts to a
(inconsequential) change in Jy. Applying Lemma 3.6 in the definition of d,, gives

oo m+k
dn((@.0).T 1)) < 755 dm((@.5).T5,) +C Y Y e*d ((a.b).7,)
k or=m
SC/Ze_j dm-}—j((a’b)’gh)'

j=0

The proposition follows because convolution with e~/ X[0,00) () is a bounded op-
erator on all £4 spaces. |

4. The magic formula for CMV matrices
Our goal in this section is to prove

THEOREM 4.1. Let p be even and let 6o be a two-sided p-periodic CMV
matrix with discriminant Ac,(z) and isospectral torus J,. Given a two-sided
(not a priori periodic) CMV matrix, 6,

(4.1) Ay (8) = SP + ST = € € T,

Remarks. 1. Notice that since € is unitary and A(e'?) is real, Ag, (€) is
self-adjoint.

2. By (2.16) and the fact that € is five-diagonal, A« (€) has 2(p/2) diagonals
above/below the main diagonal.

3. As in Section 3, we will first present our initial proof that
4.2) Ay (€) = S? + S77 = {ap} is periodic

and then a proof based on Golinskii’s suggestion.
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LEMMA 4.2. We have:

(4.3) O mmsk = € Ve =0 ifk > 2,

4.4) ((ﬁe)zm,zmne = P2mP2m+1 - - - P2m+20—1+

4.5) (€ Yamt1.2mt2041 =0,

(4.6) (%_Z)zm,Zm-i-ZZ =0,

4.7) (€Y ama12mets1 = P2m+1P2m+2 - - - P2miats

(4.8) (%Z)Zm,2m+2€—1 = P2mP2m+1 - - - P2m+26—202m+26—15
4.9 (%£)2m+1,2m+2€ = —02mP2m+1 - - P2m+20—1-

(4.10) (€Y amami2t—1 = —@am—1P2mP2am+1 - - - Pam420—2-
4.11) (%_Z)2m+1,2m+2€ = P2m+1 - - - P2m+20—1%2m+20-

Proof. As & and Jl are tridiagonal, ¢tisa product of 2/ tridiagonal matrices,
so (4.3) is immediate.
We will prove the results for 6¢. The results for ¢~¢ are similar if we note

(4.12) O() ! = O(a)

since © is unitary and symmetric.
Equation (4.4) follows from

(4.13) Fomorm+1 = P2m Mam+1,2m+2 = P2m+1
and (4.5) from
(4.14) Lom+1,2m+2 = 0.

Because of (4.14), the only way for ¢ to get from 2m to 2m +2£ —1 is to increase
index in the first 2¢ — 1 factors, which leads to (4.8). For the same reason, to get
from 2m + 1 to 2m + 24, the last 2¢ — 1 factor must increase index, leading to
4.9). O

LEMMA 4.3. If 6 and 6o are p-periodic, then o (€) = o (%) if and only if
Ag = A%O.

Proof. Either proof of Lemma 3.3 carries over with no change. O
Proof of Theorem 4.1. The proof that
4.15) Acgo (€o) = SP+§7°

is identical to the proof of (3.5).
For the converse, suppose

(4.16) Ay (€)= SP + S7P.
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In particular,

(4.17) Aoy (€)2m,2m+p—1 = 0.

By (2.16) and Lemma 4.2, this implies (recall p is even)

0 0 - _
(P(() . )1) (02mPm+1 - - - P2m+p—2)(@2m+p—1 — A2m—1) =0

SO
(4.18) W2m+p—1 = C2m—1.

Similarly, since

Agy(€)2m+1,2m+p =0,

we get

0 0
(08" ... p¢ )1) (02m+1 - - - P2m+p—1)(®2m+2 — ®2m+p—1) =0

which leads to

4.19) W2m+p = U2m.
Thus, o has period p. That € € I, follows from Lemma 4.3 and the same
argument used in the OPRL case. O

Next, we give a proof using Naiman’s lemma. We will need

LEMMA 4.4. Let € be the extended CMV matrix associated to {otn }5e_ .
Let p be even. If SP€ = €SP, then

for all n.

2
Proof. We have that (62] 2j+1 T <€2] 2j+2 = P3j (see (4.2.14) of [103]),
so p2; is periodic. Thus, €2j 2j42/p2j = p2j+1 is also periodic. So d2j+1 =
©2j 2j+1/p2; is periodic as is az; = €241 2j+2/(—p2j+1)- O
Second proof that (4.2) holds. € commutes with S? + S72, so by Naiman’s

lemma (Lemma 3.4), which did not require that A be self-adjoint, S?6€ = €S?,
which implies « is periodic by Lemma 4.4. O

We now turn to the OPUC version of Proposition 3.5. As noted in the intro-
duction, it is not sufficient to sum over exactly one period:

Example 4.5. (0, ;,0, ;,0 .) and (0,—%,0,—%,0,...) are in the same

isospectral torus, namely, the one with p = 2 and

Az) = \/g(z +z7h.
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Now consider a = (0, %,0, —%, 0, %, 0, —%, o) If c?m(oz, T ¢,) were defined as

sum from k = 0 to p — 1, it would be zero for all m, but d,, (o, T, ) is not small.
O

The problem, as this example shows, is that for sequences in T, (o, . ..
...,0p—2) does not determine o, 1. But by periodicity, ap, . .., op—1 determines
ap. Thus, if we define

P
4.21) dm (@, 0) =) msk — Oy,
k=0

then

Plugging this into the proofs of Lemma 3.6 and Proposition 3.5 leads quickly to
PROPOSITION 4.6. Let 6€g be a fixed periodic CMV matrix, then

(4.22) P || dm (et Tep)|| ja = | dm (et Teeo) | 1o = C | dm (et Teeo) | o

for any sequence of Verblunsky coefficients {o, }.

5. The magic formula for Schriodinger operators

In this section, we want to illustrate the potential applicability of our central
idea to the spectral theory of one-dimensional Schrédinger operators,

2

(5.1) H =—d—+V(x).
dx

However, we will not pursue the applications in this paper.
We will suppose V' € Llloc,unif, that is, sup,, f;c_-’_11|V(y)| dy < oo. In that case,
V is a form bounded perturbation of —j—; on L2(R, dx) with relative bound zero,
so H is a self-adjoint operator. Its form domain is the Sobolev space H!(R).

We need to say something about periodic Schrodinger operators. Suppose Vp

has period L; that is,
(5.2) Vo(x + L) = Vp(x).
For arbitrary V in Ll gand E € C,letup(x, E; V) and uy (x, E; V) (we

loc,uni
will often drop the V' if it is clear which V is intended) be the solutions of

(5.3) —u"+Vu=Eu
obeying the boundary conditions

(5.4) up(0) =0 up(0) =1 uy(0)=1 u'y (0) = 0.
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The transfer matrix that updates solutions of (5.3) (with data written as (:j/))
is

(5.5) T(x E: V) = (uN(x, E) up(x, E))

uy (x, E) up(x, E)

det(T) = 1 by constancy of the Wronskian. For periodic Vp, we define the discrim-
inant by

(5.6) Ay, (E) =Te(T(L, E; Vo))
=uy(L,E)+uy (L, E).

As in the OPRL and OPUC cases, it is easy to see for the whole-line operator
that

2 —

(5.7) o (=45 + Vo) = Ay} ([-2.2))
and is purely absolutely continuous. Moreover (see, e.g., [93]), if
(5.8) (Syu)(x) =u(x —y),
then H = —j—; + Vo commutes with Sy, and so has a direct integral decomposition,

® do
(5.9) H :/ H(O) —

2w

whose fibers, H (), are the operator (5.1) on [0, L] with
(5.10) u(L) =efu)  u'(L) =% (0)

boundary conditions. H () has purely discrete spectrum (i.e., (H(0) + i)~} is
compact); the eigenvalues are precisely the solutions of

(5.11) A(E) =2cos(0).

Two periodic potentials of period L are called isospectral if and only if they
have the same A. As in the Jacobi and CMV cases, the spectrum determines A,
but this is more difficult to prove in the Schrodinger case. It is also known ([79]
for nice Vy’s; [15], [41], [56], [92]) that the set of Vs isospectral to Vj is a torus
of dimension equal to the number of gaps which is typically infinite, so we will
refer to an isospectral torus, Jy,. We can now state the main result in this section:

THEOREM 5.1. Let Vg be periodic obeying (5.2) and let Ay, be its discrimi-

nant and J vy, its isospectral torus. Let V be in Llloc,unif onRand H = —j—xzz + V.
Then
(5.12) Ayy(H) =S+ S <=V eTy,.

Here S11 denotes the shift operator, as in (5.8).



PERTURBATIONS OF OP WITH PERIODIC COEFFICIENTS 1957

Remarks. 1. Ay, (H) is defined by the functional calculus.

2. As in the last two sections, we will provide our initial proof that
(5.13) Ay,(H) =S + S_1 = V periodic

and then a simpler proof using an analog of Naiman’s lemma. This argument does
not require Theorems 5.2 and 5.3 and the considerable machinery their proofs entail.
That said, to show Ay, (H) = Sg + S_ plus V periodic implies V € Ty, does
require Theorem 5.3, but it should be noted that one can prove Theorem 5.3 fairly
easily without needing transformation formulae of Delsarte, Levitan, Gel’fand,
Marchenko type.

We need two preliminaries whose proofs we defer to later in the section. We
first make a definition:

Definition. For any y > 0, Ry, consists of operators on L?(R) of the form

x+y

14 AHW =L far )+l fa—n+ / K(x.2) f(z)dz

x=y
where K is continuous and uniformly bounded on {(x,z) : |x —z| < y}.

Note. Tt can happen that K(x, x + y) # 0, so if we think of K as an integral
kernel on R x R, it can be discontinuous at |x —z| = y.

THEOREM 5.2. If Vi is L-periodic and V in L} then %A(H) € Ry, and

loc,unif?
x+L
(5.15) K(x,x+L)=—% [ (V(z) = Vo(2)) dz.

X

Note that (5.15) describes the ‘matrix elements’ of Ay, (H) —(Sp + S-1)
that are farthest from the diagonal. Indeed, just as in the other cases, one does not
need the full statement Ay, (H) = S; + S_, to see that V' is periodic, only that
(f,(A(H)— S —S_1)g) =0for f supported near x¢ and g near xo + L (for all
X()).

THEOREM 5.3. A(FE) is an entire function which obeys
(5.16) @) |AE)| < Cexp(LV|E]).
. A(E)
lim ——m =
E—>—00 exp(L/|E|)
Proof of Theorem 5.1. If V € Jy,, then Ay = Ay,, so for the <= direction
we need only prove

2
(5.18) Avo(L + Vo) =SL+S_L.
As before, this is equivalent to Ay, (H(6)) = 2 cos 8 which follows from (5.11).

(5.17) (i1)
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Conversely, if Ay, (H) = S1 + S_, then from Theorem 5.2 and the period-
icity of Vp, we see

x+L
(5.19) / V(z) dz = constant.
X

This implies that V(x 4+ L) — V(x) = 0 for a.e. x, that is, V is periodic.
If H(0) are the fibers of H in the direct integral decomposition, Ay, (H) =
St + S—1, implies

(5.20) Ay, (H(6)) =2cos 8

so, if A is the discriminant for V, we have A(z) = £2 = Ay, (z) = £2. Moreover,

(5.20) implies o (H) < 0(—0;1—;2 + Vo), so any double zero of A &2 is a double
zero of Ay, £ 2. It follows that

Ay, (z)—4
Vo
5.21 —_Yo
(521 g(2) \2(2)—4
is analytic.
Since Ay, and A are entire functions of order % (by Theorem 5.3), g(z) is of
the form

J
(5.22) ¢ =C[] (1 - i),
j=1~  F

where z1 < zp < --- are bounded from below. By (5.17), limg o g(E) =1,
which implies g = 1, thatis, A = Ay,,. O

The argument used at the end of the proof to conclude that missing zeros
cannot occur is reminiscent of ideas connected with the Hochstadt-Lieberman [54]
and related theorems [47], [48].

We now turn to the proofs of Theorems 5.2 and 5.3. A critical role is played by
the wave equation and the transformation operator formalism of Gel’fand-Levitan,
further important work is due to Delsarte, Levin, and Marchenko; see the book of
Marchenko [77] for references and history.

Define for s > 0,

(5.23) Cs(2) = cos(s\/a Ss(z) = z71/2 sin(sﬁ)

which are entire functions of z bounded on (a, co) for any a € R. Thus Cs(H ) and
Ss(H) are bounded operators for any H that is bounded from below. We will need
to study the form of C; (—j—xzz + V). For bounded continuous V, this is discussed
in Marchenko [77]. While his proofs extend to the Llloc,unif case, it seems simpler
to sketch the ideas:
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PROPOSITION 5.4. CO := Cs(—j—;) € Ry; indeed,
(5.24) (CO ) =5 [f(x+9)+ fx—3)].

2
If SO = Sy(—L;), then
x+

(5.25) (80 f)(x) = 1 / £() dy.

X—S

Remark. If w(x,s):=(C2 f)(x)+(Ssg)(x), then w obeys the wave equation
(;S—zz — 83x_22)w = (0 with initial data w(x,0) = f and d;w(x,0) = g(x). Thus the
proposition basically encodes d’ Alembert’s solution of the wave equation. From
this point of view, Theorem 5.2 is connected to finite propagation speed for the

wave equation.

Proof. Since cos is even,

(5.26) cos(s|k|) = cos(sk) = L (k¢ 4 ¢77),
Equation (5.24) is just the Fourier transform of this. (5.25) follows from
S
(5.27) Sy(z) = / C,(2) di
0
and (5.24). 0

We are heading towards

THEOREM 5.5. LetV € Llloc’unif(lR) and let H = —j—; + V. Then Cs(H) € Ry

and the associated kernel K of (5.14) obeys

X+s

(5.28) Ks(x,x +5) = —%/ V(u) du
X
and for each t € (0, 00),
(5.29) sup |Ks(x,y)| < oo.
x5y5ls‘§t
In addition,
xX+s
(530 SN = [ Larn)f0)dy
X—S

where
(5.31) Ls(x,x+s5)=1.

LEMMA 5.6. It suffices to prove Theorem 5.5 for s small.

Proof. Since cos(2u) = 2 cos?(u) — 1, one sees

(5.32) Cas(A) =2C5(A)? —1.
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Thus, if Cg € R, one sees Cas € Ry and

(5.33) Kas(x,y) = Ks(x,y+5)+ Ks(x,y—5) + Ks(x +5,y) + Ks(x =5, y)
where K(x,y) =0if |[x — y| > s. Thus

(5.34) Kos(x,x+2s) = Ks(x,y+5)+ Ks(x +5,y +25).

This shows that if the formula is known for |s| < T, one gets it successively
for 2T,4T,8T, ... .
Using (5.27), one sees that the result for Cg(H) implies (5.30) and (5.31). O

Proof of Theorem 5.5. If A is a bounded self-adjoint operator on ¥ which is
bounded from below, and B is the operator on # @ # given by

(5.35) B=( 01),

—A 0
then

s8_ [ Ci(A) Si(4)
(5.36) ¢ = (—ASi(A) Ct(A))'

This formula can be checked by showing that the right side of (5.36) is a
bounded semigroup whose derivative at t = 0 is B. DuHamel’s formula for A, A
bounded says that

(5.37) !B —otB | /Ot esB(B — B)e=9)B gy
(5.38) —e'B ¢ /O "B (B — B)et=9B g5
Using (5.36), we obtain
(5.39) Ci(A) = Ci(A) - /0 t Ss(A)(A— A)Ci—s(A) ds
(5.40) = Cy(A) — /0 t Ss(A) (A= A)Ci—s(A) ds.
By taking limits, it is easy to obtain these formulae for A = _j_,:z’ A=

—;—; + V with V' bounded. By obtaining a priori bounds below depending only
on certain L1 norms of V, we get estimates for V in L' and so, using the lemma,
prove the theorem.

By iterating (5.40), one gets an expansion (which converges if V is bounded
and whose estimates then extend),

(o.¢]
(5.41) C(—L 1 v) =2+ ¢,

n=1
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(5.42)
Ct(n) — (_1)n / Ss(lo) VSS)) . VSS(,?) VC(O) —sn dSl, e dSn.

081 +-+sn <t S
Apply the integrand in Ct(n) to a function f and evaluate at x for fixed
$1,...,8,. Each Ss(j(.))V evaluates V' at points and integrals using (5.25). The
integrands in V' are in the interval (x —¢, x + ), so if we take absolute values, we
see this integrand is bounded by

x+t n
(%/ IV(y)Idy) A f(x+t—s1——sn)+ 2 f(x—t 451+ +sn)]
x—t
Now we can do the integral over s1,...,s,. For t —s; —--- — s, fixed, the
new integrand is independent of 51, ..., s,—; and is bounded by 1. We find

) . x+t n x+t
n —
s e pei=e (5 wona) ol
x—t x—t

Moreover, C ,(n) has a continuous integral kernel K ,(")(x, y) supported in
|x — y| < t. Since V is uniformly locally L!, by taking ¢ small, we can be
sure sup,, % f;_tt|V(y)| dy < 1, which yields uniform convergence of K,(") to
a uniformly bounded kernel.

By (5.27), we get (5.30) from C3(H) € Ry, and (5.31) comes from noting
that
(5.44) Ls(x. ) =3l < (s=lx=y]) sup |Ky(x.y)l.

X,Y,U=S

Finally, using (5.39), we see that

t
Ki(x,x+1)= —%/ Li(x,x+85)V(x+s)ds
0

proving (5.28). O

To complete the proofs of Theorems 5.2 and 5.3 (and so Theorem 5.1), we
need the transformation formulae of Delsarte, Levitan, Gel’fand, and Marchenko
[77]:

THEOREM 5.7. If V e L([0, R]) for R < oo, then there exist functions
Kn.Kp Clin{(y,x):0<y <x < R} sothat for0 < x <R,

(5.45) u (x. E) = Cx(E) + /0 K (y.x)Cy(E) dy.

(5.46) uD(x,E)=Sx(E)+/O Kp(y,x)Sy(E)dy.
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Moreover,
X

(5.47) Kp(x,x) = Ky(x,x) = %/ V(t)dt.
0

Remarks. 1. These formulae are in Marchenko [77, p. 9 and (1.2.28)]. He
supposes V' is continuous, but his proof works if V is L!; indeed, see Remark 2.

2. Defining iix (x, k) =ux (x,k?) for X = D, N and Qx (x, y) as the Fourier

transform of #iy in k, we see (5.3) becomes

2 2
(5.48) 837% - 3878 =VO(x.y)
with initial conditions
OnN(x=0.y)=8().  Qn(x=0,y)=0,
Op(x=0,y) =0, Op(x=0,y) =8(y).
Thus, Theorem 5.7 is essentially Theorem 5.5 with a time-dependent V' used.

3. By (5.6), (5.45), and (5.46), we obtain a critical representation for A:

L
(5.49) A(E):ZCX(E)+/ L1(t)C/(E) dt
0

L
+ [ La0si(E) dr + Kp(L. L)SLE)
0
where L1, L, are continuous in [0, L]. Indeed,

L) =Kn(.L) Lo = 2 Kp(t.)
x=L

Proof of Theorem 5.3. The analyticity is immediate from (5.49) as is (5.16)
given

|Cx(E)| +[Sx(E)| < C exp(x/|E]).
Moreover, since for ¢ < L,
im 1B im  SLE)
E——oco CL(E) E—>—co CL(E)

we have (5.17). O

Proof of Theorem 5.2. By (5.49) and Theorem 5.5, %A(—% 4+ V)isin Ry.
Moreover, the only terms contributing to K(x, x + L) come from Cy, (—j—; +V)
and Kp (L, L)SL(—aﬁl—xz2 + V). By (5.28), (5.31), and (5.47),

x+L L
Koty =—4 [ V(y)dy+%(% [0 Vo(y)dy)

X
which, given the periodicity of Vjp, is (5.15). O

and
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There is a second proof of (5.13). It depends on this analog of Naiman’s
lemma:

LEMMA 5.8. IfV is Llloc,unif and —dd—;z + V commutes with S, + S_y., then
(5.50) Vix+ L) =V(x).

Proof. Suppose first that V is bounded. Then Sy + S_; leaves D(—j—;)
invariant and commutes with it, so Sz, + S—_7, commutes with V. If f is supported in
a small neighborhood of x¢, (xo—38, xo+6) with |§] < L /2, then (S +S—1)(Vf) is
two separate pieces V(x—L) f(x—L) supported near xo+ L and V(x+ L) f(x+L)
supported near xog — L, while V(Sy, + S—_p) f is two pieces V(x) f(x — L) and
V(x) f(x + L). Since the pieces are disjoint,

Vix)f(x—L)y=V(x+L)f(x—L)

which implies (5.50).
For general V, take g € €3°(R) with [ g(x) dx =1 and note

d2
/g(x)Sx (_W + V) S_xdx

is —j—xzz + g x V and it commutes with S7, + S_;, also. But g % V' is bounded, so
it is periodic. (5.50) follows by using an approximate §-function. O

6. Block Jacobi matrices and matrix orthogonal polynomials

What the magic formula suggests is that the Jacobi matrix J has parameters
that approach an isospectral torus if and only if A(J) approaches S? +S~7. A(J)
is a matrix of width 2p + 1 (i.e., A(J)ge =0if k —£€ ¢ {0,£1,...,£p}) and
SP? + S™P is a matrix with 1’s at the extremes.

A matrix of width 2¢ 4 1 has the structure of a tridiagonal matrix if rewritten
in terms of £ x £ blocks and S* + S~¢ corresponds to By = 0, Ay = 1, the identity
matrix, so A(J) ~ S t 4 5, at the matrix level, approaches the ‘free case.” This
will allow us to reduce our main theorems to matrix analogs of the theorems on
perturbations of the free case.

Of course, the association of the block matrix to orthogonal polynomials is
critical—the orthogonality will be with respect to a matrix-valued measure. There
is a huge literature on MOPRL (see, e.g., [16], [24], [32], [33], [34], [35], [36],
[37], [38], [391, [57], [75], [76], [119], [120]) and MOPUC (see, e.g., [8], [25],
[26], [28], [29], [27], [301, [44], [71], [74], [95], [114], [121]). In this section,
our main purpose is to set notation and discuss the important notion of equivalent
families of block Jacobi matrices, a notion discussed more explicitly in [21].
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Given a semi-infinite complex matrix M = {m;j}1<i,j<cc and £ =1,2,...,
we define the £x{ block decomposition as the family of £x£ matrices {My,}1<q,r<oo
by
(6.1) (Myr)ij = mgq-n+iec—v+j  LJj=1....L

Definition. A block Jacobi matrix is an M where

By ifr=¢g>1

Ay ifr=qg+1,g>1
T
Ay
0 lg—rl=2

6.2 M, =
©2) 7 ifr=¢g—-1,g>2

with each A, invertible and each B; Hermitian. Here, following [103, §2.13], we
use T for Hermitian adjoint; this is to avoid confusion with the Szegd dual @}
appearing in OPUC.

We will start writing $ for such matrices. In analogy with the scalar case, one
may be tempted to require

(6.3) Ag>0

but to include A(J), we do not want to do that exclusively. If (6.3) holds, we say
that $ is of type 1. If instead

(6.4) Ar... A, >0

for all n, we say ¢ is of type 2.

An £ x £ matrix, K, is said to be in & if it is lower triangular with strictly
positive diagonal elements; that is,
0 ifi <j
(6.5) Kij = e

>0 ifi =

If each A; € &, we say that ¢ is of type 3. The calculations in Section 3 and 4
show:

PROPOSITION 6.1.(i)  If A is the discriminant of a periodic Jacobi matrix,
Jo, of period L, then for any Jacobi matrix, J, A(J) = $ is a block Jacobi
matrix of type 3.

(i) If A is the discriminant of a periodic CMV matrix, 6o, of even period £, then
for any CMV matrix, 6, of A(€) = $ is a block Jacobi matrix of type 3.

We will see that distinct $’s may correspond to the same measure. Indeed, in
the scalar case, the b,’s and |a,|’s are fixed by the measure, but the arg(a,)’s are
arbitrary. Thus, we define
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Definition. Two block Jacobi matrices, $ and §, are called equivalent if and
only if there is an £ x £ block diagonal unitary W = 1@ U, @ U3 & --- (we will
use U; for 1) so that

(6.6) $=augu!.
This is equivalent to

(6.72) By = Uy B,U, Y,
(6.7b) Ap = Up AUl

We will be interested in equivalence classes of $’s.

PROPOSITION 6.2 ([21]). Each equivalence class of $’s has exactly one ele-
ment each of type 1, type 2, and type 3.

Definition. The Nevai class is the set of $’s for which
(6.8) B,—0 Al4 —1.
The following is immediate from (6.7):

PROPOSITION 6.3. If some $ is in the Nevai class, so are all equivalent $’s.

For types 1 and 3, Damanik, Pushnitski, and Simon [21], and for type 2,
Kozhan [64] prove that

PROPOSITION 6.4 ([21]). If $ is in the Nevai class and is type 1, type 2, or
type 3, then

(6.9 Ay — 1.

We will sometimes need the MOPRL, the matrix orthogonal polynomials.
What we describe here are the left OPs. There are also right OPs (see [21]), which
we do not need here. An £-dimensional matrix-valued measure is a positive scalar
measure d7;(x) and a nonnegative £ x £ matrix-valued function M (x). The matrix-
valued measure

(6.10) dn(x) = M(x) dn(x)
can always be normalized by
(6.11) Tr(M(x)) =£.

We will always assume d7 is normalized; that is,

(6.12) /dn(x) =1.

The proper notion of nontriviality is a little subtle; it is discussed in detail in [21].
For our purpose here, it is sufficient that ((-, -)).. defined below is nondegenerate on
polynomials.
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If f, g are two £-dimensional matrix-valued functions, we define
(b= [ M) 70t dni o),

Note that this ‘inner product’ returns matrix values. Recall also that T denotes the
Hermitian conjugate of a matrix. The subscript ‘L’ is for ‘left’ and reflects the fact
that if C is an £ x £ matrix, then

(6.13) (f.Cah=C(f g,
(6.14) (Cr.en = (fegnct.

We will normally just write (-, -)) from now on.
Left orthonormal polynomials are of the form

Pn(x) = kpx™ + lower order
with matrix coefficients, defined by

(6.15) {pn> pm) = Snml.

So long as dn is nontrivial, the pj, exist. They are not unique since if {U, }o> , are
unitary £ x £ matrices,

(6.16) Pn(x) = Unt1pn(x)

are also MOPRL. We demand k¢ = 1, that is, po(x) =1, and so U; = 1.
{pj }720 are a left module basis for matrix polynomials of degree n, that is, if

f is any polynomial of degree n, then there are unique £ x £ matrices fg, ..., fu
so that n
S =Y fipix).
Indeed, j=0
(6.17) Ji=pj. )
Forn =1,2,..., define
(6.18) By = {(pn—1,xpn—1)) An = {(Pn, xpn—1))-

Then, since xp; = Zé:& Cypg implies {(p;, xpn)) = (xpj, pu)) =0if j <n -2,
we have

(6.19) Xpn(X) = An1Pnt1(X) + Bug1 pn(x) + Al pn_1(x).
This implies A, 416n+1 = Kpn SO
(6.20) kn=(A1...An)™!

and the type 2 condition is equivalent to k, > 0.
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Looking at (6.19), we see that (6.16) holds for p,, p, if and only if 4,, B,
are related to A,, B, by (6.7). Jacobi matrix equivalence is just a ‘change of phase’
in the MOPRL.

Given a block Jacobi matrix, we can view it as acting on the Hilbert space
€2({1,2,...},C% with inner product

o0

(6.21) (f.g)= Z - 8n)e
If {eJ} -, 1is the standard basis of C¢, then {&. e 1J—1’ defined by
(6.22) (8k;j)n = Skne;
is a basis. § acts on £2({1,2,...},CY) via
(623) (FS)n = A}y famt + Bufu+ An futr
(with Ag = 0).

The spectral measure for $ is the £ x £ matrix-valued measure with
(624) (s £ 9)o0) = [ S5 ()

for any scalar-valued function f. It is easy to see (e.g., [21]) that this map from
$ to n inverts the one given by forming the MOPRL and defining ¢ by (6.18).
Moreover, § and § are equivalent if and only if d7 = dn.

The m-function is defined by

(6.25) m(E) = / ﬁ dn(x)

(6.26) = (80;-, (§ — E)""S0;.).

It is an £ x £ matrix-valued Herglotz function:

(6.27) ImE >0= Imm(E) > 0;

that is, z—ll(m —mT) is positive definite in the upper half-plane. For information

on matrix Herglotz functions, see [3], [4], [11], [12], [42], [46], [49], [50], [53],
[58], [65], [66], [97], [117]. Obviously, by (6.25), m is constant over equivalence
classes.

As in the scalar case, one has that for a.e. x € R, limg o m(x +ig) =m(x+i0)
exists (see [103, §1.2]), and

(6.28) dnae(x) = 77 Imm(x +10) dx.
Here

(629) dr]ac(x) = M(X) dnt;ac(x),
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where d1;.,c 1S the a.c. part of dn,. Alternatively, dn,. is the unique matrix-valued
measure which is a.c. (i.e., 7,c(/) = 0 for any set with |/ | = 0) and where there is
aset K with |K| =050 (n—1,)(R\ K)=0.

Given a block Jacobi matrix, §, by $ we mean the matrix with the top n
(block matrix) rows and leftmost #n columns removed; that is,

(n) _ (n) _
(6.30) B =8, APV =4,,,.

We write m ™ (z) for the m-function associated to $. Equivalent $’s do not have
the same m™ forn > 1 (although they are unitarily related). We see m© = m.

We will need the following result of Aptekarev-Nikishin [6] (see also [21]), a
matrix analog of the well-known Jacobi-Stieltjes recursion for OPRL:

THEOREM 6.5 ([6; 21]). We have that
(6.31) m™(E)™ = E— Byy1 — Appm ™ (E)A]
forn=0,1,2,....

Next, we need to note the following analog of a well-known scalar result (see,
e.g., [105]) proven in [21]:

THEOREM 6.6. Let § be a block Jacobi matrix with o.ss($) C [a, b]. Then,
for any ¢, there is a K so that for k > K,

(6.32) o(3®)Cla—eb+e].

Finally, we need to look at poles and zeros of det(m(z)). In the scalar (£ = 1)
case, poles occur precisely at eigenvalues of $ and zeros at eigenvalues of $M the
once stripped Jacobi matrix. In that scalar case, these eigenvalues are distinct.

In the matrix case, $ and $(1) can have eigenvalues in common (as can be
easily arranged by taking a direct sum of suitable scalar J’s) so there can be can-
cellations. We say a scalar meromorphic function, f(z), has a zero/pole of order
k €Z at zg € C if (z — z9) ¥ f(2) has a finite nonzero limit as z — zo. We will
need the following result from [21]:

THEOREM 6.7 ([21]). Let xo € R. Let go be the multiplicity of xo as an
eigenvalue of $, and q1 its multiplicity as an eigenvalue of $1. Then
(@ qo+q1=¢,
(b) det(m(z)) has a zero/pole of order q1 — qo.

We will also need the following result from Aptekarev-Nikishin [6]:
THEOREM 6.8. Let $ be a block Jacobi matrix with 0ess($) = [—2,2], 0 ($) \
Oess($) a finite set and with g(x) = dn,.(x)/dx we have

(6.33) /(4 — xz)_l/2 log(det(g(x)) dx > —o0.
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Suppose $ is type 2. Then
lim Al “ e An

n—0o0

exists and is a strictly positive matrix.

7. A Denisov-Rakhmanov theorem for MOPRL

As preparation for proving Theorem 1.2 in Section 8, in this section we will
prove

THEOREM 7.1. Let dn be a nondegenerate £ x £ matrix-valued measure on R
with associated block Jacobi matrix $ of type 3 so that

(1) O—ess(j) = [_2» Z]a
(ii) dn= f(x)dx + dns

with dns singular, and

(7.1 det(f(x)) >0
a.e. on [=2,2]. Then

(7.2) B, —0 A, — 1.
Remark. (7.1) says the a.c. spectrum has multiplicity £.

If assumption (i) in Theorem 7.1 is replaced by the stronger o(J) = [-2, 2]
and type 3 by type 2, this is a theorem of Yakhlef-Marcelldn [119]. We will prove
Theorem 7.1 by modifying their proof.

The shift from type 2 to 3 is easy on account of Proposmon 6.4. By applying
the argument of [119], we get A, — 1 for the equivalent g of type 2, conclude the
whole equivalence class is in the Nevai class, and see A, — 1. So we will only
worry about the changes needed to go from o (J) = [-2, 2] to 0ess(J) = [-2, 2],
where we follow Denisov’s approach for the scalar case [31].

[119] relies on a matrix version of Rakhmanov’s theorem proven by Van Ass-
che [114]. We need to extend it slightly to allow a.c. spectrum on a large subset of
0D rather than all of 0D:

THEOREM 7.2. Let di be an £ x £ matrix-valued measure on 0D and let
{an 2o denote its matrix Verblunsky coefficients . Suppose

do

(7.3) dpu =w(0) — +dus
2w

where dis is singular, and let

(7.4) Q = {0 : det(w(0)) > O}
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Then

3\ 1/2
(7.5) limsup [, || <2+v2¢€ (1 — (?) ) .

n—00 T
Remarks. 1. For notation on MOPUC, see [21].

2. Where we use {a, },~, Van Assche [114] uses { H, };,2, related to o, by
(7.6) H, = —a!

n—1-

3. We follow notation from [114] and the variant of the scalar proof as in
[104, §9.1] where a,, by, ¢, d, below all appear.
We define

an = |lom |,
1 [2 . o . .

bng=5- /0 [ e A G R | G - Cao i W R
1 27 . o e .

Cng =57 /0 LT G T G e 7 U Cap W R )

dy = —— / T I w @)k ) 1/2) do.
27'[6 0 n n

PROPOSITION 7.3. For every n > 0, we have that

(7.7) an < bng for every q > 1,

(7.8) bﬁjq <80%(1— Cn,q) for every g > 1,
2 .

(7.9) d; < qlrzlf1 Cn,g-

Moreover, we have that

21)*?
(7.10) (—) <liminf d,.
2T n—o00
Consequently,
|Q| 3\ 1/2
(7.11) lim sup a, < 2«/5@(1 — (—) ) .
n—o00 2w

Proof. The second to last displayed formula on [114, p. 233] is (7.7). The
estimates on [114, p. 238] show that
2

1 2 . o . o
bﬁ,q=4n—2( /0 [ G L G g | G - G g Ll d@)

20 (2?7 . . _ o
L e [ R DR T T
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24

< —@nl—4nlcyy)
T

=802(1—cpy)

which is (7.8). Equation (4.9) in [114, p. 239] is (7.9).
Now, mimicking the estimates on the bottom half of [114, p. 240],

/Q T/ O)w(®) £(6)]/*) db

) ) do 1/4
< (znz / Tr(f(O)gr () (@)D F(O)) 2—) @ntdy)'?.
Q T
Taking n — oo, we see that

fg (£ (O)w(®) £(6)]/*) db

< (me Tr / £(0)du(0) £ /42l liminf d,)"/>.
Q n—-oo
Removing the singular part as in [114], we obtain

/QTr([f(Q)w(Q)f(Q)T]I/“)d@

1/4
< (2716 Tr/ f(@)w(@)f(@)*d@) (27r€ lim inf dn)l/z.
Q n—0o0
Proceeding as in [114, pp. 241], it then follows that
Q1€ < 27 |2[0)/* (2L liminf d,)"/?
n—>oo

which implies (7.10).
Putting these estimates together,

an <bn1 <2vV20(1—cy 1)V <2v20(1 —d?)V/?

2\ 1/2
lim sup a, 52\/56(1—(—) )

n—o00o 2

which is (7.11). g

and hence

In particular, for 27 — || small,

2 3\ 1/2
i en=o((1-(57) ) ) -oem e

as in the scalar case.
We have thus proven Theorem 7.2. To get Theorem 7.1, we follow [119] using
the analog of Denisov’s arguments for the case £ = 1.
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Proof of Theorem 7.1. By Proposition 6.4, we need only prove for the type 2
choice, for any ¢ > 0, we have

(7.12) limsup (| Ay — 1] + [ Ba ) < e.

By the Szegé mapping and Geronimus connection formulae in [119], this holds by
Theorem 7.2 so long as for any ¢’ > 0, we can find k so o ($®)) c [-2—¢',2+¢],
and this is true by Theorem 6.6. O

8. A Denisov-Rakhmanov theorem for periodic OPRL

Our main goal in this section is to prove Theorem 1.2. We will also prove
the ‘hard’ half of Theorem 1.1. The simplicity of the proof shows the magic in the
magic formula!

Proof of Theorem 1.2. By a right limit of J, we mean a two-sided Jacobi
matrix, J,, (but with some a’s allowed to vanish) so that for some subsequence
nj — oo and any k € Z,

(8.1) an;+k = @)k bu;+k = (br)k.

By our standing convention, Jacobi parameters are uniformly bounded, so by com-
pactness, if d,,((a,b), T j,) - 0, there exists a right limit J, ¢ J5,. Thus, it
suffices to show that any right limit J, has J, € J j,.

By the hypotheses of Theorem 1.2, the spectral mapping theorem, and the fact
that A maps oess(Jo) to [—2, 2] with a p-fold cover on (—2,2), we see that

A(J)ess = [_27 2]

and A(J) has a.c. spectrum of multiplicity p. So thinking of $ = A(J) as a block
Jacobi matrix, ¢ is of type 3 and the hypotheses of Theorem 7.1 apply. It follows
that A, — 1, B,, — 0. This means that A(J,) = S? + S ™2 so by the magic formula
(Theorem 3.1), J, € T ,. O

Rakhmanov’s theorem is often related to issues of w-lim|p,|? du and to the
density of zeros. We note that there are also results of that genre here:

THEOREM 8.1. If Jy is a periodic Jacobi matrix of period p and J is a Jacobi
matrix with bounded Jacobi parameters whose right limits all lie in J j,, (in partic-
ular, if the hypotheses of Theorem 1.2 hold), then (with du the measure for J)

(a)
1 p
(82) wolim — % | pj4n (0 du(x) = dv

n—co p =
the density of zeros for Jy.

(b)  The density of zeros of pn(x) converges to dv.
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Proof. If J1 € J,, then the spectral measure dM;({Jl) associated to d; has

period p in k since Jj is periodic. Thus

. 1 AR A

| E dpst =—E dust

N—>1H<1>02N+1. Hj p - Hi
ljI=N Jj=1

but the limit is dv by the discussion in Section 2.8. Since
J
83) [ 100 duto) = 6.'))

and Jj j, J; j+1 is very close to some (J1);,j, (J1);,j+1 for | j — jo| < M for fixed
M and jy — oo, we see that moments of the left-hand side of (8.2) are close to
moments of dv. This proves (a).

If J denotes the top left n x n submatrix of J, then

/ xtdv, = %Tr((J("))é)

SO
1 n—1
- ¢ o ¢l L (2
Jim [ x"dv, = Tim [ x [n X;)PJ(X) dM(x):|
J:
and thus (a) implies (b). O

We also have
THEOREM 8.2. If dm((a,b), T 5,) — O, then

O—ess(‘]) - O—ess(JO)-

Proof. By the magic formula, compactness, and the fact that every right limit
of J isin J ,, we see that every right limit of A(J) is S? +S™7, thatis, 4, — 1,
B,, — 0. Thus, by Weyl’s theorem, e (A(J)) = [-2,2]. Since

Oess(A(J)) = A(0ess (S))
we see Oes(J) C ATH([=2,2]) = 0ess(Jo). O
Remarks. 1. Since A is p to 1, we cannot conclude that gess(Jo) = Tess(J)
from A(0ess(Jo)) = A(Oess(J)).
2. That 0ess(Jo) C Oess(J) is a simple trial function argument given that J
must have some right limits; see [69], [70].

9. Denisov-Rakhmanov sets

In this section, we want to show how one can take suitable limits of Theo-
rem 1.2 to get a ‘cheap’ proof of similar theorems in other nonperiodic cases. We
will also present an insight into the proper general form of Denisov-Rakhmanov-
type theorems.
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The right limits we have discussed so far involve the weak product topology
on the Jacobi parameters, so we will emphasize this fact by using the phrase ‘weak
right limits’ in this section. We are also interested in limits in the £°°-topology for
two-sided sequences, that is, {c,gk) oo (e°) |,

only if, as k — oo,

in this topology if and

sup |c,§k) - c,§°°)| — 0.
n
In terms of weak limits, we note the following:

PROPOSITION 9.1. Let € be a closed set. Let J be a half-line Jacobi matrix
with

(CAY Yac(J) = 0ess(J) = €.
Let J, be a weak right limit of J. Then
9.2) Yuc(Jr) =0 (Jp) =€.

Remark. Note that (9.2) has o (J;), not merely Gess(J7).
Proof. By results in [69],
o(Jy) C€C XZu(Jr).
Since X, (Jr) C o (Jy) trivially, (9.2) holds. |

Recall that a sequence {c, }5= _, is called uniformly almost periodic (in the
general theory of almost periodic functions, this defines ‘almost periodic’—we add
‘uniformly’ because the term is sometimes used in a weaker sense in the spectral
theory literature) if and only if {¢® } oo _ oo given by (c®), = Cn+¢ has compact
closure in the £°°-topology.

Definition. A set € is called essentially perfect if and only if € is closed, and
forall E€e€andé >0, |(E—6,E+38)NE| >0.

Remark. Essentially perfect sets are precisely the sets, €, for which there is a
purely a.c. measure dn with supp(dn) = €.

Definition. A set € is said to be a Denisov-Rakhmanov set if and only if

(i) € is essentially perfect and bounded.

(i) There is a set J¢ compact in the uniform topology so that for any bounded
Jacobi matrix, J, for which (9.1) holds, the set of right limits of J lies in Jg.

The definition says nothing explicit about J¢ being a torus, but by Proposi-
tion 9.1, if J, € J¢, then (9.2) holds, and since J¢ is closed under translations,
each J; in J¢ is almost periodic. By Kotani theory (see [62], [63], [100], [104]),
(8n. (Jr — E —ig)~18,) has real boundary values for a.e. E. In many cases and,
in particular, if € is a finite union of closed intervals, Sodin-Yuditskii [109] (see
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also [5], [14]) proved there is a natural torus so that any almost periodic J, with
real boundary values lies in this torus. Thus for such cases, that € is a Denisov-
Rakhmanov set can be connected to approach to an isospectral torus. In particular,
our Theorem 1.2 implies the statement that oess(Jo) is a Denisov-Rakhmanov set.

Given an essentially perfect set, €, we define %(%) to be the set of Jacobi
matrices obeying (9.1).

The following two simple results will be the basis of our approximation theo-
rems:

PROPOSITION 9.2. Let € be an essentially perfect set. Suppose there are
uniformly compact sets {9(”)},3‘;1 and T of two-sided Jacobi matrices so that
1) IfJ, € T™ and J, — Joo weakly, then Joo € T,
(2)  For any weak right limit point J, of some J € 9(€), there is J € T™ so

~ ~ 1
9.3) sup |aj(-r) —aj|+ |bj(-r) —bj| < o

ljl<n

Then € is a Denisov-Rakhmanov set.

Proof. Let J,, be the J guaranteed by (9.3). Then clearly, J, converges weakly
to Jr so, by (1), J, € I (©0) . Since T is uniformly compact, € is a Denisov-
Rakhmanov set. O

PROPOSITION 9.3. Let Jo be a fixed periodic Jacobi matrix with essential
spectrum €g. Then for any n, there is a 6 > 0 so that for any set € with

(9.4) (@)  €C{E:dist(E, %) <8},
9.5) (b) [€] > (1—9)|€ol,

and any J € 9(€), we have that any right limit, J,, obeys (9.3) for some J e T Jo-
Moreover, if p is fixed and C is a compact subset of [(0, 0c0) x R]?, then § can
be picked to work for all Jo = {(an, bn)},‘;’:1 eC.

Proof. The uniformity claimed in the last statement comes from noting that
choices can be made uniformly in the proof below.

Let p be the period of Jy. We first claim that given 81, we can find § so if €
obeys (9.4)—(9.5), then

(9.6) dist(A(€), [-2,2]) <61,
9.7) [{x € (=2,2) :all p solutions of A(E) = x liec in €}| >4 — ;.

This is immediate from the continuity of A and its derivatives.
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Next, we note that given e1, we can find §; so that if $ is a p x p block Jacobi
matrix so that

Uess(g) - [_2 - 81, 2+ 81]
{E € [—-2,2]: $ has a.c. spectrum at E of multiplicity p}| > 4 — 61,

then

limsup |$xm — (S? + S P)pm| < &1.

k,m—o00
The proof of this is identical to the proof of the matrix Denisov-Rakhmanov theo-
rem.

Combining these steps, we are reduced to showing for any n and e, there is
&1 so for all two-sided J, with dist(a(J;), €) < e, we have that
(9.8) sup |A(Jr) = (S? + S7P)km| < &1
k.m

implies there is a Jed Jo S0 that (9.3) holds. To do this, we first follow the proof
of Theorem 3.1 to note that for n, ¢,, and ¢3 fixed, we can find &1 so (9.8) implies
there is a p-periodic J # such that

(9.9) IATF) =AW < &2

and
sup |a](-r) —a?l + |b](-r) —bj| <es.
ljl=n ' '
Finally, a compactness argument shows that for any n, we can find ¢4 so for
any periodic J # with
IAUH ~(SP+57P)| < ea
thereisa J € T Jo So that

- 1
1T —J) < —.
2n

Putting these together implies (9.3). O

THEOREM 9.4. Let £1,05, ... be an arbitrary sequence in (2,3,4,...). For
any £1-periodic Jacobi matrix J©, there exist ko, ks, ... so that for any limit
periodic J with Jacobi coefficients

(o,]
(910) ap = ar(IO) + Z Re[AmeZJTin/elez...Zm]’
m=2
m .
9.11) b, = br(;o) + Z Re[Bmelmn/ll...lm]

m=2



PERTURBATIONS OF OP WITH PERIODIC COEFFICIENTS 1977

obeying
(9.12) |Am| =+ Bm| < km.
we have that o (J) is a Denisov-Rakhmanov set.

Remark. The study of limit periodic discrete Schrodinger operators with small
tails was initiated by Avron-Simon [7] and Chulaevsky [19]. They prove purely
a.c. spectrum.

Proof. As in [7], [19], one can pick the k,,’s so the spectrum is purely a.c.
and so that the union of all isospectral tori for the periodic approximates lie in
a fixed £°° compact sets. This implies the limit periodic potentials also have
compact isospectral sets, and within this compact set, weak convergence implies
norm convergence so hypothesis (1) of Proposition 9.2 holds. By decreasing the
km’s if necessary, Proposition 9.3, continuity of the spectrum in £°° norm, and
absolute continuity of periodic spectrum imply we can be sure that (9.3) holds.
Thus Proposition 9.2 implies this theorem. O

Our final theorem in this section is the following:
THEOREM 9.5. Fix £. Let G = {(ot1, B1. 2. ..., 0tpp1. Be1) € RZH2 1y <
B1 <az <Pz << PByy1}. For (@, B) €Y, define
£+1

(9.13) €@, )= oy, 81

j=1
Then {(a, ,E) (é(a, B) is a Denisov-Rakhmanov set} contains a dense Gg.

Remarks. 1. As we have seen, the é(a, ,5 ) which arise from periodic problems
are precisely those where the harmonic measure of each e; = [}, B;] is rational.
In particular, if we fix & and B¢ 1, the set of B’s that are periodic is countable, and
so certainly not a Gg. We show that the family that leads to Denisov-Rakhmanov
sets is uncountable.

2. It is a reasonable conjecture that every € is a Denisov-Rakhmanov set, so
this result is weak. We include it because it is such a ‘cheap’ way to go beyond
the periodic case using only that case.

Proof. For each (a, ,[;), it is known [109] that there is an isospectral torus I
of almost periodic J’s where (whole line) spectrum is precisely é(a, B). It follows
from the construction in [109] that if (@™, ,5 ")) € 4 converge to (@(°, B () e,
then condition (1) of Proposition 9.2 holds.

Let %, be the subset of 9 coming from periodic problems—this is dense in 4.
For (@@, ,5 ©) € 4, pick J(@®, B©) periodic with €(a@©®, B©) as spectrum

and pick 8, (@@, B ) via Proposition 9.3 requiring 8, < %min(| ﬂ](.o) — ozj(.o)|,
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1059, = BS”D). Let U™ o, o) = {(@. f) : E@. B) obeys (9.4)/(9.5) for & =

€@, B), € = €@, f®) and § = §,, and let
U™ — U U(n)(oz(o), ,3(0))‘
<gﬂ

This is dense and open. Then N, U ) is a dense G5 whose points, by construction
and Proposition 9.2, correspond to Denisov-Rakhmanov sets. O

10. Sum rules for MOPRL

In this section, our main goal is to prove the following two theorems about
block Jacobi matrices:

THEOREM 10.1 (P, sum rule for MOPRL). Let $ be a block Jacobi matrix
with £ x { Jacobi parameters {Ap}5° 1, {Bn ;> and matrix measure d. Let m(E)
be given by (6.25) and suppose 0css($) = [—2,2]. Define forzeD\{z=E+E~!:
Eeo($)\[-2.2]}
(10.1) M(z) =—-m(z+z7Y).
Let F, G be the functions

(102) FB+p~") =182 - B2 —logp’]
for B e R\ [~1,1], thatis, E = B+ B~ e R\ [-2,2] and
(10.3) G(a) = a®—1—log(a?) a € (0, 00).
Then lim, 41 M (re'?) exists for a.e. 6 and

1 in‘ 0
(104) — / log(L) sin 6 do
2 det(Im M (e'?))

o0
+ > F(E)=) T} BZ+1G(4a)).
Eeco($)\[—2,2] n=1

Remarks. 1. All terms are positive (since F and G are positive, this is evident
for two terms; positivity of the integral will be seen below), so this sum rule always
makes sense, although some terms may be 4ooc.

2. Recall that |4,]| = \/A,EAH; although since the formula for G(a) only

2

involves a, one does not need to take a square-root.

3. Because of the trace and absolute value, Tr(%B,% + %G(|An [)) is constant
over equivalence classes of Jacobi matrix parameters.
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4. In the type 1 case, the right-hand side of (10.4) is finite if and only if
$ — SP — S7P is Hilbert-Schmidt. This is also true when ¢ is of type 3; see
Proposition 11.12.

THEOREM 10.2 (Sharp case Cp sum rule for MOPRL). Consider the three
quantities:

1 [ sin‘ 0
(10.6) GB@H= Y, log(B.
E¢o(P\[-2,2]
where B is related to E by
(10.7) BeR\[-1,1] E=B+p""
and
N
(10.8) Ao($) = Jim — ; log(det(|4, 1)),

which we suppose exists but it may be +oo or —oo. Then
(1)  Ifanytwo of Z,€q, Ao are finite, then so is the third.
(i)  If all are finite, then

(10.9) Z(J)=A0(J)+%éo(J).
(i) If all are finite, then

N
(10.10) lim Z Tr(By)
n=1

N—o0

exists.

Remark. We will prove (and actually use it to prove Theorem 1.3) that if
€0(J) < 00, then Z(J) < oo so long as

N
(10.11) Ag($) =lim] inf(— ; log(det(|An|))) < 0.

Theorem 10.1 is a matrix-valued analog of the OPRL P, sum rule of Killip-
Simon [61], and Theorem 10.2 of the OPRL Case Cp sum rule by Simon-Zlatos
[108]. Both were refinements of sum rules of Case [17], [18] who in turn was
motivated by earlier KdV and Toda sum rules. Case only considered short-range
|an — 1| + |by|, while [61], [108] considered the necessary techniques to go up
to the borderline of validity. [108] had some simplifications of [61], and [101]
further simplified, although each of the later two proofs depends heavily on the
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earlier ones. Here, following Simon [101], we will prove a nonlocal step-by-step
sum rule. As there, the key is a suitable representation theorem for meromorphic
Herglotz functions—in this case, extended to matrix-valued functions.

For a € (—1, 1), we define Blaschke factors as usual by

4=z (<a<1
(10.12) b(z,a) = )1-az .
lz—aaz —-1<a<0.

PROPOSITION 10.3. Let f(z) be an £ x £ matrix-valued meromorphic function
on D so that

(10.13) Q) +1Im f(z) > 0 when +Imz > 0,
(10.14) (ii) lin}) f)z7 b =1,

where Im f = %(f — 1. Then

(@) Forae. 0,lim.4; f(ret?y = f(e'?) exists.

(b) log|det(f(e'?))| € Ni<p<ocoL? (0D, d0/2m).

(¢c)  All the zeros and poles of det( f(2)) lie on (—1, 1) and are of finite order. Let
{zj };?‘;1 and {p; }}?‘;1 be those zeros and poles of det( f(z)) repeated up to
multiplicity (it can also happen that both sets are finite). z = 0 is not included
in{zj}. Then

H|z~|<r b(Z’Zj)
(10.15) Boo(2) = lim —
oo rTl l_[‘pj|<rb(2,pj)

exists and obeys:
(i)  Beo is analytic and nonvanishing on C\ {z;} U {p;j} U {zj_l} U {pj_l} U

(=1}
(i) |Boo(e'?)|=10ndD\ {£1};
(iii)
(10.16) larg(Boo(2))| < 274

for |z| < 1 with arg normalized by arg B (0) = 0;
(d)  We have the representation

i9+Z

(10.17) det(f(z)) = ZKBOO(Z) exp(/ ¢

et —z

. do
logldet( /(&) 7).
Remarks. 1. It should be possible to prove that 0 < arg(Bxo(z)) < ¥ for
Im z > 0; we settle for the weaker result.

2. (10.14) is not central for a result of this type, but it is true in applications
and simplifies the notation.
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3. This result for £ = 1 is in [101]. £ > 1 has some subtleties, but the basic
strategy we use is that of [101].

We will prove this result in a sequence of lemmas:

LEMMA 10.4. det( f(2)) is analytic and nonvanishing in Q = {z : z € D,
Imz > 0}, and arg(det( f(z))) can be chosen in that region to be continuous so
that

(10.18) 0 < arg(det(f(z))) < =¥.

Proof. In , all matrix elements (¢, f(z)¢) are analytic and have a.e. bound-
ary values (since they are scalar Herglotz functions), so by polarization, f(z) is
analytic on  and has a.e. boundary values. Thus det( f(z)) as a polynomial in
matrix elements is analytic on €2.

Consider

(10.19) P(A,z) = det(Al — £(2))

which is a polynomial in A with analytic coefficients away from the poles of f. It
follows, for z near any zg about which f is analytic, that the roots P(A,z) =0
written as a function of z are analytic functions in (z — zg)/¥ for some k depend-
ing on zg. It then follows that near any fixed zg, all roots are analytic, that is,
singularities are isolated.

Pick x¢ € (0, &) so that xg f(x¢) > 0, so all eigenvalues A1(xg), ..., Ag(xp)
are in (0,00). Let z € Q be a point about which all eigenvalues are analytic,
and let y(z) be a simple closed path from x¢ to z which avoids the discrete set
where eigenvalues are not analytic and lie in €2 except for x¢ with, say, y(0) = xo,
y(1) = z. By analytically continuing eigenvalues, we get functions {A; (Z)}le,
so Aj(z) are all the eigenvalues of f(y(¢)) and A;(0) € (0,00). By Im f > 0,
ImAj(z) > 0, so if we define arg(4,(z)) with arg(4,(0)) = 0, we have

0 <arg(d;(z)) <m.
Thus
L
arg(det(f(2))) = Y _ arg(A;(2))

Jj=1

normalized by arg(det( f(xg))) = 0 obeys (10.18).
By analyticity of det( f(z)) and the fact that it is nonvanishing, arg(det( f(z)))
is uniquely defined as a continuous function on 2 with

hfol arg(det( f(xg +ig))) =0.
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By the above, (10.18) holds at all points z in £ where all eigenvalues are analytic
and so, by continuity and the open mapping theorem for analytic functions, all
points. O

LEMMA 10.5. Let a < b lie in (—1, 1) so that both a and b are neither a
zero nor a pole of det( f(z)). Let Z(a, b), P(a, b) be the number of zeros, poles of
det( f(2)) in (a, b) counting multiplicity. Then

(10.20) |Z(a,b)— P(a,b)| < L.

Proof. By the argument principle, 27t (Z — P) is the change of arg(det( f(z))
along the circle through a and b centered at %(a + b). By Lemma 10.4, this is at
most 2(¢7). O

LEMMA 10.6. The sets of zeros and poles (with multiplicity) of det( f(z)),
including the {-fold zero at z = 0, can be written as { subsets Z](k), p](.k) with
k=1,....0 and =Ny < j < Ny (with Ny and Ny among 1,2, ..., 00) so that
Z(()k) =0and

(k) k) _ (k)
(10.21) z; <p;i <Ziyy
for all allowed values of j.

Remarks. 1. If there are infinitely many z in (—1, 0) and in (0, 1), then Ny =
Ny = oo for all k. The awkwardness requiring Ng, N is only needed if there are
finitely many zeros.

2. To avoid notational complexity, we slightly lied if Ny or ]Vk is finite. If

Ny is finite, z](.k) runs to j = Ng. p](.k) can then run to either N; or N — 1.

Proof. Construct Sy, S5,...,S¢ as follows: Set z(()l) = 0. Let p(()l) be the
first pole larger than z(()l), zgl) the first zero larger than p(()l), pgl) the next pole,
etc. This either continues indefinitely, in which case we set N; = oo, or stops
because there is no next zero or pole. Then do the same to the left of 0, that is,
p(_ll) is the first pole smaller than Zgl), etc. Clearly, the points in S; obey (10.21).
Now remove the points of S (or decrease their multiplicity by 1) and repeat the
construction (starting with z(()z) = 0) to make S3, S3,...,5/.

We claim that after we construct £ S;’s, we have exhausted all the poles and
zeros. Let us show this is true for (0, 1); the argument for (—1, 0) is similar (and
since 0 has multiplicity £, it is removed after £ steps).

Suppose Z is a zero that is left and it is closer to zero than any leftover zero or
pole. If Z lies in some (pj(.k), 21(121), j=0,1,..., we could have used it as Z](lj_)l
so it cannot lie in any such interval. Put differently, there are only matched zeros
and poles in (0,Z2) N Uf=1 S;. By the choice of Z, there are no other poles in (0, Z).
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Thus, for small 6, the interval (—§, Z + §) has £ + 1 extra zeros over poles, violating
Lemma 10.5. So the closest leftover point is not a zero.

Suppose p is a pole that is left and it is closer to zero than any other leftover
zero or pole. As above, p cannot lie in any (Z( ) , p(k)) j=0,1,..., so there are
only matched zeros and poles in [0, ) N U¢ =1 S;. But then, for small §, (8, p + 5)
has ¢ + 1 extra poles, violating Lemma 10.5. Thus Ule S; includes all zeros and
poles. O

LEMMA 10.7. The limit Boo(z) of (10.15) exists and obeys conditions (1)—(iii)
of Proposition 10.3(c).

Proof. Renumber the p(k) into a single sequence P1, P2, -..,80 | p1]| <|p2| <
- and let z;, be the correspondingly paired z : +1 (paired to the p( ) that is p).
Since {( p(k) j(]f,_)l)} 11 are disjoint subsets of (0, 1) for each fixed k,
Zl (k) (k)| L0 k) _
iy TP = 2 51T P
j=1
so we see that
o0
Z|Zj - pjl <2¢L.
j=1

The existence of B, then follows by Proposition 13.8.2 of [104], as do (i) and (ii).

To get (iii), we note that just taking the zeros and poles in a single S; yields
a set obeying (13.8.5) and (13.8.6) of [104]. So, by (13.8.10), that product has arg
bounded by 27. The £-fold product thus obeys (10.16). O

Proof of Proposition 10.3. Given Lemma 10.7, the proof is essentially that of
Theorem 13.8.3 of [104]. Then

det(f(2))

28 Boo(2)

is analytic and nonvanishing on D with g(0) > 0 (since Bso(0) > 0). Moreover, by
(10.18) and (10.16),

(10.23) larg g(z)| < 4n!

so, by M. Riesz’ theorem, log(g(z)) € Np<co H?(dD) from which (a), (b) of
the theorem are immediate and (d) follows from the Poisson representation for
log(g(2)) since log(|g(e'?)|) = log(|det(f (). O

Now we turn to block Jacobi matrices where we obtain:

(10.22) g(z) =

THEOREM 10.8 (Nonlocal step-by-step sum rule for block Jacobi matrices).
Let $ be a block Jacobi matrix with oess($) C [—2,2] and Jacobi parameters
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{An. By}o2 . Let $W) denote this Jacobi matrix with the top row of blocks and

left-most column of blocks removed. Let m(E), m(l)(E ) be the m-functions given
by (6.25). Let M, MV be defined on D by

(10.24) M(z)=-m(z+z"Y

with poles at { p,—}f\;l where p; + p;” 1 are eigenvalues of §. We repeat each p; a
number of times equal to the multiplicity of the eigenvalues (equivalently, the rank
of the residue). Let {z; }l_l be the corresponding points for $WD. Then:

(@)  The Blaschke product, Bso(z), defined by the {z;} U {p;} via (10.15) exists
and obeys (1)—(iii) of Proposition 10.3(c).

()  M(z) and MV (z) have limits M(¢'?) and MV (%) as r 1 1 for z = re'?
for a.e. 0 in 0D and

det(Im M)(e'?) P( ﬁ)
(10.25) 1Og[det(ImM(1)(€i0))] 1<Q00L "
(©)
(10.26)

|A1|M(2) el 4z det(Im M(¢'?)) 1d6
det| ——— )| = Boo(2z) exp - log - — ).
z el —z det(Im M (D (ei9)) |4
Remark. As in the case £ = 1, it can happen (although not in examples where
sum rules are finite) that det(Im M (e’?)) = det(Im MV (¢!?)) = 0 for 6 in a set
of positive measure. (b) and (c) are shorthand for the more precise
(i)  Forae. 0, det(Im M(e'?)) = 0 if and only if det(Im M V(%)) = 0.

(i) There is an a.e. positive function g(6) on dD, equal to % when

the ratio is not 0/0 so that (10.25) and (10.26) hold if the formal ratio is
replaced by g(0).

Proof. Given Proposition 10.3, this is essentially identical to the proof of
Theorem 13.8.4 of [104] with care given to matrix issues. We begin by noting that
(6.31) forn — n + 1 first implies near z =0

(10.27) MOV~ =714 0(1)
and then by (6.25) that

M@ 1
(10.28) ( Z(Z)) = 1= Ba12 = (A} 41 Anr1 — D27+ O(2).

Since M ™ (z) /z is near 1 for z small, we can compute its determinant using

(10.29) det(C) = exp(Tr(log(C))
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which holds if |C — 1| < 1. Thus

M ™ (z)
=)

(10.30) log det(

=Tr(But1)z + [Te{([A] 1 Ant1 — 1]+ 3 B2 N2 + O(2Y).
In addition, (6.31) implies
(10.31) Im[M(z) "] = Im(z + z71) — A; Im My (z) A}
so at points where M(z) has radial limits (a.e. 6, see below),
(10.32) M) Im M) [M ()] = —A; Im M(e?) AT
which, using (on account of det(|C[)? = det(CT) det(C))

|det(A1)| = det(]A1])
yields
162 det(Im M(e'?))
(10.33) |det(|A1|M(e'%))|? = T M)

We now apply Proposition 10.3 to M(z) which obeys (10.13) (since Im(z 4z~ 1)
< 0on D and (10.24) has a minus sign) and (10.14) by (10.27).

By Theorem 6.7, our Boo(z) here (after perhaps canceling some zeros and
poles) is the Bso(z) of Proposition 10.3. (a) and (b) immediately follow from
Proposition 10.3. We get (10.26) from (10.17) by using (10.33) (noting (10.26)
has a 1/4x while (10.17) a 1/27 on account of the square on the left side of
(10.33)). We also use that if ¢ is a positive constant,

i0 do
(10.34) exp / e' R log(c>)— | =c¢
et —z 4
This concludes the proof of Theorem 10.8 O

Asin [101], we can get step-by-step P> (originally in [61]), Cp, C; (originally
in [108]) sum rules immediately from Taylor expansion of the log of (10.26). We
let B, ($) be the numbers in (—1, 1) \ {0} for which E; = B, + ﬂj_l are eigenvalues
of $ counting multiplicities.

THEOREM 10.9 (Cy, Cy1, P> step-by-step sum rules).

@)

27 (1) ,i0
(1035) — f 1og(det(ImM (e )))de
4w Jo det(Im M (e'?))

— Y log(1B; ($)) —log(1B; ($M)]) = — log(det| A1 ).
J
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(ii)
1036) — 1 2”1 det(Im M O (%)) o
-36) E/o Og( det(Im M(e%)) )COS
+ Y 1B @ =B O =18, FD) = (B (V)] = Te(BY).
J

(iii)

1 det(Im M (D (e!?
(10.37) — / log( etm M) ) G2 9).(6)
4 det(Im M (e'?))
+ > F(Ej(9)— F(Ej($V) = Trk (BT + 5 G(141))).
where F is given by (10.2) and G by (10.3).
Remark. The E;($) in (—oo,—2) and (2, 00) and E; ($M) interlace in the
£ =1 case. In the general £ case, we have at most £ fewer eigenvalues of g
on any (—oo, —Eg) or (Eg,c0) so, as in Lemma 10.6, one can decompose into
£ interlacing subsets. This and the monotonicity of functions like F show the
eigenvalue sums in (10.35)—(10.37) are conditionally convergent. Similarly, the
integrals are always convergent.

Proof. Apply log to both sides of (10.26) and take Taylor coefficients. The
constant term is (10.35) and the first derivative is (10.36). If L(z) is the log of the
left side and R(z) of the right, then

L(0)+ 1 L"(0) = R(0) + 1 R"(0)
is (10.37). O

The proofs of Theorems 10.1-10.2 are now identical to those of the scalar
case; see, for example, the discussion of Theorems 13.8.6 and 13.8.8 of [104]. In
particular, Z($) and Q($) (the integral on the right of (10.4)) are negatives of
relative entropies, and so, lower semi-continuous.

11. Szego and Killip-Simon theorems when all gaps are open

Our goal here is to prove Theorems 1.3 and 1.4. Our strategy, of course, will
be to translate Theorems 10.1 and 10.2 for A(J) to statements about J. Firstly,
we need to relate the a.c. part of the matrix measure for A(J) to the a.c. part of the
(scalar) measure for J. And secondly, to relate £2 norms of coefficients of A(J)
to the distance of J’s Jacobi parameters to the isospectral torus. We begin with the
first question. Thus we take

(1L.1) dny(x) = o(x) dx +dngs(x)
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with du s s singular and w supported precisely on 0ess(Jo). By this assumption and
the spectral mapping theorem, A(J) has a.c. spectrum precisely on [—2, 2] so the
matrix measure for A(J) has the form

(11.2) dnan(E) = W(E)dE +dnays(E).

PROPOSITION 11.1. Let Jgy be a periodic Jacobi matrix with period p and J
a Jacobi matrix with Jacobi parameters {an, by },> | and measure dnj of the form
(11.1) with w supported on 0ess(Jo). Let A be the discriminant for Jo and W(E)
the a.c. part of the p x p matrix-valued measure dna gy associated to A(J) (so
Wis a p x p matrix). Then for E € (—=2,2) and A™Y(E) = {x1,...,Xp},

p N—2,P p, P
(11.3) det(W(E)) = (]_[ af‘f) (]_[ aj(.")) (]_[ a)(xj)).
j=1 j=1

j=1
Proof. In the block Jacobi form, dna () has jk matrix element equal to the

spectral measure of the operator A(J) associated to 8, 8¢; i.e., [ F(x)(dna(x))jk
= (8, F(A(J))dk). But ; = pj—1(J)81. It follows that

p
(11.4) Wi (E) =Y 0(xo) (18" (x)]) ™" pr—i (xp) pj—1(x0).
=1

Note that the factors of 1/A’ arise from the Jacobian fl—f = A’(x). We can rewrite
(11.4) as Wy, (E) = (MAM’)kj where A is the diagonal matrix

-1
(11.5) Agm = Semo(xg) (A (x0)])
and M is the matrix
(11.6) Mio = pr—1(x¢) k=1,....p;¢=1,...,p.

Next we compute det(M ); det(A) is easy. Note that
k—1

(11.7) Pr—1(x¢) = (H

-1
aj) xéf_l + lower order.
Jj=1
Moreover, inductively one sees that the lower order terms can be neglected in the
determinant—they can be removed by subtracting a multiple of rows above (i.e.,

smaller values of k). Thus,

(11.8)
r k-1 -1 14 N1
det(M) = [H(naj) }det(x§_1)= (l—[ a;’_]) (H(Xj—xk))
k=1"j=1 j=1 j>k

by the well-known formula for Vandermonde determinants. This can be simplified
further. The points x; are precisely the zeros of the polynomial A(x) — E’; hence,
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invoking (2.14),

p
A(x)—E = (]’[

Jj=1

-1, P
a](.o)) (1_[ (x— xk)).
k=1

In this way we discover that

» N p, P
(11.9)  de(M)* = (]_[ aj."f) (]_[ a](-o)) (]_[ IA’(xk)I)-
j=1 j=1 k=1

Multiplying this by det(A) gives (11.3). |

COROLLARY 11.2. If Jo has all gaps open and o > —1, then

2
(11.10) / (4 — E®)*|logdet(W(E))| dE < oo
-2
if and only if
(11.11) / dist(x, R\ 0ess(Jo))* [log w(x)| dx < o0.
Oess(JO)
When o = —%, the same conclusion holds even if some gaps are closed.

Remark. Since a > —1, (4 — E%)® (resp., dist(...)%) are in L? for some
p > 1,sothelog, ( ) is always integrable and these conditions are equivalent to
the integral without |-| being larger than —oo.

Proof. Changing variables via E = A(x) and applying Proposition 11.1 shows
that (11.10) holds if and only if

(11.12) / [logw(x)| (4— A(x)*)* |A'(x)] dx < oo.
Oess\JO

If all gaps are open, then |A’(x)] is strictly positive on oeg(Jo), while 4 —
A(x)? is a polynomial with a simple zero at each band edge (and no others). This
proves the first claim.

At a closed gap, 4 — A(x)? has a double zero and A’(x) a simple zero. When
o= —%, these cancel exactly. O

Next we turn to the £2 issue. Given any two-sided periodic matrix J with Ja-
cobi parameters {a, by }5 —, and fixed periodic Jo, let B Jo(f ), A Jo(f ) be the con-
stant p x p blocks in A j, (J). We are heading towards showing that || B Jo(j ) ||% +
||AJO(f) — 1||% is comparable to dist((a;, bn),le, T J,). This will be the key to
showing ¢2 tails in the matrix pieces of Ay, (J) — S? — S~7 for general J is
equivalent to (1.28).
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The crucial fact will be that the polynomial coefficients of A j, (J)—A Jo(Jo)
are comparable to dist((ay, bn),f —1>J J,)- For this we need the following, which
is a simple application of the implicit function theorem and compactness:

LEMMA 11.3. Let F be a C™ map of an open set U C R" to R with £ < n.
Suppose T = F~1(yg) is a smooth manifold of dimension n — { and compact for
some yo € [Re, and

(11.13) rank((V F)(x¢)) = ¢

for all xg € I. Then for any compact neighborhood, K, of 7, there are cg, dg €
(0, 00) so forall x € K,
(11.14) ck|F(x)—yo| <dist(x,T) <dg|F(x)— yol.

One can restate (11.13) in a more illuminated way in terms of the components
Fi,...,Fgof J. Of course, VFj(xg) is orthogonal to J at xo. The condition
(11.13) is equivalent to saying that {VFj(xo)}f=1 span the normal bundle to J.
This is equivalent to saying they are linearly independent. Notice that if Jo has all
gaps open, J j, is of dimension p —1 =2p —(p + 1) and A, is a polynomial
of degree p, hence with p + 1 coefficients. Thus the following shows we can use
Lemma 11.3:

THEOREM 11.4. Suppose all gaps are open for some periodic Jo. Then at
any point in J j,, the gradients of the derivatives of the coefficients of Ay span the
normal bundle of T j, in R??.

Proof. A j, has the form

p V4
Ajx)=(ar...ap) ' [Tx=2) =) cjx/
1 j=0

where A; are the roots. The coefficients thus obey

(11.15) ¢, =ai...ap

(11.16) Cgcgl = Z Ay o Aky_y = Sk—t < p.

1<ki<-=<kp_¢<p

It is well known that if
p
(11.17) tg=y A%,
j=1

then 7 is £sy plus a polynomial in {s; }f;ll, so {Vi; }f=1 and {Vs; }§=1 span the
same space. It follows that we need only show the gradients of ¢, ! and ¢4 span
the normal bundle of J 4.
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Let
(11.18)
Mo={(an, bu)o_ :araz...ap=a\"as” ...a®; byt Aby=b" - 45O}

We know Jilg D T j,. Clearly, Vc; and V11 span the normal bundle to g since
= Zle bj (see (2.14)). Thus we need only show the projections of {Vtg}é’zz
into the tangent space of .lg span the normal bundle of J j, in Jlg.

Studies of the Toda flows show that il is a symplectic manifold with {z, }f =
Poisson commuting. Since the symplectic form on .y is nondegenerate, to say
{th} ‘=, span the normal bundle is the same as saying that the Hamiltonian
flows generated by {t] » span the tangent bundle of J 5, or equivalently, given
dim(T ) =p—1, that these Hamiltonian flows are independent.

This independence is a theorem of van Moerbeke [115, Th. 5.2] or [107]. O

LEMMA 11.5. Let xj be the projection onto the k-dimensional space spanned
by {6; }j.‘=1. For any compact subset, K, of period p Jacobi matrices, there exist
constants cg and dg in (0, 00) so forall J € K,

P
< (Z |Ole|2) <dg
=0

Proof. {J* Xp+1 }é) _o are independent since J ¢ has strictly positive elements

(11.19)

ZOMJ Xp+1

£=0

L
Ap+1

in the £-th diagonal and {J*}; -, only has zero elements there. Hence, the matrix

(11.20) Tetp 17 T 1pe0)|,

is strictly positive so (11.19) holds for each fixed J. The optimal constants are
clearly continuous so uniformly bounded above and below on K. O

PROPOSITION 11.6. Let Jo be a periodic Jacobi matrix with all gaps open.
For any compact neighborhood K of 7 j, in (0, 00)? x RP, there are constants ck
and dg in (0, 00) so that for all J € K,

cx(147,(J) =1 + | Bsy ()|P)? < dist(J, T 5,)
<dg(|A10(J) =117 + | Br ()P
Proof. We have that
(1121) 2 Az ()= 1>+ [Bro (DI < [A () = (SP +S7P)]xp |12
<4 Asy(J) = 1> 42| By, ().
But by the magic formula,

(11.22) Ay (Jo)=SP + 577
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SO

(11.23) [A g (J) = (SP + S7P)pps1 = Z ced xp+1s

where ¢y is the difference of coefficients for J and JO. By Lemma 11.5,
(11.24) I[A 1, () = (82 + S™D)xp1a | Z 71

where ~ means the ratio is bounded above and away from zero on compact subsets.
By Lemma 11.3 and Theorem 11.4,

P
(11.25) > leel? ~dist(J. T )2

{=0
Combining this with (11.24) proves the proposition. O

Now we take a general J not periodic and form A j,(J) which is a one-sided
block Jacobi matrix with block elements A,_j,(J), By, j,(J).

LEMMA 11.7. A j,(J )¢ for k <€ depends only on {b; }f+z _g and {a; }f"_z_é

where o = Lz (p—(€—k))]| is the greatest integer less than or equal to 5 [p £—K))].

Proof. Each factor of J changes index by at most one. In order to get from k
to £, £ — k steps are needed. The remainder cannot go below £ —« or above k + «
and get back to k in p steps. O

LEMMA 11.8. Let J have Jacobi parameters {ay, by ;2 . Let J be periodic
with period p and suppose by, = by, forkp — p <n <kp +2p and a,, = a, for
kp—p=<n<kp+2p—1. Then

Aso(N) =A5(J)  Biy,(J) = By (J).
Proof. Immediate from Lemma 11.7. O

LEMMA 11.9. Letk <{and a = [%(p — (L —=k))]. Forany two J and J and
any K, there is Cg so that

(11.26) Az (Dre—Aso(Drel <Cx  sup  [|by —bj| + laj — ;]
k—a<j<l+a

so long as
(11.27) supl|b; | + 15| + la;| +1a;]] < K.

Proof. Immediate from Lemma 11.7 and the fact that A ;, has matrix elements
that are fixed (given Jg) polynomials in a’s and b’s. O
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LEMMA 11.10. (a) For any Jacobi matrix, J,and £ =1,2,.... m=1,2,...,

(11.28) (Je)m m+l = Amdm+1 " Am+L—1
andforl =2,3,....m=1,2,...,

£-1

(11.29) (I mmatt1 =am--~am+g_2(z bm+,-).
j=0

(b) For Jy periodic of period p >2andm =1,2, ...,
(11.30)

a e 4+p—1
AJO(J)mm—i-p = H,
a

m ...am-"-p—l
(11.31)

—1
AJO(J)mm—i-p—l:(ay(;?) ,(q(,)lp 1) (am"‘am+p—2)(2(bm+1 b,(,?lj))
=0

Proof. (a) Since J changes index by at most one,
(Je)m m+l = Umm+1) - (mte—1m+e)
proving (11.28), while

£-1

I mmat—1 = Z(Jj)mm-i-j Im+jm+j (J£+j_1)m+j m+0—1
j=0

which, given (11.28), proves (11.29).
(b) By (2.14),

Agp()) = (@ ---a)” Zb}?@lﬂ Ly our?)

which, given (@), (J? %) mm+p = (TP F)mip—1 =0if k =2,3,..., and the
periodicity of a(® and @ yields (11.30) and (11.31). O

LEMMA 11.11. Suppose that A j,(J) — S? — S™? is a Hilbert-Schmidt oper-
ator on £2({0,1,2,...}). Then,

(11.32) Z(anan+1 “Ap+p— l—a(O) r(zOJZl" S)J)rp 1)2<°°’

2

(11.33) Z Z(b,,+, bO )| <o,
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(11.34) > (antp—an)* < 0,
n
(11.35) > (bntp—bn)* < .
n

Proof. For a Hilbert-Schmidt operator, any subset of matrix elements lies in
€2, so by (11.30),

—1 2
> an o, )7 -1 <o
n
. . © (0 o L
which, given that a, Aytpqisn independent, implies (11.32).

Similarly, (11.31) implies (11.33) if we note that {a; } bounded and
ap -+ Ap4p—1 —>a§0) ~~-a1(,0) >0

implies infa; > 0, so

. -1
1’1111f(a,(,?) ~--afr?z_p_1) (@m -+ amsp—2) > 0.

Since the difference of £2 sequences is 0%, (11.32) implies (since a§,°) is peri-

odic)

Z(an—i-p _an)z(an—i-l "'an—l—p—l)2 <0
n

which, given that infa; > 0, implies (11.34).
Similarly, since
p—1
Z(bn—i-l—i-j —bptj) =bptp—bn.
j=0
(11.33) implies (11.35). O

Our next preliminary is to relate A € & to

(11.36) 14| = /AT A.

PROPOSITION 11.12. The map A +— |A| from & to positive definite matrices
is a diffeomorphism. In particular, for A’s in & with |A — 1| < %, there exist

constants C1 and C, so that
(11.37) CilA=1l2 = [ |A] = 1]2 = G| A —1]|2.

Proof. By (11.36), A + |A| is a smooth map. The inverse map (strictly
|A|2 > A) is known as the Cholesky factorization; see [52], [116]. Given B > 0,
apply the Gram-Schmidt procedure to the (linearly independent) columns of B
working from right to left. This gives a factorization B = QA with Q unitary
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and A € ¥. Note that |[A| = B and that because the columns of B are linearly
independent, B — A is also a smooth map. |

THEOREM 11.13. Let Jy be a two-sided p-periodic Jacobi matrix with all
gaps open and let A j, denote its discriminant. For a Jacobi matrix with parame-
ters (an, by), the following are equivalent:

() Ay, (J)—SP —S~P is a Hilbert-Schmidt operator on £*({0,1,2,...}).
() >, Tr{B2 +|A, —1]*} < o0
(i) Y, Tr{BZ + (|4n| — 1)*} < 0.
(iv) 32, Tr{B; + G(|4n])} < oo
V) X, dm((a,b),T j,)? < <.
Vi) Y dm((@,b), T 5,)? < co.
Here we have adopted the abbreviations Ay := Ap,j,(J) and By := By j,(J).
Proof. (1)< (ii) amounts to the definition of the Hilbert-Schmidt norm.

(ii) < (iii) follows from Proposition 11.12.
(ili)& (iv) Notice that G, defined in (10.3), obeys

ce(x —1)? < G(x) < ch(x —1)? Vxe(ee ).

Applying this to the eigenvalues of | A, | yields this equivalence.

(V)4 (vi) is the ¢ = 2 case of Proposition 3.5.

(vi)=(i) By Lemma 11.7, each matrix element of Ay (J)—S? —-S P isa
smooth function of p consecutive pairs (an, b,); moreover, by the magic formula,
all of these smooth functions vanish if the corresponding p-tuple belongs to J j,.
The implication now follows from the fact that smooth functions are Lipschitz.

(1)=>(vi) Define J ®) to be the p-periodic Jacobi matrix that equals J on block
k, that is,

k k
(11.38) b =bpre alP =arp

for £ =1,2,..., p. Obviously, J® = J on block k and, by (11.34) and (11.35),
the difference on blocks k — 1 and k + 1 are in £2; that is,

k k), 12
(11.39) > sup by = b+ la; —af?| | < oo,
r  (k—1)p=<j=<(k+2)p—1

Together with Lemma 11.9 and Proposition 11.6, this implies

(11.40) Y dip (VP T 5)? < 0.
k
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On the other hand, (11.39) implies that for j =1,..., p,

(11.41) > diptj (1. T0)? < 0.
k

By the triangle inequality,
dip+ (1T 1) < 2dip (1, T ©O) 4 2d3, (790, T )
s0 (11.40) and (11.41) imply (vi). O

Proof of Theorem 1.4. We will refer to the three statements (i)—(iii) of Theo-
rem 1.4 simply by their numbers. Suppose first that

(11.42) dm((a,b), T j,)) € €2

Then (i) holds by Theorem 1.1. Moreover, by Theorem 11.13 and the hypothesis
that all gaps are open, the right-hand side of (10.4) is finite. Therefore, the left-hand
side is finite. Next we use this fact to prove (ii) and (iii).

As A’ is nonvanishing at all band edges,

(11.43) Z F(A(E))) < 00 <> Zdlst (Ej. () >? < 00
j=1

which verifies (111). By Corollary 11.2,
(11.44) Leftmost term in (10.4) < oo <= (ii) holds.

This completes the proof of (i)—(iii).
Conversely, if (i)—(iii) hold, then by (11.43), (11.44), and (10.4), we see that
the right-hand side of (10.4) is finite. By Theorem 11.13, this implies (11.42). I

Proof of Theorem 1.3. Let B; be the B’s associated to A(J), thatis, [B;| > 1,
Bj + ,3]._1 = E; with E; the eigenvalues of A(J) in R\ [-2,2]. Then log|B;| ~
|Bjl—1as B — £1 small and |Bj| -1~ (|E/| —2)1/2_ Therefore,
(11.45) (10.6) < 00 <= Y (|Ej|-2)"/? < (1.24).
J
By Corollary 11.2,
(11.46) (10.5) < 0o <= (1.25).

Finally, if {4y, Bn},=, are the p x p blocks in A(J), we have A, = U|A,|
for some U with |[det(U)| =1, so

Jj+pr=1
(11.47) det|Ap| = |det(4n)| = l_[ H[ ]

j=n—-1)p+1 k=j
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by (3.3) and (2.14). Thus

N Np ay
3" log(det(Anl) —p 3 log[a(—o)}
n=1 k=1 k

is bounded. Thus (1.27) is equivalent to (10.11).

By Theorem 10.2, we see that when (1.24) holds, then (1.25) < (1.27), and
if they hold, (1.26) has a limit. Moreover, if they hold, the hypotheses of Theorem
1.4 hold, so (1.28) is true. That (1.29) holds is a theorem of Peherstorfer-Yuditskii
[88]; see also the remark below. O

In the remainder of this section, we will describe an alternate approach to
proving (1.29); one based on combining the magic formula with Theorem 6.8. Un-
fortunately, because of the strong hypothesis on the discrete spectrum that appears
in this theorem, we will not recover the full formulation from Theorem 1.3.

Let § denote the (unique) type 2 block Jacobi matrix that is equivalent to
$ = Ay,(J), which is of type 3. Further, let us use 4; and /Tj to denote the
off-diagonal block entries of $ and 4, respectively.

If we strengthen the hypothesis (1.24) to finiteness of the discrete spectrum
(i.e., finiteness of the set 0 ($) \ Tess($)), then Theorem 6.8 shows that (1.25) im-
plies the convergence of the product A 1 ..-,an as n — oo. In view of (6.7b) and
Proposition 11.12, this convergence is inherited by the product A; --- A,. Thus,
it remains only to connect the convergence of this matrix product to the behavior
of the sequences of parameters. This is the job of the next lemma. In the original
version of this paper, it was only proved that the sequence {a,} was asymptotic to
a fixed periodic sequence. The argument for the sequence {b,} was provided by
one of the referees; we are most grateful for this.

LEMMA 11.14. Let Jo be a p-periodic two-sided Jacobi matrix and let A =
A j, denote its discriminant. Let J be a one-sided Jacobi matrix with parameters
{an,by}. Suppose the product A, --- A1 converges to a nonsingular matrix as
n — oo. Here A, and B, denote the p X p block entries of A(J). Then the
parameters of J asymptotically converge to fixed periodic parameters in the sense
of (1.29).

Proof. By applying the same affine transformation (i.e., x — ax + f8) to
both J and Jy, we may assume that the discriminant of Jy takes the form A(x) =
xP + O(xP~2). This will significantly simplify some of the formulae that follow.
Note also that this transformation makes ago) S af,o) =1 and b§o) 4+ bl(,o) =0.

Let A, and B, denote the p x p block entries of A(J). Then

(An)kk = Ap(n—1)+k " Apn+k—1

(An)k+1,k = Api—1)+k+1 " Apntk—1Ppr—1)+k+1 + -+ Dpntic]
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as can be read off from Lemma 11.10. Using this and the lower-triangular structure
of the matrices A;, one may quickly deduce

pn+k—1

(1148) (A1 Aei= [] @
j=k

n
(11.49) (A1 An)k+1.k = Z(Al)k+1,k+1

r=1

o (Ar—Dk+1 k1A (Ar+ Dk (A ke

pn+k—1 pn+k
=( I a,-) T o,

j=k+1 j=k+1

To see that the sequence n > a,, 1 converges for each fixed k € {1,..., p},
one need only take ratios of (11.48) for consecutive values of k and the same n
(and also for (n,k = p) and (n + 1,k = 1)), then send n — oo.

For the parameters b,, one may proceed in a similar fashion: For example,
when 2 <k < p —1, the fact that

i (A1 An)k+1.k a (A1 Ak k-1 b
—a_q — _
(A1 Ak k (A1 An)k—1k—1 pnt

shows us that b, 4 converges as n — 00. O

12. Szeg6 and Killip-Simon theorems when some gaps are closed

Here we want to examine what might replace Theorems 1.3 and 1.4 if Jy is
periodic but with some closed gaps. The Szegd-type theorem is almost the same
as Theorem 1.3:

THEOREM 12.1. Let Jo be any two-sided periodic Jacobi matrix with Jacobi
parameters {a,(,o), b,(,o)},‘f;_oo, and J a one-sided Jacobi matrix with Jacobi pa-
rameters {an, by }5>, and spectral measure dn. Suppose that (1.22) holds, and

that

N
(12.1) Y dist(Em, 0ess(I)/? < 00

m=1

if { Em },1,\{:1 is a labeling of the eigenvalues of J outside 0ess(J). Then

d
(12.2) —/ 1og(ﬂ)dist(x, R\ 0es(Jo))~V/2 dx < 00
Uess(JO) dx
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implies
(12.3) hm( Z log( (0)))

exists and lies in (—o0, 00). Conversely, (12.2) holds so long as

(12.4) lim sup( Z log( (0))) > —00
a;

j=1
and then the limit in (12.3) exists and lies in (—o0, 00).
Moreover, if (12.2) or (12.4) holds, then there is J1 € J j,, so

(12.5) dm(J, J1) = 0.

Remark. All that is missing is (1.28) which we do not claim. However, since
(12.1)/(12.2) imply (i)—(iii) of Theorem 12.3 below, we have (12.7).

Proof. As noted, even with closed gaps, (1.25) is equivalent to (11.10) (see
Corollary 11.2). Once one notes this, the proof of Theorem 1.3 provides all the
results stated as Theorem 12.1. O

Theorem 1.4 used open gaps in two ways. First, in the translation of a matrix
pseudo-Szegd condition, (11.10) with o = % to the original spectral measure of J,
and second, translating a Hilbert-Schmidt bound on A(J) — S? — S~2 to {2 ap-
proach to the isospectral torus. The second issue can be finessed if we leave things
as a Hilbert-Schmidt condition, which reduces to a sum of translates of an explicit
positive polynomial in the a,’s and b,’s being finite. As for translating (11.10)
with o = %, the argument that proved Corollary 11.2 translates immediately to

LEMMA 12.2. Suppose o(Jg) has closed gaps at {yj}f=1 C 0(Jo). Then
(11.10) holds with o = % if and only if

L
(12.6) / dist(x, R\O(Jo))l/z 1_[ |x — yj|2|log(a)(x))| dx < o0.
Uess(JO j=1
Plugging this into our proof of Theorem 1.4 immediately yields

THEOREM 12.3. Let Jy be a two-sided periodic Jacobi matrix with closed
gaps at {yj }§=1 C o (Jo) and let J be a Jacobi matrix. Then

(12.7) Tr((Ajy(J) —S? —S7P)?) < o0

if and only if
(i) (1.22) holds.
(i)  (1.24) holds with % replaced by 3.
(iii) (12.6) holds.
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Example 12.4. Take Jy to be the two-sided free Jacobi matrix but think of it
as period 2. Then

Aj(x) =x2-2

and a direct calculation of J2 — §2 — S—2 shows that (12.7) is equivalent to the
three conditions:

(12.8) > (ar+ b} +azy, —2)* < oo,
n
(12.9) > (ant1(bn + bny1))* < o,
n
(12.10) Z(ananﬂ — 1)2 < 00.
n
If b, =0 and
(12.11) an=1+(=1)"(n+ 175,

then (12.8)—(12.10) hold if and only if 8 > % while, of course, (1.13) requires 8 >
%. This is one of many known extensions of the (Jo-free) Killip-Simon theorem
(see, e.g., Laptev et al. [68], Kupin [67], and Nazarov et al. [82]). Some of these
results have MOPRL analogs which, via the magic formula, lead to variants of
Theorems 1.4 and 12.3.

13. Eigenvalue bounds for MOPRL

There are Birman-Schwinger kernels for MOPRL and it should be possible to
extend the proofs of most bounds on the number of eigenvalues outside [—2, 2] or
on moments of | Ej | —2 from the scalar to matrix case with optimal constants. But if
one is willing to settle for less than optimal constants (but still not awful constants),
there is a simple method to go from the scalar to matrix case. It depends on the
following:

THEOREM 13.1. Let $ be an £ x £ block Jacobi matrix in the Nevai class
with Jacobi parameters { Ay, Bn ;2 . Let E ji ($) denote its eigenvalues counting

multiplicity outside [-2,2], that is, E{ > Eff >...>2>-2>...> E; > E}.
Let J+ be the scalar Jacobi matrix with a, = 1 and

(13.1) bt = | Ball £ [ An—1 = 1| £ [ A — 1]
and let Jie) be an L-fold direct sum of J+. Then

(13.2) EE@)| < |EFID).
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Proof. The matrix analog of the observation of Hundertmark-Simon [55] ex-
tended to 2¢ x 2¢ matrices (with £ x £ blocks) says that

—| A, —1 1 0 Ay 4, —1] 1
133 <
(133 ( 1 41 Af 0 1 |4, -1

since
> (ctc 5
=1(%° cet)| =tcr

o [()

Thus writing J | ©) as £ x £ blocks with each block a multiple of 1,

(13.5) JO <9<y
from which (13.2) is immediate. O

COROLLARY 13.2. For any block Jacobi matrix, $, in Nevai class,

13.6) Y (EF(H*—HV2 <20 |IBall +4L) " [ Ap—1].
J.x n n
Remark. In particular, this implies if the right-hand side of (13.6) is finite, so
is the left-hand side.

Proof. Hundertmark-Simon [55] proved
(13.7) Y (EFUL)? -9V <Y bE
j n

from which (13.6) follows by (13.2). O

14. The analog of Nevai’s conjecture

Proof of Theorem 1.5. By (1.32), J — Jp is trace class. Thus J¢ — J(f =
Zi_:lo JR(J = Jo)J 17K is trace class, so

Ajo(J)=Ayy(Jo) = Ayy(J) = (SP + S7P)

is trace class. It follows that if (1.32) holds and A(J') has matrix Jacobi parameters
{An, Bn},2; that

o0 o
(14.1) D IBall+ ) 140 —1]| < o0,
n=1

n=1

By Corollary 13.2, the eigenvalues A(J) obey

(14.2) > (EF| -2 < oo
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Equation (14.1) also implies

(14.3) > log(det| A )| < oo.

n=1

We can apply Theorem 10.2 and conclude that Z(J) is finite, that is,
(14.4) / (4— E?)71210g(det(W(E))) dE > —co.

By Corollary 11.2, we obtain (1.25). O

15. Perturbations of periodic OPUC

In this final section, we want to present the translations of our results to
OPUC. Since the magic formula maps periodic OPUC to MOPRL, the changes
needed in the proofs will be minor, although for the analog of Theorem 1.4, there
is one significant change. It is interesting to note the sequence of mappings for
the OPUC periodic Rakhmanov’s theorem. We map OPUC to MOPRL using the
magic formula and them map that to MOPUC using the Szegé map.

The OPUC version of Theorem 1.1 is already in Last-Simon [69]. As for
Theorem 1.2:

THEOREM 15.1. Let €¢ be a two-sided periodic CMV matrix. Let ‘€ be an
ordinary CMV matrix with Verblunsky coefficients {ay, } oo ,. Suppose

(15.1) Zac(%) = Oess((@) = Gess((@O)-
Then, as m — oo,
(15.2) dm (. Tegy) — 0.

Proof. Let €, be a right limit of €. By Theorem 7.1, A(6;) = S? + S™P.
Thus, by Theorem 4.1, €, € J,. O

As for the analog of Theorem 1.3, if we drop discussion of £? convergence, it
holds, similar to Theorem 12.1.

THEOREM 15.2. Let 6 be a two-sided periodic CMV matrix with Verblunsky
coefficients {on(-O) }";_ 00> and € a one-sided CMV matrix with Verblunsky coeffi-
cients {oj };?‘;0 and spectral measure dji. Suppose that Oess(6) = 0(6¢) and

N
(15.3) > dist(Ep. 0ess(€))/? < 00,

m=1
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where { Ep, },1,\1’=1 is a labeling of the eigenvalues of ‘€ outside 0ess(€o). Then

d do
(15.4) —[ log( “ac)dist(e, R\ 0ess(60)) ™12 — < o0
Uess((GO) de 27[

implies

(15.5) hm (Zlog( (0)))

exists and lies in (—o0, 00). Conversely, (1.25) holds so long as

(15.6) lim sup(Zlog( (O))) > —00
=1 Pj

N—>oo
and then the limit in (15.5) exists and lies in (—o0, 00).

Remarks. 1. We have not stated that the «; have a limit in J,. We suspect
that the methods of [88] extend to the OPUC but have not checked this and they
do not explicitly mention it.

2. Of course, if this theorem is applicable and € obeys the conditions of
Theorem 15.3 below, then we have a result on £? convergence to e,

3. One can replace ,oj(.o) by the logarithmic capacity of o (6).
Proof. At open gaps, A’(e'?) # 0, so (15.3) is equivalent to
(15.7) > (EI-2'? <o

E¢[-2,2]
Eco(A(®))
Moreover, by (4.4)—(4.7), we have that

j+p!

(15.8)  log(det|A,|) = log(det(4n)) = log [ l_[ [ (0)}

=(m—1)p+1 k=j Pk

Now just follow the proof of Theorem 12.1. O

In carrying over Theorem 1.4 to OPUC, one runs into a serious roadblock: van
Moerbeke’s theorem [115] that the Hamiltonian flows generated by the coefficients
of the #; (given by (11.17)) are independent is not known for OPUC. Instead, we
use a weaker result of Simon [104, §11.10] that proves the derivatives of coeffi-
cients of A span the normal bundle for a dense open set, that is, ‘most’ of the
points have all gaps open. We will call the isospectral tori in this dense open set
the generic independence tori. Then by mimicking the arguments in Section 11,
we obtain
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THEOREM 15.3. Let €g be a two-sided CMV matrix in a generic indepen-
dence torus with Verblunsky coefficients {aj(.o) }Jo.i_oo. Let € be a CMV matrix
with Verblunsky coefficients {a; }]?’020. Then

o
(15.9) > dm(@. T,)* < 00

m=0
if and only if
(1) Oess(€) = 0 (o).
(ii)  For the eigenvalues { £ }]N:l not in o (6g),

N
(15.10) > dist(E;. 0(60))*? < co.
ji=1

(iii) If p is the spectral measure for @, then

d do
(15.11) —/ log( “ac)dist(e, D\ Gess (€0)) /2 £ < 0.
o (o) do 2w
Our last result is a periodic OPUC version of Nevai’s conjecture.

THEOREM 15.4. Let g be a two-sided p-periodic CMV matrix and let € be
a CMV matrix with Verblunsky coefficients {o; }7‘;0. Then

o0
(15.12) D dm(e Tgy) < 00
m=0

implies (15.4)

All the above results assume the period p is even. However, by using sieving
(see Example 1.6.14 of [103]) to map period p to period 2 p, one can extend The-
orems 15.1 and 15.2 to p odd. In particular, we obtain the p = 1 results of [10],
[2], [9] as very special cases of ours.

Acknowledgements. It is a pleasure to thank Leonid Golinskii, Irina Nenciu,
Leonid Pastur, and Peter Yuditskii for useful discussions.

Note Added August, 2008. During the refereeing of this paper, Remling (in
[94]), motivated in part by this paper, found a positive resolution of the conjecture
that, in the language of our Theorem 9.5, every set in % is a Denisov-Rakhmanov
set. His analysis depends on a very interesting theorem on right limits of Ja-
cobi matrices with absolutely continuous spectrum—it provides a new approach
to Denisov-Rakhmanov theorems.
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