The P(¢), Euclidean quantum field theory
as classical statistical mechanics

By F. GUERRA, L. ROSEN, and B. SiMoN

Part I of this paper including the Bibliography appeared at the end
of the preceding issue of this journal.

Part II

IV. Lattice Markov fields

To date in constructive field theory, two types of ultraviolet cutoffs
have been used [32]:

1) A smeared field, i.e., ¢(x) is replaced by ¢,(x) = Sh(x — ¥)9(y)dy,
where % is some smooth positive approximation to the delta function;

2) Box and sharp momentum cutoff, i.e., #(x) is replaced by the periodic
field ¢ ,(x), which is obtained by approximating the Fourier integral
defining ¢(x) by a finite Fourier sum.

In this section we wish to introduce a new cutoff method in which R¢?
(space-imaginary time) is replaced by a lattice and the Laplacian A in the
Euclidean propagator is approximated by a finite difference operator. The
effect of this approximation is to replace the measure (11.25) by a perturbed
Gaussian measure in a finite number of variables, ¢, - - -, gy, €ach associated
with a lattice point:

Iv.1) e~ dt, — > const. e~ErPalt) exp (—_;_a- Ba)qu .

where the P, are semibounded polynomials and B is a positive-definite
N x N matrix with nonpositive off-diagonal entries. There are two main
advantages to this approximation which play a key role in our proof of
correlation inequalities (§ V): First, it is locality preserving in the sense
that U(g) is approximated by a sum ), P,(g,) in which each term involves
the field ¢, at only a single lattice point. Secondly, the Gaussian exponential
¢~'1%°57 provides a direct analogy with the ferromagnetic Ising model. More-
over the field theory on the lattice satisfies the Markov property.

Lattice cutoff fields have been previously discussed (but for time-zero
Hamiltonian theories) by Wentzel [115] and Schiff [87].
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IV.1. The Lattice Approximation. Although the lattice approximation
for the free theory makes sense for an arbitrary number of dimensions, we
shall take d = 2. Let 6 > 0 be the spacing parameter for the lattice L, =
{né|n = (n, n,) € 2% in R%. Our definition of the lattice cutoff field ¢,(n) is
motivated by the following observation of Nelson (private communication):
If we view ¢(x) as a continuum labelled (formal) family of Gaussian random
variables, the joint covariance “matrix”, S¢(x)¢(y)dp0, is just the integral
kernel of (—A + m?)~* (cf. (II.8)). Recall that in the formula for the joint
density of a family of Gaussian random variables,

av.2y  fla, -+, q9) = @r)"E | CTE exp[——;—@ —m)-C™(¢ — m)} ,

it is the inverse of the covariance matrix, C;, = Cov (q;, q;), which appears
in the exponent; here, m; = E(q;) and |C| = det C. Thus, formally, the
free field measure is ¢ '/** 49 d¢ where A is the operator (—A + m?). From
a formal point of view, —A is positive on-diagonal and negative infinitesi-
mally off-diagonal, as is evident from the finite difference approximation
to —A:

(Iv.3) (—Asf)md) = 7 4f(nd) — X2, ., f(w'9)]

where we norm Z* by |(n, n,)| = |n,| + |n,| so that the sum over »n' e Z°
takes place over the 4 nearest neighbours of .

We now convert the above heuristic discussion to a precise one. Con-
sider the Fourier transform from [*(Z?) to L[—x/d, /6]*) defined by

(AV.4) hle) = % L h(m)e

If we regard A = (— A, + m? as an operator on [*(Z*) by means of (IV.3),
then we see it is a convolution operator (Ar)(n) = Y a(n — n')k(n'), where

m? + 4672 n = (0, 0)
(IV.5) a(n) = {—672 n = (%1, 0), (0, =1)
0 otherwise .

Therefore, its image A on L® is multiplication by (27/6)d(k); by a simple
computation,

1v.e) (2m/0)d(k) = 67%(4 — 2 cos (9k,) — 2 cos (Ok,)) + m* = p(k) .

We wish the cutoff field ¢;(n) to have covariance matrix 67°47'; i.e.,

av.m) | emgnnrage, = @) | o omopnty e
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where Sa means that the range of integration is |k, | < 7/6. Accordingly we
define the lattice cutoff field ¢,(n) in terms of the field ¢(x) of (II.22) by
é:(n) = ¢(f5..), where

Jon(®) = (21)7° Sﬁ e (k) o)k
Put differently, we have the first of the following definitions:
Definitions.
()
Iv.s) ds(m) = (Zn)“ga e M a* (k) + a(—k)|u.(k) " 'd*k.
i) spsn): = @y | e m () (e) - 0t (e)
ca(—k9) o a(—kT) TT, pa(lel) " dk..
(iii) If g € C(R?), then ¢s(9) = D, 2 0°6s(n)g(n0d).
(iv) If Pis a polynomial and g € C;° we set U(g) = S 9(x) :P((x)): dww,,
as in § II, and
Iv.9) Ui(g) = X, 0* :P(¢s(n)): g(nd)w, .
The basic convergence result is:

THEOREM IV.1. Let P be a semibounded polynomial and let g € C;*(R?)
be nonnegative. Then, as 6 — 0,

(IV.10a) $s(9) — 4(9) ,
(IV.10b) Ui(9) — Ul9) ,
(IV.10c) exp (— Ui(9)) — exp (— U(9)) ,

where each of the above limits takes place in L*(Q, dp,) for any p < oo.
The proof of the theorem depends on
LEMMmA IV.2,
(i) For each ke R?, ps(k) — k) as 0 — 0.
() If [ k| = /o, ps(k)™ = (z/2)Re) ™"
Proof. From the definition (IV.6) we see that (i) is trivial. Clearly, (ii)
is a consequence of the estimate

(IV.11) 1—cosy = %yz if ye[—m, 7]

which we prove as follows. Consider the C* function F(y) =1 — cosy —
2y*/z* in the interval [0, 7]. Note that F(0) = F(x) =0, F'(0) =0, and
F"(0) > 0. Moreover F'"(y) = cosy — 4/n* has exactly one zero in [0, x].
Since F”” must vanish between zeros of F’ and since F'(0) = 0, F'’ can
vanish at most once in (0, 7). Therefore F' does not vanish in (0, 7). But
F(y) > 0 for small y, and so F(y) = 0. |
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By Lemma IV.2(ii), Theorem IV.1 is a consequence of an extended con-
ditioning convergence theorem (see the remark after Theorem I1.23). We
prefer a direct proof:

Proof of Theorem 1V.1.

(a), (b) Since, for varying §, the vectors U,(g) have a fixed finite
number of particles, it is sufficient by (II.23) to prove L*-convergence.
The L*convergence of the relevant kernels follows from Lemma IV.2 and
the dominated convergence theorem.

(¢) By mimicking the proof of Theorem II.10 that ¢ Y e L* and by
using the uniform bound of Lemma IV.2(ii), we see that exp (— Ui(g)) is
uniformly bounded in L*.

The convergence thus follows from (b), the estimate (11.24), and Holder’s
inequality. O

The lattice cutoff (smeared) Schwinger functions are defined by

[o) - sih)e v vap,
(Iv.12) Sys(hyy <+, b)) =
S e—Ua(g)dpo

where h; € C;°. As an immediate consequence of Theorem IV.1, we deduce:

COROLLARY IV.3. Let hy, «--, h,€ C>(R?). Asd—0,

S, s(hy <+, h,)—> Sy(hy, +++, h,) .

1V.2. Properties of the Lattice Theory. In this section we investigate
the properties of the lattice approximation, and in particular show that the
measure reduces to the form (IV.1). To this end, note that in the expression
(IV.12) for the lattice cutoff Schwinger function, only a finite number of
Gaussian random variables are involved, namely the fields ¢, = ¢;(n) =
(fs..) for noe A, = L, N A, where A = supp gUsupph, --- Usupp %,. Thus
by (IV.2) and the definition of the measure d, the numerator in (IV.12)
reduces to a sum of terms of the form

(2m)y-¥E| G S Qs ++* @, exXp [—D ), 0% :P(q,): 9(nd)]

exp (—1g-C7g)d'q ,

(IV.13)

where N = | A, |, the number of points in A;, and C is the N x N covariance
matrix of the ¢’s. The same conclusion holds for the denominator of
(IV.12), and, more generally, for any expectation

S F(¢J(n1)’ Tty ¢a(n,))6_v5(g)d#0

(IV.14)
g e—Ua(g) d/"o
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where F'is a function on R".
Now we constructed the lattice cutoff field so that its covariance matrix

(1V.15) Cowe = | 8:m)3.) a1t

gives rise to an operator C on I whose inverse C™' = 64 has particularly
simple matrix elements (see (IV.5)). In fact, by (IV.5) and (IV.6), Ae M,
and Ce K_ where we define:

Definitions. Let M, denote the class of positive invertible operators
on [* with nonpositive off-diagonal entries. Let K, = {C|C™'e M_}.

These classes of infinite matrices have rather interesting properties
some of which are established in Appendix A. In particular, Theorem A.2
shows that any finite submatriz of Ce K, retains the property that its
inverse is a positive definite matrix with nonpositive off-diagonal entries.
We summarize these facts about C:

THEOREM IV .4,

(i) The covariance matrixz (IV.15) defines a bounded, positive, invertible
operator C on IM(Z%).

(i) C™* = 6°A has nonpositive off-diagonal matriz elements (see (IV.5));
ie.,, CeK..

(iii) Let S be a finite subset of Z* and let D be the matriz (Coy)uwes.
Then D ts strictly positive-definite and D™ is a positive-definite matriz
with nonpositive off-diagonal entries.

If for a fixed 6 > 0 we are dealing only with the lattice fields in a
bounded region A, let us denote the (finite) covariance matrix of these
fields by C* (and similarly for submatrices of the operator A). According
to the above discussion, Theorem IV.4(iii) shows that in expectations of
the form (IV.14) the measure reduces to the form (IV.l) where B = (C*)™!
is a positive-definite matrix with nonpositive off-diagonal entries. Although
this conclusion is sufficient for the purposes of the next section, we can go
further in determining (C*)™'. Of course, (C*)™' # 0°4*; but, as we show
in Theorem IV.7 below,

(Iv.16) 07 C*)' = A® — B,
where the matrix B;, is “concentrated on the boundary of A,”. By this we

mean the following: Given a set A C R? with its enclosed lattice points A,,
we make these definitions:

Definitions.
(i) AS** = L,\A,.
() A ={noeA,|mieA,;if |[m —n|=1}.
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(iii) The boundary 0A, = A,\A.

(iv) P, is the projection in [*(Z?) onto sequences a such that a, = 0 if
no € A.

We say that an operator B is concentrated on the set A if B = P,BP,,
and similarly for a matrix B, where we identify P, with its restriction to
the finite-dimensional subspace of 12 on which the matrix acts. In addition
we identify C* with P,CP,.

The relation (IV.16) turns out to be connected with the lattice Markov
property (see Theorem IV.8 below) and will be useful in understanding the
results of the following sections. The basic idea in the proof of (IV.16) is
that (C*)™* can be calculated from

(Iv.1n 02C* = limg_.., PA(A®)'P, .
To prove (IV.17) we first note:
LeEmMmA IV.5. For some a > 0, C,,, = 0(e~="""')),

Proof. 1t is sufficient to show that C,, decreases exponentially in %, > 0,
uniformly in n,. From (IV.7) and the definition (IV.15),

C,, = (21)™ S5 ke S’:’:/a dl,e?mio p, () .

For fixed k,, #,(k)™* is an analytic function of k, in the strip —27/6 <
Rek, < 2m/0 except at the two zeros of y,(k) =0, i.e., at k, = *ir(k,),
where by an elementary computation, £ = 6~ log (1 + m?0?). Therefore by
the Cauchy integral theorem, the integral in %, along the line segment [ —7/d,
m/o] is the same as the integral along [(—7 + ia)/d, (x + ia)/0] for any
0 < a < k, since the integrals over the other two sides of the rectangle
cancel by periodicity. Thus the integral over k, is 0(¢™*™), uniformly
in k,. |

LEMMA IV.6. If ACR® is a fivzed bounded region then, as the regions R
go to infinity, (IV.17) holds.

Proof. Define the operator B = P,AP, + P, AP, where R’ is the
complement of R. Then we have A — B = A A*. From (IV.6) we note
the bounds m* < A < 87 + m?, so that A, A*, A* and B are bounded and
the first three have bounded inverses (all bounds uniform in R). Therefore

(A—B)" =(A") "D (A").
Assuming that A ¢ R we have P,(A%)™* = 0 and so
P,(A®)"'P, = P,(A — B)"'P, = P,(A™ + (A — B)"'BA™)P,
= §°C* + 0*P,(A")"'BCP, .
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But since A has matrix elements only between nearest neighbours, B is
concentrated on the set R, = R, UdR;. From the previous lemma and the
uniform bounds on (A%)™! and B we thus conclude that

P,(A®)7'P, = 6°C* + O(exp| —a dist(R,, A)])
and (IV.17) follows. U

We then obtain this improvement of Theorem IV.4 (iii):

THEOREM IV.7. If ACR?is a bounded region, then (C*)™' = 6*(A*— B;,),
where B;, 18 a positive semi-definite matriz with nonnegative elements that
s concentrated on the boundary oA;.

Proof. Let M = |A;| and N = |R,|. We determine (C*)™* by formula

(IV.2), i.e., as the matrix in the exponential of the density function for the
Gaussian random variables on the lattice A;:

(IV.18) C;/L\n' — (271.)—}[/2 ICAI-1/28qnqn,e—llzq.(CAy—lquq ,
where 10, n'6 € A;. On the other hand by Lemma IV.6 we also have
(Iv.19) 0*Ch, = limy,..(2m)~ %" |ARllfzgqnqn,e“‘/z"'AR"qu ,

where we have again used (IV.2). Now suppose that for a fixed RO A we
integrate out the variables in R\A in the integral in (IV.19). Denote the
resulting matrix in the Gaussian by A%, i.e.,

(IVZO) (271.)—1\1/2 IAR l1/z§e_1/2qR.ARquqR\A — (27.[)%1/2 I Ab llIZe—I/ZqA.quA

where ¢ stands for the variables on R;. It is obvious from the definition
(IV.20) that A% is a positive definite matrix with

(Iv.21) inf ¢(A2) = inf o(AF) .

We claim that the matrix BF, = A* — A% is a positive semi-definite
matrix with nonnegative elements that is concentrated on the boundary JA,;.
Since we are assured by Lemma IV.6 that the limit in (IV.19) exists for all
%, n'in 07'A;, we see from (IV.18)-(IV.20) that these properties of B, yield
the theorem. The claim is proved by induction on the number of variables
in R\A. What is the effect of integrating out a single variable ¢ in a Gaussian
integral? If the terms involving g are of the form exp(—(c/2)¢* — ¢ X @.4.),
then integrating out ¢ leaves a factor const. exp[l/ZC(E a,,q,,)z]. Thus as
each variable in R\A is integrated out, more couplings are introduced for the
remaining variables. However, since A® couples only nearest neighbours,
the variables in Ai"* are not coupled to the variables in A*, and integrating
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out variables in AS** cannot affect the terms involving variables in Al
Clearly, then, Bf, is always concentrated on 0A,;. As for the sign of BE,
note that each integration modifies the positive-definite quadratic form in
the remaining variables by subtracting a term of the form 1/2¢(37 a.¢,)" in
which, we claim, all the coefficients are nonnegative. The reason is that ¢ is
always positive, since by (IV.21) the quadratic form remains positive-definite
after each integration, and the a,’s always have the same sign, namely,
negative. For, from the definition (IV.5) of A%, the couplings start out
nonpositive and each integration only decreases them. O

Example. To illustrate the theorem, we can explicitly calculate (C*)™*
and B,, when d = 1. In one dimension, A = (—A, + m?) has matrix elements
A, =m*+22=a, when n =n', 4,, = —0%= —a, when n =2’ & 1,
and A,, =0 otherwise. In momentum space A is multiplication by g, (k)=
m? + 207%1 — cos ko). The matrix elements of the covariance operator,
C... = (271')“8 etk y (k) "*dk, can be evaluated by contour integration and
we find ’

(IV.22) Cyu = 0™ ™H/(1 — 2?)

where « is the solution of a2’ —ax +a,=0in 0 < <1, ie., o=
[(1 + (md/2)*)"* — md/2]'. Note that C,, decreases exponentially with
In — n'|.

Let A = (0, Md] so that A, = {0, 20, - -+, Mo} and oA, = {6, M6}. From
the definition (IV.22) we can readily compute (C*)™, and we obtain

1 - 0 0
1 -z 1+ —2 0
(CA)_IZx—8 0 - 1+x"’. -
. —
0 -z 1
Thus we see that §-(C*)™! = A* — B,,, where
ax 0
0 0 :
Bas = 0 0
0 ax

Remarks 1. The main point of Theorem IV.7 is that even in a bounded
region, the measure still couples only nearest neighbours, except for the
boundary variables.
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2. The role of the boundary matrix B,, is to adjust the boundary
condition associated with the (finite difference) Laplacian. Thus, if to the
M = |A;| Gaussian random variables on the lattice A, we associate the
measure const. e 2N TgMg we are taking “free” boundary conditions;
on the other hand, it is heuristically reasonable that the measure
const. e"yR*4bag g oives Dirichlet B.C. since the effect of the A*is toignore
the variables just outside A; in the definition of the finite difference approxi-
mation to —A. We return to this question and the related convergence
theorem in §IV.3. Similarly we expect that arbitrary B.C. may be obtained
by an appropriate choice of boundary matrix.

3. The assertions about the sign and semi-definiteness of B;, also follow
from the method of Appendix A (see the remark after Theorem A.2). The
semi-definiteness, which can be expressed as d7%(4*)™ < C4, is the lattice
version of the positive-definiteness relationship between Dirichlet and free
B.C. noted in §II. The significance of the sign of B;, will become clear in
§ V when we show by correlation inequalities that the free Schwinger func-
tions are greater than the Dirichlet Schwinger functions.

4. The fact that the influence of the variables in A®™* can be felt by
the variablesin A only on dA is of course an expression of the Markov pro-
perty of the free field theory. In § VII we return to this idea of boundary
terms in our discussion of equilibrium equations.

Finally, we discuss the Markov property for the lattice theory. In the
continuous case the Markov property amounts to a statement of the fact
that (—A + m?®) is a local operator (see the proof of Proposition II.3). In
the lattice case the corresponding fact is that the finite difference operator
A = (—A; + m®) couples nearest neighbours only. An abstract discussion
of the lattice theory and its Markov property proceeds just as in § II.1. In
fact the lattice theory is just a sub-theory of the continuous one: The single-
particle Hilbert space N, consists of sequences a on the lattice L, with inner
product

(IV.23) @, 85 = X3, . GCanbar -

If we identify ¢ with the function f(z) = Y, @.f: () we have an isometric
imbedding N, N. On the associated @-space, @;=Qy,, the Markov property
takes the usual form: We define e, to be the projection in N, onto sequences
supported in R;, and E;, to be I'(ez,). Then

THEOREM IV.8. If R and S are closed disjoint regions in R, then

(IV.24) ER,)ESa = EaRgESg .
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Proof 1. The proof of (IV.24) reduces to the corresponding single parti-
cle relation which we verify as in Proposition II.3: For any a € Ran e, we
must show that e;,a is supported on R,, or equivalently that Y (e5,a),b,=0
for all finite sequences b supported in R{". But

En(ai)nbn = <6R5ay Ab>&
= {a, €z, Ab),
= {a, Ab),
=>,a,b,=0
where e,,Ab = Ab since A couples only nearest neighbours. O

Proof 2. But a more concrete version of (IV.24) is at hand (at least for
bounded regions) since the lattice approximation has provided a concrete
representation of @,. Thus if F'is a function of the random variables ¢° on
S;, the projection E,,F' is defined by the identity

(2m) 5 O [ Glg) (B, F) (g0 g
= (@) s [ CR0S R GlgT) Fge)etme o or T g

for all G € C°(R'**). But by Theorem IV.7, (C*"S)™' does not couple any of
the variables in R!™ to variables in S;. Therefore, upon integrating over
dq® on the right hand side, we see that E,, F is a function only of the vari-
ables in 0R,. O

As for the interacting theory, it is clear from (IV.13) that the inter-
action does not destroy the Markov property since it does not couple different
q’s; i.e., the interaction is local:

(IV°25) UA,; = EAE:Pn(qn): ’

where the sum takes place over sites no € A; (A = supp g).

In Theorem 1V.8 we were of course considering the lattice theory with
free boundary conditions, i.e., the covariance in the region A is given by C*
where (C*)™' = 6%(A® — B;4), as in Theorem IV.7. However, it is obvious
from the second proof of Theorem IV.8 that the Markov property depends
only on the nearest neighbour form of the Gaussian density; hence the
Markov property will hold for arbitrary boundary conditions; i.e., if the
inverse of the covariance matrix has the form 6%(4* — B;,) where B;, is
an arbitrary matrix concentrated on dA;. Given the lattice L;, these obser-
vations lead us to:

Definition. In two Euclidean space dimensions, the polynomially inter-
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acting lattice Markov field theory with boundary condition {B,,} is defined in
the bounded region A C R* by the following measure for the fields ¢, on the
lattice A;:

exp(— Uy, — %q-Bq)qu

1V.26) ) = ;
(IV.26 dya(q Sexp<— U, — _;_q-Bq>qu

here U,, is defined by (IV.25) in terms of the given semi-bounded polynomials
P,, N=|A,;|, and Bis the N x N positive definite matrix, B = 6*(4* — B;4)
where A* is the matrix of the operator (IV.5) restricted to A; and B;, is
concentrated on aA,,.

In closing this section we remark that one can prove L?-estimates (e.g.,
hypercontractivity, checkerboard = peghboard) for the lattice theory, just
as in §III. The hypercontractivity of projections is based on a calculation
similar to (IV.22).

IV.3. Dsrichlet Boundary Conditions. We now consider the lattice
theory with Dirichlet B.C. in more detail. Our main goal is to verify the
claim made in Remark 2 following Theorem IV.7 that the lattice measure
const. e"1P9*¢4%4gda corresponds to Dirichlet B.C. on the boundary of A.
Throughout this discussion the region A will be fixed, and we shall gener-
ally neglect attaching a subscript A to A-dependent objects.

As in the continuum case the Dirichlet field ¢? is obtained by “condition-
ing on A5*”. Thus let P, be the projection orthogonal in N, (cf. (IV.23))
onto sequences supported in As*'. We write g,(a) = ) a.é:(n) if ael¥(Z?
and we let ¢ be the vector in I* with components ¢ = §,.,. Then we have:

Definition. On thelattice L;, the Dirichlet field in the region A is given
by

(IV.27) pP(n) = ¢i((I — Pr)e™) .
Note that if né ¢ A, then ¢7(n) = 0, and that if %o € A,
(IV.28) $7(n) = ¢s(n) — 2, AWps(m) ,

where by the Markov property the vector a'® = P;e'™ has nonzero components
a® only if md € d(A’), where A’=R*A. The interaction U(g) is defined as in
(IV.9) with the replacement of ¢,(n) by ¢;7(n). Notice that since ¢; vanishes

outside A, only the values of g in A matter.
First we verify that the covariance matrix of the Dirichlet fields

(1V.29) i = (et
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has boundary matrix B,, = 0:

THEOREM IV.9. Fix 06 > 0 and A a bounded region in R®. Then as
|As| X |A;| matrices,

(IV.30) (CHP)t = 524> .,
Proof. From the definitions (IV.29), (IV.27) and (IV.23)
K7 = <o, (I = P)e™,
= Ui — Em Cinlly .
This equality holds true even if jé6¢ A in which case the last expression
vanishes; thus if &, © € A/d,

82 EieAl& Aif ;}C,D = 82 Z:jt-:Z2 Aii(CJ'k - Emcjma("’:))
= 3ik - E azmagrlf)
= 311;

since the sum over m is over md € d(A’), which is disjoint from A,. |

Secondly, we establish the convergence of the lattice Dirichlet theories
(both “full” and “half”) to the continuum Dirichlet theories in the same
region. However, it is necessary to impose a regularity condition on A, as is
shown by the following.

Example. Let A, be the unit disk and let A, = A,\S where S is the line
segment {(z, ) |« > 0}. Obviously (A,); = (A,), if 0 is rational, in which case
the lattice Dirichlet theories agree for the two regions. On the other hand,
there are elements in the one-particle space N of (11.6) which are supported
in A\A; so that the continuum Dirichlet theories differ for the two
regions.

Definition. Let ACR?beopenand bounded and let A’ be its complement.
We say A is regular if and only if any distribution fe N with support in A’
is a limit (in N) of elements in C°(A').

Remark. By scaling and convolution it is easy to show that A is regular
if it is convex.

We now state the convergence theorem for the full Dirichlet theory:

THEOREM IV.10. Let A be an open, bounded, regular region in R*. Let
g € C;°(R?) be nonnegative. Let ¢7(¢”) denote the Dirichlet field on the lattice
L; (respectively, continuum Dirichlet field), both in the region A, and let
U?P(9) (resp. U”(9)) be the corresponding interaction defined above (resp. in
(I1.63)) in terms of a fized semibounded polynomial. Then, as é — 0,
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(IV.31a) 2(9) — ¢°(9) ,
(IV.31b) Uy (9)— U"(9),
(IV.31c) exp(— Uy(g)) — exp(— U”(9))

where each of the above limits takes place in L7(Q, dit,) for any p < .

Remark. ¢ need not have support in A; moreover only the values of ¢
in A matter. Thus, for example, we can replace g with x,, the characteristic
function of A.

The proof of the theorem depends on

LEMMA IV.11. Let A be an open, bounded regular region in R?, and let
P be the orthogonal projection in N onto the distributions with support in
A'. Then
(Iv.32) s—lim,,, P, = P.

Remark. By the isometric imbedding of N; in N, we regard P, as an
operator on N; i.e., P;is the projection onto the subspace of N spanned by
{fn,b I na e A}'

Proof. Given g € C;*(R?), define g,(x) = 6* Y, g(n0)fs,.(x). Then it is easy
to see by Lemma IV.2 and the dominated convergence theorem that g, — ¢
and

(IV.33) (—'A,; -+ mz)g,; I (_A + mz)g
in N. Suppose that g€ C;°(A’). Then g, Ran P;, so that by Bessel’s ine-

quality || P;,g — 9]l = |l¢9; — 9]]— 0 as 6 — 0. Since A is regular, we conclude
that
(IV.34) Pyg——g if gecRanP.

Now suppose that g€ N. Since the ball of radius ||g|| in N is weakly
compact we know that {P,g} has a weakly convergent subsequence. Let f
be any weak limit point of {P,g}. We claim that to prove (IV.32) it is suf-
ficient to show that f = Pg, for then P,g — Pg weakly and hence strongly
since P; and P are projections. To this end, let & € C;°(A) be arbitrary. Since
supph NA(A");=¢, ((—As+m?)h,, Psg)y=0. Thus by (IV.33), ((— A+m)h, f)y=
Sﬁ(_x) f(@)dz=0 so that f€ Ran P. Now let & be arbitrary in N. Then (k, f)=
(Ph, f)=1lim,(Ph, P; g) = (Ph, g) by (IV.34). We conclude that f=Pg. []

Proof of Theorem IV.10.
(a), (b) By the general theory of conditioning (cf. §I1.5), U?(g) =
I'(I — P)U(9) and UP(9) = I'(I — P;)U,(g). Clearly L*-convergence follows
from Theorem IV.1 and Lemma IV.11, and L*-convergence from (II.23).
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(¢) By (II.24) we need only show that sup ||exp(— U?(g))||, is finite
for each fixed p < . But by Corollary II.21,

[l exp(— UP(@)|l, < |lexp(— Us@))],
so that the uniform L bound follows from the proof of Theorem IV.1. []
Theorems IV.9 and IV.10 together justify our conclusion that the choice
of boundary matrix B;, = 0 gives Dirichlet B.C.

The lattice cutoff (smeared) Schwinger functions with Dirichlet B.C.
in the region A are defined by

) = |62 - -9 e v e

(IV.35) Sk + -+, by
Se‘U?"A’d#o

’

where h; € C;°(R?). Asanimmediate consequence of Theorem IV.10 we deduce:

COROLLARY IV.12. Let A be an open, bounded, regular region in R2.
Leth, +++, h, e C?(RY). Asd —0,
Sjlx),d(hu ct h’fr) _ Sjlx)(hlr M) h’r) .
Finally, we note that the half-Dirichlet lattice theory converges as
0 — 0. We adopt the second point of view as explained in §II.6; i.e., we
realize the noninteracting lattice Dirichlet theory in terms of the Dirichlet

measure
dﬁﬁ,s — (277:)—1\1/2 |AAlllzaNe(—IIZ)JZQ'AAqdq

where q, = ¢,(n), n = 1,2, ---, N, are the field variables in A. The (smeared)
lattice cutoff Schwinger functions with half-Dirichlet B.C. are (cf.(11.91))

[t - - guthye oo,
Se—l/vj(xA)d‘ujIz’ﬁ .

Here U,(x.) is defined by (IV.9), that is, in terms of Wick powers :¢;(n)":
rather than :¢,(n)":,. Let P(X) = Y™ a,X". By Lemma V.27

r=0

(IV.36) Sg,lqjs(hn Tty h’r) =

av.sn ooy = SN B sy,

where { A } — 1/ (r — 2))! 27, and By(n) =C,,, — CA? (cf. (IV.15) and (IV.29)).
It is convenient to regard the lattice cutoffs in B;(n) and #7(n) as being in-
dependent of one another and so we write by (IV.37)

r . .
Uso () = UR(W) + 0, a, 5.;’?{ i }EWGAB’Z(—%(M’))’ 195 (n) Y1,
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where U,,,(xa) = Us(xs) and g,(x) = By(n) if x€ A is in the lattice square
centered at nd. By Theorem IV.10, when §’ — 0

Uy o(An) — Vi = U(1) + 307, a, 5.’__’1”{ : }S(—g,(x))" (@)%, da

in each L*(Q, d¢}), p < co. Moreover, exp(— U, (xs)) — exp(—V;) in L?,
p < co. In addition, one can show by using the ideas of Lemma II1.37 and
Theorem I1.38 that this convergence is uniform in §. Now let 6 — 0. For
ze A, g(x) — 0G(x) as defined in Lemma II.37(i), where the convergence
takes place in L?(A), p < o. Thus by Theorem II.38(iv), we have in each
L@, dpR) for p < <,

Vs UP(2) + X" a, 5.;/‘;’1{ ;’ }S(—aa(x))f p(a) -, d = U,

by (I1.88). Moreover, ¢"s —e¢ A in each L?, p < . We have thus verified:

THEOREM IV.13. Let A be an open, regular, log-normal region in R?,
and let by, +-+, h, e C(R?). Asd—0

ﬁfi(hly Tty h’r) - SKD(hly Ty h’r) .

IV.4. The lattice Theory as an Ising Ferromagnet. E. Nelson [69] has
pointed out a useful interpretation of the lattice model which helps explain
why we have been able to establish the correlation inequalities of the next
section. Assume that the boundary matrix B;, is nonnegative, as we have
proved it is in the case of free or Dirichlet B.C. Then the free part of the
measure (IV.26) can be written

eXp(—;— E:,ﬁe,,;/ |B'n'n’ I qnqn’>nn e(—IIZ)B"ququn ’

where we have made use of the fact that B,, <0 if n = »n’. Thus we see
that the free measure gives a Gibbs state for a set of Gaussian spins with a
ferromagnetic interaction Hamiltonian H=(1/2) 3, .., B.nq4q.- In fact by
considering the entire array of spins, we conclude that the free lattice theory
18 an infinite array of Gaussian spins with nearest neighbour Ising inter-
actions of ferromagnetic type. The extent to which the Gaussian model
simulates the actual Ising model was discussed in 1952 by Berlin and Kac
[4].

With the interaction turned on (“perturbed Gaussian model”) we have
already noted that the local interaction does not change the coupling be-
tween spin sites but only the distribution of each uncoupled spin. An in-




206 F. GUERRA, L. ROSEN, AND B. SIMON

teracting lattice Markov field theory is thus an array of continuous spins
with ferromagnetic pair interactions between spins.

We warn the reader of a clash between the natural terminologies of
field theory and statistical mechanics: What we have called Dirichlet B.C.
(B;an = 0) corresponds in the Ising model picture of the lattice theory to
what would be called “free B.C.” in statistical mechanics. Our “free B.C.”
(B;a given by Theorem IV.7) are very different. It is useful to bear this
difference in mind when trying to understand the monotonicity of the
Dirichlet states ([69] and § V.4).

V. Correlation inequalities

In this section we wish to prove and apply correlation inequalities of
the type that have been so useful in statistical mechanics [38], [85]. These
inequalities have the general form of a positivity statement:

G-I 4> = 0;
or a statement of positive correlation:
(G-IT and FKG) (AB) = {AX{B) .

Here ¢-) denotes expectation on some space such that (I)> =1, A and B are
suitably chosen observables on this space, G-Iand G-II refer to Griffiths’ first
and second inequalities respectively, and FKG refers to the inequalities of
Fortuin-Kasteleyn-Ginibre [20]. The proof of G-I and G-II in our case (Theo-
rems V.1-2, 7-9 below) uses ideas developed in a beautiful analysis of general
Griffiths’ inequalities by Ginibre [27].

In the first subsection, motivated by the form of the lattice approxi-
mation of §IV, we prove inequalities for a class of measures on R” which
we call “normally perturbed Gaussian measures of ferromagnetic type”. It
is then easy (§ V.2) to obtain correlation inequalities for the P(¢), field theory.
After discussing the possibilities for correlation inequalities involving Wick
powers (§ V.3), we turn to applications in § V.4.

Perhaps the most significant consequence of the P(g), correlation in-
equalities to date is Nelson’s proof ([69] and see Theorem V.20 below) that
if P is even and the coupling constant A > 0 arbitrary, then the non-coinci-
dent Schwinger functions with half-Dirichlet B.C. converge monotonically
as the volume cutoff is removed. By “non-coincident Schwinger functions”
we mean the smeared Schwinger functions whose smearing functions have
pairwise disjoint supports.

V.1. Gaussian Measures of Ferromagnetic Type. The form (IV.1) of the
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measure in the lattice approximation leads us to a consideration of these
measures on R™:

Definitions: A measure dp, = e = 4%d*y where A is a positive definite
matrix with nonpositive off-diagonal elements is called a Gaussian measure
of ferromagnetic type. If F,, ---, F, are bounded, continuous, positive func-
tions on R, the measure dp(z) = Fi(x,) - -+ Fi(x,)du(x) is called a normally
perturbed Gaussian measure of ferromagnetic type, or, for short, a fer-
romagnetic measure. If each F; is an even function of 2,, we say that x is
an even ferromagnetic measure.

If v is any of the above measures, we define the normalized expectation
value of a function f on R" as

(V- (. = | f@ania) [{ax) .

Finally, if f satisfies f(x) = f(y) whenever ¢, =y, fori =1, -+, n, we say
that f is an increasing function on R" and we write f1.

With these definitions, we are able to state the main results of this
subsection:

THEOREM V.1. If p is an even ferromagnetic measure and j,, «++,J, are
nonnegative integers, then

<x{1 e a;;n>,‘ =0.

THEOREM V.2. If tt is an even ferromagnetic measure and j,, « -+, k,are
nonnegative integers, then

<x{1+"1 PN xz,,"”+k“'>/.: = <x{1 oo x{‘n>ﬂ<x{‘1 .o a:',‘,n>,, .
THEOREM V.3. Let ¢ be any ferromagnetic measure. Then

@ = {fOu@n
if f and g are continuous, polynomially bounded functions with f, g1.

Remarks 1. H. Leff [59] has proved Theorems 1 and 2 by explicit com-
putation under the special hypothesis that F, =---= F, = 1, and the weaker
condition on A that A~ be positive definite with nonnegative elements.

2. F. Spitzer (private communication) has also proved Theorem 3.

3. These three theorems are of type G-I, G-II, and FKG respectively.

4. The assumptions on the perturbing functions F; can be weakened
somewhat. For instance, F; need not be bounded but must merely be of
order 2 and type less than any eigenvalue of A4; i.e., F;(x) = O(e***) where
a < mino(A). At the end of this subsection we consider the extent to which
we can relax the assumption that ¢ be even in the first two theorems.
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Typically the functions F; are of the form ¢ #7i where P,(x) is a poly-
nomial. Since the earliest simplifications of Griffiths’ work [36], [53], [26],
the standard method of proving correlation inequalities has been to expand
the exponential. Inour case this does not work: first, the expansion generally
does not converge and, secondly, the inequalities are not true order by order
in 8. Instead we shall expand the off-diagonal part of the Gaussian measure.
Thus we take as our base measure

(V.2) dy = Fy(x) -« F(x,)e " 4°d"x ,

where A, is the diagonal part of A, the matrix whose off-diagonal elements
vanish and whose diagonal elements are the same as A’s We also define, as
the interpolation between dy and dy,

(V.3) dp® = Fi(x,) « -+ F(x,)e " *vd"x

where v € [0, 1] and 4; = MA + (1 — M)4,. An important role is played by:
LEMMA V.4. If p is an even ferromagnetic measure, then the function

gin) = Sx’fl oo phad p® 45 analytic in a circle with center at the origin and

radius greater than 1.

Proof. Since A is invertible and positive definite, so are A, and thus
A;if 0 <N =<1. Itfollows that g(\) is analytic in a complex neighbourhood
of [0, 1]. In particular g is analytic about » = 0. Now the m*™ derivative

00 = [Ty (—ana]"sts - atod = 0

since each a,; < 0 and each F' is even and positive. But an analytic function
with nonnegative Taylor series at the origin must have its nearest singu-
larity on the positive real axis. Thus there is an ¢ > 0 such that the Taylor
series for g at 0 converges if [N <1 + . O

Proof of Theorem V.1. By the lemma, g(1) = 3" g™ (0)/m! = 0 . O

Remark. We owe to E. Lieb (private communication) the observation
that Theorem V.1 is actually equivalent to the usual statement of Griffiths’
first inequality: For ferromagnetic spin systems, G-I asserts that the (un-
normalized) expectation

(V.49) (ott-evoinds =3, L0t - oirexp(X,; Ji(B)o.0;) = 0

provided the couplings are ferromagnetic; i.e., J,; = J;; =< 0 for ¢ = j. If
we set o, = sgn z;, then (V.4) implies

Sx’l‘x e x’:{nd# = SRn xh... x’;‘uFl(xl). .o Fn(x")<o'f1 e gin)zd‘"'x >0
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where R* = {x |2, > 0} and J,;(x) = A,; |x,]||2;].

Conversely, given the ferromagnetic couplings J;; (¢ # j) we can find a
matrix A with 4,; = J,; if © = j and A,, = a such that A is positive definite.
Taking F,(»;) = d(x; + 1) + d(z; — 1) (or a limit of smooth approximations
to this funection) we recover the spin inequality from Theorem V.1.

In his general analysis of Griffiths’ inequalities, Ginibre [27] isolates a
condition (Q3) that the measure and observables should satisfy to yield
correlation inequalities. In our case (Q3) is just:

LEMMA V.5. Let dv be the even measure (V.2) and let P, ---, P, be
polynomials in x € R™ with nonnegative coeffictents. Then for any choice of
the plus or minus signs,

(V.5) I (@) = P@)ar@ids(y) 2 0.

Proof. Clearly it is sufficient to prove the lemma if each P, is a monomial
of the form it - .- xi», First note that if n = 1,

(V.9) [@ — v + yyar@asw) 2 0

for all nonnegative integers 1, j. For if 4 + 7 is odd the integral vanishes
by (%, y) — (—x, —y) symmetry. If ¢ is odd, it vanishes by (z, ¥) — (¥, x)
symmetry. Thus the integral can be non-zero only if ¢ and j are both even,
in which case the integrand is positive. Since

(@ +y) =277 Ej{33§"<j. )(x + ) —yy,
we conclude from (V.6) that
) @ & 9% - @ & ymdn()ds) 2 0

for any choice of + from each pair and any nonnegative integers <,, - - -, ©,.
Finally, if n> 1 we appeal to the product nature of the measure dv and
deduce (V.5) from (V.7) by repeated use of

XCAXCAEXONLXCON
= (@) + M@)o = haty2)]
e LXCOR X O) LXCSES RN O
Proof of Theorem V.2. We must show that

(V.9) [@ =y — y*)duEdp) 2 0
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where &' = i ... xi». By Lemma V.4, the integral (V.8) can be evaluated
by a power series expansion in the off-diagonal part of the Gaussian measure.
But each term in this expansion

L@~y —y N T~ e@ma; + vl i)

is nonnegative by Lemma V.5. 1

Finally, to prove Theorem V.3 we observe that a ferromagnetic measure
satisfies the FKG condition:

LEMMA V.6. Let du(x) = G(x)d"x be a ferromagnetic measure on R*.
Then

(V.9) Gl A Y)G@ Vv y) =2G@)G(Y) .

Notation. Under the orderingz >y if 2, =y, 1 =1, ---, n, R" is a dis-
tributive lattice with the operations \V and A given by ( \VV ¥);, = max(x;, ¥,)
and (& A y), = min(z,, y.).

Proof. By definition G(x) = F(x)e *4*. Since F(x) = Fi(x,) --- F,(x,)
F(x Vv y)F(x A y) = F(x)F(y). Moreover,

@AYA@xAY) + @V YAV y) —c Ax —y-Ay
=2 Ei,j a(xY; + Y2 — 20 — YY)

2;<Y;, 25>V

=2 Y., oy —y)y, —x) S0

2;<¥;,2;>¥;
since a;; = 0if 7 = J. O
Proof of Theorem V.3. By Lemma V.6 we see that the theorem is just

a continuum version of the usual FKG inequality [20], [49]. To reduce the
theorem to the case of a finite distributive lattice, we simply approximate

{fou by
Foy = 2 ig=ne SN, “'y.jn/N)G(jl{Ny ©rey S/ N)N"
> rens GGIN, -, 5 /NN
Then by FKG, {(fod>y = {fDx{9Dy, and letting N — o yields the theorem.
(i

We conclude this subsection with a discussion of the necessity of the
condition that g be even in Theorems V.1 and V.2. This condition cannot
be dropped completely as the following example shows:

Ezample. Consider the ferromagnetic measure dp(x) = ¢! !2% 4217 j o
F(x)=e%% ¢1=1, .-, n. Setting m = —A~"\, we see that
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-;—x-Aac + N = -;—(x —m)-Alx — m) + —;—m-x ,

so that the effect of the linear perturbation is to change the means but not
the covariance of z,’s. From the joint characteristic function of the z,’s,

1@ = | [apo
= exp|im-q — %q-A_‘(I} ’
we can read off the various expectations of products of x,’s. For example,

<x1x2>p = }‘ _?fL = (A_l)m + mm, ,
1% 0q,0q,! ¢=0
(o, @o5p e = MMMy + M (A7) + M(A™)1s + My(A7)ss

and so on. Therefore,
(V.lO) <x1x2x3>y - <x1x2>;t<x3>.u = ml(A_l)% + mZ(A_I)w .

Now we know by Theorem A.1 that A~ always has nonnegative entries;
certainly by a specific choice of A we can arrange that A~ have strictly
positive entries. Consequently the right side of (V.10) is given by an ex-
pression of the form Y ¢\, where ¢, < 0. We conclude that G-II holds if
all the A, < 0, but fails if A, > 0 (see Remark 3 after Theorem V.10).

On the other hand, it is formally clear that Theorem V.1 will still hold
if F' even is replaced by the assumption that

(V.11) F(x) = G(x))_; e’

where G(z) is even and ¢; = 0. From the role of Lemma V.5, we see that
Theorem V.2 is formally true if in addition products of F’s satisfy

(V.12) IIZLI Fi(z;)Fi(y;) = H;;l Gj(xj)Gj(yj)Ek H:’;",(P (@) = P m(y)) ,
where G,(x;) is an even function of x; and the P,, are polynomials in xc R"
with nonnegative coefficients. Rather than attempting to characterize such
F; (not to mention proving the convergence of the series!), we are content

to notice that one important class of F',’s satisfying (V.11l) and (V.12) is
the class

(V.13) Fj(xj) — g Pilz)+Q (=

where P; is an even semibounded polynomial and Q; is an odd polynomial
with nonnegative coefficients. Obviously (V.11) and (V.12) are satisfied if
we set G; = ¢ 77 and expand the exponentials ¢%. If in addition we require
that
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(V.14) deg Q; < deg P;

then we can prove the convergence of the series involved. For, as in the
proof of Lemma V.4, define

f\) = Sx(") Hj e~ Pi(2§)+3Q (2 ) g—a- Az Jn g

for M€ [0, 1]. By (V.14), f(\) is analytic in a neighbourhood of [0, 1], and
since its derivatives at the origin are nonnegative by Theorem V.1, f(1) can
be evaluated by a convergent power series about » = 0 and is thus non-
negative. The argument for G-II is similar and we obtain:

THEOREM V.7. Let tt be a ferromagnetic measure on R™ whose perturb-
ing functions are exponentials of polynomials as described in (V.13) and
(V.14). Then we have the inequalities (x), = 0 and {7 ¥, = (2@ (&®),,
where 5 and k are n-tuples of nonnegative integers.

V.2. Correlation Inequalities for Markov Fields. We now wish to prove
correlation inequalities for two-dimensional interacting Markov fields. The
reader will recognize that in § V.1 we have already established the inequalities
for interacting lattice Markov fields with general boundary conditions, and
so in this section we simply invoke the approximation theorem of § IV.1. The
same methods yield corresponding correlation inequalities in one dimension;
see Appendix B for alternate proofs of these results for the anharmonic
oscillator which do not use the lattice approximation.

For P a given semibounded polynomial and g € C3(R*) we denote the
expectation value with respect to the measure (I1.25) by <-),, and we define
the Schwinger functions

Sy(xlr Tty xn) = <¢(931) cce ¢(xn)>ﬂ
as distributions. A distributional inequality such as S,(x,, %,) = 0 means that
SS,(azl, e @) f(@)dx = 0 for all nonnegative f,, f, € Cx(R?).

THEOREM V.8. Let the (semibounded) polynomial P(X) = P,(X) + A X

where P, s even and v < 0. Then if x,, ---, x, € R,
S,(®y, +++,2,) =0
THEOREM V.9. Let P = P, + \X, P,even, . 0. Ifx, -+, 2,,mER’,
So(@yy + vy Tnim) Z Sy(@sy + 0 vy B)Sy(Tnisy * 0y Basm)

THEOREM V.10. Let P be an arbitrary (semibounded) polynomial. Let
F and G be continuous, polynomially bounded functions on R" such that
F,G1,asin Theorem V.3. If h,, ---, h, € C3(R?) are nonnegative, then
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<F(¢(h1); t ¢(hr))G(¢(h1) o ’)>a = <F(¢(h1) °c ')>a<G(¢(hl) °c ')>a .

Remarks 1. Wehave taken the functions g and 4; in C; only for conve-
nience. By a limiting argument Theorems 8-10 extend to more general g and
h; (e.g., g the characteristic function of a bounded region) and to any limit
potnt of the (-, as g — 1.

2. On the basis of Theorem V.7 one might expect that in Theorems V.8
and V.9 the odd part of P could be arbitrary as long as the coefficients were
nonpositive. This is so for the one-dimensional case without Wick ordering.
The difficulty is that Wick ordering introduces lower degree powers of
opposite sign (e.g., : ¢°: = ¢*— o ¢) so that it is not possible to prove Griffiths’
inequalities for P(¢), theories with cubic (or higher odd) terms.

8. If P= P, + AX we see that the odd (even) Schwinger functions are
odd (even) in A by X — — X covariance. Thus for A > 0,

(V'15a') (—1)"3,(371, Tty xn) = 0 ’
(V-15b) (_1)”+m[Sa(x1; Sty xn+m) - Sa(xly ) xn)Sﬂ(an, ) xn+m)] =0.

4. Although wehavestated our theorems for the case of “free” boundary
conditions, correlation inequalities hold for general boundary conditions
according to the discussion of §IV.2.

Proof of Theorems V.8and V.9. By the convergence theorem (Corollary
IV.3) it is sufficient to prove the inequalities in the lattice approximation
when ¢ is replaced by ¢,. But then each expectation involves only finitely
many Gaussian variables (see IV.13) and the corresponding measure is ferro-

magnetic by Theorem IV.4. Thus Theorems V.8-9 follow from Theorem
V.1. |

Proof of Theorem V.10. We may suppose that F'and G are bounded. For
let H, be the function H,(x) = 2 if |2]| < M, Hy(x) = 0 otherwise. Then
F* = H,oF is increasing (1) and if we can prove that (F™G") =
(FOG™S, then the inequality holds for F and G by limits. Now if F is
bounded, then F, = F(¢y(h,), - -+, s(h,)) — F in each L* as § — 0. Thus we
need only show that (F,G,) = (F;>{G,y where the expectations are in terms
of the lattice variables q,, ---, ¢yasin (IV.13). This latter inequality follows
from Theorem V.3 and the observation that Fj(q, ---,qy)] whenever
F(X, ---, X,) ] since the smearing functions %; are nonnegative. Il

V.3. Correlation Inequalities for Wick Powers? Correlation inequalities
involving Wick powers would be extremely useful. Our discussion of such
inequalities is divided into three parts:

a) Inequalities that hold;
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b) inequalities that fail (but seem tempting);
¢) inequalities that may hold (some conjectures).
We regret that part a) is considerably shorter than parts b) and ¢).
a) Inequalities that hold: We have but one result to report here:

THEOREM V.11. Consider the spatially cutoff P(¢), theory with P =
P, + XX, A=0. Then

(V.16) (P(@,) « -+ 3(®a) 1 8 (Y) )y = p(@) -+ -+ B(®a)) o< G (W) 2Dy
where x,, ---, x,, Yy € R

Proof. Lethbeanonnegativeapproximation to the é function in C3(R?),
and let ¢,(x) = ngs(y)h(x — y)dy. By Theorem V.9,

(pn(®)) * + + Pa(Ta)P(Y)Pn(Y2)) = (Bu(T) -+ + u(@0)) {Bu(Y1)B1(¥2)) -
Both sides remain non-singular for coincident arguments, in particular for
Yy, Y — Y. Since (A(B — (B))) = (A){B —(B)) if {(AB) = (4){B), we
have
(pulay) «++ da(@a) 2 G3(Y) ) = () « + + Bul(@a))  Bh(Y) 1) ©

Letting h— 6 we have convergence in the sense of distributions so that
(V.16) holds as a distributional inequality. ]

b) Inequalities that fail:

(i) Singly Wick-ordered inequalities. We want to show that the

inequality
(V.17a) (@, )p(s) 2 () g = (B(@)P(@2)), <2 $() )y
is false for a cutoff (¢*), Markov theory. Rather than disprove the inequality
directly, we shall show that one of its consequences is false. The following
theorem answers a question raised in [101] and shows that ¢° [82] can be a
misleading guide to ¢*

THEOREM V.12. Flix the bare mass m > 0 and the cutoﬁ” 1>0. Let E(\)
be the vacuum energy for the Hamiltonian H, = H, + N S 1 o'(x) : de, and

Q, the vacuum vector. Then for » > 0 suffictently small, there 18 an eigen-
value in (E(\), E(\) + m) with an eigenvector ¥ satisfying (¥, $(@)Q,) # 0.

Remarks 1. One reason for expecting such a result is that in second order
Rayleigh-Schrodinger theory the gap for a one-dimensional ) : ¢*: oscillator

is decreasing in .
2. A second source of intuition comes from the Feynman perturbation

series for the two-point function in the Euclidean region. There is no first
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order term and the second order term is positive (Fig. V.1(a)):

-+ -

(a) (b)

FiGURE V.1. The propagator in second order.

Thus in perturbation theory, Si*(p = 0) = Sp°*'*'(p = 0). From the Kallen-
Lehmann representation we conclude that

0 /1 ,)_,n—z_
Since Smdp =1 (the CCR hold!), m,.y = m with equality possible only if do =
o — fmz)d;tz. Of course there is a cancellation of a second order vacuum
bubble (Fig. V.1(b)) in second order. Our calculation below follows this
intuitive idea including the vacuum cancellation.

3. It is easy to extend this result to an arbitrary space cutoff ge L' N
L'**(R),9=0,9 0.

4. Our proof illustrates the usefulness of Dirichlet states even for the
study of H,. For it is hard to work directly with H; because there is no
excited eigenvalue about which to perturb: An approximate eigenpacket is
not appropriate for a small A calculation. Of course the Dirichlet Hamiltonian
HP?, of §11.6 has purely discrete spectrum. Thus we first prove the theorem
for the Dirichlet Hamiltonian H of (I1.93) from which it follows for H,.

5. This result also shows that for small coupling (¢*);, My < m (see
(V.22b)).

Proof. We claim that it is sufficient to prove that for small », H? has
an eigenvalue in the “gap” (E°(\), E°(\) + m), i.e., an eigenvalue E°(\) +
AE?(\) where AE”(\) < m. For by Theorem V.24 below it follows that H,
has spectrum in (E'(\), E(A) + m). Since we know that H, has only point
spectrum in the “gap” (E(»), E(\) + m) [32], we conclude that there is an
eigenvalue in the “gap” and that, by Theorem V.14 below, a corresponding
eigenvector is coupled by the field to the vacuum.

It remains then to find a vector », orthogonal to Q7 such that

— (72, HP72)
=F — U H772)
A@) () + m (72 12)

is positive. Define
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7 = a*(0)Q, — MHE — m) " HPa*(0)Q,

. . Uz
where a*(0) is the zero momentum creation operator and H? = S (e (x)t: de.
—1/2

Since Q7 is even in ¢”, %, is orthogonal to Q2. Moreover, since the perturba-
tion series for E'°(\) is asymptotic in M [106], A(\) is given, up to second
order, by the \* diagram of Fig. V.1 and is thus positive. O

COROLLARY V.13. For (¢'),, the inequality (V.17a) does not hold for all
X, X, X € R? and all cutoffs g € C3(RY).

Proof. If it did, then by the arguments of § V.4 below we would have
(V.17b) : (P(@)B(22)), = {3(@)(22))0 -
But this would imply by Theorem II1.17 that
(@, $(F)e TP FIG(FIQ,) < (R, (e 703()R)

for any f = 0 in C3(R) and any 2 = 0 in L' 0 L'*(R). Consequently for any
¥ with (v, 6(f)Q) = 0,

(v, (H(R) — E(R)¥) = m || v,
contradicting Theorem V.12. N

Since we expect that the mass gap for (¢‘), will be monotone decreasing
in the cutoff (cf. Theorem V.23) it is possible that the reverse of (V.17) holds.
Nevertheless

Example 1. For the (¢*'), theory, neither
(V.17¢) (p(®@,) +« - d(@) 1 6(@) 1) = (@) « -+ P(@))<: p'() 2)
nor its reverse holds forall z,, - - -, ,, x € R*and all cutoffs g. For when g=0,
{p(x,) -+ + (@) & ¢*(x) 1> > 0 by explicit calculation so that (V.17c) fails. On
the other hand, if the reverse of (V.17c) held then we would conclude that
(o)) +«+ @)y = {B(x) -+ (20))s -

Taking the distance between x,, x, and x,, x, to infinity, we deduce (V.17b)
by clustering, thereby contradicting Corollary V.17.

(ii) Doubly Wick-ordered inequalities. For simplicity of notation we
discuss the one-dimensional theory. As we shall describe below we believe
that in a : ¢*: theory,

Gai@®) g (®) ) = ') H<d(s) D
may hold. However

Example 2. For all : ¢* : theories, neither

Cglt) -+ q(te) i q'(8) ) = <2ty -+ q(te) :)<: q'(s)
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nor its reverse holds. For in lowest order perturbation theory (first order)
the left side is negative and the right size is zero. On the other hand if ¢, =
t,— oo and ¢, = .- - = t; = s, the left side goes to {: ¢*:){(: ¢*:)*> which strictly
exceeds {:¢*:>{: ¢*:)* (the limit of the right side) in lowest order non-zero
perturbation theory (second!).

(iii) Triply Wick-ordered inequalities. One might hope that
)it (t) it u) D = (i) DG gt i gt(w) )
Unfortunately this is false for the free field, and, if our conjectures (i) and

(ii) below are true, the reverse also fails, as can be seen by clustering.

c) Inequalities that may hold (some conjectures).
(i) Monotonicity of the energy. Since we know that the vacuum
energy E, = E();) is monotone in [ [42], it is natural to conjecture that E(g)
is monotone in g. Such a result would follow easily from:

Conjecture. Ina P(g), theory with Pevenand P(0)=0, {: P(¢(z)):),=0;
i.e., for any f, g = 0 in C;>(R?),

Sd/to S : P(p(x)) : £(x)dw exp (—Sg(x) : P(p(x)) : dx) <0.

(ii) Strong correlations on P(4). The fact that the energy per unit
volume is monotone suggests that the regions in Q-space where : P(¢(x)) : is
very negative are correlated for different «’s; i.e.,

Conjecture. In a P(¢), theory with P even,
G P(p(@)) : : P(3(@)) 5y = G P(p(w)) < Plo(@) D, -
(iii) Correlations on the correlation functions. The preceding conjec-
ture suggests that

Conjecture. Ina P(g), theory with Peven let U(f) = S f(@): P(()) : da.
For any f, g, h = 0 in C;°(R?),
<6—U(f)e—U<h)>g g <e_U(f)>,<6_U(h)>g .
This is our most significant conjecture since it is equivalent to
<6—U(f)—l/'(h)—U(0)>0<6—U(a)>0 _>__ <e—U(f)—U(a)>o<e—U(h)—U(a)>o
or
(V.17d) CRADTIVE RCRE P

(V.17d) together with a local L*-estimate would imply convergence of (¢7?*},
as g — 1. We expect that this in turn would lead to local L*-convergence of

the states.
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V.4. Applications. The traditional applications of Griffiths’ inequalities
for ferromagnets in statistical mechanics are of three types [38], [85]:

(A) monotonic convergence of states in the infinite volume limit;

(B) monotonic behaviour of correlation lengths as the interaction is
made more ferromagnetic;

(C) persistence of phase transitions if an interaction is made more ferro-
magnetic.

This section is divided into three parts (infinite volume limit of states,
monotonicity of the mass gap, and broken symmetry) as we discuss the
corresponding applications of Griffiths’ inequalities to P(¢) field theories.
For P(g),, “more ferromagnetic” means that the coefficient of ¢* has been
decreased, which amounts to a decrease in the bare mass. Nelson’s important
application of Griffiths’ inequalities to the monotone convergence of half-
Dirichlet states is discussed briefly and we explain how monotonicity under
a change in “local bare mass” is involved; for details we refer the reader to
Nelson’s paper [69].

The FKG inequalities have also proved useful for P(¢),, having been
exploited by Simon in the proof of the following results:

THEOREM V.14 (Simon [103]). Let P be an arbitrary semibounded poly-

nomial.

(i) For nonnegative g L' N L'**(R), let Q, be the vacuum for H(g).
Then {6(f)Q, | f =0, fe S(R)} is coupled to the first excited state of H(g).

(ii) Comsider an infinite volume P(¢), theory satisfying Nelson’s
Axioms (A)-(F) of §11.2, and assume that the FKG inequalities hold (they
will if, in particular, the theory is a limit of cutoff theories with free, half-
Dirichlet, or Dirichlet B.C.). Let H be the corresponding Hamiltonian and
Q its (unique) vacuum in the relativistic Hilbert space H = E,L¥Q) (cf.
Theorem I1.7). Then {E(s(f))|f =0, fe C(RY} is coupled to the first excited
state of H.

The statement that a set of vectors S is “coupled to the first excited
state” of a Hamiltonian H with ground state Q means that the infimum of
the supports of the spectral measures of H associated with the vectorsin S
is equal to E, = inf o(H | {Q}*) [103]. In addition, if E, is an eigenvalue then
there is a 4 € S such that (Q,, ) = 0, where Q, is an eigenvector correspond-
ing to E,. It thus follows from Theorem V.14 that if the polynomial P is
even, then (a) there is an eigenvector Q, which is odd under the symmetry
¢ — —¢, and (b) the rate of fall-off of the two-point Schwinger function
precisely determines the gap AE between E, and the vacuum energy E:
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COROLLARY V.15 [103]. Consider either the case (i) or (ii) of Theorem
V.14 and assume further that P is even. Then the gap

AE = —supy;s, lim,_.., —I?In SS(m, s; Y, wf(x, s)f(y, w — t)dxdsdydu ,

FeCPRY

where in case (i) S stands for the Schwinger function defined in (11.38), i.e.,
with cutoff function h(x, s) = g(x).

(A) Infinite volume convergence of states

By an analytic continuation argument using the uniform bounds on the
fields of [33], [42], Glimm and Spencer have shown [35] that the convergence
of the non-coincident Schwinger functions in the infinite volume limit implies
the convergence of the Wightman functions or of the C*-states of the rela-
tivistic cutoff theory. We thus focus our attention on the limit lim, .., Sx(x,,

x,) where S, is the Schwinger function with spatial cutoff x,.

In the one-dimensional case, Griffiths’ inequalities give more detailed

information about the approach to infinite volume than the transfer matrix
techniques of § I1.4:

THEOREM V.16. Let dft, be the free Markov measure for d = 1 as defined
in 8§11, and let P(q) = 2, @,q* where a,, = 0. As a, b— oo the Schwinger
Sfunctions

Sa,b(tl, Tty tr) = <q(t1) te q(tr)>a,b
{amatt) - at) exp (| Plats))as)
Sdﬂo exp ( S (a(s) ds)

decrease monotonically to a (nonnegative) infinite volume limat.

Proof. By the first Griffiths’ inequality (§ V.2 or Appendix B), S,, = 0,
so that convergence is established by the monotonicity statement. Consider
the function f(b)=exp (— Sb (q(s))ds) asa function in L?(Q, dt,) for p< .
It is easy to see by the Duhamel formula that f(b) is differentiable in b and
that f'(b) = — P(q(b))f(b). Therefore

aab Sus = —<a(t) -+ qtIP(g®)es + <) - -+ at)>es(P(a())ars = 0

by the second Griffiths’ inequality. Similarly S, , is decreasing in a. O

In the two-dimensional case we are only in a position to control Wick
powers of degree 2 or less:

LEMMA V.17. Consider the spatially cutoff Markov theory with inter-
action U = : Q()(9): + 2 :¢%h): + Ng(f), where Q is an even polynomial,
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1y g9, b are nonnegative functions in C;°(R?), and t, »arereal. Ifx <0, the
Schwinger functions are monotonically decreasing functions of tt and n. If
A > 0, the even Schwinger functions are decreasing in ¢ and increasing in
N, whereas the odd Schwinger functions are increasing in ¢ and decreasing
i \.

Remark. The conclusion of the lemma can be summarized more succinctly
in this way: By Remark 3 following Theorem V.10 we see that if » > 0, the
odd (even) Schwinger functions are negative (positive). If we define the
absolute value of the Schwinger function by,

S sl = (S ) NS0 o
—-S,(x, -, x,) if x>0 andnodd,

then the lemma asserts that | S, | is a decreasing function of ¢ and an in-
creasing function of |\ |.

Proof. Take » < 0. The proof of monotonicity in g is analogous to
that of Theorem V.16. One uses the formula for derivatives of (A) =

SAe‘”dyo/Se“”dyO:
%Q‘D = —(A:¢ (W) ) + LA (R) D

which is valid for all Ae L?, p < . Thus dS/dt is nonpositive by Theorem
V.11. The case » >0 and the monotonicity in A follow similarly from

(V.15). O
As an immediate consequence of the lemma, we obtain these two results:

THEOREM V.18. For the (¢, theory, the Schwinger functions converge
monotonically downward to an infinite volume limit.

THEOREM V.19. Let E(-) be the expectation associated with any Eucli-
dean field theory arising as an infinite volume limit of spatially cutoff P(4),
theories, where P is even. Suppose that for all ge C(RY) with 0 =g =1,
e ' Wie LY ie., E(e7%"9) < oo. Thenthe Schwinger functions for the theory
with expectation E,(-) = E (-9 9)/E(e™#""") converge as g — 1.

Remark. Presumably Theorem V.18 could be proved by direct calcula-
tion as in the ¢* Hamiltonian theory [82].

The above results are rather disappointing inasmuch as they apply only
to quadratic interactions when d = 2. In fact, as the discussion of § V.3
indicates, it is unlikely that any of the free B.C. Schwinger functions con-
verge monotonically for :¢::, n = 2. At this stage of knowledge, our
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problem was that we did not understand the significance of boundary con-
ditions, but E. Nelson clarified the situation in [69] by considering the
Schwinger functions for half-Dirichlet B.C. His result is:

THEOREM V.20A. (Nelson [69]). Consider the P(¢), Markov field theory
where P iseven. Then the Schwinger functions SE? with half-Dirichlet B.C.
on OA are monotonically increasing in A and the non-coincident Schwinger
Junctions converge to an infinite volume limit as A — oo.

Remarks 1. As in (V.15) the convergence also holds if there is a linear
termin P: P = P, + M X, P,even, A real. In this case it is the absolute value
| S#? | which increases with A.

2. For small coupling constant but arbitrary semibounded P, Glimm and
Spencer [35] have proved that the “free” Schwinger functions, S,, converge
as A — co.

Note that Nelson’s convergence result is valid for arbitrary coupling
constant.

3. As in the case with the free B.C. result of Glimm and Spencer, the
convergence of the half-Dirichlet Schwinger functions should imply conver-
gence of the corresponding Wightman functions. See [127]

4. The assumption of non-coincidence is used to bound the sequence
{S#*?} uniformly in A; the proof relies on (V.18) and the linear estimates of
[33], [42].

5. Since the convergence of the theorem holds for arbitrary regions
(under the ordering of inclusion) it is easy to prove the Euclidean invariance
of the limiting Schwinger functions.

6. Given Theorem V.20A it is not hard to show that the limiting
Schwinger functions are those associated with a Minkowski field theory
satisfying all of the Wightman axioms except possibly uniqueness of the
vacuum. This follows by verifying a suitable set of Osterwalder-Schrader
axioms [74], [119]. The following alternate method should also be possible:

Prove the convergence of suitable Wightman functions which estab-
lishes all of the axioms except Lorentz invariance and the spectral condition.
Lorentz invariance follows from Euclidean invariance as in Nelson [67] and
then the spectral condition follows from the positivity of the Hamiltonian.

For details we refer the reader to Nelson’s paper, but we comment briefly
here on the significance of half-Dirichlet B.C. It is critical that half-Dirichlet
B.C. rather than Dirichlet B.C. are used; for then Wick ordering is defined
with respect to the free measure and as a result the definition does not
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change as A is changed. The role of half-Dirichlet (as opposed to free) B.C.
is to decouple the variables in A and its complement so that increasing A has
the effect of introducing more ferromagnetic bonds. To understand this
statement consider the lattice approximation of §IV. If A cA’, a half-
Dirichlet expectation of fields in A is the same as the expectation of these
fields in A’ but with the matrix A* in the Gaussian replaced by 4* @ A,
The correct expectation in A’ is then obtained by turning on the neglected
couplings in the matrix B = A% — A* @ A**. But Bis nonpositive and so
G-II implies that the expectation in A is less than the expectation in A’. A
similar argument fails for the free B.C. expectations because in addition to
turning on the neglected couplings B we must replace B,, by B, and thus
there is no consistent increase of ferromagnetic bonds. Incidentally, the
fact that half-Dirichlet expectations are obtained from free B.C. expectations
by adding the quadratic from 6°G- B,,¢ in the exponent, where B,, is non-
negative (Theorem IV.7), shows by G-II that

(V.18) Sl{{D(xb M xn) = SA(xlf ] xn) .

The significance of ‘(V.18) for Theorem V.20A is that it provides the bound
needed for convergence.

This inequality, as well as the monotonicity of {S#7?}, can also be under-
stood on the basis of a change of local bare mass. We sketch the ideas: In
the classical variational problem [8, p. 398] the boundary condition

ﬁg+a¢=0 for —A + m?
on

is arranged through the surface term in the form to be minimized:
D) = | [agy +meg1 + ol o
A A

Dirichlet B.C. correspond to taking ¢ — «. Analogously we expect that SZ?
can be obtained from S, by

Sdﬂosé(xl) -+ - ¢(x,) exp (—GSM it — UA)
deoexp(—oSaA:gst: — UA>

(V.19a) SF? = lim,_..

or by
S dptd(@,) - - - g(,) exp (—08 it — UR>
(V.19D) 47 = lim, .., o
R—oo _ o« 224
Sdﬂo exp< o SR\A HY S UR>
From (V.19a) and Theorem V.11 we again deduce the inequality (V.18), while
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from (V.19b) we see that S#? < SZ? if A c A’ since less “infinite mass is
turned on” when we consider the larger region.

For general even polynomials P we can say nothing about Dirichlet as
opposed to half-Dirichlet states since a change in A changes the definition
of the Wick ordering in the interaction. However, when deg P = 4, we can
control this change:

THEOREM V.20B. Consider the P(¢), Markov field theory with P(X) =
aX*+bX*+¢X (a>0,¢c<0). Then the Schwinger functions SP with
Dirichlet boundary conditions on 0A are monotonically increasing in A and
the nom-cotncident Schwinger functions converge to an infinite volume limit
as A — oo,

Remarks 1. As usual, ¢ > 0 is allowed if we consider | S?|.

2. As in the case of Theorem V.20A, the limit Schwinger functions are
the Schwinger functions for a quantum field theory obeying all the Wight-
man axioms except possibly uniqueness of the vacuum.

3. At the current stage of our knowledge, the (¢*), Dirichlet theory is of
special interest, because it is only for this theory that we have controlled both
the convergence of the Schwinger functions and the pressure (see § VI.1).

Proof. Asin Nelson’s proof of Theorem V.20A, we need only prove that

(V'2oa) S/l\) (xly ) x'n) é Sf’(wu Tty xn) if AcA’
and for boundedness that
(V'2Ob) Sl]\)(xly Tty xn) = SA(xiy ] xn) .

We prove (V.20a); the proof of (V.20b) is similar. Let SP*(,, - - -, «,) denote
the Schwinger functions for a theory with a “free field” which is the Dirichlet
field in region A but with an interaction which is Wick ordered relative to
the Dirichlet theory in A’. Obviously (V.20a) follows from

(V.20c) b <SP,
and
(V.204d) P <SP,

(V.20c) follows as in Nelson’s proof; for example, in the lattice approxima-
tion, we note that to go from S to S2,, we add extra (nearest neighbour)
ferromagnetic couplings. To prove (V.20d), we need to compute

P(¢(x)) ‘DA T P(¢(x)) ‘DA = Q(¢(x)) .
By the special nature of P, @ has only a quadratic and a constant term. The
quadratic term is, by (V.24) below,
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6[0G A () — 0GA(®)] : $(2)* 15,4

where 0G 4(x) is given by (11.87). Thus, by Lemma I1.37(V), Q has a quadratic
term which is negative. Since

(#@) o gl exp (- (@)

K'A’(xlr ] xn) - 22

(e (-]0)),,

the constant term in @ does not affect S2*'. By the Griffiths inequalities
(Theorem V.11), the quantity

(gt sryem (~afa)), fleww (=afa)),

is monotone increasing in a, and we obtain (V.20d). O

(B) Monotonicity of the mass gap

The field theory analogue of the correlation length for ferromagnets is
the mass gap. For d = 1 we have:

THEOREM V.21. Consider the P(¢), Markov field theory for some fized
bare mass with interaction P(q) = 3 a,q* (a,, > 0), and with expectation
and Schwinger functions as defined in Theorem V.16. Let AE(ay -+, Qy,)
be the difference between the first two eigenvalues for the anharmonic oscil-
lator Hamsiltonian H = H, + P(q). Then

(i) S..t, ---, t,) is @ monotone decreasing function of each a,.

(ii) This monotonicity remains true for S = lim, ;... S,

(iii) AE(a,, ---, a,,) 18 a monotone increasing function of each a,.

Proof. (i) The proof is similar to that of Theorem V.16 since

b
=St o 0) = = dHl{a(6) -+ a)EO) — a6 -+ aEI GO

(ii) Follows directly from (i).

(iii) Let Q© and Q" be the first two eigenfunctions of H. By the proof
of Theorem II.18,
(v.21) <a(®)q(0)) ... = (Q“, e~ FgQ™)
where E is the lowest eigenvalue of H. Since Q“(q) > 0 and Q" has a node

only at the origin, (2%, ¢Q®) > 0 by a suitable normalization of Q"; by
symmetry (Q, ¢Q®) = 0. Therefore from (V.21)

AE(ay, - -+, @) = —lim... t7" log <g(t)q(0))..... »
and (iii) follows from (ii). 1

Remark. While it is intuitively obvious that the gap is monotone in \
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for a (p* + ¢* + \¢') oscillator, we know of no proof of this fact in the
literature.

In the two dimensional case we can handle changes only in the quadratic
term:

THEOREM V.22. Consider the P(¢), theory with fixed spatial cutoff ¢,
where P is even. Let AE(g) be the gap in the spectrum of H)g) = H, +
:P(g):(9) + N:¢:(9) above E[”(g9) = inf o(Hy(g)). Then AE(9) is an in-
creasing function of \.

Proof. An immediate consequence of Corollary V.15 and Lemma V.17. ]

A similar argument using Theorem V.20B shows that the gap for the
Hamiltonian with Dirichlet B.C. decreases as the space cutoff goes to infinity:

THEOREM V.23. Let P(X) = aX* + bX? let HP be the Hamiltonian with
Dirichlet boundary conditions on the interval [—1/2, /2], as defined in
(I1.93). Let AE? be the gap between the two lowest eigenvalues of H?. Then
AEP is a decreasing function of l.

Strictly speaking, this result depends on the monotonicity of S25, the
Schwinger function for the rectangle [—1/2, I/2] x [—t/2, t/2] with Dirichlet
B.C. on the sides #, = +1/2 and free B.C. on the sides z, = +t/2. With the
methods of §§11.6 and IV.3 this monotonicity is proved in a similar fashion
to that of S2,. The same idea and the inequality (V.20b) yields:

THEOREM V.24. If P(X)=aX*'+bX? the gap AEP for the Hamiltonian
HP and the gap AE, for the Hamiltonian H, = H(Y (i) are related by
(V.22a) AE, < AEP.

Finally, we have an infinite volume result:

THEOREM V.25. Let P be an even polynomial and let AE(P) be the gap
in the spectrum of the Hamiltonian of the infinite volume theory described
by Theorem V.20. Then AE(P(X) + \X?) is a non-decreasing function of .

Proof. The monotonicity of the cutoff two-point Schwinger function,
as in Lemma V.17, extends to the infinite volume Schwinger function. The
theorem thus follows from Corollary V.15. 0

Remarks 1. As in Theorem V.14 this result holds for any infinite
volume P(¢), theory satisfying Nelson’s axioms and the FKG and Griffiths
inequalities.

2. Since AE(P) is interpreted as the physical mass, m,,, we see that
m,, 1s an increasing function of the coefficient of the quadratic term.

3. Combining the ideas of Theorems V.23 and V.24 with Theorem V.12,
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we see that for \(¢*), with small \,
(V.22b) Moy, = My, < M .

A related question is whether m,, is an increasing function of the bare
mass m. Anargument based on scaling indicates that the answer is yes for
small coupling constant (or large m). However, for general m and polyno-
mials P the answer is probably no, except for the case of ¢*:

THEOREM V.26. Let H(g) be the P(¢), Hamiltonian with bare mass
m > 0, spatial cutoff g, and P an even polynomial of degree 4 or less. Let
AE(m, g, P) be the gap in o(H(g)) above the ground state emergy. Then
AE(m, g, P) ts an tnereasing function of m.

Proof. We wish to show that AE(m,, g, P) < AE(m, g, P) if m, < m,.
Accordingly we consider the Hamiltonian

H(g, h) = Hym,) + %(mf —md) g (h): + 1 P(g): (9) — By

where E, , is chosen so that inf o(H(g, &)) = 0. As h— 1, H(g, k) — Hy(g) in
the usual sense, where in the Fock representation for the field ¢, with mass
m, [82],

Hy(9) = H(m,) + : P(3):(9) — E, ., .

In this Hamiltonian the Wick dots refer to ordering with respect to the
vacuum for mass m, and hence P, = P. At any rate, since the gap for H(g, k)
increases as h increases by the argument of Theorem V.22, we conclude by
lower semi-continuity of the spectrum that AE(m,, g, P) < AE(m,, g, P,).

So far the hypothesis about the degree of P has not entered, but it is
needed for the final step, namely,

(V.23) AE(m,, g, P) < AE(m, g, P) .

For according to the following lemma, P(X) = P(X)— 6¢X*® + const. where
the constant ¢ > 0, and we see that the inequality (V.23) is just Theorem
V.22. 0

LEMMA V.27. Fors = 1, let [¢"], and [¢"], denote the Wick powers of the
field in the Fock representations of mass m, and m, respectively (see §I1.1
for definitions). Then

(V.24) "], = S0 { " }(—c)fw-”]l

where ¢ = 1/4n8°° [(mE + k)" — (m? + k) )dk, and {"} is the number of

—o0

ways of choosing j pairs from n objects,

J
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{n}_ 1(n>(n—2) (n—2j+2)_ n)2~i
i) " m\2)\ 2 2 BRI

Remarks 1. This lemma has already been noted by R. Baumel (private
communication).

2. The precise meaning of (V.24) is as follows: if fe C3(R), the smeared
Wick powers [¢"]«(f) and [¢"],(f) are affiliated with the algebra 91 generated
by the fields. Thus we can represent the operator [¢"],(f) on F,, where it is
given in terms of the [¢"],(f) by (V.24) on the domain, say, of smooth vectors
with a finite number of particles.

Proof. By simple combinatorics, ordinary powers are given in terms of
Wick powers by (we omit ultraviolet cutoffs)

(V.25) g =3 {7; }cé’[qﬂ”‘”]o

where ¢, = 1/47 \ (m? + k*)"'"*dk, ¢ = 0, 1. It is convenient to write (V.25) as
a linear transformation in an [n/2] 4+ 1 dimensional space:
(V.26) ¢" = e [¢"], ,

where

& = (" 6" ), [8"h = (18] [ - °)

and
0 (") 0 0
2
— 2
0 0 (" ) 0
(V.27) T, = 2
n—4
0 0 0 ( )
2
Then it is clear that
(5], = o mng" = ermonfg, O

Remark. The combinatorial relations (V.26) and (V.27) make it clear
why the formula for Wick powers in terms of _o)rdinary powers has the same
coefficients as (V.25) except for a (—1)¢; for [¢"], = e~ ¢".

(C) Broken Symmetry
Suppose that the polynomial P(X) = P,(X) + A X, where P, is even and
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A real. Let E,(-) denote the expectation for the theory obtained as an
infinite valume limit of some spatially cutoff theory with polynomial P, say,
for the sake of definiteness, the half-Dirichlet state (ef. Theorem V.20A).
Since E, is translation invariant we know that E.(¢(f)) = ¢ S f(@)dx. We
denote the constant ¢ by E(¢(0)).

There are various meanings to the statement that the ¢— — ¢ symmetry
is broken for a P,(¢) theory, for instance:

(a) the spontaneous Bogoliubov parameter

b(P,,) = lim,_~ EP,,+1X(¢(O)) #0;

(b) a.(P, + 2X) is not differentiable in A at A = 0.
We expect that (a) and (b) are equivalent and occur if and only if E} is not
ergodic, i.e., there is a non-unique vacuum. Thus our main result below
(the persistence of broken symmetry under a decrease in the coefficient of

X?) is to be expected on the basis of Theorem V.22.
According to Lemma V.17:

THEOREM V.28. Let P be an even polynomial and let tt, N be real.
Then Ep,uxe,ix(8(0)) is odd in N and nonnegative if \ is negative, and
| Epiuxeiax(6(0)) | ts @ decreasing function of pt and an imcreasing function

of |n].
\ Ep,:x6(0)

b(P)—

T~

FIGURE V.2

As a result we see that b(P) exists. Moreover:

THEOREM V.29. If Pisan even polynomial, the spontaneous Bogoliubov
parameter b(P) is nonnegative and b(P + p1X?) is a decreasing function of
tt. Thus if P gives rise to a broken symmetry theory (i.e., b(P) # 0) then so
does P + puX?, for any 1 < 0.

Remark. The equivalence of (a) and (b) above for P,(X) = aX* + bX*
has been proved in [105].
VI. The basic objects of statistical mechanics

In this section we shall study the pressure associated with an inter-
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action polynomial P, and the entropy density associated with each of a class
of states which we describe in § VI.2. The (free boundary condition) pressure,
a.(P), which we discuss in § VI.1 is not a new object. It is just the Fock
space energy per unit volume which was shown to exist by Guerra [41] (see
also [42], [43]). On the other hand, the entropy density s(f) is a new object
which is not defined directly in terms of a Hamiltonian theory. It is natural
to ask if it is anything more than an object of academic interest. At this
point, we cannot give a definitive answer to this question but the program
which we outline in the next section (especially § VII.3) suggests that the
entropy density will be an important object in future developments of the
P(¢), theory.

V1.1 The Pressure. Throughout this section dy, will denote the meas-
ure for the non-interacting Markov field of mass m (free B.C.) and du} the
measure for the non-interacting Markov field with Dirichlet B.C. in region
A; P will denote a fixed semibounded, normalized (P(0) = 0) polynomial,

U, = SA . P(¢(w)): dw, UP = SA : P(¢°(x)) : dx (see (IL.25) and (I1.63)).

Definitions. The partition functions and pressures associated to a
bounded, open region A are given by

Z,(P) = Se‘”Adyo :
24(P) = e apz ,
pa =A™ In Z(P), (free B.C. pressure)
p? =|A|"In Z2(P), (Dirichlet B.C. pressure)
where | A | is the volume of A.

Remark. We use the term “pressure” even though we have no particular
reason for thinking of S-dﬂo as a grand canonical ensemble as opposed to a
canonical ensemble average.

Our main goal is to prove that p, (resp. p?) converges to a limit
a.(resp. a2) as A — oo (Fisher). We shall investigate the natural conjecture
that a., = a2 in our forthcoming paper on boundary conditions.

We first note some simple consequences of the theory of conditioning
B I1.5):

LEMMA VI.1. (a) For any bounded open region A,

1=Z< Z,.
(b) If A, C A, are bounded open regions, then
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ZR = Z3 .
(¢) If A, ---, A, are disjoint open regions and A, U -+ U A, C A, then
I, 28 < 22 .
(d) In Z,(P) and In ZP(P) are convex functions of P for each fized A.

Proof. (a) Since P is normalized, S UPdpR =0, so by Jensen’s inequality,

Zp = exp(—s deyg) —1.

The bound Z? < Z, follows from Lemma I1.20 and the fact that the Dirichlet
theory is a conditioned theory (Theorem II.28).

(b) The Dirichlet theory in A, can be obtained from that in A, by con-
ditioning onto those functions orthogonal to the functions with support in
As\A,. Thus ZP < Zf, once again by Lemma II.20.

(c) By (b), Z2ya,--va, = Z0. But, as A, - -+, A, are disjoint, duR ... a,

factors (see Theorem II.29) so that Z{...,x, = Z{ -+ Z%..
(d) follows from Holder’s inequality. O

COROLLARY VI1.2. For any bounded open region A,
PR=Dp S Q,
where &, is the Fock space energy per unit volume [42].

Proof. The first inequality follows from Lemma VI.1(a) and the second
from Lemma III.13. |

In the special case where the A are rectangles, we can now take the
thermodynamic limit. We write [ x ¢ as shorthand for the rectangle
[—1/2, 1/2] x [—t/2, t/2].

THEOREM VI1.3. (a) p,x: is monotone increasing in | and t and
lim, ;.. Dix: = X, the Fock space energy per unit volume.

(b) For each fixed I (resp.t)ln Z2, ts superadditive in t (resp.l),
lim, ..., 0¥ exists and equals sup, , ph. = a2 = 0.

(c) @2 < a...

(d) a.(P)and a2(P) are convex functions of P.

Proof. (a) By the FKN formula (I1.32), P,,, = (1/It) In {(Q,, ¢ *71Q,>; the
monotonicity of this expression was proved in [42, Theorem 1]. Since
lim,.. p,;x: = @, by the transfer matrix formula (II.38), it follows that
lim, 4 Dixe = Aeon

(b) The superadditivity follows directly from Lemma VI.1(c). By a
standard argument using superadditivity lim, ,.. p?. = sup,. p5.; here we
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use Corollary VI.2 to conclude that p?, is bounded from above, and Lemma
VI.1(a) to conclude that it is bounded from below.
(c) and (d) are obvious consequences of Lemma VI.1. O

At this point, we can say the following about convergence of p,, and
pR, for the more general situation where A, — < (van Hove) (see Appendix
C or [85] for the definition and notation concerning the van Hove limit):

LEMMA V14, Let A, — o« (van Hove). Then

(a) Tim, py, < @.;

(b) lim, p?, = @2.

Proof. (a) follows from Corollary VI.2.

(b) Fix a. By Lemma VI.1(c) and the definition of N, (A) (Appendix C),

A, | PR, = @* Ny (A)Dpova -
Since a*N;(A,)/| A, | — 1, we see that
lim p?, = po.. .

Since a is arbitrary and lim,.. p2., = @2, by Theorem IV.3, the result
follows. |

By Lemmas VI.1and V1.4, if we could show that a,, = a2, then it would
follow that lim p,, = lim p?, = @, whenever A, — o (van Hove). We hope
to show that &, = @2 in a future paper. For the present we note:

THEOREM VL.5. Let A, — o (Fisher). Then

(a) lim,., pa, = @.;

(b) lim,.. p%, = aZ.

Proof. (a) Choose the squares A, D A, and the regions A C A,\A, in
accordance with Theorem C.4. Let R, = A,\A, U A so that |R,|/|A,]—0
by condition (c) of Theorem C.4. Fix0 <) < 1. Then, by Holder’s inequality,
(VL1) Al Da, SN AL UAY [ Paruny;(VP) + (1 = N) | B | pe, (1 — M)7'P).
Now, for any a > 1 and all sufficiently large =,

(VL2) | Ay U AY | PagunyOP) < 0™ | AL | pag(@n™P) + a™ [AY | pay(an"P) ,

by Theorem III.3 and the fact that d(A, A)) — . We combine (VI.1) and
(VI1.2), divide by | A, |, and take n» — o through a subsequence so that b =
lim | A} |/| A | exists. By Theorem C.4, A,/ — o (Fisher) so that A, — « (van
Hove) by Proposition C.2. Hence by Theorem VI.3(a) and Lemma VI.4(a)

. (P) = Ma~blim py, (@A'P) + (1 — bra~ ‘e (ar™'P) .
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Since P has been arbitrary in this argument, we see that for arbitrary ¢ =
axt>1,

pa (¢ P) = blim py, (P) + (1 — b)a.(P) .

But by Theorem VI.3(d), a (¢ P) is continuous in ¢ so we may set ¢ = 1.
Since by Theorem C.4(b), b > 0, lim p,, (P) = @ (P). This, together with
Lemma V1.4, proves (a).

(b) Choose A, squares and A, in accordance with Theorem C.4. By
Lemma VI.1(c),

ALl PR, = AL DR, + [AY] DR, .

Passing to a subsequence so that b = lim,_..|AL|/|A.]| exists and using
Lemma V1.4 and Proposition C.2, we obtain

az < bl pf,, + (1 — baz
from which (b) follows. |

VI1.2. States and Entropy. The basic objectives of constructive Eucli-
dean field theory are to prove the existence of states associated to a given
interaction and to study their properties. In general, a state is given by
some probability measure £ on a Q-space. If the theory associated with u is
non-trivial and translation invariant, then ¢ cannot be absolutely continuous
with respect to g, the free field measure (i.e., cannot be of the form dy =
fap, with fe L(Q, du,)) because the action of translations on L'(Q, dy,) is
ergodic. This is a Euclidean version of Haag’s theorem. On the other hand,
there is no general principle to prevent the restriction of ¢ to a local o-
algebra X, (henceforth ¢ | X,) from being absolutely continuous with respect
to tt, [ Za.

In theories with more than 2 space-time dimensions and deg P =4, it is
probably not possible for ¢ | X, to be absolutely continuous with respect to
% | Z, but in two dimensions we have the following indications that such
local absolute continuity does occur:

(a) It holds for spatially cutoff theories.

(b) It is true for the exactly soluble linear and quadratic models.

(¢) It holds in perturbation theory.

(d) Most importantly, it is suggested by the locally Fock property of the
Hamiltonian theory [31].

Thus, we define:

Definition. A state f is a family {f,} of functions on the free field Q-
space, labelled by bounded open A — R? so that
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a) Each f, is X,-measurable, almost everywhere nonnegative, in
LYQ, d,), and normalized

”fA”l = SQfAd#o =1.

b) The system is compatible in the sense that
En(fn) = fa if AcA’,
where F, is the (free field) conditional expectation on Z,.

We say the state is p-smooth for some fixed » > 1, if and only if, in
addition,

¢) For each A and p €1, p]

Sa€ LP(Zy, dtto) -

Given a state f and any closed bounded set R we can define f; by f» =
E,.fyfor any A D R. The similarity to the corresponding definition in statis-
tical mechanics [85] is evident. There is one important difference. In statis-
tical mechanics, it is easy to construct translation invariant states. That is
not true in the field theory case; in fact, the only translation invariant states
we know of in two dimensions are those associated with the exactly soluble
theories and those associated [70] with small coupling P(¢),. Moreover, it is
not even known that the latter are p-smooth for any » > 1! As usual, this
difference from statistical mechanics is a relation of the fact that disjoint
regions are not p,-independent. We emphasize that, at the current stage,
our considerations in §§ VI.2, V1.8, VII.3 are a trifle abstract; however, we
expect that in the future it will be proved that all P(¢), theories have
associated 7-smooth states. We also warn the reader of a difference in
emphasis from considerations in §V. The Schwinger functions are the
moments of ¢ and the question of convergence (and existence) of moments is
distinct (for technical reasons) from convergence of measures.

In analogy with statistical mechanics [85] and information theory, we
define:

Definition. Let f bea p-smooth state. If A is a bounded (open or closed)
region in R?, the entropy of f associated to A is given by

(VL3) Salf) = = Falnfadps.

When f is fixed, we will often write S(A) in place of Si(f).

THEOREM VI1.6. The following inequalities hold:
a) (boundedness) —« < S(A) < 0;
b) (monotonicity) S(A') < S(A) if AC A
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¢) (weak subadditivity) if A,---, A, are disjoint regions

S(U A) = 2::; S(A) + In | H:=fo; Ils -

Proof. We make extensive use of

(VL.4) —lmz<t -1
T

and Jensen’s inequality
(VL5) S Infdp < In S fdp

where ¢ is a probability measure, f is a nonnegative L' function.
(a) By (VL5)

| atn fadpn = =2 { I STVt

e lngfzd#moo,
p—1

while on the other hand by (VI.4),

~[amsade = { @ = £am = 0.
(b) Using the consistency condition on f with (VI.5), we see that
SW) — S@) = | faInfadpto = | £a In fudpt
- S fuln (%)dpo <In S fA,%dp., ~0.
(¢c) Let A = U A;. As in the proof of (b),
S() = X0, S0 = | faln (Fa, -+ Fa )t

<tn{fu - fude. O

This last theorem is very similar to the results in the theory of entropy
for classical and quantum continuous statistical mechanics [79]. The main
difference lies in (¢) and is once again due to the non-independence of disjoint
regions. For, if dy, did factor (as it does in classical systems), then

n{fa, o Fadin = (| Fadpm) - (| £ad0) = 0
would hold and subadditivity would follow.

V1.3 Convergence of the Entropy per Unit Volume. In order to control
the limit of |A[7'SA(f) as |A|— o, we shall require the following weak
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growth condition on {f,}:

Definition. A p-smooth state f is called weakly tempered if there exist
7 <1, @ > 0and D so that for all A with diameter d(A) = D,
(V1.6) In || falls = exp [ad(A)] .

We expect that the infinite volume P(¢), states will actually satisfy a
stronger growth condition:

Definition. If there are an A > 0 and D so that for d(A) = D,
(VLT In || fallz = Ad(A)

we call f tempered.

For a “reasonable” set of A, d(A)* can be replaced by |A|. The use of
d(A) is seen in:

PRroOPOSITION VI.7. Inorder that f be weakly tempered (resp. tempered)
it 15 sufficient that (V1.6) (resp. (VI.T)) hold for all discs A.

Proof. Any A’ can be put inside a disc A of radius d(A’). By Lemma II.6,
E,. is a contraction on each L?; hence

In||falls = In || EA(fD) Iz = In || fall5
< exp (27ad(A’)") (resp. 4A d(A')) . O
Weak temperedness together with hypercontractivity (Theorem III.3)

allows us to control the “correction term” In || fy fa,ll: in the weak subaddi-
tivity condition of Theorem VI.6(c):

LEMMA VI.8. Let f be a D-smooth, weakly tempered state. Let d, > 0
with d, — o and suppose that A,, A, are regions in R* satisfying

(a) d(A,) =d,, d(AL) = d.;

(b) dist (A, AL) = dY for some 7' > 1 and all large n.

Then lim,_.. In IIfAan;tII1 =0.
Proof. By Theorem III.8,
(VI.8) In ”fAan'"Hl <In ”fA,,,”ﬁn + In ”fA:ﬂ ”ﬁ,,

with 8, — 1 < exp (—cd?) for some ¢ > 0 and all large n. For largen, 8, <P
and so by (IIL.19) (l|fxll. = 0),

ﬁ(lgn _ 1) _
(VL9) In || falls, = Bp—1D) In || falls -

By (VL8), (VL.9) and (VL.6),
In || fa,fa, Il < const. exp (2ad} — ¢di) — 0 . O
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Our main result in this subsection is

THEOREM VI1.9. Let f be a translation invariant, weakly tempered, p-
smooth state. Then whenever A, — o (Fisher) the following limit exists:

(V1.10) lim %AX(’;—) = s(f)

and is independent of the particular Fisher sequence. The functional s(f)
1s affine in f;ie., tf 0 S N1,

s(M + (@ = NSf) = ns(f) + L — N)s(f) -

Remarks 1. Unlike the situation in classical statistical mechanics [85],
we have not yet proved the upper semi-continuity of s(f).

2. This result extends to dimensions d = 2.

We shall prove Theorem VI1.9 in a series of lemmas (VI.10 to VI.13) all
of which hold under the hypothesis of the theorem. First using the Checker-
board Theorem of § II1.2, we establish the existence of the limit (VI.10) for
squares. Then using Theorem C.4 and Lemma V1.8, we extend the result to
arbitrary Fisher limits.

LemMA VI.10. If A is a square of side a, denote Sy(f) by S(a). Then
lim,_., a™%S(a) exists.

le—\—

ll

o~

Figure VI.1

Proof. Fix 7' e (), 1) and for each /, let d = 1 and I = | + 2d. Tempo-
rarily fix I, d and I. Given I', write I’ =nl + A with0 < x < 7 and » an
integer. As in Figure VI.1, the square of side I’ can be partially filled by n*
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squares {A;;},s. ;<. Of side I and each A,; contains a square A,; of side I sur-
rounded by a border of width d. By the monotonicity and weak subadditivity
of S, and the translation invariance of f,

S(I) < S(U Ay) < 728() + In 8 I1, , fa,,dtte -
By the Checkerboard Estimate (Theorem 1II1.12)

ln S H,;,ijijd#O é n2 ln ”fA ”52

where

(VI.11a) B = (€™ + 1)/(e*™ — ¢=™)

so that

(VI.11b) B — 1= exp(—cl”)

for large I. Thus

(V1.12) @)Y < w(1)*S() + n*VY 2 1n || Fuea llse -
Asl' — oo, n¥(l')"*— 1% so that

(VL.13) Timy—... SE)/EY < ETSOM) + 7710 || foxe llse -

Now by (VI.6), (V1.9), and (VI.11)
lim ... In || fixi |lz — 0
and clearly !l "*—1asl— . Thus by (VI.13)
Tim, ., S@)/(V')* < lim, .., SQ)/I* - O
LEMMA VI.11. If A,— c (van Hove), then
Tim S(A,)/| A, | = s(f) = lim S(a)/a’ .
Proof. By mimicking the proof of (VI.12), we see that for fixed [, I,
and d:
[ AL 17"S(A) =< | AW T NT(ADS(E) + [ AL TN (A) In [ fisa [le
Taking first n — o and then [ — o, the result follows as in the proof of
Lemma VI.10. O
The proof of the existence of the Fisher limit is clearly completed by:
LEMMA VI.12. If A}, — oo (Fisher), then lim | A7 [7'S(A7) = s(f)-

Proof. Pick 7€ (7, 1), squares A, and regions A} in accordance with
Theorem C.4. By passing to a subsequence, we can suppose that | A, |/| A, |
has a limit b (necessarily 0 < b < 1) and that the lim is the same as the lim

for the original sequence. By monotonicity and weak subadditivity




238 F. GUERRA, L. ROSEN, AND B. SIMON

(VL.14) S(A.) = S(AL U AY) < S(AL) + S(AY) + In S FaFapdts -

By Lemma VI.8, the last factor goes to zero as n— o since d(A), AY) =
d(A;)”. Thus dividing (VI.14) by | A, | and letting n — o, we have:

s(f) = blim [ A7 [7'S(A%) + (1 — b) lim | A} |*S(AY) (by Lemma VI.10)
= blim [ AL [T'S(AL) + (1 — b)s(f) . (by Lemma VI.11)
Since b > 0, the result follows. O

All that remains in the proof of Theorem VI1.9 is:
LEMMA VI.13. s(f) is affine in f.
Proof. Asin the statistical mechanical case [85, p. 180] one finds

aSy(f) + (1 — )SA(f) = Sa(af + (1 — a)f’)
= aSy(f) + (1 — )Sx(f) + In2

where the first inequality depends on the convexity of ¢In ¢ and the second
on the monotonicity of In¢. Dividing by |A| and taking A — -« (Fisher),
we obtain the affine relation. |

VII. Equilibrium and variational equations

The construction of infinite volume field theories in both the Hamiltonian
and Euclidean formulations has proceeded by imposing spatial cutoffs which
are then removed by appropriate limiting procedures. It is thus of particular
interest to obtain an a priori characterization of what is meant by “an infinite
volume P(¢), field theory” in a way that makes no mention of cutoffs. By
doing this, one can hope to isolate those situations where the infinite volume
theory is unique independent of the cutoff or removal procedures.

In the Hamiltonian approach, this a prior: characterization has depended
on the use of field equations [30], [81]. The question of uniqueness then has
two aspects: the algebraic aspect and the representation aspect. That is, one
can discuss separately the uniqueness question for time automorphisms and
the uniqueness question for vacuum representations, i.e., invariant states
with an induced positive energy. The Guenin-Segal argument can be viewed
as a kind of uniqueness theorem for automorphisms with Fock initial condi-
tions. The difficult problem is then the characterization of vacuum repre-
sentations. While this has been accomplished for free theories ([91], [92],
[114]), the method is sufficiently specialized to present no clue about how to
approach the problem in general.

In this section, it is our goal to give a characterization of equilibrium
states for a given interaction by following methods and ideas from modern
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statistical mechanics [84], [12]-[15], [56], [86]. Let us emphasize at the outset
that our results in this section are very incomplete and are more an indica-
tion of the direction in which we feel the theory will go rather than a
construction of the theory. The first difficulty in mimicking statistical
mechanical ideas involves the non-independence of disjoint regions in the
free theory, a difference we have already emphasized. For this reason, we
occasionally consider one-dimensional theories where the transfer matrix
technique enables us to overcome this difficulty. The second difficulty in
handling equilibrium equations is that they do not specify the state completely
but must be supplemented by the right boundary conditions at infinity in
order to rule out unphysical solutions. There is an analogous situation in
continuous classical statistical mechanics [86]—the need for supplementary
boundary conditions in both cases is connected with the fact that the basic
quantities (fields or densities) can take unbounded values [12]. '

The organization of the section is as follows. In § VII.1, we discuss
equilibrium equations for an interaction polynomial P together with a bare
mass, m. We also discuss the transformation laws between pairs (P, m) and
(P, i) which have equivalent equilibrium equations. In § VII.2, we show
that the DLR equations alone do not characterize even the free theory, there-
by demonstrating the need for boundary conditions at infinity. In § VIL.3,
we obtain some partial information about the Gibbs’ variational principle; in
particular, we uncover a striking connection between the one-dimensional
(statistical mechanical) Euclidean theory and the associated (quantum)
Hamiltonian theory; namely, the Rayleigh-Ritz (quantum) variational princi-
ple and the Gibbs (statistical mechanical) principle are essentially identical.

VII.1. DLR Equations. In their discussions of the statistical mechanics
of lattice gases, Dobrushin [13]-[15] and Lanford-Ruelle [56] proposed a set
of relations on an infinite volume state which intuitively express the fact
that the state is an equilibrium state for a system with some given interac-
tion at some fixed temperature. These relations are generally called equ:-
librium equations or DLR equations. Ruelle[86] has discussed their analogues
for classical continuous systems, and it is generally believed that the KMS
boundary condition [45] is their analogue in quantum lattice systems. We
now wish to discuss their analogue in Euclidean field theories viewed as
classical statistical mechanics. The basic idea behind our version of the DLR
equations is this: the Markov property assures us that a change in the
interaction outside a bounded region, A, affects the state restricted to A only
by a multiplicative factor concentrated on the boundary.
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For the present we fix the bare mass m and the semibounded polynomial
P, although later in this subsection we shall discuss changes in m and P.
As usual, U, = SA : P(¢(x)) : d*x where ¢ is the free Euclidean field of mass m
and : : the associated Wick ordering. We shall discuss Markov fields over
D(R?) in the sense of Nelson [67] since there are no technical complications
introduced by doing so. All such fields are essentially defined by measures
on a fixed g-algebra, for example, in the realization of Q-space as 9’, the o-
algebra of cylinder sets. If A is open, X, is the g-algebra generated by the
{#(f) | supp f c A} and, if A is closed, Z5 = Ussopen Za- Given a Markov field
measure [ on Zge, [ | X, will denote the restrfc’iil\on of £ to £,. Throughout,
M, denotes the mass m free field measure and E, its conditional expectation
associated to Z,. Given a measure % over 9', E, denotes its conditional
expectations.

Definition. Let it be the measure associated to a Markov field theory
over D(R?). Let A be a bounded compact region in R®:. We say that  is A-
Gibbsian for P (or, if we wish to emphasize the bare mass, for (P, m)) if and
only if

(i) m | X, is absolutely continuous with respect to g, [ Zy;

(ii) For every bounded, X,-measurable function 4

= _ Eha(Ae™7n)
VII.1 E\(4A) = =22 1|
(VIL1) w(d) = TS
If £ is A-Gibbsian for P for every compact A, we say that g is an infinite
volume Gibbs state or a Gibbsian state for P. (VII.1) is called the DLR
equation.

Remarks 1. Because of the differences between field theory and statis-
tical mechanics, (VII.1) has a slightly different form than the usual DLR
equations. In fact, because of the strict locality of the interaction and the
associated Markov property, (VII.1) is cleaner looking than its statistical
mechanical analogue. In the first place, we can write £,, and E,, instead
of Ege 4 and Eg: s because of the Markov property. In the statistical mechan-
ical case, this is not possible, although, if the interaction has range %, then
a “boundary” of width % can be used in place of R®\A. In addition, because
of the locality of U, it is not necessary to add an “external field” to U,.

2. Because of condition (i), (VII.1) can be interpreted in the “almost
everywhere” (with respect to ) sense and is independent of any concrete
realization of @-space.

3. Since ¢ V2 € LY(Q, dt,), the denominator of the right side of (VII.1) is
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finite almost everywhere.

4. Since Ey(-) and Eyu(-e774)/Ey4(eV4) are both positivity preserving
and take 1 into 1, (VIL.1) extends by continuity to any A which is Z,-meas-
urable and in L'(Q, d%) and LY(Q, e~ "2dg,).

We shall show that suitable limits of spatially cutoff states with free,
Dirichlet or half-Dirichlet B.C. are Gibbsian, but it is first important to
develop some general properties of the DLR equations. Given a family of
Markov field measures {,};-, we write £, [ Z4 2, ¢ | Z, if and only if

S Fdy, — S Fdy

for every bounded X,-measurable function F'.

ProrosITION VIL.1. Let p, be a sequence of Markov field measures which
are A-Gibbsian for some fized compact A C R’ Suppose that pl Z, 1s
absolutely continuous with respect to p, and that pt, | Za N 1l Zx. Then
& s A-Gibbsian.

Proof. Given A, X -measurable and bounded, let &,(A) be the right side
of (VII.1). By Remark 4 above, §,(4) is also bounded. To say that a measure
v (with v | =, absolutely continuous with respect to ) is A-Gibbsian is
equivalent to saying that for every pair of bounded measurable functions 4
and B with A X,-measurable and B Z,,-measurable

S ABdy = g Ea(A)Bdy .

This is clearly left invariant by the stated type of limit. O
THEOREM VIIL.2. Let A CR* be compact and let ;t be a Markov field
measure with L | Z, absolutely continuous with respect to tt,. Suppose that
(VIL.2) A(Z [ Zp) = e™"2pond(tty [ Z4)
where rap 18 a Positive Tya-measurable function in LY(Q, e Usdp,). Then [
is A-Gibbsian. Conmversely, if [t is A-Gibbsian, then d(&t | Z,) has the form
(VIL.2) for some positive Z,y-measurable function, ¥ry,.
Proof. Suppose that d(z | Z,) has the form (VIL.2) and that v is a
bounded X,,-measurable function. Then

| Bin(@)Ban(e 3)vdf = | AEws(ese spandpt

E; 7 (Ae "2 E;n(e7"8)veraad o

= S E;\(Ae™"8)ve™Vaap, nd
| Bustde o ayvdz




242 F. GUERRA, L. ROSEN, AND B. SIMON

by repeated use of the definitions of conditional expectation. Since v is
arbitrary and both E;,(A4)E;s(e”"4) and E,,(Ae "4) are I, ,-measurable they
are equal. Thus (VII.1) holds.

Conversely, suppose that /£ is A-Gibbsian. Then, by condition (i) of the

definition, d(Z | Z,) = fad( | Z,) for some X,-measurable function f, €
L(Q, dp). By (VIL1)

(VIL3a) | Bus(dee8) fadits = | Eon(A)Bun(e ")

(VIL3b) = | 4B adp,

for any X,-measurable A with both A and Ae¢ Y4 bounded. Suppose that B

is bounded and that {¢| B(q) # 0} c {q | Ux(q) < ¢} for some ¢. Then A =
BetUs can be substituted in (VII.3):

(VII.4) X En(B)fadtty = g BE;s(e7"2)(fae™"2)d, .

Any positive B can be realized as a monotone limit of B’s for which (VIL.4)
has been proved so that (VII.4) holds for any B = 0 and in particular for
B =1. Thus, S E; \(e772)(faetUs)du, = 1 so that (VII.4) extends to any B in
L>(Q, dyt,). For this we conclude that E, (e V4)(fretV2) is Z,5-measurable.
For suppose not. Then, since {G € L'(Q, dt,) | C is Z,,-measurable} is closed
we can find Be L* with S BCdy, = 0 for all these C, but with

| BEu(e 8 (fae 8t # 0.
Since this contradicts (VII.4), we conclude that E,,(eV4)f,et’» and thus
faetUs are T, -measurable. This proves (VIL.2). O
COROLLARY VIL.3. If [t s A-Gibbsian, it is A’'-Gibbsian for any A’ C A.

Proof. By Theorem VIL.2, d(Zt | Zp) = fad(tto [ Zp) With f = e V8.
It follows that d(& [ Za)) = fa.d(tt | Z,) where

Sar = Ep(e7"8954) .
By the locality of the interaction and the Markov property
Ep(e77850) = €78 Ep (€772 4ryy)
= ¢ UN E, (67U 0\ oy y)
Thus f,. is of the form (VIL.2) with
(VIL5) Vonr = Eyp(e7VMNaz4)

Remark. One can thus attempt to construct Gibbsian states by finding
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Panys **ts Yan,, ¢+ -+ satisfying the consistency conditions (VII.5) for a sequence
AcCAc -+ with Uz, A, = R%. This is precisely the method used by
Dobrushin [13], [14] in his proof of uniqueness of Gibbsian states for high
temperature lattice gases. We have not been able to duplicate this argument
in the P(9), case.

COROLLARY VII.4. Let £ be the measure associated with a P(g), spatial
cutoff g which equals 1 on A. Then [t is A-Gibbsian for P. More generally,
ifgl A=Ff, then

E'aA(A) = E;n(Ae™ D) E;5(e77') .

Proof. Similar to the proof of Corollary VII.3.

THEOREM VIIL.5. Suppose that g, is a sequence of cutoffs with g, = 0 so
that for any compact A, SA 19, —1Pd*x—0 as n— . Suppose further that
the associated measures p, converge to a measure l in local weak L' sense
(.e., pt, | Zp N ] Za) with £ | 2, absolutely continuous relative to tt, | Z4.
Then [t is Gibbsian for (P, m).

Remarks 1. For free boundary conditions and for g, the characteristic
function of a rectangle (—1,/2, 1,/2) x (— T,/2, T,/2), Newman [70] has proved
the necessary convergence of measures for small coupling constant theories.
His limiting states are thus Gibbsian states.

2. We emphasize once more our remark in § VI.2 that convergence of
moments and convergence of measures are not the same and that, at the
present stage of knowledge, we have control over the infinite volume states
(as opposed to moments) only in the small coupling case or for the exactly
soluble models (deg P < 2).

As a final corollary of Theorem VII.2, we can show that (essentially by

definition) every Gibbsian state is a local weak L' limit of spatially cutoff
theories with some boundary conditions, where:

Definition. Fix A compact in R* and 7,, a nonnegative Z,,-measurable
function with S e Uan,adpt, = 1. The measure e V47, d, is called the Gibbs
state in region A with boundary condition 7);,.

THEOREM VII.6. An infinite volume state is a Gibbs state for P if and
only if it is a limit (in local weak L'-sense) as A — o of Gibbs states in
region A with some boundary conditions.

Proof. Such alimit of Gibbs states is Gibbsian by Proposition VII.1 and
Theorem VII.2. Conversely, if 7 is Gibbsian, d(Z ' Z5) = e UA9,2d(2% | Z4).
Letting dff, = e VAN, d tt,, we see that £, — /£ in weak local L' sense, so [ is
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a limit of Gibbs states. O

Remarks 1. 1t should be noted that in statistical mechanics, the infinite
volume Gibbsian states are, in general, only in the closed convex hull of the
limits of finite volume Gibbs states. This difference is the reflection of the
strict locality of U,.

2. Theorem VIL.6 is of limited interest since extremely general types of
boundary conditions are allowed. It is to be expected that only Gaussian 7,,
(although not necessarily with mean zero) will be needed to obtain all Gibb-
sian states, but this is a much more difficult question.

Our next goal is to prove that limits of Dirichlet states or half-Dirichlet
states obey DLR equations. This is not quite trivial, even in the non-inter-
acting theory since it requires our analysis of § I1.6.

LEmmA VIL.7. Let AC A with A compact and A’ open. Let fi be the
measure on the T -measurable functions induced by the free Fuclidean field
with Dirichlet boundary conditions on dA’. Then i is A-Gibbsian for P =0,
i.e.,

E\(A) = E;4(A)
for any I -measurable A.

Proof. By Theorem I1.35, /i | X, is absolutely continuous with respect
to #, | Z, and its Radon-Nikodym derivative is X;,-measurable. O

THEOREM VII.8. Any weak local L'-limit of Dirichlet or half-Dirichlet
states is Gibbsian.

Proof. Consider first the half-Dirichlet state for region A’. Let E denote
the expectation value for this state and E the expectation value for the free

Dirichlet state in A’. If A is a compact set in A’, then by mimicking the
argument in Corollary VIL.3, we see that for any X,-measurable bounded
function A,
EaA(A) = E’aA(AeHUA)/EaA(quA) .

By Lemma VIL.7, E,,(+) = E,A(-) when applied to ,-measurable functions,
so E is A-Gibbsian.

Similarly, if E®*" is the Dirichlet state for region A’ and A is X -meas-
urable and bounded, then
(VIL.6) E2*(A) = Eaa(A exp (— UP2)) Eoplexp (— UL M)

where

UeA) = SA:P(¢(90)) pa dw,
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as in Theorem I11.40. By that theorem, exp (— Uj?*"?)—exp (— U,) as A'— oo,
the convergence being in any L?(Q, dtt,) (»p < o). Thus, the right hand side
of (VII.6) converges to the right hand side of (VII.1) pointwise a.e. O

From the point of view of the DLR equations, equilibrium states of a
P (), field theory are labelled by a pair (m, P) consisting of the bare mass m
and the interaction polynomial P. This is to be compared with the field
equation approach in which theories are labelled by a pair (m,, Q) consisting
of the field equation mass and the field equation polynomial, determined by
requiring that

(O +mHe = —:Q(9)

where @ has no quadratic term and : :is Wick ordering with respect to the
physical vacuum [32], [93]. To some extent, the choice of labelling is a theo-
logical question, but we prefer to characterize the theory by a pair (m, P)
with the equivalence of certain pairs (m, P) = (%, P), as discussed below.
In defense of this view, we note the following:

(1) The field equation mass is not the physical mass in general. For
example, we have seen (V.22b) that for ) : ¢*:, with small coupling constant
A, My, < m. On the other hand, one finds that for )\ : ¢*:,, Q(X) = A X* with

(VILT) mh = m* + 120 4% D pugs -
Baumel [2] has proved that {: ¢*:).,.>0 so that (VIL.7) implies that m; > m,,.
(2) It is the coefficients of P (together with m), rather than those of
@, which enter into the Feynman perturbation series. For example, consider
a ¢* anharmonic oscillator. Define a,(\) to be the ground state energy for
the oscillator yielding a q(¢) which obeys
2
(- + myJa(®) = —4n: ()
dt?
with m?% fixed. Then a4()\) is not given by the Rayleigh-Schroedinger series.

As a final topic in this subsection, we turn to classifying the equivalence
of DLR equations for certain pairs, (m, P). Independently, Baumel [2] has
found the same transformation law. Our results complement Baumel’s in
the sense that he discusses the (periodic) pressure and we discuss states.

THEOREM VIL.9. Let (m, P)be given and let m >0. If P(X)=3_" a,
define P by

~ 1o ! dn L 1 N
VII.8 PxX)=%"Y . YUum____ 00  xiem 12 sy
( ) (X) N7 DN 2l (7 — 20l + 5 (m* — mH)X

where
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VIL9 d = (o -2§ (m” — W) __ g = — L n (72,
(VIL9) @) T e + ) w0 <m>

Then a state is an (m, P) infinite volume Gibbs state if and only if it is an
(%, P) infinite volume Gibbs state.

Since this theorem asserts the equality of two conditional expectations,
it is enough to prove that there is one state which is A-Gibbsian for (P, m)
and (P, ). Thus Theorem VII.9 follows from a result which is of independent
interest:

THEOREM VII.10. Let A be a regular region and let (P, m) and (P, ) be
given by (VIL.8) and (VIL.9). Then the half-Dirichlet state (and Schwinger
fumnctions) in region A for interaction P with bare mass m agrees with the
half-Dirichlet state in region A for interaction P with bare mass .

Proof. Let d,=(27)™? Sa [es(ke, )% — pes(k, m)*]d*k, where we have made
explicit the dependence of #; (as defined in equation (IV.6)) on m. Let P; be
given by (VIL.8) where d, replaces d. Explicit computation shows that the
half-Dirichlet lattice states for (m, P) and (i, P;) agree. Since d;, —d as
0 — 0 and we can control the convergence of the half-Dirichlet lattice states
(Theorem IV.13), the result follows. |

Remarks 1. In particular, this theorem implies equality of half-Dirich-
let magnetization and Bogoliubov parameters (cf. § V.4) and thus relates the
possibility of broken symmetry in the (m, P) and (7, P) theories. '

2. There is another relation between distinct pairs due to scaling (cf.
[385]). If we make the bare mass explicit in the free field, then ¢(x, m) and
#(\x, N'm) have identical covariance matrices. This implies not only a
covariance of DLR equations, but also of states and Schwinger functions for
free, Dirichlet, and half-Dirichlet B.C.

3. R. Baumel [2] has made an interesting observation based on Remarks
1 and 2. Consider P = aX* + bX? If we ignore the constant term in P
(which only affects the pressure and not the states), then (a, b; m?) is equiv-
alent to (a, b; M?), where
(VIL10) b=b+-Lm — ) —2%1n (l”l) .

2 21 m?
b is a continuous monotone decreasing function of #?on (0, o) going to — oo
as M — oo and to o as % — 0. Thus we can find # such that & = 0. By
scaling we can take 7 to m and a to @ = (m/m)'a. We conclude that the
(@, b; m) theory has many equilibrium states if and only if the (@, 0; m) theory
has many equilibrium states. This emphasizes that the conventional wisdom
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picture [117] has some defects because it ignores Wick ordering.
4. As pointed out by Baumel [2], the polynomial P given by

P=P+f.
with
PR
® 8T 8T m?

is more natural than P. Of course, the constant f., does not affect the states.
Moreover, Baumel shows that the periodic pressures for P and P agree (if the
periodic pressures exist).

VII.2. Spurious Solutions of the DLR Equations and Boundary Con-
ditions at Infinity. Itisa basicfact that the DLR equations of § VII.1 are not
sufficient to characterize “physical” states for the P(g), field theory. At the
very least, they must be supplemented by a growth condition at infinity.
Such a situation has appeared already in the classical statistical mechanics of
continuous systems [12], [86]. We shall illustrate the phenomenon in a simple
example and then propose a suitable boundary condition.

For our example, we take a one-dimensional field on the half-line [0, )
with Dirichlet boundary conditions at ¢ = 0 and we consider the case P = 0.
The same method works for P linear or quadratic and in several dimensions.
For the free field we have a covariance

<a(®)a(t)y = —g(e(t') t<t
= —-0(t(t) <t
where
(VIIL.11a) g(t) = et — et
and
(VIIL.11b) h(t) =¢e*.
We shall attempt to choose a state {f,} with
(VIL.12) S = a(t) exp (B(t)a(t))

for suitable real valued functions «(t) and B(t). Since f}, . is a function of
the fields on the boundary, f will clearly obey the zero interaction DLR
equations if we can choose a(t) and B(t) so that the f,,; are normalized and
consistent. The normalization condition is equivalent to

(VIL13) mn=en(—%ﬂm%mmn)
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Consistency requires that

Ey ofen = Son

whenever ¢’ = ¢, where E,, is the free field conditional expectation. By
explicit computation

Ero.aft0.01 = (&, t') exp (3(t, t)q(?))
where
a(t, t') = B ()

and
7, 1) = alt) exp (L BEFREE) — Lo, EyRD90)) .

Consistency and normalization then hold if and only if we choose a(t) obeying
(VIIL.18) and B(t) obeying B(t)h(t) = constant, i.e., B(t) = ce’. We summarize
by:

ProposITION VII.11. The state of the one-dimensional (Dirichlet) field
on [0, ) given by

(VIL.14) fro] = €Xp (——1-02(&‘ - 1)) exp (ce'q(t))

18 a normalized state obeying the zero interaction DLR equations for any c.
Moreover

(VIL.15a) In [l i lls = —¢'(p — 1) — 1)
and
(VII.15b) _S(lnf[o,t])f[o,t]dﬂo = —%Cz(eu -1).

The formulae (VIL.15) follow by explicit computation. They show that
the states (VII.14) for ¢ = 0 are not weakly tempered and that they have
entropy density —co. The moral of Proposition VII.11 is that one must
supplement the DLR equations with some growth condition at infinity if there
is to be any hope for uniqueness theorems in the small coupling constant
region. To illustrate that uniqueness is possible under some growth condi-
tions at infinity, we note the following rather weak result:

ProproSITION VII.12. The only tempered state for the one-dimensional
(Dirichlet) field on [0, ) which satisfies the zero interaction DLR equations
is the state given by fa = 1.

Proof. Because of the Dirichlet boundary conditions and Theorem VII.2,
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Ji0..1 must be of the form
Jo.n = Jigy

where ¢, € L'[R, (27) 7" exp ((—¢*)/2)dq] is nonnegative and J, is the canonical
embedding of §I1.6. Consistency then says that for ¢t < ¢

(VIL.16) exp [—(t' — t)H,]l¢. = ¢. ,
while temperedness says that
(VIL.17) [ ¢: 1l < exp (at) ,

at least for ¢ large. Let E, < E, < --- be the eigenvalues of H, with corre-
sponding eigenfunctions «r,, ¥, +++. Let a,(t) = (¥,, ¢;). Then by (VIL.16),
a.(t) = exp ((t — 1)E,)a,(1) so that (VII.17) implies that a,(t) = 0 for E, > a
and thus that

¢ = 2, Co€XD (LB, .
If ¢, = 1, then we can suppose that ¢y = 0and N > 0. But, this would imply
that

(arg cy)¥y = lim,_., [ ey |7 exp (—tEy)¢:

is a.e. positive. Since (v, ¥x) = 0 and +, is strictly positive, this is impos-
sible. L]

Remarks 1. The same proof works for an arbitrary P(q) interaction
but the proof depends critically on there being Dirichlet B.C. at one end,
allowing us to use the transfer matrix formula (VIL.16).

2. We see that the positivity of f, must play a major role in studying
uniqueness. For example, we feel that by suitable use of positivity, one
should be able to extend the above result to the case where f is only known
to be weakly tempered.

The “right” boundary condition at infinity should be determined by the
following properties:

(1) Any solution of the DLR equations with the boundary condition
should satisfy the variational equality of the next section.

(2) Any state satisfying the boundary condition and the variational
equality should obey the DLR equations.

(3) For small coupling constant, there should be a unique solution of the
DLR equations together with the boundary condition.

We should like to suggest that weak temperedness is the correct bound-
ary condition. The counterexample in Proposition VII.11 says no weaker
condition is possible. And, in the next section, we will reduce (1) above for
weakly tempered states to a conjecture whose analogue is known to be true
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in classical statistical mechanics.

VII.3 Gubbs Variational Principle: Partial Results. In statistical me-
chanics, a variational principle for the entropy density [84] provides a very
elegant characterization of the infinite volume equilibrium states associated
with a given interaction [56]. It is our purpose in this subsection to introduce
similar ideas in Euclidean field theory. While our results are far from defini-
tive, they strongly support the idea that a variational principle can be used
to characterize infinite volume equilibrium states in Euclidean field theories.

The Gibbs variational principle involves three quantities: The pressure,
a.(P), which depends only on the interaction polynomial P; the entropy
density, s(f), which depends only on the state {f4}; and the mean interaction,
o(f, P), which we shortly introduce and which depends on botk the interac-
tion polynomial and the state. A complete analysis of the Gibbs principle
should involve demonstrating:

(a) For all states f from some “acceptable” class C,

s(f) — o(f, P) = a.(P) .
This, we shall call the Gibbs variational inequality.
(b) supsee [s(f) — o(f, P)] = a.(P),
which we shall call the Gibbs variational equality.
(c) feCis Gibbsian for P if and only if

s(f) — o(f, P) = a(P) .
We shall take € to be the class of translation invariant, weakly tempered
states.

The structure of this subsection is the following. After introducing the
mean interaction o(f, P) we shall prove the variational inequality for P(¢)..
Next, we shall look at the one-dimensional case, where we shall be able to
compute explicitly the entropy of the infinite volume state for an anharmonic
oscillator. We shall use this computation to speculate about the situation in
the P(g), field theory. Finally, we shall indicate an approach linking the
DLR equations to the variational equality.

Definition. Given a p-smooth (P > 1) translation invariant state {fa}
and an interaction polynomial, P, we define the mean interaction associated
to the region A by

oA(f, P) = Unrfadtt .

T
[A] Je

The strict locality of the interaction makes the control of the infinite
volume “limit” of o, especially easy:
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ProrosiTION VII.13. o4(f, P) s a number o(f, P) independent of A.

Proof. Since A— U, is L? continuous for p < o (cf. Theorem II.10),
fa isin L* (¢ < D) and, by consistency,
=_1
ouls P) = 7 | Und it

if AcA’, A— p, is clearly continuous. Moreover, if A,UA,=Aand A,NA,=
#, then

[Alos = SQ(UA1 + Up)fadtto = | Ay| s, + | Ag| Ona -

It now follows easily-that o, is independent of A. [

The following half of the Gibbs variational principle is now straight-
forward:

THEOREM VII.14 (Gibbs variational inequality). For any semibounded
interaction polynomial P, and any weakly tempered translation invariant

state {fu},
s(f) — o(f, P) = a.(P) .

Proof. By the concavity of ln 2 and the normalization of the f, we have
for any finite A: ‘

| AFSAf) — 0a(f, P) = A1 | fal = Us — Infildpt
= A1 | fatn learalam
<|A['In (SQ e‘”Ad,ao) =|A"1nZ, .

Taking A — oo (Fisher), we complete the proof. O

Except for the exactly solvable linear and quadratic interactions (where
the variational equality can be verified by direct computation) we have
nothing to report about the variational equality for two-dimensional theories.
This is not surprising, since we know the existence of infinite volume states
only for small coupling constant [70] and we do not even know weak tem-
peredness holds in that case. However, for the one-dimensional case, we can
verify the variational equality directly by the use of transfer matrix ideas.
Let Qq, be the ground state for the Hamiltonian Hy = H, + : Q(q) : and let E,
be the ground state energy. Finally let f° be the associated Euclidean state
so that (cf. Theorem I1.18)

(VIL.18) T2 = (J.Q0)(:Q) exp (— SZ :Q(q(®)): dt) exp (b — a)Ey) .
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Explicit computation now yields

ToEOREM VIIL.15. For the one-dimensional Markov theory, we have:
(i) o(f% P) = (Q, : P(q): Q);
(ii) s(f9) = —(Qq, H y);
(iii) s(f9) — o(f¢ Q) = a.(Q) = — E,.

Proof. If a < ¢ < b, then

[ : Pla(@)): fR.ndpra = (om0 500y, : P(g): e~ e ey

= <QQ’ 'P(q):QQ> ’
which proves (i). By a similar computation using (VII.18), we obtain

—| g aln fendi = —| U20:20 In (7.2 Qa)d st
+ 10— al((Q, :Q:Q) — Ey) .~
The first term on the right can be dominated by
2[{Qq, €7 Qe In Qo) | = 2| Qo]+ QeIn Qo] < oo .
Dividing by |b — a | and going to infinity, we see that
8(f% =<Qq, : Q: Q) — Ey,
and (ii) and (iii) follow immediately. O
We emphasize two things about these explicit computations. First, let
us translate the Gibbs inequality s(f9) — o(f¢ P) £ a.(P) to time zero
expectations. Using Theorem VII.15 we see it is equivalent to
—(Qo (Ho + : P)Q) £ —E, .

Thus the Gibbs variational inequality for the states {f¢} is equivalent to the
Rayleigh-Ritz variational inequality for the vectors {Qp}. It is also worth
emphasizing the content of (ii); namely, entropy density is the Euclidean
version of the free Hamiltonian expectation value. In the case of non-rela-
tivistic quantum mechanics, general results of this nature have been recently
obtained by W. Crutchfield [9].

This suggests a variety of alternative pictures for the two-dimensional
case. Let us mention one of them. By results of Glimm-Jaffe [33] and Spencer
[97], we know that in certain infinite volume (Hamiltonian) limits, both
(Q, TYQ) and (Q, TPQ) exist where T¢° is the free energy density and TP =
: P(4(x)):. Let f be the associated Euclidean state. Then:

Conjecture. s(f) = —(Q, T¢"Q) and «a (P)= —(Q, T"Q) where T* =
Te® + Tp. (Note: If we know that f is weakly tempered, it is easy to prove
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that o(f, P) = (Q, T?Q).) Moreover, one has the following Rayleigh-Ritz
principle: the energy density associated with the interaction : P: for trans-
lation invariant locally Fock states of the Hamiltonian theory is minimized
precisely by the infinite volume (Hamiltonian) states for the P(¢), theory and
the minimum valueis —a,(P). Were such a variational principle established,
it might become a valuable calculational tool.

Finally, we wish to go part way towards a proof that every weakly
tempered, translation invariant, Gibbsian state f for interaction P satisfies
the variational equality s(f) — o(f, P) = a(P). If fis A-Gibbsian then we
claim that

(VII.19) Sa =€ "rfon/Eyn(e™"2)
where E,, is the free field conditional expectation. For by Theorem VII.2,
fa = eV, , from which it follows that f,5 = E,5(fa) = Eia(e™"2) Y54,

Now suppose we define the conditional partition function
Zon = E;p(e78),

the conditional pressure,

~ 1 5
=—1InZ,,
Dan IAI oA

and the boundary entropy,

Sip = — SQfaA In fiAd s, ,

where Z,, and 7,, are Z,,-measurable functions. Then

ProposITION VII.16. For any Gibbsian state f,

Salf) _ 1 >
(VIL.20) = oA P) S + | FaBndrt
Proof. By (VIL.19) Infy = — Up + Info,—Dsa. Multiplying by —[A [ fa
and integrating, we obtain (VII.20). [

Thus to prove that a given Gibbsian state f obeys the Gibbs variational
equality we need only prove that (i) the conditional pressure converges to
the pressure in a suitable sense, and (ii) the boundary entropy density
vanishes. At present, we are unable to prove (i). As for (ii), we have

THEOREM VII.17. Let f be a weakly tempered, translation invariant
state. Let A, — oo (Fisher). Then (1/| A, )S;a,(f) — 0 as n— oo.

Proof. Let7<1bethe exponent in the weak temperedness condition on f.
Choose 7' € (7, 1) and A}, in accordance with Theorem C.3. By the monotoni-
city (Theorem VI.6b) and weak subadditivity of the entropy (Theorem VI.6¢):
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Sa,(f) = Sayvan,(f)
= S () + San, () + In |l fa; fon, Iy -
By Lemma VI.8,

1
mln “fA;‘faA,, [[i—0

since d(A,, 0A,) = d(A,)”. Thus by Theorem VI.9,

s(f) < s(f) + lim | Ai| San () -

Since S;4,(f) = 0 (Theorem VI.6a), we see that the limit in question is 0. []

Appendix A. Positive definite matrices with nonpositive
off-diagonal elements

In this appendix, we summarize a few properties of two classes of
matrices:

Definitions.
(i) M, will denote the family of » x n invertible positive definite
matrices with nonpositive off-diagonal elements.
(ii) K, ={A|A'e M,}.
(iii) M, denotes the family of positive invertible operators on I* with
nonpositive off-diagonal elements.
(iv) K, ={4A|Ae M,}.

THEOREM A.1l. Any A€ K, (n £ ) has nonnegative off-diagonal ele-
ments.

Proof. Since F' = A™'is invertible, F' = ¢l for some ¢ > 0. Write F' =
D + B where B vanishes on the diagonal and D vanishes off the diagonal.
Then D = ¢l and for any \e[0,1], F(\) =D + xB=M+ (1 —\)D is
greater than cI. It follows that F(\)™' is analytic in a neighbourhood of
[0, 1]. But for » small, F(\)™* = D*3_" (—\BD™)". Since B has only non-
positive elements and D' only nonnegative elements, each matrix in the
Neumann series above has only nonnegative elements. Thus each matrix
element of F'(\)™* is analytic in a neighbourhood of [0, 1] and has positive
Taylor series at » = 0. By a standard theorem in complex variables, the
series converges at . =1, so F''! = A has nonnegative off-diagonal ele-
ments. |

Remarks 1. This theorem is known as the Stieltjes-Ostrowski theorem
after the work [107], [75]. Ostrowski’s proof also depends upon the conver-
gence of a Neumann series although his argument is more complicated.
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2. Since (F'7'),; = (const)(det F)'? S 226" " d g, this theorem is also a

consequence of Theorem V.I, which, as we have seen, is in turn a consequence
of Griffiths’ first inequality for ferromagnets.

THEOREM A.2. Let Ac K, (n < ). Choose a subset, S, of m elements
from {t |1 =1 <m + 1}. Then the matrix As = {A;}i jes 18 10 K,.

Proof. Since A is strictly positive definite and bounded, it follows that
Ay is strictly positive definite and bounded so that 43! exists and is positive
definite. Corresponding to the decomposition of { |1 < 7 < » + 1} into S and
its complement, we can write:

As| B D | E

A= — A= — .
B*| C Ex| F

The equations A;D + BE* =1 and AsE + BF = 0 imply that A3' = D —
EF'E*. But since A€ K,, E has nonpositive elements and Fe M,_,.. By
Theorem A.1, F'~* has nonnegative elements so that EF~'E* has nonnegative
elements. It follows that the elements of A3 are less than the elements of
D which are, by hypothesis, nonpositive off-diagonal. O

Remark. This proof also shows that (A™')s — Ag' is positive semi-definite
with nonnegative elements (cf. Theorem IV.7).

COROLLARY A.3. If Ac K,, and A,; = 1 for all 1, then for any 1, 7, k
A;; = AikAk.‘i .

1) =
Proof. Explicit computation shows that a positive definite matrix of the
form
1 b\™!
a c
b 1

(ST S

has nonpositive off-diagonal elements if and only if @ = be, b = ac, ¢ = ab.
The corollary follows from Theorem A.2 upon taking S = {7, j, k}. [

Appendix B. Correlation inequalities for the anharmonic oscillator:

Alternate proof’s

In this appendix, we wish to discuss alternate proofs of correlation in-
equalities for non-dimensional P(¢) theories, i.e., for the anharmonic oscillator
(cf. (I1.40)). Because g(¢) without any smearing is an L? function we can
avoid the lattice approximation. It is also possible to demonstrate explicitly
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that the usual ultraviolet cutoff, unlike the lattice cutoff, destroys the ferro-
magnetic property of the free theory. Since we have already given detailed
proofs in Section V which establish the Griffiths inequalities for the an-
harmonic oscillator, we only sketch the ideas. On L*(R, dv) where dv(q) =
m%¢~"dq, the harmonic oscillator Hamiltonian (m=1) is H, = 1/2(— (d*/d¢®)+
29(d/dq)). We denote its vacuum (the function 1) by Q,.
1. Proof of G-I. This proof avoids all the ideas of Markov field theory.

Let C be the cone of all 4(q) of the form f(¢) + gg(q) where f and g are
positive even functions in L?(R, dv) for all p < «. Then

(i) Q,eC; ,

(ii) If h,, h,e C, then <h, h,) = 0;

(iii) ¢C < C;

(iv) If P(X)=3_" a,X" witha,,>0and @, <0fork=0, ---, m—1,
then e~ ?2C < C;

(v) e C cC

(vi) e tHotPC < Cif P is of the form given in (iv).
(i)-(iv) are easy to verify. (v) follows from Mehler’s formula (II.80) and
(vi) from (iv), (v) and the Trotter product formula. (i)-(iii) and (vi) imply
that if H = H, + P(q), then

(Q, e7Hg™ -« g"re™" Q) = 0,

which is the first Griffiths inequality.

2. Proofs of G-I, II and FKG. Lett <t, < --- <t, so that
a,; = qt)a(t;)) = 1/2e7 %!
obeys
(B-l) Q5 = 2j—i_la'i,i+la'i+l,i+2 s By, if 1<7.
Using (B.1) it is easy to show by explicit computation that the inverse {b,}
of {a,} is tri-diagonal with
b, = 2D_1II #1 - 2) ’
bu = 2D~ 1(1 - az_laz) Hﬁh i— 1 - a?) ’
bnn = 2'D Hj#'n,—l (1 - 5) ’
b ivs = biy, = —2D7'a, H#i 1-ay, i=1-,m—1
where
D=1I/1 — @)
and
a;, =exp(—t. +1t)<1,
and the products havej =1, .-, n — 1.
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We thus see exlplicitly that b has negative off-diagonal elements. If we
now approximate S P(q(?))dt in a Feynman-Kac formula by

> (—”—;—“—’P(q(tj))

with ¢; = a + j(b — a)/n, we can prove the correlation inequalities by the
method of § V without use of the lattice approximation.

3. Space Smearing Destroys “Ferromagnetism”. We claim that if q(¢)
is replaced by ¢,(t) = Xh(t — 8)g(s)ds the inverse of a correlation matrix
{qu(t)a.(t;)) (4, 7 =1, ---, ») will not be negative off-diagonal, at least for 2
positive. For example if A(t) = e =" with ¢ large, explicit computation shows
that

(B.2) (qu(0)g:(t)> < <ax(0)2:(¢/2)><qu(¢/2)qu(?)) -
Thus, by Corollary A.3, no covariance matrix

{qu(t)qu(t;)> with t, =0,t, =t/2,t, =¢; ¢, ---, t, arbitrary
can have an inverse with negative off-diagonal elements.

4. Remarks 1. That the matrix b in the proof of 2 above is tri-diagonal
is a reflection of the locality of —(d?*/dt?) + 1.

2. On an intuitive level, it is easy to understand why space smearing
destroys “ferromagnetism”. Heuristically, (—(d*/dt*) + 1)é(t — t’) has a posi-
tive infinity at ¢t = ¢’ and negative infinities at ¢ = ¢’ &= ¢. It is thus positive
on-diagonal and negative off-diagonal. Smearing in t tends to produce at
least a small region |t — ¢'| < d of positivity. This region includes some off-
diagonal elements.

Appendix C. Fisher convergence: Some technical results

Here we want to recall the definition of convergence in the sense of
Fisher and van Hove [85] and to prove a few related technical facts of a
geometric nature. Although all the results extend to d dimensions, we
restrict ourselves to d = 2. Given a € R*, the lattice aZ? induces in a natural
way a decomposition of R?into closed squares with side @ and centers in aZ2.
Given A c R? bounded we let N;(A) be the number of such squares inside A
and N;(A) bethe number of such squares which intersect A. |A] is the
volume of A and d(A) its diameter. Finally

(C.1) ViA) = |{ze R | d(z, A) < a} | .

Definition. Let A, be a family of regions of R* with |A,|— «. We
say that A,— o in van Hove sense, if and only if for each aeR™,
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N;7(A,)/N}HA,) — 1 as n— oo. Our notion of Fisher convergence is slightly
weaker than Ruelle’s:

Definition. Let A, be a family of regions in R2with A, | — . Wesay
A, — oo in Fisher sense if and only if there is an ¢ > 0 and a function 7= on
(0, &) with lim,_, m(a) = 0 so that for each a € (0, ¢€), there is an N so that
(C’z) Vad(An)(An) é 71'(6!) 'Anl
for all » > N.

Clearly, | A| < md(A)? and V,(A) = ma® if A # ¢. Thus:

ProrosiTION C.1. If A, — oo (Fisher), then there are constants ¢,, ¢;, N
such that for all n > N,

(AL £ AL £ e d(AL) .
It is also clear that a*N,7(A) = | A | and that a*(N,"(A) — N, (A)) £ Vav3(A)
so that:
ProrosiTION C.2. If A, — o (Fisher), then A, — o (van Hove).

The converse of this is false [85]; e.g., let A, be the rectangle of sides n
and n: In § VIL.3, we used the following:

THEOREM C.3. Let A,— o (Fisher). Suppose 7' <1 is given. Then
there exists A, C A, so that (Fig. C.1)

(a) Al — oo (Fisher);

(®) 1AL /1Al =1 asn— oo

(¢) d(As, 0A,) = d(A,)".

o4,
a4,y

Ficure C.1
Proof. Let A, ={xeA,|d(x, 0A,) = d(A,)”}. Since|A,|S|A|Z|AL+
Va7 (A,), (b) follows. (c) is trivial. Let ¢’ = ¢/2and n'(@) = 27(2a). Given
a, choose N so that n > N implies that (i) | A, | = [ A, [/2, (ii) d(A,)” < ad(A,),
and (iii) Vieaa(As) = 7(22) | A, |. Then, if n > N,

Vad(A:”)(A-:L) = Vad(A,,)(A:a) = Vad(A“)+d(An)v’(An) = VZad(An)(A-n) = 277:(2“) IAH .

This proves (a). O
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Finally in § VI we used:

THEOREM C.4. Suppose A, — o (Fisher). Let 7' <1 be given. Then
we can find sets A, and squares A, so that (Fig. C.2)

(@) ALCA., ACA, ALNAY = O;

(b) for some ¢ > 0 and all sufficiently large n, ¢ < |ALl/| A | < (1/2);

(©) AL+ AYD/N ALl —1 as n— oo

(d) A} — o (Fisher);

(e) d(A., AY) = d(AL)” for all m.

d(as)”

7

Proof. Choose any square A, of side 3d(A,) and center in A;. Let A} =
{xe A, |d(x, AL) = d(A,)”}. (a)and (e) are obvious. (b) follows from Proposi-
tion C.1 and its proof. (c) follows from
[AL] +H 1AV = A S AL+ TAY ]+ Vg (A2)
and the fact that A/, — oo (Fisher). Finally, to prove (d) we note that for
all large n, ¢, d(A,) < d(A)) < ¢.d(A)) (¢, ¢, > 0) and that
Va(A"’n’) g Va(An) + Va+d(Aﬁn)’7’(A"’n)

since OAY COA, U {x | d(x, 9A.) = d(AL)"}. (d) follows by mimicking the proof
of Theorem C.3. O

Figure C.2
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