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Abstract Let ¢ C R be a finite union of ¢ 4 1 disjoint closed intervals, and denote
by w; the harmonic measure of the j left-most bands. The frequency module for e
is the set of all integral combinations of wy, ..., w¢. Let {a,, l;,,};’f:foo be a point in
the isospectral torus for ¢ and p, its orthogonal polynomials. Let {a,, b,};2 | be a

half-line Jacobi matrix with a, = a, + éa,, b, = l;,, + 8b,,. Suppose

(0.¢]

D 18an|? +18by[* < 00

n=1
and fo:l X insa, quv:l e>" 1" §p,, have finite limits as N — oo for all e in the
frequency module. If, in addition, these partial sums grow at most subexponentially
with respect to w, then for z € C\ R, p,(z)/pn(z) has a limit as n — oo. Moreover,
we show that there are non-Szegd class J’s for which this holds.
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1 Introduction

Let ¢ in R be a compact set with ¢ + 1 intervals; that is,

£+1

e:U[a,-,ﬁ,-], o < Bl <ay << Bosl, (1.1)

j=1

where ¢ counts the number of gaps, that is, bounded intervals in R \ e. In this paper,
we continue our study of Jacobi matrices, J, and the asymptotics of the associated
orthogonal polynomials on the real line (OPRL) when the essential support of the
spectral measure is ¢. In paper I [1], we discussed the isospectral torus, 7, associated
to ¢, a family of two-sided almost periodic Jacobi matrices associated to e. In paper II
[2], we found equivalences among spectral conditions, one of which was a Szegd
condition, and proved Szegd asymptotics in this case. To explain our goal in this
paper, let us recall the case £ = 0, that is, a single band.
We thus consider Jacobi parameters {a,, b,}>~ ; and define

Sby =byp,  Say=an— 1 (1.2)

(our free Jacobi matrix in this case has a,, = 1, l;n = 0). Recall that for this {a,,, l;n }zi1
andn >0,

n+1 —n—1 2
-z x+xc—4
Pn(x)zﬁ, Z(X)=f.

The following is a result of Damanik—Simon [5].

Theorem 1.1 Let p,(x) be the orthogonal polynomials associated to Jacobi param-
eters {ay, bn},‘i‘;1 with a, — 1, b, — 0. Then the following are equivalent:

(1) lim,— 00 pn(x)/Ppn(x) exists for all x € C\ R with convergence uniform on com-
pact subsets.

(i1) The Jacobi parameters obey:
@ YpZilan — 112 + byl < 00,
(b) Z,I:’:l(an — 1) and Zflvzl by, have limits in (—o0, 00).

Damanik—Simon [5] also have examples where (i) and (ii) hold but the Szeg con-
dition fails. They call (i) = (ii) “the easy direction” since it follows in a few lines
from an analysis of the first few Taylor coefficients at infinity for the m-functions.
A key is the same miracle that makes Killip—Simon [9] work—that for reasons we
don’t understand, a combination of the zeroth and second Taylor coefficients is non-
negative. (ii) = (i) is called “the hard direction,” and [5] provides three proofs.

In this paper, our main goal is to prove a result akin to the hard direction of The-
orem 1.1 for perturbations of elements of 7, for some finite gap set, ¢. Given ¢, let
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dp. be the potential theoretic equilibrium measure for e. Let w; = p.([a1, B;]) for
j=1,...,¢0 and ® = (wy, ..., w¢). The frequency module, M /e), for ¢ is the set of
all numbers of the form

L
k-o=Y kjo, (1.3)
j=1

for k = (k1, ..., ko) € Zt. We'll only care about 2rikon e 7 g0 only about
(k - ®) mod 1. Thus, the frequency module is essentially a subgroup of R/Z with at
most £ generators. In the periodic case, each w; is of the form m ;/p, where p is the
period and there is no simpler common denominator. In that case, in R/Z, M (e) has
p elements {m/ p}f:l_:lo. If some w; is irrational, M(e) is infinite. Here is our main
theorem in this paper:

Theorem 1.2 Let {a,, l;,, 102 _ o be an element of the isospectral torus, 1., of a finite
gap set, e. Let {ay, by}, | be another set of Jacobi parameters and ay,, 8by, given by

da, =a, — ay, 8b, =b, — b,.

Suppose that
(a)
o
> 18an|* + 18ba|* < 0. (1.4)
n=1
(b) ForanykeZ',
N N
Z eznz(k'w)nSan and Z eZm(k-w)ngbn (1.5)
n=1 n=1

have (finite) limits as N — o0.
(c) Forevery e >0,

sup
N
o

Let py, (resp. py) be the orthonormal polynomials for {ay, b, )2 | (resp. {ay, I;n}zozl).
Then for any x € C\ R,

N
Z eZm(kw)n 8an

n=1

+

N
Z €2m (k-w)n Sbn
n=1

} <Cg exp(alkl). (1.6)

li Pn(x)
im =
n=00 pp(x)

1.7

exists and is finite and nonzero.
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Thus, we have Szegd asymptotics. We do not have the converse result (i.e., what
[5] calls the easy direction) in part because one does not even have an analog of
the Killip—Simon theorem [9] except in the case where the frequency module is
{0,1/p,2/p,...,(p—1)/p} [4]. We suspect the converse is true and think that even
Szeg6 asymptotics = condition (b) would be interesting.

Another interesting object is the absolutely continuous spectrum. We believe that
under the assumptions of Theorem 1.2, it fills out the entire set ¢. In the single inter-
val case, it was a consequence of the Killip—Simon theorem [9]. Using the ideas of
Damanik—Simon [5], one may attempt to control the Jost solution on the spectrum to
show that the a.c. part of the spectral measure is supported on the finite gap set ¢. We
will explore this idea elsewhere.

An example where the hypotheses of Theorem 1.2 hold but the Szegd condition
fails is

1
8a, =0 and &b, = —acos(Znﬁ)
n

with o € (%, 1). We refer to Sect. 3 for details as well as an additional example.

Remark In the periodic case, the assumptions of Theorem 1.2 become simpler. In
particular, (c) is automatic, for it follows from (b) since the frequency module has
only finitely many elements. Moreover, in the period p case, (b) can be replaced by
requiring

N N
Y 8anpr; and Y Sbypy; (1.8)
n=0 n=0
to have (finite) limits as N — oo foreach j =1, ..., p.

2 Szegd Asymptotics

In this section, we present a proof of Theorem 1.2 using a transfer matrix approach
combined with a theorem of Coffman [3]. The latter is a discrete version of an ODE
result of Hartman—Wintner [8] and reads:

Theorem 2.1 (See [3]) Let A be a d x d diagonal invertible matrix with entries

Al, ..., g along the diagonal, and let {A,} be a sequence of d x d matrices such
that
o
> llAn? < 0, @.1)
n=1
A+ Ay, is invertible for all n. 2.2)
Consider solutions y, = 1y -+ Ynd) € cd of
§n+1 = (A + An)yn (23)
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with some initial condition y. Suppose A; is a simple eigenvalue of A with |ri| #
|Aj| forall k # j, and let

n—1

yim =[]+ A0;,)), (2.4)

k=ng

where no > 1 is so large that y;(n) # 0 for all n > ng. Then there exists an initial
condition y| so that

i 2.5)
n—00 y; (n)
while for k # j,
Yn.k _ (2.6)
n—00 y; (n)

Under the additional assumption of conditional summability of the perturbation, we
get the following corollary of Coffman’s result:

Corollary 2.2 With A and A,, as above, suppose that |L1| > --- > | q| > 0 and
N
wim Zl“‘n)m @7
n=

exists for every j. Then for any initial condition y| # 0, there exists j such that the
solution of (2.3) obeys

. Yn,j
nl;rgo —)J} =cj#0, (2.8)
while for k # j,
lim 2%k . (2.9)
n— 00 k?

Proof Recall thatif ), |lax|? < oo and > ak is conditionally convergent, then

Z|log(1 + ar) — ax| < oo,
3

and hence [[; (1 + ax) converges. Thus, it follows from (2.1), (2.7), and (2.4) that
Vi (n)/)L;? has a finite nonzero limit, say c;, as n — oo.
By Theorem 2.1, there is for every j a solution y,(j) of (2.4) such that

¥n(J) & asn—> oo, (2.10)
yj(n)
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where {e1, ..., e4} is the standard basis for C¢. Hence, y, (j)/k;f converges to ¢;j€;
as n — 00.
Note that the vectors ¥, (1), ..., ¥,(d) are linearly independent for all n and form

a basis of C?. Since |A1| > |A2| > -+ > |Ag| > 0, it follows that (2.8) holds for any
solution J, of (2.3). For if , = Y"9_, r;3,(j). then

- d r.—~ () )\’l’l
i—zzz%k—ian{cké’k as n — oo, (2.11)
k j=1 j k

where £ is the smallest value of j for which r; # 0. g

In what follows, x(z) will denote the universal covering map of D onto CU {oo} \ ¢
as introduced in [1, Sect. 2]. It is the unique meromorphic map which is locally one-
to-one with

X
x(2)=—=+0(1)

near z =0 and x, > 0. Following [1, Sect. 4], we let B(z) be the Blaschke product

with zeros at the poles of x. For every measure in the Szeg6 class for ¢, one can define

a Jost solution (cf. [1, Sect. 9]). While the parameters {a,,, b, }ZO=1 from Theorem 1.2

may not correspond to a measure in the Szegé class, every point {a,, b,}02 _ ., in

the isospectral torus does, and its Jost solution, i1, (z), satisfies the same three-term
recurrence relation as p,_1(x(z)). We shall henceforth fix z € D such that x(z) €
C\R.

Let us begin by writing the three-term recurrence relation for the orthonormal
polynomials p,, in matrix form

Dn(x) :i x_zbn —1 Pn—1(x) . (2.12)
Ay pn—1(x) an a; 0 ap—1Pn—2(X)

( Pn(x(2)) ﬁn+1<z)>

an Pn—1(X(2))  anlin(z)

Similarly,

:i X(Z)~_bn -1 ~Pn:I(X(Z)) ) M?(Z) C@13)
An Cl,% 0 an—1Ppn—2(X(2))  ap—1up—1(2)

To deal with bounded entries (for fixed z), we introduce

Riy= [ PrX@) @) (BT 0 ) 2.14)
A Pn—1(x(z))  apity(z) 0 B(z)™"

Indeed, B™"u, is almost periodic [1, Thm. 9.2] while B” p,_ is almost periodic up
to an exponentially small error [2, Thm. 7.3]. By (2.13), the determinant of R, is
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n-independent. Hence,
an(Up pp — tp41 pn—1) = det R, = det Ry = apiig # 0, (2.15)

and so all R, are invertible. Changing the variables in (2.12) to (¢, ¥,,) defined by

®n(2) -1 Pn(X(2))
=R, , 2.16
(%(Z)) © (anpn—l(X(Z))) ( )
we get the recursion

&n(2) R, (Z)_l x(z) —by, -1 Pn—1(2)
- (2 @l
(Wz)) an ( @2 0 )R “”(wn_l(z)) @1

It follows from (2.13)—(2.14) that

_ B~ 0 \R_i@'[ O 1
R,(2)~ ' = it A ), 2.18
@ ( 0 B(2) ) an (—&2 x(z) — by, ) (2.18)

n

and substitution of (2.18) into (2.17) leads to

On _ Bi] 0 10 —1 ¢n—1
(10,,) = ( 0 B) |:<0 1) + (Rnfl) Qan1:| (Wn—l ) s (219)
_ 1 0 1 x(z) —b, -1 1 0
0,(2) = andi, _arzl x(z) — En 03 0 - 0 1

1 a,éay 0
= — B - - 5 . (2.20)
anan \ (an + an)(x(z) — by)déa, + an(Sbn —dpday

where

We wish to apply Corollary 2.2 with

A B~ 0 d A B~ 0 (Ru—1) "' OuR (2.21)
= an n= n— nfn—1. .
0 B 0 B ! !

A straightforward computation shows that B det(R,,—1)(A,)1,1 can be written as

plj_l (&n—llzn—l — Uy (X(Z) - En))aan
dn
Un (.~ - ~ an . -
+ _(an—lpn—Z — Pn—1 (X(Z) - bn))(san - a_unpn—labn
n n

S dan . . an . .
= _<”n+1pn—l + a_n”npn>5an - a_nunpn—labn,

n n
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so that
1/a 1
B(An>1,1=( L L S . N— )5an
1— MnPn/(“nJran—l) 1— un+1Pn—1/(MnPn)
1
Ve (2.22)
Upt1/Un — Pn/Pn—1
Moreover,
_ (Say)?
B (An)22=—— — B(A11. (2.23)
n“n

To prove that (2.7) holds, we need the following lemma:

Lemma 2.3 For any real analytic almost periodic sequence { f,}.° | with frequency
module contained in M (e),

N N
> fuban and Y fubby (2.24)
n=1

n=1

have limits as N — o0.

Proof For simplicity, we only consider éa,. By assumption,

fn — cheZHI(k-w)n

k

where the Fourier coefficients ck obey
|ek| < Ce™PM (2.25)

for some C, D > 0. Given € > 0, we will show that

N M
Z Snbay — Z Sfuday
n=1 n=1

for N, M sufficiently large. Assume N > M, and start by taking K so large that

<e (2.26)

N
D odad| Y T EO"sq, | <g/2 2.27)
|k|>K n=M+1

for all N, M. We can do so using (1.6) and (2.25). Next, take N, M so large that

N

Z eZni(k-w)nSan <

n=M+1

g/2

#(k: k| < K} (2.28)

|ck|
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for all k with |k| < K. Since only finitely many k’s occur here, this can be done by
(1.5). Combining (2.27) and (2.28) leads to (2.26), and the result follows. O

By [2, Thm. 7.3], the sequence of polynomials p,_; can be written as a linear
combination,

Pn—1=r1B7" 0y + ré,, (2.29)

withr; #0, j = 1,2, where ¢, is exponentially decaying and v, is almost periodic. In
fact, a,+1v, is given by the Jost function (cf. [1, Sect. 8]) sampled along an equally
spaced orbit on the isospectral torus 7, hence |v,| > ¢ > 0. Thus, (2.22) can be
rewritten as

B(An)l,l = ( ]/&n 1/an )561n

1- ﬂnﬁn—i-l/(Bﬁn—ﬁ—lﬁn) a 1- B’;n-l-lf)n/(’;nﬁn+l)

1/a,
’:in+1/’:in - ﬁn—'rl/(Bﬁn)

8by + ey, (2.30)

where {e,} is again an exponentially decaying sequence. Using the identity 1/a, =
1/a, — éa, /(ayay,), we can rewrite (2.30) once more as

B(An)l,l = < l/an - 1/&n >861n

1— lznﬁn—i-l/(Bl;n—&-lﬁn) 1- Bﬂn+lﬁn/(ﬁnﬁn+l)

1/an
ﬁn+l/ﬁn - 5n+l/(Bﬁn)

8b, + e, + 5y, (2.31)

Here s, involves two terms, each given by a product of either ((3&,,)2 or 8a,8b, and a
bounded factor. Hence the sequence {s,} is absolutely summable by (1.4).

Now the definitions of the Jost function in [1, Sect. 8] and the Jost solution in [1,
Sect. 9] combined with [1, Cor. 6.4] show that 1/ay,, ti,+1/u,, and v,41/0, are real
analytic quasiperiodic sequences. So (2.23), (2.31), absolute summability of {e,} and
{s,}, and Lemma 2.3 imply that

N N
D (A1 and Y (A2 (2.32)
n=1 n=1
have limits as N — oo. Moreover, (2.20)—(2.21) combined with (1.4) imply that
o
D AW < oo, (2.33)
n=1

Thus, the recursion (2.19) satisfies the conditions of Corollary 2.2, and hence we

either have
. bn 1
n
nhm B (Wn) =c (O) (2.34)
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o\ (O
lim B <¢n>_cz<1> (2.35)

for some nonzero constants cy, cy. The latter, however, is impossible. For since
B"p,—1 and B~ "u, are bounded, (2.35) would, by (2.14) and (2.16), imply that

or

Pn(X(2)) = ¢n (@) B@)" pu(X(2)) + ¥u(2) B(2) " iin41(2) (2.36)

decays exponentially as n — co. Hence, the associated Jacobi matrix has an eigen-
value at x(z) which by assumption is a point in C \ R. This cannot be true, and the
first alternative (2.34) must therefore hold. Rewriting (2.36) as

DPn(X(2)) " Up1(2)B(@)™"
———=8 n -
() P Dt B

then leads to the conclusion of Theorem 1.2.

B(2)"Yn(2) (2.37)

3 Examples

In this section, we supplement Theorem 1.2 with examples for which (1.4)—(1.6) hold.
In particular, we give an example showing that the Szeg6 condition is not necessary
for Szegd asymptotics to hold. To put our results in the right perspective, recall that,
by [2, Thm. 7.4], Szeg6 asymptotics (1.7) holds when the measure of orthogonality
du(x) = w(x)dx + dus(x) has essential support ¢ and belongs to the Szegd class
for e, that is,

1
/M dx > —oo (Szeg6 condition) 3.1
o dist(x, R\ ¢)!/2
and
Zdist(xk, e)l/2 < oo (Blaschke condition), 3.2)

k

where {x;} denotes the mass points of du in R \ e.

In continuation of [6] and [2], it was shown in [7, Thm. 1.3] that the generalized
Nevai conjecture holds; that is, the measure of orthogonality is in the Szegd class
if the sequence of recurrence coefficients {a,, b,},> | is an ¢! -perturbation of some

element {a,, l;l’l}?zoz—oo in 7. Thus,

o0
> lan = anl + by — by| < 00 (33)

n=1

is a sufficient condition for Szeg6 asymptotics. Our main result, Theorem 1.2, shows
that (3.3) can be relaxed, and the weaker set of conditions (1.4)—(1.6) is also sufficient
for Szeg6 asymptotics to hold.
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In the following example, we use Theorem 1.2 to show that (1.7) may hold for a
non £!-perturbation of an element in 7, ; hence, the £!-condition (3.3) is not necessary
for Szegb asymptotics.

Example 3.1 Let {a,, l;,, 150 _ be an arbitrary element of the isospectral torus 7.

Pick ¢ € (3,1), w € (0, 1), and let
an =an +8ay,  by=Db,+8by, (3.4)
with
1
8a, =0,  8b, = — cos(2mwn). 3.5)
n

In addition, assume that the almost periods w; = p.([ct1, B;]) obey a Diophantine
condition relative to the frequency w, that is, there exist a constant C > 0 and an
integer s such that for all k = (ky, ..., k) € Zt,

4
C
{:i:w—i—ijwj}Em, 3.6)

j=1

where {x} = x mod 1 denotes the fractional part of x. It is known that the Diophan-
tine condition is satisfied for Lebesgue a.e. . Hence, by a theorem of Totik [10],
Lebesgue a.e. {a;, ﬂj}lel lead to the condition (3.6).

We start by noting that (1.4) is trivially satisfied since o > % On the other hand,
it is easy to see that (3.3) fails to hold since o < 1. Next, we verify (1.5)—(1.6). It
follows from Theorem 2.6 in [11, Chap. I] that

00 .
emen

3.7
n=1 ne

converges uniformly for x in [g, 1 — ¢] for every ¢ > 0. Moreover, by (2.26)-(2.27)
in [11, Chap. V], there exists a constant D > 0 so that for all x € [¢, 1 — ¢],
N eZﬂixn D

<—. (3-8)
£

sup
N

ne
n=1

So taking x = +w + k - @ in (3.7) yields convergence of the series

o0
Z cos(2mwn) i (e (3.9)

ne
n=1

for all k € Z°¢, since by (3.6), x # 0 mod 1. Hence, (1.5) holds. Similarly, taking
x =Z2w+ k- ® in (3.8) and utilizing (3.6) gives

N
cos(2rwn) o ikwm| _ D *
cosam) <Dy 3.10
sup Z ¢ C( * |) ( )

n% -
NeN n=1

Hence, (1.6) is also satisfied. Thus we have Szegd asymptotics by Theorem 1.2.
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Our second example illustrates that neither the £!-condition (3.3) nor belonging to
the Szegd class is necessary for Szeg6 asymptotics to hold.

Example 3.2 Let {a,, 5,,}2‘;_00 be an arbitrary element of the isospectral torus 7.

Pick o € (%, 1) and let a,,, b, be given as in (3.4) but now with

1
Sa, =0, 8b, = — cos(2m/n). (3.1

=
n
Then (1.4) is trivially satisfied since o > %, and (3.3) fails to hold since o < 1. To
show that (1.5)—(1.6) are fulfilled, we note that Theorem 5.2(i) in [11, Chap. V] with
27 adjusted in both exponents implies that
o eZﬂiﬁ

- eZm'nx (3 1 2)
n

n=1

converges uniformly in x to a continuous function on [—%, %]. Combining real and
imaginary parts of this series at x = o yields convergence of the series

o0

2 ,

Z cos(2m /) J2ine 3.13)
na

n=1

for all w € [0, 1]. Moreover, the partial sums are uniformly bounded
N cos2/n) 5.
sup sup — " <C. (3.14)
wel0,1] NeN|, — n

Since (3.13)—(3.14) imply (1.5)—(1.6), we have Szegd asymptotics by Theorem 1.2.
Next, we show that the eigenvalues {x;} in R \ ¢ of the Jacobi matrix J with

parameters {a,, b,}5° | satisfy

Zdist(xk, 0)? = 00 (3.15)
k

forany g < % , in particular, for g = % Hence, the Blaschke condition (3.2) fails and,
by [2, Thm. 4.1], also the Szegd condition (3.1) fails to hold in the present example.
Indeed, let

By =[@®m)* —m, Bm)* +m], m=>1 (3.16)

denote disjoint subsets of N. Recall that, by [1, Thm. 9.6], the unperturbed difference
equation

anWn+1 + (bn — Bes))wn + dn—1wy—1 =0 (3.17)
has a positive bounded solution u, so that

Cl=Up =C2 (3.18)
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uniformly in n with some fixed positive constants c1, ¢3. In addition, by [1, Thm. 9.7],
(3.17) also has an increasing solution v,, which, by [1, Eq. (9.31)], is of the form

vV, = Knuy, + Sy, 3.19)

where « is a fixed positive constant and {s,} a bounded real-valued sequence. Let c3
be an upper bound for |s,| and px = (8m)% = m be the left (resp. right) endpoint
of By,. Then, by (3.18)—(3.19), the linear combinations

(v — K pgun) + (c3/c)un (3.20)

are positive on B, and of magnitude at least mic; at the center of B,, and at most
c3(1 4 ¢2/c1) at the left (resp. right) endpoint of B,,. Rescaling the expression in

(3.20), we obtain solutions v(im)

° vi’") are positive on B, and equal to 1 at the center of B,,,

of (3.17) with the following properties:
. vg_m) is of order O(1/m) at the left endpoint of B,,, and
o v is of order O(1/m) at the right endpoint of B,.
Now define ¢ by
@) it n € [Bm)* —m, Bm)?],

(@), =1 @"™), ifne[(8m)2 8m)? +m),
0 ifnd By.

Then there is a constant C > 0 (independent of m) such that

o> = cm.

As |/ (8m)2+m — 8m| < %, we have 8b, > C'm~2* for n € By, so that
C'llg™|?
5 .

m()(

(0™, (J — ™) >

Moreover, since ¢(’") satisfies (3.17) for all n except at the center and near the end-
points of By,

- C//
(™. (J = Besn)p™) < —.
m
Combining the above inequalities gives

(6™, (J = Ber)p™) ¢ c"/C

I 2 “m2 m?

Hence, for large m and some small constant D > 0, we have

dist(x,,, ¢) >

. 3.21
p— (321)

Thus, (3.15) holds for all g < 5-.
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Remark With the additional Diophantine assumption (3.6) and somewhat more del-
icate estimates as in [5, Sect. 9], one can show that there are examples where (3.15)
holds with g arbitrarily close to %, q< %
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