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I. INTRODUCTION

Ideas and methods from statistical mechanics have had a considerable
impact on constructive field theory in the last few years. In particular,
Boson models can be realized as ferromagnetic spin systems and are thus
subject to the analysis available from the study of the Ising modegl. In this
paper we continue our program [29] of applying statistical mechanical
methods to the P(¢), Euclidean field theory by examining one of the
basic questions arising in statistical mechanics, namely, the role of boundary
conditions. For the most part we concentrate our attention on the « classical
B. C. »: free (F), Dirichlet (D), Neumann (N), and periodic (P) boundary
conditions.

Just as in statistical mechanics, we expect that the use of boundary
conditions in field theory will play fundamental role in the definition of
equilibrium states and in establishing the existence or nonexistence of
phase transitions. Such an analysis should involve more general B. C.
(i. e., analogues of « + B. C. ») than the classical ones studied here, and we
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BOUNDARY CONDITIONS FOR THE P(¢), EUCLIDEAN FIELD THEORY 233

shall have only a few naive remarks to make about these important ques-
tions (III.3). With statistical mechanics as a guide, we know, however,
that control of the classical B. C. will provide great flexibility in the study
of the thermodynamic limit. Certain operations and assertions are trivial
with one choice of B. C. and impossible or very difficult with other choices
of B. C. It then becomes important to decide which objects in the theory
are independent of the choice of B. C. in the thermodynamic limit. For
example, the pressure should depend on B. C. only through a surface
effect in finite volume and should be independent of the choice of B. C.
in the infinite volume limit. This independence (properly formulated
for P(¢), in Theorem 1.2 below) is the main result of this paper.

Our approach to this specific problem has been largely influenced by
Robinson’s work in quantum statistical mechanics [5/]. In his treatment
of (point) Bosons interacting via a repulsive potential the use of Neu-
mann B. C. is critical; the technical tools he deploys are quadratic forms,
positive definiteness, sub-and superadditivity; his main application of the
result that the pressure is independent of B. C. is to the Gibbs Variational
Principle. All of these features are reflected in our work that follows.

Related results have also been obtained by Novikov [46] and Ginibre [15]
who consider the statistical mechanics of Bose hard core particles inter-
acting via an attractive potential. In their approach which employs the
Feynman-Kac formula, the use of Dirichlet B. C. is critical. We mention
also the results of Fisher and Ruelle on the existence of the thermodynamic
limit (with Dirichlet B. C.) for particles interacting via a stable, tempered
potential [54, § 3.5]; and the results of Fisher and Lebowitz on the inde-
pendence of classical gas pressures on B. C. [I0].

As in [29], we base our analysis of the P(¢), theory on Nelson’s model
of the free Euclidean boson field in 2 dimensions [44] [29]. Let N = #_ ,(R?)
be the real Hilbert space with inner product

Chgm=(f(—A+md) "gh-= Jf (¥)Go(x — y)g(y)d*xd®y (I.1)

where G, is the Green’s function
1 eik-(x—y)

0

and m, > 0 is the bare mass. The free Euclidean field ¢(f) is the real
Gaussian random field indexed by feN with mean zero and covariance (I.1).
We denote the underlying probability space by (Q, Z, x,) so that, regard-
ing ¢(f) as a function on Q, we have

L d(NP(g)dpo = Jf (X)Golx — y)g(y)-

The Gaussian measure du, is called the non-interacting measure with
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234 F. GUERRA, L. ROSEN AND B. SIMON

free (F) B. C,, or for short, the « free measure ». To each closed (or open)
region A = R? we associate the sub-g-algebra X, of T generated by
fields ¢(f) with supp f < A (see § I1.1).

Suppose for definiteness that A is a rectangle. According to a well-
established tradition, one tries to construct an interacting field theory
on A and then to pass to the thermodynamic limit A — RZ2. In restricting
the non-interacting measure to X, there is already a choice. In addition
to the measure

du} = dpot 2,
with free B. C., one could choose the Gaussian measure duX whose con-
variance is given by (supp f, g = A)

J¢(f )()duy = jf ()GX(x, y)g(y)

where GX = (— AX + m3)™! is the Green’s function corresponding to
any self-adjoint B. C. « X » for A on dA. The classical choices mentioned
above would be X = D, N or P (for a more complete discussion, see § II1. 1),
but in fact one could accept much more general B. C. than these (see § I1. 1
and § I1.2).

In support of the basic philosophy of this paper that flexibility in the
choice of B. C. affords technical advantages, let us mention the key advan-
tages of each of the classical B. C.:

Free (F) B. C. This is the simplest B. C. with which to calculate since
one has a simple diagonal momentum space formula (I.2) for the covariance.
One disadvantage of F B. C. is that while the covariance operator is simple,
the inverse differential operator is not; in particular, the corresponding B. C.
on AA is non-local (see [29, § V] and § I1.2 below).

Dirichlet (D) B. C. D B. C. give the technically simplest way of introducing
barriers between regions (see, in particular, the cluster expansion of [23]):
GR is dominated by G,, leading to simple estimates. A key advantage
of D B. C. may be seen from the lattice approximation where D B. C.
play the role of « free boundaries » in ferromagnetic spin systems. This
observation leads to monotonicity properties of the (half-) Dirichlet
Schwinger functions (e. g. Nelson’s Theorem [#4] and relations with
other B. C. explained in § IX.2 below).

Periodic (P) B. C. The theory with P B. C. is « closest » to the infinite
volume theory in the sense that { ¢(x) ) is a constant, as is

6Gh = lim [GA(x. ) — Golx — )]

It is easiest to implement transformations of the measure such as m> — m’?
or ¢(x) = @(x) + ¢ with P B. C. (see Spencer [66] and § VII).

Neumann (N) B. C. The key advantage of N B. C. is that the partition
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BOUNDARY CONDITIONS FOR THE P(¢), EUCLIDEAN FIELD THEORY 235

function is submultiplicative in A, rather than supermultiplicative (as
with D B. C.). This property (of a « repulsion » between regions) leads
immediately to infinite volume estimates given a finite volume estimate
(see § I11.2).

Central to this paper is the lattice

D/F\N
~_

where a B. C. at the right end-point of a line dominates the B. C. at the
left endpoint. In terms of Green’s functions (considered as operators
on L%(A)) we have (see § I11.1)

G} < g <GX. (1.3a)
(We prefer the notation G, to G and we usually omit superscripts F.)

By the theory of conditioning (see [29] and the review in § III.2) we imme-
diately obtain the corresponding inequalities for the pressures

o} < p<ay. (1.3 b)

Here the pressure aX with X B. C. is defined in terms of the interaction
polynominal P by -

I

1 x
X=_— _1In “UrduX 1.4
A A je A (1.4

where UX = J - P(@)(%) :x ad*x with the subscripts X, A indicating that

A
the Wick subtractions are made with respect to the measure duX. We
also consider the half-X pressures o~ defined as in (I.4) except that the
interaction UX is replaced by UK. Our main result is:

THEOREM I.1. — For any semibounded polynomial P, the limits
aX = lim aX and ofX = }1_{130 ofX (X = D, N, or P) all exist and equal

o = lima,.

Remarks. — 1. Using (1.3 b) we prove the equality of the o by « bra-
cketing »: first we show that o, = o, (§ IV) and then that o} = a_, (§ V).

2. It is easy to extend the statement that the pressure is independent
of B. C. to include + B. C. (see § I1.3).

3. Existence of a,, is a result of Guerra [25].
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236 F. GUERRA, L. ROSEN AND B. SIMON

We also study the Schwinger functions, defined to be the moments of
the interacting measures:

j¢(x1) oo Plxn)e” N dpk
SX(xXy, ..., X,) = 1.5)
J e~ UndpX

and similarly for the half-X Schwinger functions SH* where U¥ in (1.5)
is replaced by U,. We are not able to draw the conclusions about the
Schwinger functions suggested by the lattice of Fig. I.1, but are able only
to relate D B. C. to the other B. C. For example if P is even except for a
linear term,

0 < SHP < gHX X=F P, N
A A

and similarly without the H if in addition deg P < 4 (see § IX.2). In view
of Nelson’s result that SHP is monotone increasing in A it is natural to
conjecture from Fig. 1.1 that SN is monotone decreasing. We have not
been able to prove this, and, indeed, such a result cannot be true for all
values of the coupling constant if P(¢), possesses a phase transition.
Our results on the independence (and existence) of S* = A11_r.1010 SX on B. C.

fall far short of the corresponding results for the Ising model [55] [36];
we have succeeded in showing only that SP = S* under certain circums-
tances (see § IX.3).

Here is a brief guide to the organization of the paper: in § IT we describe
a general class of Gaussian measures associated with the operator
(= A+ m?) ! C¥(A) which are suitable non-interacting measures for
Boson field theories. An essential regularity condition on the covariance
operator G of such a measure is that G < ¢G, as operators on L?(A).
In § ITI we explain how the theory of conditioning leads to the inequalities
of (I.3) and to sub- and superadditivity properties, and we give a new proof
of the « linear lower bound » using N B. C. In § III.3 we show that the
method of images yields most of the bounds we require on the classical
Green’s functions. In §IV.1 we formulate a general statement of the
vanishing influence of D B. C. as the boundary recedes to infinity and
thereby show in § IV.2 that «® = «,. Among the applications we give
is a proof of the Gibbs Variational Equality for the entropy. § V contains
a proof that o = a_. In § VI we give an independent proof of the conver-
gence of of, and we develop the machinery of periodic states. In § VII we
establish covariance properties of the pressure (under translations, scaling
and mass shifts) using the fact that the pressure is independent of B. C.
Then we determine the dependence of the pressure on the coefficients
of P (« dominant and subdominant coupling constants »). For instance we
establish that if deg P = 2n 'then as the dominant coupling constant

A - o, %, (4) ~ const. A (In Ay’
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BOUNDARY CONDITIONS FOR THE P(¢), EUCLIDEAN FIELD THEORY 237

verifying our conjecture in [28]. In § VIII we complete the proof of Theo-
rem L1 by showing that X =oX. § IX.1 is devoted to a discussion of the
lattice theory and its convergence for classical B. C. The resulting correlation
inequalities and some consequences are outlined in § IX.2 and § IX.3.
Finally in the Appendix we extend the Checkerboard Theorem of [29]
to X B. C. and we explain its significance for the question of spatial
decoupling.

One interesting application of the ideas of this paper has been made
in [30] where we study the (ag* + bp? — u¢), field theory. By combin-
ing (i) Spencer’s [66] mass gap result for large | u| with periodic B. C.,
(if) the convergence of the Schwinger functions with Dirichlet B. C. for
all y, (iii) the equality o2 = of (Theorem I.1), (iv) the inequality SP < SP,
and (v) the Lee-Yang Theorem [63], we show the Dirichlet ag* + b — ¢
theory has a mass gap if ¢ # 0. The method of proof is based on a super-
harmonic continuation argument of Lebowitz and Penrose [37].

We close this section by discussing two possible sources of confusion
that may arise in reading this paper. Firstly, there is a discrepancy between
the B. C. terminology of field theory and statistical mechanics. What we
call free (F) B. C. does not correspond to « free boundaries » for the Ising
model (Actually, F B. C. might be called « free at oo » since the covariance
operator is G). Rather it is Dirichlet (D) B. C., often called « repulsive »
B. C,, which corresponds to « free boundaries » for the Ising model. The
easiest way of understanding the meaning of D and N (« perfectly elastic »)
B. C. is to turn to the lattice approximation. As we explain in § IX.1,
the formal expression (¢, — A¢) goes over in the lattice theory to a sum
over nearest neighbor spins

g — gy =g — %
2 (qn qn’) An dnGn -

Dirichlet data are imposed on a line L by dropping the ferromagnetic
couplings g,q, across L and Neumann data by dropping the coupling
terms (g, — g,-)* across L.

Secondly, in this paper we shift freely between the passive and the active
pictures for the free Euclidean field, and so it might be useful to review the
distinction between these two pictures (see also [62]). In the active (or
measure) picture we realize the free field theories corresponding to diffe-
rent B. C. X on dA by choosing different Gaussian measures duX on X, but
keeping the field fixed as a coordinate function, i. e., for each f e CF(A)

Hf):q > <{fiad (1.6)

for ge Q, where it is standard to realize Q as the dual C®(A). This has
been the point of view adopted throughout this section. Equivalently,
we may use the passive (or field) picture in which we hold the measure dp,
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238 F. GUERRA, L. ROSEN AND B. SIMON

(and the space Q) fixed but « change coordinates » by realizing the field as
X)) = ¢(prf),  feCR(A) 1.7)

where the field on the right is the coordinate function (I.6) and p¥ is a
suitable operator on L?(A).

These realizations of the free theory with X B. C. as { ¢, dux } or as
{ ¢, duo } are equivalent; in particular, the covariances are equal,

fqb(f )p(g)dux = f (o8,
= Jf (x)GX(x, y)&(y)

so that GX = (pX)*G, p} as operators on L*(A). We use the passive picture
mainly in sections II and IV.

The passive picture lends itself to the theory of conditioning whereas
the active picture is most convenient for the formulation of half-X B. C.
Although we have made frequent reference to HX B. C. above, it might
be helpful to make a few elementary remarks here. In the passive picture
there is no ambiguity about what is meant by Wick subtractions, €. g,

XNPR(E) : = PR(NDA(8) — J A PA(R)dHo
= o(IPN(g) — ff (IGX(x, y)g(y) -

However in the active picture we may define the subtractions with respect
to either duX or dp,. We denote Wick products in the former case with
subscripts A, X and in the latter case (« free Wick ordering ») with no
subscripts; e. g.,

L (N)d(8) iax = P(f)P(g) — jd)(f )d(g)dux
= o()o(g) — jf (X)GX(x, y)g()

and

to(N)(g) 1 = d(f)(g) —j d()d(g)dto
= ¢(f)$(g) —jf (*¥)Golx, y)&(y)-

The HX-theories are defined, in the active picture, with Gaussian
measure dpX and with free Wick ordering. There is a simple relation between
the different Wick powers; explicitly [29]
ir/2]
r S
LX) = Z{’} [— 0GR} 1 ¢ 2(x) 'xa (1.8)
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BOUNDARY CONDITIONS FOR THE P(¢), EUCLIDEAN FIELD THEORY 239

where {r} =r!/j!(r — 2j)!2 and
J
0GX(x) = lim [GA(x, y) — Go(x — y)].

Finally we mention that we have developed a HD transfer matrix that
is based on realizing D B. C. in the « time » direction by placing Q-space
o-functions on the t = const. boundaries. We omit a discussion of this
topic from the present paper, but details may be found in [62]. This approach
can be used to prove the convergence of the HD Wightman functions.
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II. GAUSSIAN BOUNDARY CONDITIONS

The cutoff states we consider in this paper are of the special form
e”Usdu/Norm where the function U, in the Gibbs factor e~ Y+ differs
from the free B. C. interaction only in the Wick subtractions used. Our
goal in this section is to describe in detail the « unperturbed » measures du
we will use. They will have no interaction in the sense that the Euclidean
field (¢, du) is still a Gaussian random field and, in a sense we make precise
below, they differ from du, only by a factor concentrated on the boundary
of A.

In § I1.1, we describe the allowed covariances for du and in § I1.2 we
relate these convariances to the « classical theory » of boundary conditions
by showing the allowed convariances are precisely the Green’s functions
for a family of self-adjoint extensions of — A I C?(A). This section is then
the link with the further specialization of du we shall make in the remainder
of the paper when we restrict to the four types of classical Green’s function.
In § I1.3 we make some remarks about a class of B. C. which we expect
will play a major role in the discussion of broken symmetry [8].

We use freely the language of Gaussian stochastic processes which are
extensively discussed in Gelfand-Vilenkin [I3] and Hida [3]]; see also
Segal [58], Dimock-Glimm [7] and Simon [62]. Throughout this section,
we fix a bare mass m,.

1
Warning. — With regard to a factor of 3 in defining Gaussian pro-
cesses, [29] and [62] have different conventions. We follow [29].
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240 F. GUERRA, L. ROSEN AND B. SIMON

I1.1. Covariances.

We begin by recalling some notation from [29]. N denotes the Hilbert
space obtained by completing CP(R?) in the norm, G(f, f)!/? where

Golfsg) = (£, (— A+ mj) g (I1.1)

and (., .) is the L? inner product. Since Cy(R?) is continuously imbedded
in N, each element of N* = N can be viewed as a tempered distribution
and, in particular, each element has a support. Given a closed set C = R?,
N is the (closed) subspace of N consisting of those elements of N with
support in C. e. denotes projection (in Gy-inner product) onto N.. If
A < R? is open, we let

pa=-1 — egaqp . (I1.2)

The Markov property on the one particle space (the « pre-Markov »
property) implies that for f e CF(A),
Paf =f —enS (I1.3)

Remark. — If A is open, then one can show that e, = ez where ¢, is
the projection onto the closure of CF(A) in N.

Finally, we recall that if — A, is the Dirichlet Laplac1an (Friedrichs
extension of — A} C& as an operator on L2(A)) and

GRUf &) =(f (= A +m3) 'g) (£ geCT(A),
then (Corollary I1.25 of [29]):

GR(f, 8) = Go(Pafs PA8) (I1.4)

This extends to all f, ge Njx.
Our first theorem will motivate our choice of definition of general
convariances:

THEOREM II.1. — Let
dp = Fd(po 1 Z,)

where F e LP(Qy, du,) for some p > 1, F > 0 and where JFdﬂO = 1.

Suppose moreover, that F is Gaussian on the boundary in the sense that

_ H [/22, + 1 exp (= 0,0(/3))]
n=1

where f, is some orthonormal setin N,,,and forsome A,A"' <1 + ¢, < A
(all n). For f, ge C3(A), let

G(f, 8) = j d(N)d(g)dp . (I1.5)
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BOUNDARY CONDITIONS FOR THE P(¢), EUCLIDEAN FIELD THEORY 241

Then:
(a) there is a constant ¢ with

0 < G(£, /) < cGolf f) (IL.6)
for all f e CZ(A).
(b) For all f, ge CP(A):

G(f, 8 = GR(f. 8 + Qlesnfs €n8) (I1.7)
where Q is a bounded, positive definite quadratic form on N,,.

Proof. — (a) Follows easily from Holder’s inequality and the fact that
1/2

(Jq&(f)”dﬂo)”p <. J(p - 1)<J¢(f)2duo> for p > 2 and Gaussian

random variables. To prove (b), we remark that (a) implies that G(. , .)
extends to N3 x Nj so that, by (II.3)

G(f, 8) = Glesnf, eong) + G(paf, Pag) + Gleonfs Pag) + G(paf; €n8) -

Now according to the breakup N = N,, ® Nj,, the measure dy, factors
into dpy 5 @ dug sy and F is by hypothesis only a function of the
q,a Variables.

Thus

G(paf, Pr8) = (Jd’(!’/\f)d’(l’/\g)dﬂam) ( de#o,aA>

= Jq&(pAf )P(Pag)to = Go(paf, Pag) = GR(/, &)

by (I1.4). Similarly G(p, £, e;28) = Glesn f; pag) = 0.Since Q(h, k)=G(h, k)
for h, k € N,, defines a bounded quadratic form by (a), (II.7) is proven. [}

In the above, Q is not an arbitrary bounded quadratic form since the
general theory of symplectic transformations [57] [60] assures us that the
operator A defined by Q(f, g) = Gy(f, Ag) has A — 1 Hilbert-Schmidt
on Nj,. Since this additional property does not hold e. g. for the Dirichlet
B. C. theory (Q = 0), we supress it in our general definition:

DEFINITION. — Let Q be a bounded positive-definite quadratic form
on N,, and let ! be a bounded linear functional on N,,. Then, the
{Q, I}-B. C. Gaussian field, ¢, is the Gaussian random process indexed
by C&(A) with mean Ie,,.) and covariance

G( i ) = GR( s ) + Q(eaA" eaA‘);
that is (see Remark 2),

J¢(f Jdp = leon f) = < o(f) >

f[(b(f) = <o) >11d(8) — < dg) > 1dn = G(f, 8).
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242 F. GUERRA, L. ROSEN AND B. SIMON °

Remarks. — 1. The Gaussian process ¢ can always be extended to a
process on Njz. :

2. The process indexed by CZ(A) can be realized in a standard way by
a measure du on CJ(A) [13].

We shall generally realize the process in the active picture, thereby
emphasizing the measure du. In § IV, however, we shall employ the passive
picture (see the Introduction and [62] for the distinction between the active
and passive pictures) where the field ¢ corresponding to the covariance G

can be realized as:
A(f) = dpAlf) ® donleonS) (I1.8)

In (I1.8), ¢p 4 denotes the Dirichlet field, @ indicates direct sum (i. €. ¢ is
realized on a product space with a product measure; see Proposition 1.7
of [62]), and ¢,,(.) is the Gaussian process on N,, with mean / and
covariance Q.

ExampLE 1. — If I = 0, Q = G, I N, x N,,, then we obtain the free
B. C. field of [43].

ExampLE 2. — If | = 0, Q = 0, then we obtain the Dirichlet B. C. field
of [29].

Remark. — 1t is no coincidence (see § I1.2) that in both cases above G
is a Green’s function for — A + m2 on A x A.

Since we have not demanded that Q — 1 be Hilbert-Schmidt, we cannot
hope that Theorem II.1 have a strict converse but one does have the
following partial converse which makes precise the sense in which du
« differs from dp, only on the boundary of A »:

THeoREM 11.2. — Let A be a fixed open set in R? and let du be a
{Q, 1}-B. C. field. Let A’ be an open set with A’ a compact subset of A
(so, in particular, d(0A, A’) > 0). Then:

(@) dut T, is absolutely continuous with respect to du, ! Z,.,

(b) dut X, = Fdugt Z,.
where F is a Gaussian measurable w. . t. Z,,..

This result generalizes Theorem II.34 of [29] (the case [ = Q = 0)
and as in that case depends on the fact that e,. — e,. p, is Hilbert-Schmidt
(Lemma II1.5 b of [29] given that e,. — e, ps = ep-erza)- We begin with
a lemma that is essentially equivalent to the combined Markov property
and (no interaction) DLR equations for du!

LemMma II.3. — Let €S denote the orthogonal projection onto N in the
inner product G. Then for f e C3(A"):

eg\A’f = epnf (I1.9)
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Remark. — We emphasize that in (I1.9), e, is a projection w. r. t. G,,.

Proof. — Since e,,f has support in A\A’, we need only prove that

for ge Ny
But G(f, 8) = Gleanf. 8 (I1.10)
u
GR(f. 8) = Go((1 — es0)f; 8) = Goleall — ez0)f, )
= GRleanf, 8)

on account of the (pre-)Markov property for G,. And

Qlean f, €an8) = Qlesneon S €an8)
again using the (pre-)Markov property. (II.10) follows. |

Remark — The lemma immediately implies the (pre-)Markov property
emnes = esnel for A’ of the type considered but the proof extends for
any open A’. We thus have as a Corollary of the lemma.

THEOREM I1.4. — The field theory (¢, du) has the Markov property.

Proof of Theorem 11.2. — We consider first the case I = 0. To prove (a),
we need only show that there are Hilbert-Schmidt operators B,, B, on N,.
so that for f, ge N,.

G(f, 8) = Go(/, 8 — Go(B, f, B1g) + Go(B, f, B,3g)
for we can then apply the theorem of Shale [60]. But

G(f; 8) = Go(f, 8) — Golean fs €n8) + Qlean f; €sn8)-

Now, let C be the operator on N,, whose quadratic form is Q. Let
B, = e;nens B, = C'%¢,.e5. Then B,, B, are Hilbert-Schmidt (by
Lemma III.5 b of [29]) and G has the required form.

To prove (b), we note that Lemma II.3 asserts that du obeys the
no interaction DLR equations and so by Theorem VII.2 of [29)],
dut X, = Fdpyt Z,. where F is X,,-measurable. That F is a Gaussian
follows from Shale’s analysis.

We consider now the case I # 0. We first claim that there is an me N,
so that e, ) = G(f, m) for all f € N,.. To assure the existence of such
an m, we need only show that |l(e,,f)| < cG(f, f)}/? for some fixed
constant ¢ and all feN,. But by hypothesis | le,, f)| < ¢;Go(f; f)!?
for all f and by the above analysis Go(f, f) < ¢,G(f, f) for all feN,.
The | # 0 measure, dy,, is absolutely continuous relative to the I # 0
measure, du, by the formula

dp, = e*™dp/ exp ( G(m, m)) .

For later purposes we will need LP-properties of the factor F in
Theorem II.2 (b). We have:
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THEOREM II.5. — Let A be the operator on N,. with quadratic form
< f, Ag)On,, = G(f, 8) — Golf, 8)

(so A = BB, — B¥B, = e,.e,0(C — 1)espen in terms of the proof above).
Then:

(a) The factor F of Theorem II.2 lies in all L? with p < 1 + ag ! where ag
is the largest eigenvalue of A. If oy, < 0, then FeL”.

(b) Forany p > 1, thereisa constant C,so that whenever || A ||z <(2p)
and A > 0:

-1

1/p
(JIFI"du()) < (C,IIAllis) (II.11 a)

Remark. — This theorem remains true, by symmetry, if (F, A, du,) are
replaced by (F~!, — A, dy). In particular in the case where A > 0 (e. g.
Neumann B. C.) so that ao(— A) <0, F~'isin L®.

Proof. — By the Shale theory (see e. g. § 1.6 of [62]) F has the form:

F = Hli_l exp [(1 — 47 %)a?]
where 4, are related to the eigenvalues a;, of A, by 4; = (1 + a;)"/*> and g; are
the corresponding eigencomponents. Note that the A; are bounded away
from zero since A > — epespep = — ¢ > — 1 by Lemma II.35 of [29].
du, has the form:

dpg! Ty = Hn_l/ze_q?dq,-.
i=1
Thus if 1 > p(1 — 25 2%) = poo/(1 + o) then each factor is in L?, and by
the Shale theory we need only prove that the formal expression for

JF"duo } £, namely

J‘F"dyo =TIA;77[1 — p(1 — A7 %)]71/?

=I[(1 + «)? ' + o; — pa))] V2 (I1.11 b)
is convergent (the convergence of this formal expression is the key to
justifying its use [57] [60] [34] [62]). For general A using the fact that 1 + A
is invertible it is standard to prove (II.11 b) convergent. If o, < 0, then
FeL® since A, < 1 and =4, ' is convergent because A is trace class. We
concentrate on proving (II.11) in case A > 0 following a trick of Klein [34].
Let f(x) = (1 + x)" (1 + x — px) for x€[0, ao]. Then f(0) =1, f'(0)=0
and for L <p<1+ogt

f) =1+ ay—prg=(1+0a5" —ply >0
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1
30 g(x) =(f(x))"" obeys g(0)=1, g'(0)=0 and _sup 58" () =C<co.
Thus for x [0, a): 0<x<ag
g(x) <14 Cx? < .

Thus the product in (II.11 b) is estimated by

' 1 1
ﬂ exp (ECOC,-Z> = exp (ECHAH}z{s) .

1

1
If ]|Allus < (2p)7", then a5 < (2p)™" so 1+ao—Pa021—P0¢025

so that C may be chosen in a universal (p-dependent) manner. |

I1.2. Connection with self-adjoint extensions.

The covariances G considered in the last section (see (II.6) and (I1.7))
arise from self-adjoint extensions of — A I C3(A) satisfying certain regula-
rity properties corresponding to (II.6) and (II.7). More precisely:

THEOREM I1.6. — Let G be a quadratic form on N, obeying (II.6) and
(I1.7). Then there is a self-adjoint extension H of — A } C®(A) related to G

by
(f (H + m)~'g) = G(£, g) (I1.12)
so that:

() H> —m3 + ¢ for ¢ > 0.

(i) Q(H) « Q(HY) where HJ is the self-adjoint operator on L%*(A)
with (f,(H) "'g) = Go(f, g) for f, ge L*}(A).

Conversely given a self-adjoint extension H of — A } C3(A) obeying (i),
(i) above, then G defined by (II.12) obeys (I1.6) and (II.7).

Remark. — H{ is an extension of — A + m3 and is both m, and A depen-
dent.

Proof of the first half of Theorem 11.6. — Let G obey (II.6, 7). Since
G(f, )= GR(ff) >0 if f+#0, there is an unbounded operator H
on L%(A) with (I 12) holding. Since, by (II.6) we have (H + mg) ™' <c(H§) ™!
we conclude by the theory of operator inequalities (Kato [33], p. 330;
see also § I11.1 below) that Q(H) > Q(H) and (H + md)>c ™ 'HA> ¢~ 'm2
s0 (i) holds. Thus we need only prove that H extends — A | CP(A). Let
g€ Cy(A) and let Te N,,, then:

<T’ (—A+mi)g n=(T,g)=0
s0 e;n(— A + mg)g = 0. It follows by (II.7) that for feL?
(/s (H + m3) ™" (— A + m3)g) = G(£; (— A + md)g)
= GR(f, (= A + md)g) = (f, ),
so that (H + mj) (-~ A+ mj)g =g, i e. geD(H) and Hg = — Ag.
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Thus H extends — A ! CF(A) and the first half of the theorem is

proven. [ |
For the second half of the theorem, we need:

LEMMA I1.7. — Let #, o = Q(— Ay) N H# .. Let #_, 4 be the image
of #,,  under the isometry — A + m§ from #,, to N. Then #_, ,
is the closure in Ny of (1 — €,,)[C&(A)].

Proof. — By the theory of symmetric quadratic forms, #_; , is the
closure of C3(A) in the norm

N fI2ia=<f(—A+m) )= | — ean)f HI%IK

The conclusion is thus clear. [ |

Conclusion of the proof of Theorem 11.6. — Suppose H obeys (i), (ii),
that it extends — A} C¥(A) and that G is given by (II.12). By (ii), the
Hilbert space Q(H) with norm (f, (H + m?)f)/? is imbedded in the Hilbert
space Q(H}) with norm (£, (Hg) f)'/?. By the closed graph theorem the map
is continuous, so there is a C with

(f. (HE)f) < Cf, (H + mg)f)
all feQ(H). Thus HA < C(H + m2) as forms so [33, p. 330]
(H +md)~* < C(HH) ™,

i. e. for feL?A), G(f, f) < CGy(f, f) proving (I1.6). Now, by (IL.6),
G extends to the closure of L%(A) in N-norm and in particular we can
write for f e Cg(A)

G(f, f) = Glesnfs eanf) + G((1 = e0) f, (1 — €;4)f) + cross terms. (II.13)

Letting Q(g, h) = G(g, h) for g, he N,, we see that the first term in (II.13)

is Q(eanf; esnf)- Thus we need only prove that G(paf, paf) = GR(£ )
and that the cross terms vanish to conclude that (II.7) holds.

Now let g = pof=(1 — ey))f Then, by Lemma I1.7, ge #_, 5 so
there exists h, e CP(A) with (— A + m})h, — g in N-norm and h, — h
in #, 5 norm. Thus:

G(g, g) = lim G(g, (— A + mg)h,)  (by 11.6)
= lim (g, h,)
= (g h) = GR(g 8
s0 G(ppf, paf) = GRS, 1) )

Finally we must show the cross terms vanish in (II. 13). Since H extends
— A} C%, the quadratic form of H is an extension of that of — A, so
H< —A, as forms. Thus, (— A, +m3) " <(H+mj) ™", i.e. GR(£, /) <G(£ f),
all f € Nz. Now, let f eRan p,; geRan e,,. Then if h =f+ g

GR(h, h) = GR(£ /) < G(£,f) + 2 Re (AG(f; g)) + | 1°G(g, 8)-
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Since we have proven that G(f, f) = GX(f, f) above, we conclude that

for all A )
[A1°G(g, &) + 2 Re (AG(f, g)) = 0.

This implies that G(f, g) = 0 completing the proof of (I.7). [ |
There are two natural questions associated with Theorem II.6, namely:
1. For what class of B. C. and regions does G satisfy the bound (II.6) ?
2. Is it possible to obtain an explicit expression for the B. C. on H in
terms of the boundary form Q of (I1.7)?

We do not attempt to give a complete answer to these questions in this
paper, because we are not interested in all of the self-adjoint extensions
of A M CZ(A) satisfying (II.6) and (I1.7) but only in the « classical » exten-
sions (D, N, P,F B.C.). Now GRand G, = G, clearly satisfy the bound (II. 6)
for all A; and in § III we verify that G% (for A a rectangle) and GY (for a
large class of regions A) satisfy (I. 6) and hence have the various properties
established here (e. g., (@) and (b) of Theorem II.5).

In general the B. C. on H will be quite complicated and non-local. As
a specific example, we (formally) derive here the form of the F B. C.
(Example 1 in the previous section). Let A = R? be a region with suitably
regular boundary dA and let Gg(x, y) be the Green’s function for the exterior
Dirichlet problem, i. e.,

(— A + m3)Gg(x, y) = d(x — y) x, yeA’ = R\A (I1.14)
Gg(x, ) =0 xedA, yel’

0
Let n be the outward normal derivative on dA. Then for x, ye A’
n

0Gg(x, 2)

Gg(x, y) = Golx, y) — j Go(z, y)dz (I1.15)

oA on,

since the right side of (II.15) clearly satisfies the defining equations (1. 14)
for Gg. Using the relation

0Gg
on,

where f(y,) denotes the limit of f(y’) as y’ in A’ approaches y on dA, we
thus obtain from (II.15)

(xa ye) = 5(X - y)

0G(x, . 0%Gg(x,
ox —y) = o> ¥ - (% 2 Golz, y.)dz . (I1.16)
anx oA anxanz
. : . Gy
But Gy(x, y) is continuous in y as y crosses A whereas (x, y) suffers
a jump: My
0G, 0G,
—— (X y) — ——(x, y;) = 8(x — y). (I1.17)
on, on,
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Therefore by (II.16) and (I1.17)

0G,
a— (x5 yl) = U(x, Z)GO(Z’ J’)dz .
Ny oA
0*Gg(x,
where a(x, z) = Tls(aii) It follows that the F B. C. on a function f
nx nZ
in the range of Gy[L%(A)] is
0
2 = a(x, 2)f(2). (I1.18)
on oA

As an example of the nonlocal B. C. (II.18), let A be the half-plane
A = {(xy, x3)| x; > 0}. Then, for x, ye A’,

Ge(x, y) = Golx — ) — Golrx — y)
where rx = (— x,, X,), so that for xe A’

(3GE(x, y) _ 1 ipleipz(xz—yz)(eimxl _ e—iplxl) d2
om,  (2m)? P+ m

y

14

1 H2X1 ,ipa(x2 = yz)d
- e e 1203

- 2n
where p, = (p5 + mg)"/?. Therefore
1 . _
0(x3, ) = — = #ze'm(xz »dp, ,
2n

a non-local pseudo-differential operator.

II.3. +, — Boundary Conditions.

In the previous two sections, we have examined the role of the covariance
operator G. In this section, we turn to the. « mean functional », /, and, in
particular, define + and — B. C. For simplicity, we specialize to the case
where A is a circle, but our analysis applies to more general regions with
smooth boundary.

DEeFINITION. — Let A be a circle and let ds = rdf be the usual Lebesgue
measure on the boundary of A. Then the {Q, !} field with Q = G,

I(fo,) = ¢ Jf(@)ds is called the ¢ — B. C. theory.

Remark. — 1. We use the fact that any ge N,, is of the form f(6)J,
where 6,(x) = (| x| — 7).

2. Our results below would remain true if Q = 0 were taken.

With respect to obtaining pure states in a situation where broken
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symmetry occurs, so that { ¢ > # 0 in some pure states, there are three
conjectures:

(a) If we take ¢ > o > O for all A, we obtain a pure state inthe A - oo
limit for any fixed o.

(b) As in (a), we obtain a pure state so long as a > & where & in some
interaction dependent constant, €. 8. { @ -

(c) We must take ¢ — o0 as A — oo to get a pure state.

While we lean towards the first alternative (due to preliminary results
of J. Lebowitz (private communication)) we would like to make some ele-
mentary remarks about how quickly ¢ can go to infinity with a reasonable
theory resulting. If ¢ goes to infinity too fast, we expect sickness similar
to that in [29, § VII]. One criterion is clearly that when there is no inter-
action, we should recover the free field:

THEOREM II1.8. — Let du,,, be the Gaussian measure for the non-inter-
acting { Gy, c(r) } — B. C. theory in the circle A, of radius r. If ¢(r) < Ae™,
with B < m,, then as r — oo

J ey, — J ey,

for any f e CZ(R?).
2n

Proof. — Let I, be the linear form on N,,, L(f$,) =J f(O)rdd. We
V]

need only prove that c(r)l(e;5, f) — 0 as r —> oo for each fixed f. But

clearly
[ Llean )| < I L 1In Il eaner I 11 £ 11-4

where R = supp f. By Lemma III.4 of [29], || e,per || < Aje™ ™97 so
we need only prove that ||/, ||y < e™/%. An elementary computation (see -
Lemma II.10, below) shows that in fact ||, ||y = 0(r"/?) as r —» o so

c(r)l(eanf) — 0. [ |

A more restrictive criterion than that of Theorem II.8 is natural in
view of the ideas of this paper concerning the independence of the pressure
on B.C.:

THEOREM I1.9. — If ¢(r) < Ar'"/?79, then for any P(¢), theory:

lim |A, |7 In Jf exp (— UAE, A, — .,
the free B. C. pressure.
Proof. — dpi, A can be explicitly written down in terms of dp,, namely:
ditery,am = €xp (c(MP(Nd(po 1 Z4,)/Z (II.19)
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where Z is the normalization factor
1
Z,(c(r)) = exp (5 dn? i, |I§> . (I1.20)

(I1.19) follows easily if one notes that {I,, f > = {1, esnf > by the fact
that I, € Ny,.
Now let

p(r, c(r), B) = (nr*)~ ! In Je‘””"‘"dﬂc(,), A

We seek to prove that p(r, c(r), 1) - o, = ,11}2 p(r, 0, 1). By Holder’s
inequality one easily finds that

plr, o), 1) < (1 + &) 'p(r, 0, 1 + ¢)

+e(1 4+ & tInZ[(1 + & Ye(r))(nr?) !
and

pr,cr), ) >0 — &) 1p(r,0,1 —¢) — &l — &) Y(mr?) ' In Z(e™ 'c(r)).
Thus, if we can prove that for each fixed y,
lim r™?Z,(yc(r)) = 0 (I1.21)
we have
1 -8 ta,(1 —e < lim p(r, c(r), 1)
< lim p(r, c(r), 1) < (1 + &) to, (1 + ¢)

so our result follows from the continuity of a(A4).
Thus we need only prove (II.21), i. e. by (I1.20), that

%yzr_zc(r)zul,llﬁ S 0.

Since ||1,]] = O("?) (Lemma I1.10) and by hypothesis c(r) = o(r'/?),
(I1.14) holds. |
In the last two theorems we have used:

Lemma I1.10. — Let [, € N,,, be defined by L(f5,) = r J f(6)d6. Then
I |ln = O@Y?) asr — oo.

Proof. — We first note that
 f(0)0,, 8(0)5, > = jK,(B, 6")f(6)g(6")abde’ (I1.22a)

where
K0, 0) = r2gy(2r sin [(0 — 0)/2]) (I1.22 b)

where g, is defined on (0, ) by go(| x|) = Go(x). It follows that I, = «,5,
where «, is defined by

2z
a,j K,0,0)=r.

0
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It is not hard to show, using the fact that G4( | x | ) is integrable at | x| = 0
and falls off exponentially at infinity, that

2n
O@r) < j K,(0, 0)dd < O(r)

0

so that «, = O(1) as r — oo. Thus, by (II.22):

14| = a,z(zn)L "K.(60,006 —00). W

III. ESTIMATES ON CLASSICAL GREEN’S FUNCTIONS

Many of the estimates required in field theory models reduce to estimates
on the related Green’s functions, i. €. on the non-interacting two point
functions. This section is devoted to a detailed study of the classical Green’s
functions G%. In § II1. 1 we define the operators (— Ax + m?) with X B. C.
on 0A be means of quadratic forms. It turns out that one can read off many
of the pertinent properties of

GX = (- A% + m?)"!

from properties of the quadratic forms. For instance, one can immediately
deduce the inequalities of (I.3 a).

We begin § II1.2 by reviewing the theory of conditioning (see [29] [62]).
Conditioning provides a powerful technique for deriving estimates in
Boson models. For example, the sub-and supermultiplicativity relations
of § II1.2 are direct consequences of conditioning; conditioning enables
us to reduce the L? estimates for X B. C. to those of F B. C. (see § III.4);
our new proof of the linear lower bound using N B. C. follows from
conditioning (§ II1.2).

In § II1.3 we outline the method of images in the case where A is a rec-
tangle and we show how this method leads easily to a number of estimates
for GX;e. g.

GX < ¢G, on L2(A). (II1.1)

Finally in § III. 5 we consider non-rectangular A and derive the inequality
(II1.1) for N B. C. for a large class of A.

II1.1. Quadratic form domains for — A.

Let A be a bounded open region in R2. We wish to define and analyze
the self-adjoint extensions — AR and — AY of — A} C¥(A), corresponding
to Dirichlet and Neumann B. C. It is convenient to do so by means of
quadratic forms. In fact, in two dimensions (unlike the case in one dimen-
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sion), it is difficult to characterize the operator domains of — AR and

— AN directly, but the form domains are simple to work with. For a more

complete discussion of much of this material see [33] and [51].
We define the Dirichlet and Neumann forms by

8= L (Vf-Vg + m fg)d*x

with D(f}) = C}(A) and D(t}) = C'(A); here by C'(A) we mean the real
continously differentiable functions on the closure A of A which are
bounded together with their derivatives in the sup norm, and by Ci(A)
we mean those functions vanishing in a neighborhood of 0A. Clearly,
2 and Y are positive and densely defined; moreover they are closeable
since the vector-valued operator V is closeable on C(A) and C'(A). The
closures 7 thus uniquely determine positive self-adjoint operators T by
means of

iX(f, &) = (£, TRg), (I11.1)
for all f e D(F) and ge D(T%) with D(T%) = D(7}).
Formally, T = — A} + m? is the differential operator — A + m?
with B. C.
g=0 on 0A (X =D) (IT1.2)
and
0g
Fole 0 on JA (X =N). (I11.3)

But this statement cannot be taken literally since vectors in D(T%) are not
necessarily once differentiable in the usual sense. Thus while it happens
that (I11.2) may be interpreted in the ordinary sense when A is sufficiently
regular, the B. C. (III.3) may not (see, for example [39]). However for
f eC(A), ge C3A) n D(TY), we see from integration by parts in (III.1)
that

0
[ rZe] s-asmie-(imie

so that g must satisfy (II.3) and Tg = (— A + mj)g in the usual sense.
We define GX to be the operator (T%)™*, which is obviously bounded
by mg 2. We denote the (distribution) kernel of G% by GX(x, y), the so-
called Green’s function. If A is sufficiently smooth, it is a standard argu-
ment of elliptic partial differential equations that GX(x, y) is C* in its
arguments for x # y [39].
It is also straightforward to treat the B. C.

6g_

g _ 111.4
o= %8 ( )
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by means of quadratic forms, where o(x) is a given real smooth function
on JA. For the form b

b,(f. 8 = LA fog

is relatively bounded with respect to ¢} with relative bound 0 [57], and
O t3 = t\ + b, uniquely determines a self-adjoint operator

T, = — A + m§ = (G3)7 !,
corresponding to the B. C. (III.4).

Now consider two disjoint bounded open regions A; and A, with
B = 0A; ndA, not necessarily empty. Let A =int (A; UA,). In the
obvious way we regard f§, as a form on L¥A) = L¥A,) @ L3(A,) with
D(zry,) = C'(A,) ® L¥(A,), and similarly for #},. Clearly

I\ <IN, + I, (I11.5)
since the domain of the form on the right includes functions with disconti-
nuities across B. Now (ty, + t},)” =7, + 7\, determines a unique

operator S, usually denoted by S = T + TX,, which, a priori, is a self-

adjoint extension of the usual sum Ty @ T},. However TY @ T, is
obviously self-adjoint so that S = T} @ T},. Since the forms in (III.5)
are bounded from below, we may rewrite (III.5) as £} > ¢}, + £} or in
operator notation as Ty > T}, @ T}, where these two inequalities by
definition mean the inclusion (III.5). By [33, p. 330] these inequalities are
equivalent to

GY < GXI @ GY,. (I11.6)
This is the basic inequality for Neumann B. C.

On the other hand for Dirichlet B. C.

X263 + 1R,

since functions in the domain of the form on the right must vanish in a
neighborhood of B. Consequently,

GR > G2, @ G®, (I11.7)

If we now suppose that A, = R*\A,, then we deduce from (III.6) and
(II1.7) that
GR, <G, <G}, (I11.8)
since Gz. = G,,. There is an obvious monotonicity result for the o B. C.
of (II1.4); namely
G < G (IT1.9)
if 64(x) > 0,(x) for almost all x on dA. Clearly Neumann B. C. are given
by 6 = 0 and it is easy to prove that the Dirichlet form is obtained as the
monotone limit liTm t4 so that

if 0 < a(x). GR < G% < G} (I11.10)
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If we specialize to the case where A is a rectangle then we can introduce
periodic B. C. via the basic form X by taking D(r}) n C'(A) to consist of
those functions periodic in the sides of A. By the same considerations as
above we obtain

Gh<GY <GY. (II1.11)

ExaMpPLE. — If we restrict to 1 dimension, then we can give can explicit
demonstration of the inequality (III.6) (or, indeed, of any of the other
above inequalities) that shows clearly how an additional N B. C. introduces
an additional degree of freedom. Thus consider an interval A = (g, ¢),
and for a < b < c let A; = (a, b) and A, = (b, ¢). Then it is not hard to
verify that

1
GX(x, y) =

my sinh [my(c — a)]

cosh [my(x — a)] cosh [mg(c —y)] if x<y

with x and y interchanged if y < x, and consequently that

AG = G} (%, y) @ GJ,(x, y) — GR(%, y) = g(x)g(y)

where
sinh my(c —b) 1/2
h _
|:m0 sinh my(c — a) sinh my(b—a) coshmg(x—a)  a<x<b
g(x)= ) o
_ sinh my(b—a) a o
my sinh m(c—a) sinh my(c —b) cosh my(c—x) <x<c.

Thus AG is a positive rank one operator, verifying (I11.6).

II1.2. Conditioning Inequalities :
A new proof of the linear lower bound.

The theory of conditioning [29] [62] leads directly to the inequalities
of (1.3 b). For the reader’s convenience we begin by briefly reviewing this
theory. One can discuss conditioning either in the formalism of second
quantization or in terms of integration in Q-space. We shall choose the
latter setting.

Let ¢, and ¢ be two Gaussian random processes (G. r. p.) indexed by
the same vector space V with zero means and covariances S,(f, g) and
Sg(f, g) respectively. Denote the measure space for ¢, by Q,, the Gaussian
measure by du,, and the Hilbert space completion of V in the norm
I £ lla = Sa(f, /)2 by #,; Qp, duy, #y denote the corresponding objects
for ¢g. By

we mean the independent sum of ¢, and ¢g;i.e. the G.1.p. { ¢, Q, du, S)
realized on Q = Q, x Qp with measure du = dpu, x dug, covariance
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S =S, + Sg, and associated Hilbert space 2, the completion of V in the
norm || f || = S(f, f)¥/2. Clearly, because of the relation

SALN)<S(£f) for  feV, (I11.13)

every f € # can be identified with a unique vector f, in #, (or similarly
with an f3 in #%); hence for f € #, ¢(f) is well-defined as ¢ ,(f,)+ Pp(fp)-

An important feature of the independence in the sum (III.12) is the
consistency with Wick ordering; for example,

J SO sdug = Palf) s - (I11.14)

Here, and throughout this section, it is understood that the subtractions
in the Wick powers of a field are made with respect to the associated
covariance, so that the subscripts S and S, in (III.14) are for emphasis
only. (III.14) follows from integrating the relation

Sof) = Z(:) SAS) T de(f) (I11.15)

r=0

and using the fact that J D ¢p(f) dug = 8,. As for (III.15) we can

verify it easily by means of the generating functional for Wick powers [62]:

exp <¢(f) S ||2) _ Z LB nt (II1. 16)

n=

For the left side of (III.16) can be rewritten as

/ 1 1
exp ( #a(1) =51 1 ||i> exp (¢B(f) L llﬁ)

=ZI¢A(f)'i/r!Z D e(f) /8!

and (III.15¥ follows upon equating equal powers of f.

Turning the above discussion around slightly, we may suppose that
we begin with two G. r. p.’s ¢ and ¢,, both indexed by V and with cova-
riances S and S,. If (I11.. 13) is satisfied we can define Sy = S — S,, construct
the associated G. r. p. ¢, and thereby realize ¢, ¢, and ¢y simultaneously
on the measure space (Q, dy) = (Q, x Qp, du, x dug) where (Q,, duy)
and (Qp, dug) are measure spaces for ¢, and ¢g. Because of the relation
(IIL. 14) we say that ¢, is obtained from ¢ by conditioning if the inequality
(II1.13) holds. Tt is easy to see that (III.13) is also necessary in order for
there to be a relation like (II1.14) [29, Prop. I1.22].

Vol. XXV, n° 3-1976.



256 F. GUERRA, L. ROSEN AND B. SIMON

The power of the theory of conditioning is best seen from the following
estimates. If P is a semibounded polynomial and g € L *¥(R?),itis a standard

argument to make sense of interactions like U = J - P(é(x)) : g(x)dx and
U, = | [ P(@a(x) : g(x)dx for suitable covariances S and S, (see e. g.

§ II1.4). Assuming that this has been done, we simply wish to note here
that:

THEOREM 111.1 Conditioning Comparison Theorem. — If ¢, is obtained
from ¢ by conditioning, then for any p > 1

JIUA Pdp, < JIUI"d#

and
Je“UAduA < je"”du. (I11.17)
Proof. — We prove only (II1.17). From (III. 14) it follows that
Uy = JUd#B

so that by Jensen’s inequality

e 2 < | e Vduy.

We then integrate with respect to du,. [ |

By combining the Conditioning Comparison Theorem with the inequa-
lities (III.6)~(III. 11) we immediately deduce a number of useful inequalities
among the partition functions

ZX = Je-Ui‘du’,i (111.18)
where

UX = L D P(@(x)) 1x A8(x)dx (III.19)

is defined in terms of a semibounded polynomial P in the field and a fixed
function g(x) > 0. The Wick subtractions in (III.19) are with respect
to duX. In this section we simply assume that the ZX are finite; in § III.4
we return to this point.

Suppose we consider the G.1.p.{ ¢, Q, du, S > with covariance operator

S = G}, ® G},
of (II1.6), where A, nA, =¢ and A =int (A, UA,). As explained
after (III.12) this G. r. p. can be realized as the independent sum
=6+

where the G. r. p. ¢; has covariance G} .
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From (III.15) we deduce by standard arguments that

U= j D P(¢(x) : g(x)dx = U}, + U}, (II1.20)
A
Therefore
Je‘”du =ZN -Z} . (I11.21)

Now according to (III.6), the G. r. p. ¢ with covariance GY is obtained
from ¢ by conditioning so that by the Conditioning Comparison Theorem
and (III.21),

Zy < 7N . ZX. (II1.22)
This is the basic submultiplicativity relation for Neumann B. C.

By similar reasoning, the following relations are all immediate conse-

quences of (III.7)-(I11.11):

78 > 7R - 7%, (I11.23)
R<7,<Z} (I11.24)
R<73 <72 <ZN if o (x)=0,(x)=>0 (II.25)
R <7k < ZX (I11.26)

Among the class of B. C. we are considering, then, Dirichlet B. C. are
« minimal » and Neumann B. C. « maximal ». The minimality property
of Dirichlet B. C. actually holds for a more general class of B. C.: if — Ay
is any self-adjoint extension of — A} CF(A) such that — Ay + m2 > 0,
then by a general theorem concerning the Friedrichs extension (see, e. g.,
[33, p. 331])

(— AR +m3)™ ' < (—Ag+ mg)™ " =Sg;

hence

7R < je‘”“duB .

An interesting consequence of the submultiplicativity property (II1.22)
of Neumann B. C. is a new proof of the « linear lower bound » [19] [61]
[20] [42] [28] : various estimates proved for a finite volume lead « for free »
to the corresponding infinite volume estimates. For, example, the following
two estimates are statements of the linear lower bound:

L. Let EY be the ground state energy for the P(¢), Hamiltonian H¥
with B. C. X = D, P, F or N on [— [/2, [/2]. If E} is bounded from below
uniformly, say for l€[1, 2], then E}/I is bounded from below uniformly
for le[1, o).

2. Consider the pressure o} defined in (I.4) for X = D, P, F or N.
If A, is a unit square and A is a union of unit squares, then

ax < ol . (II1.27)
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The second result follows immediately from the estimates (III.8), (IT1.11),
(IT1.17) and the submultiplicativity property (III.22), after one has carved
up A into a union of unit squares with N B. C. on their boundaries.

The first result follows from the standard formula

1
~ Ef = lim —log Z} (I11.28)

where ZX = J‘e_uxd,uf‘; here duf is the free measure with X B. C. on the

strip [~ 1/2,1/2] x R and U;, is the interaction in the region
[— 12, 2] x [— t/2, /2] with du*-Wick subtractions. For as above

¥ < HZ?},

1

withl =1, + I, + ... where /;€[1, 2]; and the result follows from (III.28).
The hypothesis that E} is bounded for I € [1, 2] may be verified as in § I1I.4.

Later in this paper we indicate two other approaches to the above
results which are not quite as clean as the use of N B. C. The first in § VII.4
uses hypercontractivity as in Nelson [42], and Guerra-Rosen-Simon [28].
The second in the Appendix is based on the Checkerboard Theorem.

Similar considerations based on the submultiplicativity (III.23) of
Dirichlet B. C. give a bound in the other direction, e. g.,

ox > of,

if A is a union of unit squares and A, a unit square. Of course, for P(¢),
a bound in this directions follows more directly from Jensen’s inequality.

II1.3. Method of images.

When A = R? is a rectangle, the method of images provides a convenient
representation for the Green’s functions GX. Suppose, without loss of
generality, that A is the rectangle (— [,/2, 1,/2) x (= 1,/2, 1,/2). For ne 72,
define the « reflection » operators pX on R? by

PEJ’ = (= Dy —n) = (— 1)"(yy — nily), (= )™(y, — ny11),
py = py, and
Pﬁy = (y1 — mly, ¥y, — naly).
Then, according to the method of images, for X = D, N, P,

Gi(x, y) = Z(S")"‘l Go(x = pry) (I11.29)
neZ?
where SP= — 1, SN=SP =1, and |n| =|n;| + |n,|. It is clear that
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the right side of (II1.29) equals G% : for there is only one term (n = 0)
with a singularity in A so that (— Ay + m3)GX(x, y) = 6(x — y) and
the B. C. are obviously satisfied since, for X = N say, the right side, viewed
as a function of x, y e R?, is even with respect to reflections in the sides
of A and hence has a vanishing normal derivative on JA.

In Wick-reordering formulas (see (I1.8)) we encounter the functions

5G§(X) = })1_1;1; [G);(xa y) - GO(xa y)] .

When A is a rectangle, we see from (II1.29) that 6GX is well-defined and
0GX(x) = Z(S")""I Go(x — pyx). (I11.30)
n¥

These image formulas lead both to pointwise bounds on GX and 6G¥
(Lemmas III.2 and III.3) and to operator bounds (Theorem III.4 and
Lemma III.5). Let |x — y|x denote ordinary Euclidean distance for
X =D, N, F and periodic distance for X = P,i.e.,| X — y [ = min | x — pjy |.

The first lemma asserts that GX(x, y) has essentially the same small and
large | x — y | behavior as Gy(x, y):

Lemma III.2. — Assume that [,, [, > 1, and & > 0. Then for X = N,
P, D there are constants a and b independent of A such that for x, ye A

1
0<GX(x,y) <alog|x -yl |x=ylk <3 (I3la)

1
<bexp(—(my—¢|x—ylx), Ix—ylx>5 (II1.31 b)
Remark. — In the case X = D, the inequality (III.31) was established
in [29] for arbitrary open A by showing that
GR(%, y) < Go(|x — y1).

Proof. — (X = N only) Positivity of GY is obvious from (III.29) since
Gy(x) > 0. For the small distance bound (III.31 ) we write

GN(x, y) = Z Go(x — PYy) + R(x, y) (I11.32)

lni| <1

Since Gy(x) is monotone decreasing in | x|, the first term in (III.32) is
bounded by 9Gy(|x — y|) = 0 (log | x — y|™!). Because of the asymptotic
behavior of G,

Go(x) ~ const. | x |12e~mlxl a5 |x| - o0  (IH.33)
the remainder term R(x, y) is clearly bounded uniformly in x, y, and A.
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The long distance behavior (III.315) follows from (III.33) and an
elementary computation. Note that the asymptotic behavior of GY is not
quite as good as that of G, since if one side of A, say [;, is small then a large
number (~ | x — y|/l,) of images will each contribute a term of the order
of Go(|x —y|) to Gi(x,»). W

LemME III.3. — Assume that [,, [, > 1.
(i) For X = N, P, 6GX(x) > 0.
(i) Suppose X = D, N. Let r = dist (x, dA). For r < 1/2

|6GX(x)| < a| log 7| (II1.34 a)
and for r > 1/2
| 6GX(x) | < br12¢™2mor (II1.34 b)

where the constants a and b are independent of A.
(iii) 6GY is a constant which satisfies

0 < 6GY < d exp [~ mg min (1, 1,)]
for some constant d independent of A.

Remark. — In [29] it was noted that for general A, G is negative and
satisfies (III.34).

Proof. — (i) is obvious from (III.30).
(i7) follows from (III.30) and the known small and large x behaviour
of GO(x)’

(iii) clearly 6Gh = ZGO(l(nlll, n,l,)|) is exponentially small as
claimed. | s

We may view GX(x, y) as the kernel of an integral operator (denoted G%)
applied to functions with support in A, belonging to, say, L%(A) or
N = #_,(R?). Interpreting (II.29) as an operator equation, we have

GX =G, ) PX (I11.35)
A

n

where PXf(x) = (S¥)I" f((pX)"!x) is a unitary operator on L2(R?) or
on N. With this notation

5GX = GOZP,,X. (111.36)
n#

The formula (II1.35) leads at once to an operator inequality for GX:

THEOREM I11.4. — Suppose A is a rectangle and X = D, N or P. Then
for some constant ¢ = cX we have on L*A) x L*(A)

GX < ¢G, (I11.37)
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Remarks. — 1. By the inequalities of § III.1 we know that
GR<g <GY

so that the important case of (II1.37) is for X = N. In § III.5 we show
how to extend (III.37) for X = N to a class of non-rectangular regions.

2. The constant c} that we find diverges as | A| — 0. This is true for
the best constant; see Lemma III.12.

Proof. — Let f e L*(A), denote the inner product on L? by (., .) and
on N by {.,.) and let e, be the projection in N onto elements with
support in A Then by (III.35)

GYf) = Z(fof>
:2<f’eAP§eAf>
=z<f;eAeAnPr)ff>

since Pye, = e, PX where A, = {p¥x|xeA}. But by Lemma III.5 b

of [29], || exen, || = O(e™ ™) where d, = dist (A, A,). Since Ze""""’" < o
and P¥ is unitary, we obtain -

(LGN <c|[fIR=cf,Gof). W

By similar reasoning applied to (III.36) we obtain:

LemMA III. 5. —Let A’ be a compact subset of A with r = dist (A’, dA)>
Define the operator AX = AXA on N by

AX = eA,EpfeA, . (II1. 38)

n#0
Then A* is Hilbert-Schmidt and for r > 1,
, IAX |lus < a(l + | A7 [1/2)g 2mer (I 39)
where the constant a does not depend on A or A”.

Proof. — As in the previous theorem (A, = { pfx|xeA’}),

”AXHHS = Z ”eA’eA;.PnX”HS

n
< Z [l e-en;, |lus -
n#*0
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But by Lemma III. 58 of [29],

[l enen, llus < cr)1 + | A" [?) exp (— my, dist (A’, A})
< cr)(1 + [A]V?) exp (— 2mor — mod,)

where d, = dist (A, A,) and the constant ¢(r) is independent of r for r > 1.
This implies (I11.39). W

Remark. — By the Markov property [29, Prop. 11.3], ey.ex, = ep€2nen,
for n # 0; hence the trace class norm

| eaea, lltr < |l en-eon llns I €anea; llus

and we see that A is actually trace class with bounds on || AX || similar
to (II1.39).

We conclude this subsection by applying the general theory of §1II.1
to compare the measures du, X = F, D, N, P. The following estimates
are useful when working in the active picture (as we do, for example, in § V).
In general, the measures du} are not mutually absolutely continuous (see
Remark 2 below). However, if the closure of A’ is a compact subset of A
then, according to Theorem III.4 and Theorem II.2

dpX 1T, = Fydpy M Z,

where Fy € L'(dp,) is a Gaussian measurable with respect to Z,,.. In fact,
by Theorem II.5, we can assert more about Fy on the basis of the ope-
rator A* of (II1.38) which satisfies, for f, ge N,.,

J¢(f )p(g)dux = ff (X)GR(x, y)g(y)dxdy

=S+ Ag).

In the case of N B. C., AN > 0, so that Fye L? forall p < 1 + 1/a} where o)
is the largest eigenvalue of AN and in addition Fy! e L® (by the Remark
following Theorem II.5). In the case of D B. C., AP < 0, so that the situation
is reversed in the sense that Fy' e L? for all p < — 1/af where of is the
smallest eigenvalue of AP and in addition Fj, e L®. This result was already
obtained in [29, Theorem II.34]. In the case of P B. C., AF is neither positive
nor negative so that the conclusions about Fp are that FP e L? for all
p <1+ 1/af and that Fy ' e L? for all p < — 1/a% where of, and of are
the maximum and minimum eigenvalues of AF.

Finally, by Theorem II.5 (b), we can write down an implicit bound
on the L? norms of Fy. We state the results only for the case X = N:

THEOREM III.6. — Let A’ be a compact subset of A.
(a) duf ' =,. and dp, ! Z,. are equivalent measures; explicitly,

duN V2, = Fadpo P Za
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where FyleL® and Fye LP(dy, ! ;) for all p < 1 + 1/ag where ag is
the maximum eigenvalue of the operator AN of (III.38).

(b) Let p > 1 be given. Then ||Fy||, is bounded independently of A’
and A provided that

(1 + | A" |M?) exp (— 2m, dist (A, dA)) < ¢/p (ITI. 40)
for some constant ¢ independent of A’, A.

Proof. — Part (a) is just Theorem II.5 (a) while part (b) is just
Theorem II.5 (b) combined with the estimate (III.39). [ |

Remarks. — 1. It is instructive to examine the assertion of the theorem
in one dimension where everything can be explicitly computed. For simpli-
city take A = (0, o), A’ =[r, ) = A, and my = 1. As calculated in
[29, Theorem II.31]

dpl = 27123407 gy b 3,

where g(t) denotes the field at « time » t. We see that in one dimension duX

and du, ! X, are equivalent without the necessity of restricting to A’.
Upon restricting to A’, the Radon-Nikodym derivative

Fy =duy P Zy/dpo P Zy
is given by
Fy = 2 1/2¢~rHogta(n?
= (1 + €)% exp [qr)/(1 + ¢*)]

by Mehler’s formula (see e. g, [64]). Clearly, FyeL?(Q, Z,., du,) if
p < 1 + ¢*. Finally, we can compute the operator AN and we find that
AN £ ¢7%re,,,; it maximum eigenvalue af is e~ ', confirming the condi-
tion p < 1 + 1/a.

2. In contrast to the one-dimensional result, duf | £,. and duy ' X,
are not absolutely continuous in general if dist (A’, dA) = 0 in two or
more dimensions. For example, let A be the half-plane A = { xe R*|x, >0}
and A’ = A the rectangle A’ = {xeR?*|0<x; <1,0<x, <1} so
that A" and 0A have a common segment L = {x|x; =0,0 < x, < 1}.
By the method of images, if x, y e L, then GR(x, y) = 2G(x, y). Therefore
the operator A defined by (f, GNg) = < f, (I + A)g > equals I if supp f, geL.
Clearly A is not a Hilbert-Schmidt operator since there is a denumerable
infinity of { f, } with supp f, = L and { f,, f,, > = 8, .. Consequently [60],
duf } Z,. is not absolutely continuous with respect to du, ! Z,..

I11.4. L? properties of the interaction.

The estimates for the classical Green’s functions of the previous two
sections and the theory of conditioning lead at once to L? properties of the
interaction. To begin with:
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LEmMA III.7. — For any ¢ > 0, let ge L' *%(A) where A = R? is a rec-
tangle. There is a constant a (independent of A, g and p) such that for
any p<ocoand X =F, D, N, P,

¢ (@ |l3* < ap 11 glly s, (I11.41)

where || . ||3X denotes the LX(Q, dyX) norm of : ¢'(g) : (duX Wick substrac-
tions).

Remarks. — 1. The same estimate holds if the Wick substractions are
made with respect to duX, Y # X (see § VII.4).

2. For F and D B. C. A may be any open set while for N B. C. A may
be fairly general (as described in § III. 5).

3. Results such as (III.41) or (II1.45) below may of course be formulated
in the passive as well as the active picture.

Proof. — 1t is sufficient to prove (III.41) for X = F. For by (III.37)
the theory with covariance G may be obtained by conditioning from the
theory with covariance ¢G, so that by the Conditioning Comparison
Theorem (Theorem III.1)

¢ [ <l (e) : [l
where the superscript c¢F indicates that the covariance in the measure

(and in the Wick ordering) is ¢cG,. Now by hypercontractivity (see [44])
for p > 2

|07 || <(p— 12| : ¢(g) : ||
[elp — DI?||: ¢"(2) : |5

For p<2,||:¢" |, <Il:¢" |, so that (II[.41) reduces to showing
that

([

I ¢7(8) 2 |l, < const. || g|ly 4 - (III.42)

This estimate is standard:

| ¢ () 2|3 =r! Jg(x)GB(x — y)&(y)dxdy

<r!glly+e ||Gh*gll1+s  (Holder's Inequality)
<rt| glf+ || Goll, (Young’s Inequality)

where (1 + &) is the dual Holder index to 1 + ¢ and
g '+0+e =1+ +e)!

so that ¢ = (1 + ¢)/2¢. Finally by the Hausdorff-Young Inequality (assum-
ing gr > 2) .

|G [l = || Go |lsr < const. || Go [ < o0
proving, (I11.42). ||
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As remarked in (I.8), a change in Wick ordering introduces lower order
terms according to the formula

DOPT(X) ixa =X — L P(X) xa

[r/2]

{;}5G§ay:¢ﬁﬂkn:xA (I11.43)

Il

j=

Our control of §GX in Lemma III.3 leads to:

Lemma I11.8. — For any & > 0, let ge L!**(A) where A c R? is a
rectangle, and define 6U = J . 0¢7(x) :x A8(x)dx. There is a constant b

(independent of A, g and p) such that for any p < o0, and X = D, N, P
| U[3% < bp’2 e ™| g ]y 4. (I11.44)
where d = dist (supp g, A).

Remark. — By Lemma II1.37 of [29] we can prove (III.44) for X = D
if A is any open set in R?.

Proof. — Applying the previous lemma to (III.43), we get
[r/2]

|| 8U |3 < const. p>~* » || g(6GY |,
. J=
for any g > 1. Choosing g < 1 + ¢ and applying Holder’s inequality,
we note that ) _
1 86GY Il < Il g lly+¢ 11 (GGY xll

where % is the characteristic function of supp gands™! = ¢~ ! — (1 + ¢)~ L
By (II1.34), || (6GY ||, is bounded and for large d

1OGY xlls = ole™?™%). W
Next let P be a semibounded polynomial and consider the interaction

W=J:HM@@M&
A

LemMa II1.9. — Let A be a rectangle, X = F, D, P, or N and let p < 0.
There is a constant b independent of A such that

I e UX |[3X < N (II1.45)

Proof. — By the theory of conditioning the left side of (III.45) as a
function of X is greatest for X = N in which case submultiplicativity
immediately gives the correct volume dependence. Thus we need only
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show that ||e "R [|AN < 0 for A a unit square. As in the proof of
Lemma III.7, Theorems III.4 and III.1 imply that
e RPN < [l e |57
If we make the change of variable ¢ = ¢~ '/2¢, then we see that
|| e |IF = || e~ ||, (I11.46)

where the right side is expressed in terms of the usual free field with

U, = J . P(¢(x)) : dx where the polynomial P(£) = P(c!/2¢). That (IIL46)
A
is finite is perhaps the most celebrated estimate in P(¢), theories. |

Remark. — As we show in § VIL4, the estimate (I11.45) continues to hold
even if the Wick subtractions in the interaction are made with respect
to duX, Y # X.

I11.5. Bounds on GY for more general regions.

In this section, we wish to examine when the inequality
G\ < ¢G, (I11.47)

hold as an operator inequality on L?(A). This inequality and its compa-
nion inequality G, < G, which holds by the theory of conditioning
(see § II1.2), are basic to our discussion of general covariance operators
(see §IL1, in particular (I1.6)). In Theorem III.4 we have already esta-
blished (I11.47) for the case of rectangular A by using the method of images.
In our field theory applications, the case of rectangles will suffice, but since
the question of (II1.47) for general A is raised by our considerations, we
shall make a slight detour to prove it for a larger class of regions than rec-
tangles. We do this in two ways. First we shall prove (II1.47) for two
additional classes of regions, namely isosceles right triangles and circles.
Then we shall prove a principle which allows us to extend (II1.47) from
one region to another.

Lemma I11.10. — (I11.47) holds for isosceles right triangles.

Proof. — Let A be the triangle and let R be reflection in the line contain-
ing the hypothenuse of the triangle. Let A be the square obtained by taking
the closure of A U R[A]. Then

GX(x, y) = GR(x, y) + GK(x, Ry)
from which one easily concludes that

GA(f, f) < 2GR(£, f)
for any feL?A). Since (IIL47) holds for A, it holds for A. W
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TueoreM 111.11. — (I11.47) holds for any circle.

Proof.— Without loss of generality takemy = 1and A = {x| |x| <R}.
By standard calculations G, and G} have expansion in terms of Bessel
functions and polar coordinates

0

2nGy(x, x) = g, ') + ZZgﬁo’(r, ') cos [0 — 0)] (111.48 a)

2GN(x, x') = g, 1) + 2Zg§N)(r, r') cos [I(0 — 0")] (II1.48 b)

where g{? (resp g!V) are symmetric and given for r < r’ by:

g9r, ) = LK) (I11.49 a)
g, ) = L(NK() + aL,(")L(r) (II1.49 b)
a, = — K(R)/L(R). (I11.49 ¢)

For normalization and properties of the Bessel functions of imaginary
argument, see [/, p. 375]. Given a real-valued function f e Cg(A), write

f(r, 0) = Z y(0) f(r) where y(0) = 1 if I =0, /2 cos (i) if I > 0 and

I=—o0

ﬁ sin (I0) if I < 0. Then, letting f F(X)f(»)Go(x, yydxdy = (f, f), we see
that (II1.47) follows if we can prove that

. .
2m)~'a, flz(r)f,(r)(hr)dr < c(fiyd0), £1y(0)o (II.50)
for some constant ¢ independent of I. Let h, be the function defined by:

L) y46) r<R.

hyr, 0) = L(R)
K/(r) —— y/(0 >R
(r) K®) yi(6) r
Then, since Jh(x)f(x)dzx < (f, Noll| VE|3 + || #|[3] (111.50) follows
from:

Crm)~taf||Vh |5 + || ]3] < c. (II1.51)

Now h; obeys (— A + 1)h;, = 0 away from r = R, so an integration by parts
shows that

| VA3 + || B |3 = 2aL R+ LR) — K{RLR)K(R) ]
= 2nR'(R)/K(R)
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since I})K; — K/I, = R~ 1. Thus, (III.51) is equivalent to a bound
— LRK/RYK,R)LR) < cR (I11. 52)

independent of / (with R fixed).
Now for I > 1 [1]

— KiR/K,(R) = I/R + K, (R)/K(R)
But K; >0 and K,_, = RK;/2(l — 1) — K,_, so that

/R < —KJ/K, <R +R/2(I -1).
Similarly
IR<I/L <R+ R21+1)
so that
- IKj/K]I <1+ R22i — 1). (I11.53)

(III. 53) implies (II1. 52) and hence the lemma. [ |

The reader may have noticed from (II1.52) that as the radius R of the
circle shrinks to zero, our bound on the constant ¢ in (III.47) diverges.
In fact, the worst behavior is on the I = 0 subspace for

= L(RK'RYK(R)I'(R) ~ RImR-T

so that the constant ¢ diverges as 1/R? In R™'. This is not coincidental: -

Lemma III.12. — Fix m, and & > 0. Then there exists a constant b
independent of A so that if (II1.47) holds on L?(A) then the constant ¢
must be larger than b | A |° 1.

Proof. — Let x be the characteristic function of A. Since y is an eigen-
function for AY with eigenvalue 0,
(6 GXY) = mg (1, x) = mg 2| A|.
On the other hand, by the standard argument in Lemma III.7,
(6 Go) < coll X145 =cs| AIP~F

where J is defined by 1 + 6 = (1 — ¢/2)"! (assuming e < 2). [
We now turn to a general method of obtaining new regions for which
(ITI.47) holds from old regions for which it holds.

DEFINITION. — Two open regions, A and C, in R? are said to be strongly
C? diffeomorphic if and only if there exists a C diffeomorphism, F : R — R2,
so that

(1) F[A] = C;

(2) The norm of the Jacobian matrix dF(x) and the norm of its inverse
are bounded uniformly in x ; x e R?;
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(3) The Jacobian J(x) = det (dF(x)) has a gradient which is uniformly
bounded in x; x e R2.

Remark. — « Strongly C? diffeomorphic » is an equivalence relation. It
is symmetric since det (d(F~!)(x)) = J(x)~! and | J(x)| is bounded from
below by condition 2.

THEOREM II1.13. — If two open regions are strongly C? diffeomorphic,
then (III.47) either holds for both or fails for both of them.

Remarks. — 1. The idea of the proof is to use F to relate the Laplace
operators on A and C. One might expect that a condition would be needed
implying that dF(x) takes normals to the boundary of A into normals to
the boundary of C if x is a boundary point of A. Such a condition is not
needed essentially because the condition (I11.47) is a form statement and
the description of the form associated to — AY makes no mention of nor-
mal derivatives

2. The global conditions on F are quite natural given our proof. We
expect that if A is compact, a C2-diffeomorphism of a neighborhood of A
into a neighborhood of C will extend to a strong C? diffeomorphism but
since this section is something of an aside, we do not examine this question.

Proof. — Let the regions be A and C and let F be a strong C? diffeomor-
phism taking A into C. Suppose that C obeys condition (II1.47). Consider
the map U : LA(R, d’x) — L*(R, d*x) given by:

(U x) = J(x)'2 f(F(x))

where J(x) = det (dF(x)). Then U is unitary on L*(R?, d?x) and also maps
L*C, d*x) onto L2(A, d*x) unitarily. Define a quadratic form a on
L*(R?, d*x) with form domain C}(R?) and a quadratic form a on L*(C, d%x)
with form domain C!(C) by the formula:

af. g = Lz [VUN)] - (V(Ug)x)ld>x (II. 54)

and similarly for a¢ (in which case f and g have support in C). By passing
to the closure of these forms we obtain operators A and AY which clearly
obey:

A=U"Y(-AU; A¥=UY{(-AYHU.

(The forms are closable since they are unitarily equivalent to closable
forms.) Let K, (resp. K¢) be the integral kernel of the inverse of (A + m3)
(resp. A§ + m3). Because of the relations (the last is by hypothesis)

Ko(f, 1) = Go(Uf, Uf)
K&(f f) = GAUL Uf);  fel*O)
G, f) < cGo(f, f); fel¥0)
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it suffices to prove that:

KN/, f) < GNf f): felXO)
Golf, ) < e3Kolf, 1)

By the theory of quadratic forms [33], this in turn follows from the inequa-
lities:

L |Vf P& < cu[ad(f /) + (£ )]s feCHO) (IL.550)

af, f)<c Uu VIR +|f |2)d2x} (I11.55 b)
By (II1. 54):

1 2
a(f, f) = J J(X)[dF(X) o VI )(F(x)) + EJ(X)"l(VJ)f ° F} d*x

g

where B(y) = dF(F~!(y)) and D(y) = JF ()" (VIF (). (I11.55 a, b)
now follow easily from the bounds in the definition of a strong C? diffeo-
morphism. [ |

_ 1 2
(B(y)-V)f(y) + Ef)(y)f(y)

EXAMPLE 3. — Linear homomorphisms are strong C2-diffeomorphisms
so we conclude that (III.47) holds for any triangle and for any ellipse.

THEOREM III.14. — Suppose that A is a star shaped region with C?
boundary. Then A is strongly C2-diffeomorphic to a disc, and in particular,
(III.47) holds for A.

Proof. — By translation, we can suppose that A is star shaped relative
to zero. Thus there is a C? periodic function g on [0, 2x] so that in polar

coordinates:
A={r0)r<g0}.
Let a = min g(f), b = max g(f). Let y be a C®, monotone non-increasing
2
function on [0, c0) which is 1 on [O, g) and 0 on <?a’ oo). Let y bea C®

monotone non-decreasing function which is 0 on (0, 2b) and 1 on (3b, o).
Define F by:

F(r, 0) = (f (r, ), 6)

s, 9)—9(() (I—X(r))(l—l//r))g(—m+¢()

Then F is C?, invertible (since f(., 6) is strictly monotone for each fixed )
and is linear outside a compact and hence a strong C2-diffeomorphism.
Clearly, F takes A into the disc {(r,0)|r<1}.
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ExampLE 4. — Lest the reader think that (III.47) holds for all A, we
note that the constant in (III.47) diverges as r — 0 for the disc of radius r.
Thus, (II1.47) fails for an infinite union of disjoint discs of smaller and smaller
radii. It is fairly clear that (II1.47) will still fail if we join the discs together
by narrow corridors and thus we expect that (III.47) fails for the interior
of a suitable Jordan curve. We conjecture that (III.47) holds for the inte-
rior of any sufficiently smooth Jordan curve.

IV. THE DIRICHLET PRESSURE

In this section, we prove the equality a® = o, and discuss several of
its applications including the proof of the Gibbs variational equality (this
application was sketched in [26]). Most of our work on Dirichlet B. C. has
been in an « active » picture in which the field is the same as the free field
(namely the « coordinate » functions on CZ(R?)’) but the measure on
C&(R?) changes. In this section, we will work mainly in the passive picture
in which the measure du, on CP(R?) is fixed but a Dirichlet field

D(f) = ¢(prf) replaces the coordinate functions when Dirichlet B. C.
are introduced. In the passive picture, the sole change in going from o,
to of is the change ¢ — ¢% and moreover the two interactions exp (— U,)
and exp (— UY) are realized on the same space so that we can try to control
their difference directly. Such control will occur in § IV.1. By comparison,
we note that in the active picture in going from «, to «f the dual change
of Wick ordering and of measure are involved. A proof based on controll-
ing these changes is possible ; the basic ideas occur in § V below where
we do, in fact, use the active picture to prove o = o,

A third proof involving the realization of Dirichlet B. C. in a transfer
matrix formalism is possible and our version of this proof can be found
in [62]. The main advantage of this latter proof is that it provides a transfer
matrix formalism for Half-Dirichlet Schwinger functions. The proof we
present here is simpler than that in [62] for two reasons: the method of
§IV.1 is a simpler way of removing the Dirichlet « surfaces » than that
of « d-functions in Q-space » and secondly no Wick reordering is necessary.

IV.1. The principle of not feeling the boundary.

We use a passive picture so that ¢R(f) = ¢(psf), po = 1 — egas. Given
A < A, we define

uPd = f I P(¢R) : dx
A

We recall that I, (N) is the set of all homogeneous polynomials of degree m
in the fields. The basic method for « eliminating » Dirichlet B. C. will be
the following « Principle of Not Feeling the Boundary ».

Vol. XXV, n° 3-1976.



272 F. GUERRA, L. ROSEN AND B. SIMON

THEOREM IV.1. — Let « A » be a sequence of compact regions whose
volumes approach infinity and for each A, let A be another region with
AcA and _

d(A, 0A) > const. | A |*; a>0 (Iv.1
Let n be fixed and for each A let B, € @ I',,(N) with

m=0

[ Bo ], < exp (const. | A |f); f<a (Iv.2)
Then:

L@‘”A — e UP)B, dy,

R, = (IV.3)
J e~ ndy,
Q

goes to zero as |[A| — oo.
In the proof of Theorem IV.1, we need the following two Lemmas:

LemMA IV.2A. — || U, — UPD |2 < const. | A [2e~%A9D) for suitable

a>0and all A, A withA c A, d(A, 0A) > 1 and |[A| > 1.
Proof. — Write ¢(x) as a sum of independent fields
$(x) = $®N() + por(x)
according to the passive interpretation of the theory in § II.1. Then:

n

D) 1 — 1 (¢PNY(x) = ZC’) L LX) (PP i)
SO "

R e S Y N I X L
A JA
Jj=1

where Sz(resp. S®Y) is the two point function for $ox(resp. M),
Now [29]:
Sax(x, ) <Ce™™;  a>0

all x, ye A, d = d(A, dA) > 1. Moreover for k > 0

J J [SPM(x — y)Fdxdy < J [ J [Go(x — y)]"dxdy] <c|AP
A JA A A

Thus: i
|:oh: = [oM] B <clAPe™. W
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LEMMA IV.2B. — Let du be a probability measure and define
dv, = fpdu / J fadu, where for each A = R2, f, > 0 satisfies

JfAdN > e

[ f 1 du]”‘* < A

for some g > 1 and constants ¢ and b. Then, there is a constant c, inde-
pendent of A so that for any g and any A with |[A| > 1:

jgd"A

(where || . |||z, is the LP-norm with p = | A ).

Proof. — Let | A |’ be the index dual to |A ], i e |[A]" = (1 — [A|™H~ L
Define 6(A) by:

and

<cll glla

(A1) =6(A) + (L — 0A)g~ "
Then, by Holder’s inequality:
I falliap < [ Al Aalla =8 = 1 fa Ll Sa Tl 1] S ).

1—0=qllA"" — 6]
=ql(1 —0) = |A]7"]

Now

so that
1—-0=@-D"IAI""

Thus, by the assumed bounds on || f, ||, and || fy [|;:

Il fahap/ll fally < exp (@ + bg— 1) '=c.
By Holder’s inequality once again:

JngA

. Proof of Theorem IV.1.— Using |e* —e™?| < 1|x —yl. (e + &),we
find that: 2

<11 gl Il fa a1l falle?
<cllgliay- M

N—l

L (™Y — e”UP™)B, du ‘

1
< 5* Jg(fA + fA’)du‘
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where fy = e U/|le” U Iy, fi = "W/, N = Je_U“dﬂo, and

g =|U, — UPY||B,]|. By the conditioning inequality,
e U™ [, < [le™Ua ]|,
the « linear lower bound » |le~Us||, < €Al and Jensen’s inequality,

[[e~Us ]|, > e Al one sees that f, and fi obey the hypothesis of
Lemma IV. ZBThus

J (e_UA — e—U}\D'K))BAdﬂ <cl| gH]AI
Q

< || Up = UL (a1 Bollya (IV.4)

The conclusion of the theorem that R, — 0 followsfrom (IV.4) and the
estimates:

|1 Ux = UPP 501 < 2 A | = 1Yer P2 el (IV. 5 )

Il BA ll2ia) < C32| A | — 1y2eCIn?, (IV.5b)

(IV.5 a, b) follow from the hypothesis, Lemma IV.2 A and Nelson’s best
hypercontractive estimates [44]. |l

For later purposes, we also need a one-dimensional version of Theo-

rem IV.1 whose proof is identical to the one above if one passes to a

« mixed » picture in which the space Dirichlet B. C. are actively realized
and the time ones are passively realized:

THeoREM IV.3. — Let V, = UPD where A = (— /2, /2) x (— /2, t/2)
and A =(—1/2, 1/2) x R. Let V®) = UPD where A=(—1/2, [/2) x (—1/2, 1/2)
and A=(—1/2, /2)x (—t'/2, t'/2). Let t, — oo with tz>t, |[tri—t | > c |t |*

(a > 0). Let n be fixed with B, € 6‘) I',,(N). Suppose that
m=0

|| By |l, < exp (const. |4 |f); B<a.

Let V, = V,, VP = V% Then:

5784

J(e_vk — e YP)Bydy,

je’v"du,

where dy, is the Gaussian measure for the field with Dirichlet B. C. on
x = 4 1/2.

Remark. — While we employ the Principle of Not Feeling the Boundary
only to prove equality of the pressures, we expect that it can also be used
to prove the equality of certain kinds of states in the infinite volume limit.

Rk - 0

It
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IV.2. a, =ol.

Let HY, be the transfer matrix for the free measure with Dirichlet B. C.
12

on (— /2, I/2) x R, and let VP = j : P(¢) : dx with Dirichlet Wick
-2

ordering on (— 1/2, [/2) x R and let HY = HY, + VP (see [62] for detailed

definitions). We will prove that a, = ob, by proving that ap, - — E}/I

as t —» oo (EP = inf spec (HP)) and then that — EP/l —» «, as | — oo.
Our proof begins by noting some consequences of conditioning. First

lim of, exists and lim (lim ap) = lim ap, = a2 exist by subadditivity.

t— oo ’ =0 t—o© ’ R i .

Let oY denote the pressure in region (— /2, 1/2) x (— t/2, t/2) with X B.C.

in the [-direction and Y in the ¢-direction. By conditioning

o, < af <o, _(IV.6)
while by the standard transfer matrix argument [19], [27], [29]
lim a;F = — EP/I.
Thus
lim ap, < — EY/I. (Iv.7

Moreover subadditivity of l«;¥ in I then implies subadditivity of — EP
and so the existence of IILm — EP/L (IV.6) then implies that

lim — EP/l < . (IV.8)

THEOREM IV .4. — lim ap, = — EP/L.

Proof. — Throughout this proof we fix Dirichlet B. C. on [— /2, I/2]
by means of the active picture; dyu, will denote the corresponding free
measure with D B. C. on the strip [— [/2, I/2] x R. On the other hand,
D B. C. in the t-direction will be imposed in a passive way, i. . with a new
field ¢®*" vanishing at + ¢'/2.

Let ¢’ =t + /2. Define the « pressures »

t’ 1 _ D
r, = ?a}?,, = E In fe Ut'd‘u,
5=l |e P4
t T Wy

12 fs/2
where UP =J f tP(¢™") : (x)d®x with the D B. C. always at
~1/2 J—s/2
+ ¢'/2. Then by the Principle of Not Feeling the Boundary (Theorem IV .3
with B, = 1)
}Lm 3, = —EP/I (Iv.9)
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and clearl
Y lim T, = lim a?.
t— o0

t— o0

By (IV.9)and (IV.7),lim T, < lim Z, so the theorem follows if we can prove
that
lim (I, - X)>0. (IV.10)
We write Up = UP + WP, + WP_ where WP, are the parts of the
interaction between times [¢/2, ¢'/2] and [— t'/2, — t/2] respectively. Then
by Jensen’s inequality

1 D
r,-%, Zl?[_[(_ WP, — WE_)e_Udel/J e‘U'd,u,:l .

Thus to prove (IV.10) we need only show that

lim % W}?ie”UPd,u,/Je‘UPdu, =0. (IV.11)

Let W, ., U, be the same objects as WP, UP except that the field ¢®-"
is replaced by the field ¢ (Wick subtractions in both cases are with respect
to du;). We claim that in (IV.11) we can replace WP, by W, , without
changing the value of the integral. For dy, factors as du® ® du, where duP
is the Gaussian measure associated with D B. C. on the sides of
[— V2, 2] x [~ /2, /2], and ¢ decomposes as an independent sum
¢ = ¢° + ¢* so that

JW,’id,u = WP, .

JW,,ie'U‘Ddul = J( JW,,idp>e'UPduD = JWEie'UPdu,.

Having replaced WP, by W, . in (IV.11), we can next replace UP by U,
without changing the value of the limit ; this is an elementary consequence
of the Principle of Not Feeling the Boundary (Theorem IV.3). In this
way we reduce the proof of the theorem of a statement involving only free
interactions, namely:

lim ! JW,,ie‘U‘d,u,/Je‘Utdu, =0. (IV.12)

too

Hence

Consider (IV.12) in the case W, ,. Since W, ;. lives at times after ¢ and
e~ Y at times before ¢, we can write

fWHe'U‘dyo = (JEW, ., T V) (IV.13)

where J, is the embedding of the time zero field onto the plane
m={{x,s)|s=1t}. (IV.13) is just an expression of the Markov pro-
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perty. Using the Schwarz inequality and reflection symmetry in the plane 7

we have:
- 1/2
<|[JFW, 4 Hz( J‘e_U:_U'dl%)

where U, is the reflection of U, in the plane n. Thus by the Feynman-Kac
formula the 1. h. s. of (IV.12) is bounded by (H = H})

U TEW, [, < Qo e 72100 D12/ Qg e 7™M D

l jW,, e Ydp,

Since ¢ Q,, e~ MQ, > = (Qy, Se EP 4 0(e~"EP+m) and
| TEW, 4 [, < | W, 4 |l < C(¢ — '? = Ct'*,

we see that this last quantity indeed goes to zero and thus (IV.12) is pro-

ven. |

We can now prove the basic equality of the pressures:

THEOREM IV . 5.

o

= O

Proof. — Since we already know that 11m oy, exists and we have Theo-
rem 1V.4, we need only prove that ol

lll)m — EP/l = a,,

Given [, let I’ = [ + I'/? and place Dirichlet data on x = + I’/2 by the
passive method. Consider
lim o

[Aad]

By mimicking the proof of Theorem IV .4 (thinking, in the spirit of Nelson’s
symmetry, of [ as the « time » direction) one finds that:

lim " > — E/t
where E, is the free B. C. energy. But by the Schwarz inequality:

1
apif =2 In (Qp, e™ M0y )
< —I"'EP.
Thus, for any ¢ 1
Taking t to oo, .
g lle —EP/l> a,
The opposite inequality is a consequence of conditioning. [ |
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IV.3. Application 1 : convergence of — E(g)/|| g ||3.
The quantity — E, in a,, = lilm — E/I is defined with sharp cutoffs.
Elsewhere [28], [29], we have considered the question (raised first by Oster-
walder-Schrader [47]) of showing that — E(g) / J g(x)?dx - a,, for a

sequence of g approaching 1 in a suitable sense. A bound on the lim sup
is fairly easy because of the « improved linear lower bound » [28]:

— E(g) < Jaw(g(x))dx-

The opposite inequality is harder and our previous results have required
the g’s to have compact (increasing) supports. The problem is that we had
no effective mechanism for showing that making g small outside some set
does not decrease the binding. Dirichlet B. C. turns to be perfect for that
(see (IV.14) below). We have:

THEOREM IV.7.— Let P be normalized, i. e. P(0) = 0. Let g, be a sequence
of non-negative functions and I, a sequence of intervals so that:

(@) [I,] - o0
(ii) 0 < g,(x) < Cfor all xel, and some C independent of n

(iii) IInl‘lj g, —1]ldx - 0
I"

(iv) |I,,|“L g2 - 0asn — oo.
\I"

Then ILIEJ - E(gn)/” &n “g = Ugp-

Proof. — Let h, = g,x, where x, is the characteristic function of I,.
From (ii) — (iv), one easily concludes that

tim 11,17 ] g3 = lim (1,17 ||y | = 1.

n—oo

Let
H(g) = H, + Jg(X) : P(¢) : dx

HP(g) = Hg,z + Jg(x) : P(¢) ip,dx

Let E(g) = inf spec H(g) and EP(g) = inf spec HP(g). By translation
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invariance, we can suppose I, = (— [,/2, [/2) and we write HP(g) for
HP(g). Now, by the improved linear lower bound:

— E(g,) < Jaw(gn(x»dx
= J %o(8A(X))dx + j %o 8alX)) -
x¢ln xel,

Now, since P is normalized, a (1) < cA? so the first integral is bounded

by ¢ J g,(x)>dx which is o(| I, |) by (iv). By convexity
x¢ln
| o) = oo(1) | < |4 = 1] [ Hotel€) — 0 o(1))]

so the second integral is | I, | a,(1) plus an error bounded by

J‘ [ | g(x) — 1ldx

which is o(|I,]) by (iii). Thus:

lim (— E(g,)/|| £, |3 < o
Now by conditioning,
— EP(h,) < — E(g,)- (Iv.14)

By mimicking our convexity arguments in [28] and using critically o, = a2,
one sees that
lim (— EX(h))/|| 1 |3 = oo -

From this we conclude that

lim (— E@@)/l g Il Z 2.

1V.4. Application 2 : Van Hove convergence of the pressure.

In [29], we proved Fisher convergence of the free pressure a, to o, as
A — oo (Fisher) and reduced the stronger Van Hove convergence as
A — oo (Van Hove) to proving that a,, = 2. Since the argument is so
simple, we sketch it here now that it can be completed.

DEFINITION. — For fixed a, NJ(A) is the number of squares of side a
with vertices at Z2g that intersect A and N (A) is the number of such
squares contained in A. We say that A, — oo (Van Hove) if |A,| > «©
and for each a, NJ(A,)/N;(A,) » 1asn - co.
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THEOREM IV.8. — If A, — oo (Van Hove), then

lim o, = o, .

n— oo

Proof. — Without loss suppose that P is normalized. By the improved
linear lower bound, «,, < a,. On the other hand, by conditioning

ap, 2 oR, = | A, | 7T NIA oDk,
so that :

: D
lim oy > ap,,

since | A, |7'a®N; (A,) = N; (A,)/NF(A,) - 1. Taking a —» oo,

. D _
limo, >o) =a,. W

IV.5. Application 3 : the Gibbs variational equality.

In [29], we defined the entropy of weakly tempered states and proved
that (Gibbs variational inequality):

s(p) — Ulp, P) < a,(P) (Iv.15q)
but left open the Gibbs variational equality
sup [s(p) = Ulp, P)] = a.,(P). (V.15 b)

In the above, s(p) is the mean entropy |Alim SA(p)/| A| and U is the mean

interaction ; see [29] for precise definitions. Here we will prove (IV.15 b).
A sketch of the main ideas has appeared already in [26]. Below, we use
notation from [29] freely (see especially § VI, VII of [29]).

THEOREM IV .9. — The Gibbs variational equality (IV .15 b) holds.
Proof. — For each a we will construct a state p, with
s(ps) — U(p, P) = 0 (P) (Iv.16)

so that sup [s(p) — U(p, P)] = o2 = a,, av.17)

(IV.15 @) and (IV.17) imply (IV.15 b).
Fix a, and for i € Z2, let C; be the square with center ia and side a. Let ¢{®

be the Dirichlet field in C; in a passive picture and define ¢; by ¢°(f) = d(e; f).
Let p be the projection (in N) onto the distributions supported on

U&‘C,-. Then
N = Ranp@(@ Ran el). (IvV.18)
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Corresponding to the breakup (IV.18), Q space factors in the form
Q=Q,x X Q. (IV.19)

Consider the measure on Q which is a product measure with respect to
the decomposition (IV.19)

dp = dp, ® X dp; (IV.20 q)

here
W du, = d(zo 1 Z,) (IV.20 b)
dp; = N~ 'exp (— UP)dy, I Z,;. (IV.20¢)

In the above, X, (resp. X,) is the Z-algebra of measurable sets on Q (resp. Q)),
U® is the Dirichlet interaction on C; and

N f e

which is i independent. The state 7, defined by p is easily seen to be tempered
(if A = Z? is finite and A = UC,-, then the corresponding density f, is

ieA
given by f,duy, = X d,ui) and periodic under space translations. If we
icA

define p, by:
Pa = a‘zf (txPo)d*x
|x| <a/2

then p is a translation invariant and tempered. We will verify (IV.16)
for p,. Since — x In x is concave we have:

SA(pa) = a—2 JSA(Txﬁa)dzx .

Thus if we can show that lim S,(7,)=S(7,,) exists then S(p,)>S(5,). Since

our proof of convergence of entropy easily extends to periodic states since
there is a checkerboard estimate for such states (see Appendix):

S(pa) = S(P) - (Iv.21)

{Remark: one can actually prove equality in (IV.21) and then obtain equa-
lity in (IV.16)). Now, since p, is a product measure

a_zsCo(ﬁa) = S(ﬁa) >
SO
SP)=+a?InN+ g 2N! JUBD’e'U‘OD’dﬂO. (IV.22)
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Since u is periodic:
N

U(paa P) = a_z Ucod:u

=a? Uc,ditc, ® dpo 1 Z))

=a? (chod(ﬂo ) Zp)>dﬂco

n

-2 D
=a Ué:o)dlu’co

=q 2N"! JUE,D’e“UED’duO . (IV.23)

(IV.21-23) imply (IV.16) and so complete the proof. |

V. THE NEUMANN PRESSURE
Vi & =a,.

In this subsection we prove that of = a,. The inequality o > a,
follows from the theory of conditioning (see (II.24)) and so this section
will be devoted to showing the reverse inequality

oN <. (V.1)

Note that by a standard argument based on subadditivity (see (I111.22))

we already know the existence of the limit o} = }im ofN. However, in the

course of establishing (V.1) we shall give an independent proof of the exis-

tence of lim of. It is also possible to give a proof of (V.1) in the passive

A

picture that is parallel to the corresponding proof for Dirichlet B. C. in
§IV.2.

Let A be a rectangle which we assume goes to oo in a suitably regular

R

FiG. V.1.

A
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way (say in the sense of Fisher [29, App. C]) and let R = A be the rectangle
whose sides are a distance r = | A |" from 0A. Here n €(0, 1/2) is a fixed
small constant. Our proof of (V.1) consists of three steps (each step is up
to an error which vanishes as A — o0):

1. STRIP REMOVAL

We dominate o} by oR*A, the « pressure » with interaction in R and mea-
sure with Neumann B. C. on JA, i. e.

1
AR AMA) = mlog Jve_"UE'Aduﬁ (V.2)

where

Ur = L L P(@(x)) in,a dx.

2. CHANGE OF WICK ORDERING
We bound of+* by of™A, defined by

1
apNA(]) = mlog fe_’w“dyx (V.3)

where Uy = J CP(é(x)) : dx.

R

3. CHANGE OF MEASURE

Finally we dominate af™* by og.
In the following lemmas ¢; denotes various constants which go to zero
as A — oo and which also depend on other fixed constants (4, p ...).
LEmMMA V.1. — Let A > 1 be given. Then
ol < o MA/A + & -

Proof. — By Hélder’s inequality (1/4 + 1/’ = 1)

1/4 /27
fe"”“'Aduﬁ < (je_wwduﬁ) (Je""”mﬁdﬂ) . (V.9

Now by the subadditivity of Neumann B. C. (see (III.27)), we see that the
last factor in (V.4) is of the order 'R0, Hence upon taking logarithms
and dividing by | A |,

R
ox < A o™ MA/A + O AR YA
= a4 + O A1)
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since | A\R| ~ | A|"*%/2 and since of** is uniformly bounded in | A |, by
subadditivity. [ |

LEMMA V.2.
RN < oMt gy

Proof. — Let 6U = UR"* — Uy and define ,
W = UM 45U (V.5)

1 1
so that UR* = 3 Uy + EW. By the Schwarz inequality

1 1
ot < Ea.’i’N’A + ’2|—R|108 Je_wdﬂﬁ- (V.6)

Now by Jensen’s inequality and (V.5)
Je_UE'AduX jéUe’wduﬂ“\

> = (SU>.
je‘wduﬁ Je“wduﬁ

Upon substituting into (V.6) we obtain

log

1 1 1
et < Ecx,}{N’A + EaE’A ————2|R|<5U>

or

1
N,A < HN,A __ 5U .
OR" = OR —| R| < >

To estimate { §U > we note that by submultiplicativity and the bounds
(I11.34) on the coefficients in 6U,

Je—zwdﬂx < eO(IRI) ,

whereas by Jensen’s inequality and (III.34) there is a constant C such

that
je‘wduf > exp |:— JWd,uﬂ > ¢ ORI,

We may thus apply Lemma IV.2 B to deduce that

[{6U | < const. || 8U ||k
— O(lRln—le—Zmor)

by Lemma II1.8, where 2 n is the degree of the interaction. This last bound
clearly goes to zero as |A| — oo. [ |

Annales de I’Institut Henri Poincaré - Section A



BOUNDARY CONDITIONS FOR THE P(¢), EUCLIDEAN FIELD THEORY 285

LeMMA V.3. — Fix p’ > 1. Then
ag < (PP + &5

Proof. — Let p be the conjugate index to p’, and choose A sufficiently
large so that (II1.40) is satisfied with R = A’. Then by Theorem III.6
Fy = du} ! Zg/dpo P Zp has L? norm bounded independently of |Al.
Therefore by Holder’s inequality

1
oc:{N’A = m log JE_URFNdHO

1
< wr(p’)/P’ +mlog“FN”p' [ |

Combining the previous three lemmas, we see that for any p > 1,

oA < op()/p + & .
Letting |A| - oo we deduce that
oy < o (W)/p

and taking 4 — 1 we obtain (V. 1) since the convex function a_(y) is conti-
nuous in x. Summarizing:
THEOREM V .4. N
Doy = Ol -
Remark. — Together with the result o2 = a, of § IV, and the basic
conditioning inequalities (I.3b), this theorem establishes the equality

aX = o, of Theorem I.1.

VI. THE PERIODIC PRESSURE

In this section we shall examine the pressure and, to a lesser extent, the
states associated with using a periodic Laplacian in a box

(=12, 1/2) x (— t/2,t/2).

(See Hoegh-Krohn [32] for related results). In the first subsection, we will
use the theory of conditioning and the equality a2 = o = o, Which we
have already proven (sections IV, V) to provide quick proofs of the conver-
gence to a,, of the periodic pressure and a pressure with mixed boundary
conditions: periodic in space and free in time. By using transfer matrix
techniques, we will be able to relate the latter to the convergence of a perio-
dic Hamiltonian ground state energy per unit volume. We will then iden-
tify this energy with the quantity E used by Glimm-Jaffe [79]. In the second
subsection, we develop a transfer matrix formalism for a situation with
periodic B. C. in time. We emphasize at the outset that Nelson’s symmetry
for periodic B. C. has a somewhat subtle form (see (VI.11)). As an appli-
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cation of this transfer matrix-Nelson symmetry formalism, we provide
an alternate proof of thé convergence of the periodic pressure. A second
application to the proof of ¢-bounds for periodic Hamiltonians (as proved
by Glimm-Jaffe [/9]) appears in our paper [30].

VI.1. Convergence of the periodic pressure.

We have already defined the periodic pressure of, and proved that
ap, < of, < o

From the convergence of () as Lt — oo to the common limit a,, we
immediately have:

THEOREM VI.1. — llim of , exists and equals o,
,t—= 0 ’

In the next subsection, we develop a transfer matrix formalism which
allows us to interpret a limit of pressures in a direction with periodic B. C.
in terms of a ground state energy. It is technically somewhat simpler to
deal with free B. C. in the direction of transfer in the transfer matrix and
so we introduce the mixed pressures:

DEFINITION. — af;F is the pressure associated with the « free » measure
dug, whose covariance is given by the periodic Green’s function in the
infinite strip (— /2, I/2) x R with interaction in region (—l/2, l/2) x (—t/2, t/2)
with duf , Wick ordering.

Since we are dealing with full pressures and not half-pressures (i. e. the
interaction is dug , , Wick ordered) we still have the conditioning inequa-
lities:

so that

THEOREM VI.2 A.
lltl—I'rclzo = -

Remark. — By the same argument all 16 objects aj;¥ have the same
limit.

We next want to identify Jim (— Do7;" as Ef, the ground state energy
of a periodic B. C. Hamiltonian H. The situation is similar to that for the
Dirichlet theory discussed in § VIII.1 of [62]. The key fact is that the perio-
dic Green’s function Gf(x, t; y, s) in the strip (— [/2, I[/2) x R is easily
seen to have an eigenfunction expansion:

0

Gi(x,t; 5,85 =(4 l)_Ifo,"(X)fﬁ,”(y)e‘"‘s“‘“‘n)
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where
_{nn/l n=20,24 ....

n(n + 1)/1 n=13,5,...
ulk,) = (k2 + mj)'/* and where
uk,)) n=0
fOx) =14 pk,) Y*cos(k,x) n=24,6,...
w(k,) /2 sin (k,x) n=135 ...
Let #F be the Fock space, I'(,), over I,, let g, be the corresponding Q-space

coordinates and let hj, be the diagonal matrix on [, with nth eigenvalue
u(k,). Let

H§ , = dI'(h}) (V1.2
and B
¢i(x) = (2 I)"/ZZ (), - (V1.3)
Let )
12
H}, = J L P(¢F(x)) : dx
—=1/2
where ; : is Wick ordering with respect to the vacuum Q, in #F. Finally,
let
H} = H}, + H},. (VI1.4)
Then

THEOREM VI.3. .
ofF = (I)" ' In (Qp, e"™MQ, > .

Sketch of Proof. — As in the Dirichlet case, one uses the Green’s func-
tion expansion (VI.1) to prove that duf, is a path measure for H; and
the theorem is then proven by developing a suitable FKN formula. [ ]

Let E} = inf o(HJ). By the standard transfer matrix arguments [{7], [/9]
(see also [29], [62)]),

lim t1In ( Q,, e Q> = — EP.

t— o

Thus Theorem VI.2 A can be restated:

THEOREM VI.2B.
llim —EVl=0a,.

Finally, we wish to restate Theorem VI.2B in terms of the periodic
Hamiltonian Hy introduced by Glimm and Jaffe (see e. g. [/8]). Their
periodic Hamiltonian which is an operator on the usual free field Fock
space differs from ours but in a rather simple way. We recall their defini-
tion:
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DEFINITION. — Let # be the Fock space [(L%(R)). For given V, let
Zy = (2n/V)Z and for ke R, let ky be the lattice point closest to k, i. e.
kyeZy and — m/V < k — ky < m/V. Let

Hoy = fu(kv)a*(k)a(k)dk
by(x) = (4m)~ 12 Jf?“"‘""#(kv)“”2 {a*(k) + a(— k) }dk

V/2
Hy = f/  Pgy) : (9x

Hy =H,yv+ Hy
Ey = inf spec (Hy)

Remark.— In 18], in the description of ¢, the factor kyx in e*v* is written
as kx but kyx is clearly intended (see [/7]).

Let 5# be the subspace of L%(R) consisting of functions piecewise constant
in such a way that f(k) = f(ky). Then since L2 = # @ #* we can write

F =T(#)® I'(HY) (VI.5)
(see e. g. § 1.1 of [62]). Since # = I, we have a natural isomorphism

I(#) ~T(,). (VI.6)

THEOREM VI.4. — Let V = [. Then:
(a) Under the decomposition (VI.5):

Hy =Hy ' T(#) @1+ 1 ® (Hyy ' T(A#Y)).
(b) Under the isomorphism (VI.6)

Hy ' T(#) = HY .
In particular,
E, = Ef.

Proof. — (a) is Theorem 1.3.4 of [18]

(b) holds by direct computation. [ |

Thus Hy and H; are related by Hy = Hf ® I + I ® dI'(B) with an expli-
cit B > m,. Not only do we have E, = E} but ¢ bounds for Hy and H?
are easily seen to be equivalent.

On account of E, = E} we have:

TueoreM VI.2 C. — If Ey is the energy of the Glimm-Jaffe periodic
Hamiltonian [/7], [18], then
‘}im Ey/V = «a,.

Annales de I’ Institut Henri Poincaré - Section A



BOUNDARY CONDITIONS FOR THE P(¢), EUCLIDEAN FIELD THEORY 289

VI.2. Traces and periodic states.

In this subsection we shall develop a transfer matrix formalism for
periodic states (related to that of Hoegh-Krohn [32]) in which the main

formula reads:
Tr(exp (— tH,,)

Tr (exp (—tH§ )

where H,, = Hf , + W, with W, differing from HY, by Wick reordering
terms (which are t-dependent). (V1.7) is similar to formulas in statistical
mechanics in the sense that it is well known that periodic B. C. in the direc-
tion of transfer lead to traces but dissimilar in the occurence of normaliza-
tion factor in the denominator. This occurs because the free measure is
not counting measure as in classical statistical mechanics but has periodic
couplings built into it and into its normalization. In applications this
normalization factor is something of a nuisance but not hard to control
since we can compute it explicitly.

Our proof of (VI.7) begins with:

Jexp (= Ula)dudre = (V1.7)

LEMMA VI.5. — (a) For any ! < oo, Hf ; has compact resolvent and
Tr (e~™51) < oo for any ¢ > 0.

.1 A
(b) For any V obeying 3 HY, + V > const, H = Hf , + V has compact

resolvent and Tr (e”™) < oo for all ¢ > 0.

m

Proof. — (a) The eigenvalues of H} ;areE, , ..., , = ) wu(k,)foreach m
=1

tuple n,, ..., n, with n; < n, <... < n, Since the eigenvectors are

complete and only finitely many E are less than any preassigned

constant C, Hf , has compact resolvent. To prove Tr (e” o) < o0 we must

show Ze™ " < oo but

0

Ee—tEnl,m,nm = (1 + e~ Hlkn)t + e~ 2utkn)t + .. )

n=0

8 |

= (1 _ e—u(kn)t)— 1
n=0

so since Te “*” < oo, the product converges (all the above manipulations
are justified by this convergence). For later reference we note the final
result of the above:

Tr (e—tl“lg,l) = H <1 — exp [— (mé + <?>2>1/2t1|>—1 (VI.8)
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(where we have taken the degeneracy of y(k,) into account by taking the
product from — oo to oo).

(b) This is a standard perturbation argument based on the minimax

1
principle (c. f. [5]). Since H > EHS,, + C we have, e. g.

Tr(e ™) < e “Tr (e ¥y, M

Next we identify the periodic Green’s function using traces:

LEmMA VI.6. — Let Hf |, ¢7 be given by (VI.2, 3). Let G} (x, s; , o) be
the periodic Green’s function for (— I/2, I/2) x (— t/2, t/2). Then as dis-
tributions: . .

Tr (el (el oDbagh( )
Tr (e~ ™M)

Proof. — By the expansions (VI.1) and (VI.3) and the images formula
for G}, in terms of G}, both sides of (VI.9) have expansions in terms of
the functions 1. We need only show that the coefficients are equal. This
is the equality of a periodic Green’s function in one dimension and a one
dimensional trace formula. One proves such a formula by a similar method
to that used for Dirichlet B. C. in one dimension (see [29], § 1.6 or [62],
§VII.2. I

Gl (x,5;y,0) = (VI.9)

! 12
THeoREM VI.7. — Let H},, = J . P(¢(x)) ;) dx where : :;,is Wick
-2
ordering with respect to G}, (as opposed to G}, as in (VI.4)). And let
H}¥ be the same object but with free (G,) Wick ordering. Then:

je‘”rﬁd,ug’l,, = Tr (exp [— ¢(Hf, + Hf,,)])/Norm

‘[e‘”{‘dug'l,, = Tr (exp [ — ¢(H§, + HT)])/Norm

with Norm = Tr (exp (— tH§f ).

Proof. — By the usual (Trotter product formula) proof of Feynman-
Kac formulae [40], we need only prove that

jf1(¢(x, ty)) - SO, )G 1

= Tr (7 £,(@F(x)e M5 ... f(@F(x))e™"/Norm  (VI.10)
with so =, +1/2, 5, =t, —ty, ..oy Symy =ty — ty_y, S, =42 — 1, By
Lemma VI.6, (VI.10) holds in the special case where n =2 and
fi(») = f5(y) = y. Thus (VI.10) holds when the f;’s are polynomials since
both sides have an expansion as a sun over pairings (Wick’s theorem).
The case of general f now follows by a standard limiting argument. [ |
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Letting Hi* = Hf , +m’H”’ we note that Nelson’s symmetry does not
take the form Tr(e ™)y =Tr (e~™") but rather:

Tr (e~ ™8Ty (e~ ™)
Tr (e~ M)

As an illustration of the use of the transfer matrix formalism and the
Nelson symmetry (VI.11) in particular, we give an alternate proof that
of , converges (although this method does not prove the limit is a,,) and we
will control the periodic surface pressure. Actually we will only prove that
the half-Periodic pressure converges, but this is sufficient since making

Tr (™) = (VI.11)

the dependence on the coefficients of P(X) = a,,X*" + ... a,, explicit:
O Az - - Qo) = Ut (Arm gn1s Gan—z + €17 2% ooy g + CT))

on account of Wick reordering ([29], § V). The coefficients c,, — 0 expo-
nentially as [, t — oo (see § III.3). Using the convexity of af in the a,
1t is easy to prove that convergence of the of implies convergence of the
o, and that the difference is O(exp (— min (cl ct))).

Thus we shall prove the existence of the iterated limit:

lim lim (i)™" In fe-vfrdu:;,,,,. (V1.12)

LemMa VI.8. — If A is a self-adjoint operator with e~ trace class for
each t > 0, then ¢t~ ! In [tr (e"**)] is monotone decreasing and

lim ™! In [tr (e”**)] = — inf spec (A).

t— o0

Proof. — Since e~ # is trace class, A has compact resolvent and eigen-
values E, < E; < ... with a corresponding complete set of eigenvectors.
Thus

)

Tr (e~t(A—Eo)) =Z e " 1(En—Eo)
n=

converges monotonically downwards to m = multiplicity of E,. Thus

tT'Inftr(e™)] = — Eg + t ! In [tr (e"*A~F0)

converges monotonically downwards to — E,. [l
In the first place, Lemma V1.8 and the transfer matrix formalism, Theo-
rem VI.7, imply that

}im ("' Ing® = — [T'EPF (VI.13)
where E}'* = inf spec (H]'¥). Now we use Nelson’s symmetry (VI.11) and
Lemma VL. 8. (It)" ! In (LHS of (VI.11)) is monotone decreasing in I, thus
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lllrg (I)~! In (RHS of (VI.11)) is monotone decreasing in /. By Lemma VI.8
and (VI.8) this quantity is '

als—z-lE,*"’—@nl)“‘f In (1 — e ®ak.  (VI.14)

— o0

Thus Ilim a, exists. But since
00
0< —In(1 — e #bly < gl

the second term on the right of (VI. 14) has a limit (zero, in fact) as | —» oo
s0 lim — I 'E¥® exists and thus the limit (VI.12) exists. |l

The above proof actually shows:

THEOREM VI.9.
lim E* + a,l= — B exists,and  pH* > 0.

Remark. — Since |E[* — Ef| = O(e™), E} + a,! also converges to
- B
Proof. — The proof of Lemma VI.8 actually shows that
In (tr (e7**)) + ¢ inf spec (A)

is monotone decreasing in t and non-negative. Thus ¢ ~!Tr (e ") ;~ 1/EHP
is monotone decreasing in [ and non-negative. Using (VI.11) and taking ¢
to infinity, we conclude that:
o0
—la, + ooy, = (B} + a,]) + 2= J In (1 — e #*®)dk
—
is monotone increasing in [ and positive. Since the second term converges
to zero, the limit — %P exists and is non-positive. |
This result raises two natural questions:

1. Is the approach of Ef* + a Il + B to zero exponential as it is in
the small coupling free B. C. case [37]?

2. Since B, represents a « surface energy » and tori have no surfaces,
is B =07 In any event since pEB-C.< 0, we have ¥ # B so that
(as is to be expected) the pressure theorem does not continue to surface
pressures.

VII. COUPLING CONSTANT DEPENDENCE
OF THE PRESSURE

The pressure a,, is a function of a coefficients a,,, a;,_1, ..., ao Of
2n

PX) = Za ij and of the « bare » mass m,. We shall write a(a,,, ..., dg; M),
,':
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a (P ; my), or a,(P) (when my is fixed) to indicate this dependence. There
are several general properties of «,, that are easy to establish:

THEOREM VII.1 [29]. — (a) (P + by) = a(P) — by

(b) 0 (tP + (1 — Q) < to,(P) + (1 — t)a,(Q)for0 <t < 1.

(c) If P(0) = 0, then o (P) > 0.

Proof. — (a) — (c) can be established for finite volume and then hold
in the limit. (a) is direct, (b) follows by Holder’s inequality and (c) comes
from the fact that

'[ t P(@(x) - dpo = 0

if P(0) = 0 and from Jensen’s inequality:

jeXP (= Up)dpo = exp (‘ JUAdﬂo ) |

We begin by establishing three covariance properties of o, under
(i) scaling,

(ii) translation of the field, and,

(iii) Wick reordering.

All have been used before in the study of P(¢), theories: (i) first by Glimm,
Jaffe and Spencer [24], (ii) by Spencer [66] and (iii) by Baumel [2] (and sub-
sequently by the present authors [29] and by Glimm-Jaffe [22]).

We shall then obtain some information about a (P ; m,) for fixed m,
as some coefficients of P get large. In § VIL.4, we obtain bounds on the beha-
vior of a,(P) as the subdominant couplings ajj < 2n) goes to infinity
with a,, held fixed and strictly positive. These bounds are useful in obtain-
ing best constants in : ¢/ ; bounds [/1, part II]. In § VII.3, we obtain a
lower bound on «(AP) as A — oo of the form

_ o (AP) > (const.)A(In 1)
where n = deg P/2. Since an upper bound of the same form is already
known [28], this determines the qualitative nature of the large A behavior.

In the discussions of this section, it is convenient to use the fact that o,
is independent of boundary conditions and also the convergence of the lattice
approximation in squares with any boundary conditions. We use these
results freely even though some of them are not established until § VIII

and § IX.
VIL.1. Translation and scaling covariance.

.. . 1 .
In many ways, it is the polynomial P(X) + 2 m2X? which enters natu-

rally in studying the pressure. This can be seen in the periodic lattice approxi-
mation where the partition function is (see § IX.1):

Z,,o(P) = E5 s(P)/E,4 4(0) (VII.1q)
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with

[1]

asP) = jexp — (A(P) H dq, (VIL.1b)

nﬁEAa

§ 1
AP ; my) = 62 EZP(q,,)I +-m3: q? I]

2
1
+3 2 (@n — gn)* (VIL.1c)

[n—m|p=1
n,meAs

neAg

where A is a square whose side is a multiple of §.

THeEOREM VII.2 (Essentially in Spencer [66]). — Let ¢ be any real cons-
tant. Let P be a semibounded polynomial and define Q by

1 1
QX) + 5mgx2 =PX +c¢) + Em%(X + ¢)?,

1. €.
> 1
QX) = PX + ¢) + m3cX + Em(z,cz.

Then
%,(Q) = 0 (P) (VIL.2)

We first note the lemma:

LeMMA VII.2 A. — Define the linear maps T, and W, on the space of
polynomials by

ji=0
[m/2]
W,X" = z {".’ }(— b2yXm 21
J
=
!
where {m} = —L Then T.W, = W,T..
J 2t (m — 2j)!

Remark.— T, is of course translation and W, is Wick ordering or reorder-
ing. In particular, this lemma implies that H,, is the nth Hermite function)

Hx + o) = Z(;)Hm(x)c”""‘. (VIL.3)

Proof. — This follows by direct calculation done most elegantly by using

n=

N 1
the generating function f,(x) = er"H,,(x)/n! = exp (cxx — 50:2). [ |
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Proof of Theorem VII.2. — By (VII.3):P(g+c):=:P:(q+¢);
using the fact that [(g, + ¢) — (g, + ©)]*> = (9, — ¢.)* We see that
A(PXg, + ¢) = A(QNg,) -
It follows from VII.1 that
ZA,&(P) = ZA,J(Q)-
Taking § — 0, taking logarithms, and then taking A to infinity, we obtain
(VIL.2. 1

Remark. — The proof shows that for finite A, o&(Q ; mg) = ak(P; my).
It is fairly evident that the finite volume result does not hold for Dirichlet
or free pressures. It does however, also hold for Neumann pressures, i. e.

oaA(Q) = x(P)

since the gradient part of the Neumann action is of the form X(g, — g,,)?
for a suitable sum (see § IX.1).

THEOREM VII. 3 (Essentially in Glimm, Jaffe, Spencer [24]). — For any A
positive and any semibounded polynomial P:

0 (A2P 5 Amg) = A2a (P ; my). (VIL.4)

Proof. — Making the m, dependent of the free Euclidean field with
free B. C. explicit, we have that

CHA™ x5 Amo)p(A~ 1y 5 Amg) D im,
= (2m)~2 J‘(p2 + A?m3)~texp (iA"'p . (x — y)d?p
= (x5 mo)p(y 5 Mo) Dy -

It follows that ¢(A™'x; Amy) and ¢(x; m,) are « isomorphic » Gaussian
processes. Thus

Jexp [— j L P((x 5 mo)) deJdme

= exp [— J S P(p(A ™ 1x; Amy) dzx]dul,,m
xeA

= exp [— lzj S P(@(y; Amg)) dly}lumo-
yeA~ 1A

(VII.4) follows. [ ]
Theorems VII.1 and VII.3 allow us to obtain some information about
the m, dependence of a (P ; m,) for fixed P.

THeEOREM VII.4. — Let P be fixed and normalized (P(0) = 0). Then
mg %0,,(P ; mg) is monotone decreasing as a function of my and convex
as a function of m3.
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Proof. — By scaling covariance:
mg 20, (P 5 me) = a(mg 2P 1). - (VIL.S)

Let f(4) = a,(AP; 1) and g(1) = f(A~!). Then f is convex and since P is
normalized f’(0) =0 (see [28]) so f”(A), f’(A)=0. It follows that
g'M)=—-21"2f"(A)<0and that g"(A)=A"*f"(A"H)+2473f' A" H>0. W

We know that f(1) ~ A? for A small and we shall prove in § VII.3 that

1
f() ~ An A)"(n = Edeg P). Thus for m, large, o, (P; my) ~ my? and

for my small o, (P; mo) ~ (— In mg)". This suggests that it should be pos-
sible to improve the monotonicity of mg 2a(P; m,) to monotonicity of
0(P; mg). We in fact, know this:

THEOREM VII.5. — (a) For fixed P, a (P ; m,) is monotone decreasing
in my,.
(b) For fixed m, and P, A 'a (AP ; m,) is monotone increasing in A.

Proof. — (b) follows from (a) by scaling (as in Theorem VII.10) so we
need only prove (a). To prove (a) suppose that m, < m,. Then for any
p, (P +mi)" ! <(p* +md)~t. Thus if Gy(x, y; m?) is the covariance for
the free field of mass m?, Go(f, f; m?) < Go(f, f; m3). The theory of condi-
tioning thus applies (see § II1.2) and implies that

oa(P 5 my) < ay(P; my). |

Remarks. — 1. That conditioning applies under change in bare mass
has been noted independently by Frohlich [12].

2. Alternatively, (b) follows from convexity in A and then (@) from (b)
via scaling.

VIL.2. Wick reordering.

The imput mass m,, enters in the free measure du, but also in the meaning
of : in:P(¢(x)):. One expects that a change in m, can therefore be
compensated by changes in P that take into account both effects of m,,.
On the level of DLR equations, we did this in [29] and simultaneous to our
work Baumel |2] discussed the same question for of, (which he did not
know at the time was the same as o, !). To derive Baumel’s result we must
as a preliminary compute o (P ; my) when P = aX2. From a Fock space
point of view, this computation is found in [9], [49], [52] but we give here
a purely Euclidean computation exploiting the fact a,, can be computed
with any boundary conditions.

THEOREM VII. 6.

242 2
. (aX?; my) = a ["’0 L™ (1 + —i) — 1]. (VIL.6)

4n 2a mg
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Remark. — Note explicity that a,, ~ 0(a®) for a small and O(a In a) for
a large. :

Proof. — We compute of, with Periodic B. C. with
A= (=12 12) x (=12, 12).
For each ne Z, let g, be a complex valued Gaussian random variable with
mean zero and joint covariance given by

< qnqm> = 5n;—m
4y =q-n-
Let 72 = {n=<Cny,ny»|n, >0 or n,=0; n, >0}. For neZ3, let
1 1
%y = 5@ +d-0)3 Y = 5@, — 4-,). Let yo =0 and xo = go/y/2. Thus,
the x’s and y’s are independent Gaussian random variables and

1 1
2 I 2 — 0).
(=35> =500
Since the covariance G&(x, y) has the expansion

Gi(x, y) = I”ZZ;(@)_Z exp 2nin - (x — )
l

neZ?

the field ¢(x) can be represented in terms of the Gaussian process defined

above via
-1
d(x) = l“z;{ziln) exp (2mi x - n/lq, .

neZ?

From this realization we see that

L:d)z(x): = Eu(?yz [2(: %2+ . ¥2 )]

neZ?

Now, since x, and y, here variance 1/2, : x2 : = x2 — 1/2. Moreover,

since the x,’s and y’s are independent duoe""fA=¢2: is a product of inte-
grals of the form

12 Jexp (— A x%)exp (— x¥dx = (1 + 1)~ V2el/2%,

We conclude that

Jexp (— a J D P(x) : d2x>
neZ?
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2 -2 1
s (X2 5 mo) = l'i[au(?) ~3In(+ Za#‘z)]-

nez?
As | — oo, the sum converges to an integral and so

a 1 2a
o (ax?; =022 |—— —“ml1 2
(@35 mo) = (2m) sz +m 2 n[ s mé]d ¢

f* oo 1
-4 [__m |:1+£j|:|dx.
4n Jmi/2a X X

Now the antiderivative of x ' —In (14+x7!)is —xIn (14+x"!)—In (14+x"") so
‘ [ m2 + 2 242
oy(ax?, my) = Bl R WY T B [ |
4n| 2a md

The main Wick reordering theorem is:

SO

N
THEOREM VII.7 (essentially due to Baumel [2]). — Let P(X) = Eanj
j=0
be a semibounded polynomial and let m, i be given positive numbers. Let
1 2
d= ——In|— VII.7
4n <m2> ( )
N [if2]
B(X) = Ea.ELxF“ + 1(m2 — @)X2. (VIL.8)
/2" — 2n)! 2 '
j=0 n=0
Th ~
< 2o (P, m) = o, (B, ) + £, (VIL.9)
where
m2 _ mz m2 mZ
=——+—1In—. .
S S T e (VII.10)

Remark. — Thus, by Theorem VIL1, (P, m)=o., (P, /) with P=P— 1 .
Note that when we quoted this result in [29] we made a sign orror.

Proof. — Let af be the periodic pressure in (— /2, [/2) x (— I/2, I/2). Let

R (RN R

and let P, be given by (VII.8) with d replaced by d,. We shall first prove that
o (P, m) = (P, M) + f£; (VIL.11)

for some constant f; which depends on m and # but not on P.
For pass to the lattice approximation and use (VII.1). Then

A(Pa m) = A(ﬁl,é’ ffl)
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where P, ; is defined by (VII.8) with d replaced by d, ; and d, ; is the diffe-

rence of the finite covariances of the periodic lattice fields with the masses m,
m (evaluated at a point). Making the m dependence of = (P) and Z(P)

explicit we conclude that

EpoP, m) = EA,J(r)z,a’ )
Z, P, m= ZA,a(Pz,a, m)exp (| A fl,&)

where f; ; is P independent. (VII.11) follows by taking ¢ to zero and this
argument: note that d, ; — d and that by convexity of In'Z, ; in coupling
constants the In Z, ; are locally Lipschitz uniformly in é in coupling
constant (see § VIII.1). Since

Z P, m) - Z,(P, m) and ZA,&(Pl,és m) — ZA(E, ),

fi.5 has a limit f,. This establishes (VII. 11).
Now take I to 0o and mimic the argument above. (VII.9) results where f,,
is a still to be determined constant. But taking P = 0 in (VII.9) we see that

fao = - aoo(% [mZ - th]xZ, ﬁl)

and (VII.10) then follows from (VII.6). [ |

VIIL.3. Behavior of o, (1) as A — oo.

Fix P and m,,. Let a (1) be a,,(AP, m,). In [28], we showed using methods
of Nelson [42] that for A large:

2,(4) < Ci(ln A)*; deg P = 2n. (VII.12)
We conjectured at the time that there should be a lower bound
oe(4) = C'A(In A)* (VII.13)

although all we could prove was that a(1)/4 — oo (using an argument
from [64]).

In the spring of 1973, R. Baumel (unpublished) communicated to us
an idea for proving a bound of the form (VII. 13)in the case n = 2(deg P=4).
Baumel’s basic idea was to perform a variational calculation using a Gaus-
sian « ground state vector » with mass and mean as parameters and to
exploit covariance properties. In addition his method required control
over an object related to the pressure. Baumel was unable to control this
object, nor can we. Subsequently, Baumel [2] and we independently found
a partially alternate proof of (VII.13). For the reader’s convenience we
now sketch this proof of Baumel’s as an illustration of the use of covariance
properties.

It will turn out to be easier to prove (VII.13) when n is odd than when
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it is even. To describe the idea, let P(X) = X?" with n odd. Change m,
the bare mass to m by Wick reordering and let P(X) = X*" + ... + &
be the corresponding polynomial of Theorem VII.7. Then by Theo-
rems VII.1 and VIL.7:

ot (A) = a (AX?"; mg) = 0 (AP, @) + f, = — Ad + fo-
Putting in the explicit values for @ and f,, we see that for any 4, /n
' ~2\\n 2 _ &2 2 =2
a,(l) > — (41)" (22”':!' (— In <;"1—(2)>> + '-""—Sn—m + % In Y:Tg
Since — (— 1)" = 1 (n is odd!), we see upon letting > = Amj that
%y(4) = C(AIn )" — A)
for large A and (VII.13) follows. We thus have:

Tueorem VII.8. — If P(X) = a,,X*" + ... + ao with a,, >0 and n
odd, then:
- (2n)!

(AP mo) 2 (4m)™" -~ @, AlIn A+ O(A(n 2y 1.
n!

Proof. — As above, one finds that:

n

oy . . =2 j
(AP ; mg) > iZazl‘%@n)"(— 1y*!In (%) + fa
21 m3
=0

and the result follows by taking > = im3. R
To illustrate our method for proving (VII. 13) in case n is even, we consider
the case P(X) = X*. We first use the covariance of Theorem VII.2 to note

1 .
that o (AX*; mg) = a (AX + o)* + mjeX + Em(z,cz; m,). We now Wick
reorder and obtain the inequality

1 ~2 2
o (AX*; mg) = — 3/1[— In (m_2>]
4n my

1w 1 md — w>  mg (W
2l 2V = aet — Zmde? NS Oml=].
+ o [4n tn (mé)] L R A

1 ~2
Since —3+6——1=2>0ifwetakec2=4—nln <m—> and then m? = im3,

2
m
we see that 0

oo (AX* 5 m3) > 2(4m)~2A(In 2)* — O(2).
We systematize the following:
TuEOREM VII.9 (Baumel [2]). — Let P be a polynomial of degree 2n.
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Let y,, = — inf H,,(x) where H,,(x) is the 2n th Hermite polynomial.

Then 2 (AP ; mg) = (A1) ™p,a0,A00 A + O((In A1), (VII.14)

0

Remarks. — 1. Since J y,i(X)e"¥dx = 0 (for n # 0), y,, > 0.

2. Even if n is odd this result improves Theorem VII.8 since
(2n)!
2"n

Yan > — H,(0) = if n>1.

~2
Proof. — As above translate by ¢* = Y n (m—) with y to be determi-

2
4n myg

ned, let % = AmZ, and identify the A(In 1)" term using Lemma VII.2 A as
— (4m)"az,Hy,(y)[An A)7].
Choosing y so that y,, = — H,,(y), (VII.14) results. B

Remarks. — 1. Basically what we see by our arguments in this section
is that the A(In 1)” bound on «,, is obtainable from the Gibbs variational
principle with Gaussian states (with non-zero mean allowed). Such a cal-
culation via explicit computation in the Gibbs principle has been done
independently by P. Sodano [65]. Coleman [4] has used a similar idea (by
using a Rayleigh-Ritz principle) in his work on the Sine-Gordon equation.

2. By hypercontractivity arguments [28], this A(In 4)" bound on the beha-
vior for «,, is also the large 1 behavior of — E, for any [ and also for

In Jexp (— AUp)dy, -

VII.4. Bounds on subdominant couplings.

In this section we determine the dependence of the pressure on the sub-
dominant couplings. The resulting estimates are useful in controlling the
half-X pressures (see § VIII). The interaction that we consider is of the
form

UrNg) = J D) + g2u—1()P7THX) + ... + go(¥) ixad?x (VIL.15)
R
where R and A are rectangles with R = A and the subdominant couplings

8(x) = (go(X), ..., gzn—1(x)) are measurable functions on R.
To describe the behavior of UX*(g) as the g; get large, define

2n
o(d@) = Z | Azn—j |2n/j
j=1
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where @ = (ay, ..., a,,_), and define the functional

ox(2) = J o(F(x))dx . (VII. 16)
R

Our basic estimate is then:

THEOREM VII.10. — Let g(x) = (go(X), . .., &5n—1(X)) be measurable
functions on R where R = A are both rectangles in R? and the sides of R
have length greater than 1. Let X = F, D, N, P. Then there is a constant b
independent of R, A, g and X such that

J‘e_U,I\Q,x(E)d'uX < eb(lR|+aR(Z)) . (VII 17)

Remarks. — 1. The leading g-independent term : ¢>" : in UX* may be
replaced by any fixed semibounded polynomial of degree 2n and the proof
of (VII.17) remains valid.

2. When X = F, D. one can remove the restriction that the sides of R
be greater than 1 as well as the restriction that R and A be rectangles.

There are three significant reductions in the proof of Theorem VII.10:

1. It is sufficient to prove the theorem for X = F. The reason is the
same as that used in the proof of Lemma II1.9: by conditioning the left
side of (VII.17) is greatest for X = N; but by the inequality GY < ¢G,
of Theorem III.4, we can in turn dominate the left side a similar expres-
sion involving F B. C. but where the powers : ¢’ : of the field have been
replaced by ¢//2 : ¢/ : .

2. 1t is sufficient to consider the case where the g(x) are constant. For
the FKN formula and locality easily imply that (see, e. g., Theorem 1.7
of [28])

JQ_UR(g)d#o < exp I:J oe(golX), - - - gzn—1(x))d2x:| (VII.18)
R

where a(ag, .. -, a,, 1) is the infinite volume pressure corresponding to
the polynomial P(¢) = &2" + a,,_ " ! + ... ao. Thus (VIL.17) follows
from (VII.18) once we show that

to(do, - - -» Ayny) < b1 + 0(@) (VIL. 19)

3. Note that the inequalities (VII.17)-(VIIL.19) all display the « linear »
dependence on the volume. The last reduction is that it suffices to prove
a finite volume analogue of (VII.19) without care for the correct volume
dependence. That is, we need only show that for / finite there is a constant b,
(possibly dependent on /) such that the pressure in the square

(= Y2, 42) x (= 12, 1/2)
o,(@) < b(1 + o(@). (VII.20)

satisfies
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The justification for this simplification goes back to Nelson’s proof [42]
of the linear lower bound as elaborated on in [27], [28]. For by the arguments
of [27], [28] it follows that for any A > 1 there is an [ > oo such that

2,(P) < o, (AP)/A (VIL.21)

where by a,(P) (and o, (AP)) we denote the dependence of the pressure
on the interaction polynomial.

As we have already mentioned in § III.2, we give in this paper two other
methods of obtaining the correct volume dependence in estimates such
as (VII.17). The first in § III.2 uses the submultiplicativity property of
Neumann B. C.; the third in the Appendix is based on the Checkerboard
Estimate, which may be regarded as an abstraction of the hypercontractive
ideas involved in proving (VII.21).

We now begin the proof of the inequality (VII.20) which just amounts
to squeezing the original NGS semiboundedness proof [41], [I6], [59] a
little harder. We introduce the ultraviolet cutoff by defining

Oy(x) = jf.‘(x — Y)P(y)dy

and

1 ikx
Gylx) = f Blx = DGoMy = f s 1k

where x,(k) is the characteristic function of the set {k| [k| < x} and

1 )
% (x) = o e~ %y (k)dk. Let S denote the square of side ! and define

the ultraviolet cutoff interaction
U@ = f - P(¢u(x)) : dx
S
where P(¢) = &" + a,,_ 8" ' + ... + a,. Then:

LEMMA VII.11. — There is a constant d, independent of x and & such
that

D P(pu(x)) 1 = — dy((In k)" + a(d)). (VII.22)
Proof. — Undoing the Wick ordering, we write
CP(¢) =P + by 192N+ L+ by |(VII.23)

|

where b(d, x) is linear in the a;’s and a polynomial of degree d = [n — j/2]
in the Wick constant

e = Jd&(x)zdﬂo = G,(0) = O(In ).
Explicitly (see, e. g., [29, Lemma V.27])
bj =a; — 0 1C8j42 + O‘j,zciaj+4 s o= Ck)daj+2d
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where a,, = 1 and the «;, are combinatorial factors. Now a polynomial
of the form (VII.23) is bounded below by

: P(¢,) . > — const. max | b, |27 (VIL.24)
J
- -
since the minimum of &" + b,& occurs at const. | b; |*"~/ and has a value

— const. | b; |2,
Using Holder’s inequality in the form

<2ri> gn"‘_er‘;‘ for a>1 (VII.25)
1

d
|b;[2MCmD < comst. Y |ajy pich [P
0

we estimate b; by

i

a ll

< const. Z(| 442 |2"/(2n—j—2i) + Cz) (VIIL.26)
i=0
where we have used the arithmetic-geometric mean inequality in the form

n—j -2 L q@n—pien=j-2i) o 2i cn=i)2i

2n —j 2n —j
Inequalities (VII.24) and (VII.26) yield the lemma. [}

The next lemma is a standard part of the semiboundedness argument
and so we omit the proof (see Lemma III.7 for a closely related proof):

lac| <

LEMMA VII.12. — Assume that ge L'** for ¢ > 0 and let
SV = j gx)(: P(x) 1 — : Plx) )dx.

Then there are positive constants d, and « such that for any p < oo
H 5V; ||p < d2pr/2 ” g |\1+5K_a'

If we set

6UK=U—U,(=J

S

-P): - J i (M
S
then we obtain this elementary corollary:

CoROLLARY VII.13. — There are constants d; and o > 0 (independent
of k, d, and p) such that

[16U, I, < dyx%(p" + o(@)) (VII.28)
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Proof. — By the Lemma

2n

| 6U, ||, < const. k™ ) p"?|aq,|

r=1

< const. kK~ % p" + 6(a))

since p%|a,| < p"+ |a ™. W

We are now in a position to prove Theorem VII.10. It is convenient
to do so using a Duhamel expansion, following Glimm and Jaffe [20] [21].
The Duhamel or perturbation expansion for e~V is obtained by iterating

1

e—U — e—le _J\ e—s1U5UK e—(l"sﬂUquSl

1
0

with a sequence of cutoffs 0 < x; <k, < .... This gives
0 m+1 m
e V= Z(— l)mf . stl - dsmne_"sfu"iﬂ(SUKj (VIL.29)
m=0 i=1 i=1

where 5o = 1, 5,41 = 0, ds; = 5;_; — s;, and the integration variables s,
are ordered by s4 > s, > ... >s,.,. The expansion (VII.29) clearly
converges pointwise in Q space, and by the majorization obtained below,
it therefore converges in each LP(Q), p < oo.

Proof of Theorem VII.10. — We choose the sequence x; = e/'".

By (VII.22
y ( ) U,, = — dy(j + o(a))

so that
m+1 m+1
| Ie_asjUKj < I |ed4(i+0')5sj < elam+1+a) (VII30)
j=1 j=1

On the other hand by (VII.28)

”H(SUKJ. duy < HH(SU,(J.H,,.
j=1 Jj=1
< Hd3x;“(m" + 0)

j
< [dy(m" + o)medm !
< 23y (m™ + g™e ! (VIL.31)

- by (VIL.25). Inserting the estimates (VII.30-31) into (VII.29) we obtain

J e o < edd(ﬁl)z [(Qdynry" + (2dso)"]etsm=dm = et D[S, 1 8]
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where y = 1 + n™'. The first sum S, is clearly bounded and so to prove
(VIIL. 20) it remains to show that

S, = E " (In2d30) +da)—dsm? _ ,0(1+0)

m

1
Let x = In (2d;0) + d,. For m > my = 2x/ds)’~! the sum over m is
bounded independently of x:

0 0 1
2 exp (mx — dsm’) < z exp <— EdsmV> .

m=mg m=mg
For the first part of the sum we make the crude estimate

mo—1

S-‘ exp (mx — dsm?) < mye™™
mu=0 < eO(x‘//(V*‘)) < eO(l +0) .

Hence S, is bounded as claimed; this implies (VII.20) and so by the reduc-
tions noted after the statement of the theorem, the proof of the theorem is
complete. |}

As a special case of the above estimates, we note:

CoROLLARY VII.14. — Let a (@) be the pressure corresponding to the
polynomial P(§) = " + a,,_&*" ' + ... + a,. Then

2n
| e, (@) | < const. (1 + 2 | az,—; |2"“) . (VIL.32)
=1

Proof. — The upper bound follows from (VII.20) and (VII.21). The
lower bound is trivial since by Jensen’s inequality

oo(d) = —aq - [ |

VIII. THE HALF-X PRESSURES

A
tractions with respect to dul. Define

Let UY(A) denote the interaction J : P(p(x)) 1y ad*x with Wick sub-

. 1
oY = AT In Jduﬁ exp (— UY(A))

and so obtain 16 « pressures » as X, Y = F, D, N, P. We have thus far

considered the 4 diagonal objects oX* and proven the equality of the

limits as A — o0, say as a sequence of squares. In this section we shall
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prove the convergence of the remaining twelve to the same limit. We are
primarily interested in the objects with Y = F in which we speak of the
Half-X pressure but our methods handle all cases so we include all 12.
The importance of Half-Dirichlet B. C. was first noted by Nelson [¢4]
because of the convenience of Wick ordering not changing as A changes.
And we have used Half-Periodic states in our own work [30]. We remark
that an earlier more complex proof of ours that lim «Qf — a, appears
in [62].

The proof of our main result on these general pressures appears in
§ VIII.2. The basic idea is that since UY(A) and U*(A) only differ appre-
ciably near the boundary, |aX’Y — «X*| should be of order | A |~ '/%. Our
proof of a weaker fact is based on some elementary convexity arguments
to be found in § VIII.1. We are indebted to Robert Isreal for bringing
our attention to these bounds in a different context.

VIII.1. Convexity and Lipschitz bounds.

Recall that by Holder’s inequality o,(4) is a convex function of the
coupling constant A.

THEOREM VIII.1. — Let f be a bounded convex function on the unit
ball of a Banach space, X. Let C = ”sllllp | f(x)|. Then for any x, ye X
x||<1

1 1 1
ith || x|| < =, <-, - <=
with || x|| 5 x|l 5 Ilx —yll 5

| f(x) = f(» ] <4Cllx — yll.

1 1
Proof. — Let Z=x+EIIX—yII‘1(y~x)- Then || z|| < [| x| +t5=< 1
so z is in the domain of definition of f. Since
y=0=2{x=yll)x+ Q2llx—yll)z
convexity assures us that:

J) < ) + 2 x = y[1(f(2) — f(x)

f(y) = fx) <2O2II1x = yll).
By symmetry in x, y the result follows. [ ]

so that

VIIL.2. Control of the half-X pressure.
We begin by stating the main theorem of this paper:

THEOREM VIII.2. — For dny fixed semibounded polynomial, the sixteen

limits }im ax’Y exist and are equal, where A is taken to co through a
—* oo
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sequence of rectangles whose sides independently go to infinity and
where X, Y = F, D, N, P.

Remark. — This theorem complements our result for the pressure
with + B. C. (Theorem II.9).
We henceforth fix P(¢) = a,,*" + ... + ao, where a,, > 0. Define

the four functionals of 2n — 1 functions § = (g¢, ..., 82,—2) ON A:
1
aX(8) = TA] In Jdu’,ﬁe‘UX@ (VIII.1)
where
UX(@) =I L PO(X)) + 20— 2() 7 2(x) + ... + golx) 1dx  (VIIL.2)
A

where the Wick ordering in (VIII.2) is with respect to duX. Of course, the
reason that the functionals aX(g) are of interest is that there are g; depending
on P, A, X, and Y such that

XY = aX(@).-
By the explicit formula (I.8) for Wick reordering each g/(x) has the form

N

gix) = Zb,(éGﬁ;Y(X))"

where the b; are constants and 6G is a difference of Green’s functions,
5GX¥(x) = lim [GX(x, y) — GX(x, y)]-
= 0GX(x) — 0GX(x)
in the notation of § III.3. Let r = dist (x, dA) and let | = length of the
smallest side of A, which we assume satisfies / > 1. Then by Lemma III.3,
each g,(x) satisfies for some N
const. | log r [N r<1p2

VIII.3
const. [e"2m" 4 7™ r>1/2. ( )

| 8| S{

Proof of Theorem VIII.2. — Since we have already proved that lim o™
exists independently of X (see the Remark after Theorem V.4), it is enough
to show that

| XY — ¥ | < CI7Mn (VIIL.4)
if I > 1,, for some constants C and [,. Define the norm
2n—2

1/n -
&1l = {IAI"Z L | gx) |”dx} . (VIIL. 5)
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By Theorem VII. 10, there is a constant b such that

| ()] < b + 111 Z1114)-

It follows from (VIII. 3) that there is an [, such that ||| g |||, < 1/2if] > [,.
By Hélder’s inequality aX(2) is a convex function of the g;s. According
to Theorem VIII.1, if [ > I, then

| Y — XX | = |aX(8) — aX(0)| < 8bI| Zlll, -

By a simple calculation using the estimates (VIII.3) we see that
[l €|l|x < const. I”*/* This establishes (VIII.4) and the theorem. [}

IX. CORRELATION INEQUALITIES

IX.1. Ferromagnetism for general B. C.

Intuitively, one can understand the ferromagnetic nature of boson field
theories from the formal expression for the Gaussian measure (with X B. C.
in a region A)

dux = const. exp [— %((o, (— AX + mg)qs)]dgb. (IX.1)

For — A is positive « on-diagonal » and negative « infinitesimally off-
diagonal ». Different choices of B. C. do not affect this property (even at
the boundary of A). In this subsection we make these remarks rigorous by
extending the lattice approximation for X = F, D (see [29]) to X =P
and N. The correlation inequalities of [29] then extend to general B. C. as
we explain in the following subsection.

Throughout this section we specialize to the case where A is a rectangle,
say (— 1,/2, 1,/2) x (— 1,/2, 1,/2). Our notation is as in [29]: d > 0 is the
spacing parameter for the lattice L; = {nd |n = (ny, n,)e Z* },A; = AnL;
denotes the set of lattice points within A, and dA; denotes the points in A,
which have nearest neighbors outside A, With each site né € L, we associate
a field variable g, taking values in R. For convenience we assume that [,
and 1, are odd multiples of 6 so that in particular the sides of A lie midway
between lattice points.

We now explain how to write down the lattice measures corresponding
to (IX.1) with various B. C. X. The following expressions ((IX.2) to (IX.4))
are to be regarded as formal definitions and the accompanying comments
as heuristics. The actual justification of these definitions consists of the
proof of convergence of the lattice approximation which will occupy the
remainder of this section. If we consider F B. C. on the infinite lattice L;,
the lattice measure (see [29, § IV]) is (formally)

duf, = const. e~ 7A%4gg
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where the infinite matrix AE is defined by

1
q-AE g = m36°Zq? + 3 Z (g, — q,)? (IX.2q)
In—n’'|=1
= (m3é* + 4=q? — Z 4,9, . (IX.2b)
In=n’|=1

Here we have normed Z2 by |n| = |n, | + | n,| so that the sum in (IX.2)
takes place over nearest neighbors. More explicitly,

4+ mi* n=n
(Ago)nn’= -1 |n_n’|:1
0 otherwise.

Note that A is negative off-diagonal, i. e., it is « ferromagnetic ».

Upon restricting duf, to the lattice A; and imposing B. C. X = D, N,
P, F, we obtain the well-defined lattice measures dyj ; as follows. For
Dirichlet B. C. the spins outside A are set equal to 0; from (IX.2 b) we have

q-ARq=(m%62+4)Zq3— Z A (IX.3 a)

neA n,n’eA
In—n'|=1

where, in a abuse of notation, we write ne A to denote nd € A;. Thus AR is
just the restriction of AY to A; x A;; and

duR = const. e~ 1A%dg

where the const. is always chosen so that duR has measure 1; i e.
const. = (2r) N2 | AR |'/? where N is the number of lattice points in A; and
| AR | = det AR. More generally, if L is a line segment (parallel to the x,
or x, axis and passing midway between lattice points) we can impose
Dirichlet B. C. on L by « cutting the bonds » across L, i. e. by dropping the
terms q, 4/, in (IX.2 b) across L. For example, the infinite matrix A} @ AR,
corresponding to Dirichlet B. C. on 0A (A’ = R*\A) would be defined by

q- (AR @ AR)g =q-AL g + 2 2 4.4, -

In=n'|=1
neA,n’eA’

To obtain Neumann B. C. on dA we drop the coupling terms (g, — g.)
across A since this simulates zero normal derivative. Thus

q-(AN@® AX)g = q-A% q — z (4, — 42?5
A
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restricting to A; gives

1 .
q-AXq = m%ézzq,? +3 z (@0 — @) (IX.3 b)
neA

n,n'eA
In—n’|=1

or more explicitly
AN = AP — BY (IX.44q)

where the diagonal matrix BY is concentrated on dA; with entries

2 if nd € 0A; is a corner site of A;
(BX)m =9 1  if ndedA, is not a corner site of A,
0 otherwise.

To obtain periodic B. C. on dA we simply introduce couplings g,q,
between boundary fields at opposite edges and this yields the matrix
on A; x Ay

A = AR — BY (IX.4 b)
where
(B, — 1 if |[n—nlp=1 and |n—n'|#1
A0 otherwise.

Here |n|p is the periodic distance on Z2
In|, = ggg}“’h + ki L6+ [ny + k1[0 ).
The matrix AX for free B. C. is the most difficult to write down since, as

explained in [29], - —— -1
Ap =AM A x A0

Nevertheless (see [29]), AL still has the form
Al = AR — B (IX.4¢)

above Bf\ is a nonnegative matrix concentrated on dA; If there is no
confusion we shall suppress the subscript A on AX and CX = (AX)™".
In summary, the free (normalized) lattice measures

_ X
duX ; = const. e~ *4AA4dg

are all ferromagnetic in the sense that AX has nonpositive off-diagonal
entries. The interacting (normalized) lattice measures corresponding to
the polynomial P are defined by

dvX ; = const. e VRedyX ; (IX.5a)

VX5 = 522 S P(g,) x.a-

Here the subscripts X, A indicate that the Wick subtractions are made

where
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with respect to du} ;. The half-X (HX) interacting measures are similarly
defined except that free Wick ordering is used:

dvi% = const. e™VKeduX ;. (IX.5b)

The justification of the definition of dvX ; as the lattice measure with
X B. C. consists of showing that, as § — 0, this measure converges in an
appropriate sense to the continuum measure dvX. To discuss this question,
we first provide different explicit expressions for the covariance matrices
CX = (A})™"; the first uses images and the second X-momentum space.
For free B. C. on L; the covariance is by construction (see [29])

(Cgo)nn’ = J‘¢(fa,n)¢(fa,n')dﬂo = Go_a(?’l(S - n’é)

where
Go,o(x) = (27!)’"2‘[ e uyk)~2d’k (IX.6)
Ts
fouX) = (Zn)_zj €% (k) us(k)d*k (IX.7)
Ts
psk)?> = 644 — 2 cos 6k, — 2 cos ky) + m} (IX.8)

and T; is the square [— =/6, n/5]>.

For ke 7?2, let ¥ be the analogue of the « reflection » operator p} of
§ 1135 i e, mn = (= 1F'(ny — ky1y/8), (= 1)2(n, — kyl,/0)) and
ngn = (n; — ky1,/6, n, — k,1,/0). Then in analogy with (III.29) we have:

LeMME IX.1. — For X = P, N,

(C)pm = ZGM(mé — (mn)o). (IX.9)
kezZ2

Remarks.— 1. A similar formula holds for X = D provided it is arranged
that JA lies on lattice points, i. e. /; and [, are chosen to be even rather than
odd multiples of 4.

2. The convergence of the sum (IX.9) is obvious from Lemma IX.8
below.

Proof. — Denote the right side of (IX.9) by GX,. We regard GX, as an
infinite matrix indexed by Z2. Because of our assumption regarding the
positioning of A with respect to L;, it is easy to see that GN is even with
respect to reflections in the sides of A, i. e. G, = GY,, if m’§ is the reflection
of mé in a side of A. Similarly GF is invariant under translations by the
sides of A, i. e. G}, = Glp,,, for any ke Z2.

To verify (IX.9) for X = N we must check that for mé and né € A,

ZA,ﬁ,G‘::, = Spn- (IX.10)
reA
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Now if md ¢ 0A; AN, = AL, (where we have omitted the subscript co
on (Af),,) so that the sum in (IX. 10) equals

zAvl:irECEnyn = 25m,m§n = 5m,n
k

rez2 k

since AF, = 0 if ¢ A and since nyne A; only when k = 0 in which case
nhn = n. When méd € 0A,;, the left side of (IX.10) equals

sz, _ BY)GY - ZAz,Gz ; Z Gy, - ZB:,Gz

reA reZ? m'¢A r
|m—m|=1
by the definition of AP. The last two sums on the right cancel since G).,= G,
for those m’ which are the nearest neighbors of m outside A and since BY
is diagonal. The first sum on the right is just 4, , as above. Thus we have
checked (IX.10).
The case of periodic B. C. is similar. If md € dA; we have

ZArl:errn = zArl:erfn + Z Grl:ln - ZBEWGS" = 6m,;|
reA

rez? m'¢A r
|m'—m|=1
since the last two sums cancel by the periodicity of G*. ]

The second formula for C¥X is based on the standard eigenfunction
expansion for the Green’s functions GX. The operator — AP + m2 has

2n 2n . . .
wave numbers keTF = —Z x — Z with associated eigenvalues

I 2
wk)* = k* + m? and eigenfunctions fF(x) = (I,1,)~/2¢**. The operator

« n n

(— AX + m}) has wave numbers ke TN = —Z x — Z with associated
1 2

eigenvalues u(k)* and eigenfunctions £N(x) = (I,1,)”2gi!)(x,)g{® (x,) where

Ccos k;x; if Lkj/n is even

(x ) =
£;%) { sin kjx; if  Ikjm  is odd.

Note that g’ = + g, so that there is a redundancy in our labelling but
1;/2 . 1

this is compensated for by the normalization f (g)2dx;= > if k;#0.
=1/ ,

Similarly, the operator (— AR + m}) has wave numbers ke T® = TN with

eigenvalues u(k)* and eigenfunctions f;>(x) = (I;1,)~ V2h{!)(x,)h{?(x,) where

W) — { sin kjx; if Lik/n is even

cos k;x; if Lik/n is odd .
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Note that h§) = 0 so that strictly speaking TP should not include wave
numbers with zero components. With the above notation we have the
standard formula for the Green’s function

G(x, y) = kax(x fe(y)uk) =2 (IX.11)
where the eigenfunctions satisfy the completeness relation

Zﬁx(x)ﬁ"(y) =5(x — y). (IX.12 )

In order to write down the lattice version of (IX.11) we introduce lattice
nomentum space defined by

T =T*nT; = TXn[— n/s, n/d]*.

Then it is straightforward to verify that the functions {3fX(md) }erx
satisfy the completeness relation

J&(md) ;X (nd) = 6., (IX.12 b)

for mé, nd € A. For example, in the case X = P, (IX.12 b) reads

Ay A2

2
5 !2_11:5]1("” n1)+l—]2(m2 nz)

L z , ¢ = Om
102 .
1= =241 j2=— 242

where I, = (24; + 1)4. Then:
LEmMa IX.2. — For X =P, N

(Cn = Zﬁx(m5)ﬁx(n5)ﬂa(k)’2 : (IX.13)

Remark. — As in the case of Lemma IX.1, a similar formula holds
for X = D provided we arrange that the sides of A pass through lattice
points so that CX = 0 on dA.

Proof. — Denote the right side of (IX.13) by GX,. We regard G, as
an infinite matrix indexed by Z2. Because of our assumption regarding
the positioning of A with respect to L; and by the definition of £X, it is
easy to see that GY, is even with respect to reflection in the sides of A
and GPF, is invariant under translations by the sides of A. In particular,
if mé € dA; and m’é is a neighboring site not in A, then

GY, = GY, (IX.14 a)
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and
Gr., =GP, (IX.14 b)
where m” is the site in line with m and m’ at the opposite edge of 0A,.
mll m ml
Fi1G. IX.1.

To verify (IX. 13) we must check that for né € A,

Z AXGE =6, (IX.15)

By (IX.4), if md ¢ A, then (AT = AL)

) Asex=) anc
reA reZ?
= (4 + m2)GX, — Z GX. (IX.. 16)
lr—=m|=1

We claim that (IX. 16) also holds if mé € A, For by (IX.4 a) and (IX.14 a)

ZAS,G’J, _ EAﬁ,GSL _BLG,

reA
= EA}:",GI;L + ZAt}:tm’G:’n
reA

m'¢A
E F N
= Aerrn .

rez?

The argument is similar for X = P.
Inserting the expression (IX.13) for GX, in (IX.16) we must show that

(4 + m35?) fX(ms) — Z 1Xrd) = 8%uyk)*fXmd)  (IX.17)

lr—m|=1
for then by (IX. 12 b) we deduce (IX . 15). By definition f£Xis (up to normaliza-
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tion) a product h,(k,x,)h(k,x,) where hff) = €“, sin 6, or cos 6. Bach
such function h; satisfies

hkm; — 1)8) + hylkym; + 1)0) = 2 cos (k)hk;mgd) (IX.18)

since (IX.18) is obviously true for ¢ and hence for sin # and cos 6 by
taking real and imaginary parts. (In fact, the trigonometric functions are
the only C? functions satisfying (IX.18)) Consequently, the left side
of (IX.17) equals

(4 + m35) fX(md) — [2 cos (k10) + 2 cos (k0 11X(md) = 5% ps(k)*fX(md)

by the definition (IX.8). This concludes the proof of (1IX.13). 1
The (smeared) lattice Schwinger functions SX ; are defined in terms of
the measure (IX.S5) by

Sxolhy, - hy) = Jq(hl) - q(h)dvy 5 (IX.19)
where h;e C3(A) and
q(h) = 522}!("5)61,.-
neZ?

Before entering into the proof of the convergence of Sksasdé —» 0
we should like to review briefly the case of F B. C. since the proof in [29]
is rather sketchy. We essentially follow the discussion in [62], expanding
on the proof of part b) of Theorem VIIL.5 of [62] which is incomplete.
The first step consists of rewriting (IX.19) in terms of the continuum
measure du,. To do so we realize g, as ¢(f;,») where f; , is defined in (IX.7);
this gives. :

J‘d’&(’h) . e ﬁba(hr)e_UA"sd#o
Spohys - b)) = (IX.20)

Je—UA_adﬂO

doh) = *Zh(nd)d(fs,)

where

and
Ups = 522 D P(O(fon) - -

nocA

The equality of (IX. 19) and (IX. 20) follows from the equality of covariances

(Co)m = j¢(fa,n)¢(fa,n')d#o-
The key step now is to show that for suitable g

“¢ig): — 1¢7(g) inany LPdu), p<oo (IX.21)
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as & — 0. The convergence of the Schwinger functions follows from
(IX.21) by a standard argument: we have

|e=Pre — e7Un| < |Ups — Unl.le7e 4 e794 . (IX.22)

By imitating the standard semiboundedness proof we can show that
e Urs e LP(Q, duo) uniformly in 6 for any p < co. Hence (IX.21) and
(IX.22) imply that e~Y*¢ — ¢~V in any L” and so, by Holder’s inequality,
the Schwinger functions (IX.20) converge.

We return to the proof of (IX.21). By hypercontractivity it is sufficient
to prove (IX.21) for p = 2. An explicit computation gives

|| : o5 : —: (2|3

g oo+ k g(k oo+ k)P
- r!j kit Ry g Bt R)E L 0y 0y

paky) - . ps(k,) uky) ... p(k,)

where
62 .
2ilk) = 5 Zg(na)e*"""‘s
7

and neZ?

Xak) = xsky) - - xsk,)

where y; is the characteristic function of T; = [— /8, n/]%. Let g, be
the restriction of g; to Ty, i. e.

8s(k) = xs(k)E5(k) .
Then under fairly mild conditions on g, g;k) — g(k) in L? as § — 0:

LemMa IX. 3. — Suppose that g(x) is continuous a. e., and that for some
function he L! n L2,
| &([x]5) | < h(x)

for all 6 > 0, where [x]; is the point in L; closest to x. Then as § — 0,
2sk) —» g(k) in L2

Remark. — The case g = y, used in (IX.22) satisfies the conditions
of the lemma, as do the g’s that enter for HX B. C. (see below).

Proof.
j | 85(k) IPdk = 6°Z | g(nd) |

=j|g([X]a) PPdx — Jlg(X)Izdx
= f | &(k) |*dk

by the Lebesgue dominated convergence theorem. Thus L2 convergence
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follows from weak szconvergence. Let feCg and denote its inverse
Fourier transform by f. Then for sufficiently small &

nga(kﬂk = j_f_(k_)ga(k)dk

= 522f(na)g(n5)

= jf([xla)g([x],,)dx - j F(x)g(x)dx
= fmg‘(k)dk

by the dominated convergence theorem. R
We now easily deduce (IX.21):

LeMMA IX.4. — For any g satisfying the hypotheses of Lemma IX.3,
D9y(g) 1 — 1 ¢7(g): in any LAQ, dug), p < 0, as & — 0.

Proof. — 1t is sufficient to show that the right side of (IX.23) converges
to zero. We first note that we may replace g; by g;. For on T, [29,
Lemma 1V.2)

pal) ™t < 2 i (IX . 24)
Therefore
- 2 gk e+ k) — 84k oo+ k)2
J‘ 85 — 85 X,| < const. jlga( 1+ . r2) ga(]i'zf' Al X,
Bs - s uky) ... plk,)

< const. fM oK) (IX.25)

p(k)?
for any ¢ > 0, where we have used the standard inequality (see, €. g., [28])
d’py ... d%p,_, _ const.
W) upy — po)? - plk — p_y)® T pkY? T
We estimate the integral on the right side of (IX.25) by

(IX.26)

(/o) ™2 j | &5() 17(1 = xskDxslk) = (r* — Dp(/0)° J | k) > > 0

2n
where we have used the periodicity with periods 5 of g;(k).
Having replaced g; by g; in (IX.23) we dominate the resulting expression

by ,
Xélgé—gl J 2
_—_+ o

j 2 12

X, 1

Hs oo s H... 1
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The first term goes to zero because of (IX.24), (IX.26) and the previous
Lemma; the second term goes to zero by the dominated convergence
theorem together with the pointwise convergence us(k) — u(k). ||
This completes our review of the lattice convergence for free B. C. For
X = P or N exactly the same proof goes through with the replacements
R2 - A, T; > TF and €% > fXx).

We now amplify somewhat on this remark:
We rewrite the lattice theory in terms of the continuum theory by

realizing ¢(fx)
qn = a,n

Jonlx) = z S (nd) fXukus(k) ™" .

keTX

where

It is then easy to check from (IX.11) and (IX.13) that the covariances agree

f¢(m)¢(ﬁ;)dux _ j SR Dy = (€
Therefore

J¢,’s‘(h1) oo @F(h)e Unedpy
SXohy, -y b)) = (IX.27)

Je‘ux"’dui‘

where

¢3(h) = O*Zh(nd)p(f3%)
etc.

As in the case X = F the key step is to show that : (¢3)(g) : - : ¢"(g) :
in L*(dy}). This reduces to showing the convergence to zero of

ky + ... + k) ki + ... + k)P
Xs(k) — IX.
Zx wol) - mlk) 0T ey iy | X

keT
where for g with support in A

(k) = 522 fé(nd)g(nd)

gX(k) = f SX(x) g(*)dx
A
and gX(k) = xs(k)gX(k). From (IX.12b) we have as usual a Parseval’s
identity
522 | gnd)|* = Z | 235(k) |7

keT%
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and the proof that (IX.28) — 0 is virtually identical to the case X = F.
In conclusion:

THEOREM IX.5. — Let X = P or N. Suppose h;e Cg(A), j=1, ..., 1.
As & — 0, the lattice Schwinger functions SX 4h, ..., h) of (IX.19)
converge to the continuum Schwinger functions

J(ﬁ(hl) v e RdpX

Je‘”xd,u’,f

Remarks. — 1. Since we are assuming that the sides of A are odd mult-
tiples of 5, we mean that § — 0 through a sequence §; = I/(2j + 1), say.

2. The method used in proving Theorem IX.5 also applies to Diri-
chlet B. C. provided we position the lattice so that the sides of A pass
through lattice points (see the remark after Lemma IX.2). Thus in the case
of rectangles we have a somewhat simpler proof of the convergence of S} ;
than the proof given in [29] for more general regions.

We conclude this subsection with a proof of the convergence of the
HX Schwinger functions for X = P, N. These are defined as in (IX.19)
or (IX.27) except that the interaction is Wick ordered with respect to the
free covariance:

SX(hy, ..., h)

j@s‘(hl) o @X(h)e” UnedyX
Sl/’\{?(é(h,b .o ey hr) =

Je—-UA,dd“X

The convergence proof amounts to a corollary of Theorem IX.5 since we
can rewrite free Wick-ordered powers in terms of X-Wick ordered
powers [29]: (Notational warning: in the symbol 4G for a difference of
Green’s functions, the § has nothing to do with the lattice spacing 4!)

[r/2]

CPN(x) = z { r} SGX(x) © ¢"H(x) ixa (IX.29 a)
=
and
[r/2]
SRSy = {Jr} GXmdY : p(f ) "% xa  (IX.29b)
where
{r} — P — 2 Y
j
6G(x) = lim [GX(x, y) — Go(x — V)] (IX.304)
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nd
2 3GX(10) = (CN),.n — Go.40). (IX.30 b)
Thus, the effect of Free Wick ordering is just to modify the spatial cutoff
function y, by factors of 6GX(x)’ (or 6G}(ndy in the lattice case). These
factors are most easily controlled by means of the image formulas (III.30)
and (IX.9). As we have already noted in § III the singularities involved
are only logarithmic in the « distance » of x e A to the boundary JA,
r = max (min (x; + 1;/2, ;)2 — x;)).
Explicitly, we have:

LeMMA IX.6. — For xe A, 6G¥([x],) is bounded uniformly in § for
r > 1 and satisfies for r < 1

| 6GX([x];)| < a log r™* (IX. 31)
where the constant g is independent of 8. Moreover, as § — 0,
0G3([x];) —» 0GX(x). (IX.32)

Postponing the proof of Lemma IX.6 we see upon examination of the
proof of Theorem IX.5 that the HX Schwinger functions also converge.
For by (IX.29b), (IX.31) and the subdominant coupling estimates of
§ VIIL, e~ Yre e LP(dpX) for all p < oo, uniformly in §. The key step (IX.21)
now takes the form

H(3) () ixa = 1 BT(B) xa in LAduy), p<oo (IX.33)
where hy(x) = 1A(x)0G3([x];Y and h(x) = yx,(x)6GX(xy. By Lemma IX.6
and the method of Lemma IX.3 it is clear that (h;); — h in L? and so
(IX.33) holds as before. This yields:

THEOREM IX.7. — Let h;e C3(A) and let X = P or N. As § — 0 the
half-X lattice Schwinger functions SiX(h,, ..., h,) converge to the conti-
nuum Schwinger functions SH¥(h,, ..., h,).

The main step in proving Lemma IX.6 consists of showing that each
of the terms in the images sum (IX.9) has the expected behavior:

LEmma IX.8. — Let r =max (|n,|d,|n,|8). There are positive
constants a, b and ¢ independent of & such that
[|Goond)| <alogr™* r<1/2 (IX.34)
and
| Gy 4(nd) | < be™" r=1/2. (IX. 35)

Proof. — Suppose without loss of generality that n, > |n,|. For each
k, €[~ n/6, /o], we regard f(k,) = (k)™ as an analytic function of k,.
From the definition (IX . 8) we see that f(k,)is analyticin a strip | Im k, | < k
where x is determined by

2 cosh ok =4 — 2 cos 6k, + m26% = «.
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i.e.x=0"'log[(a+ /a? — 4)/2]. Now [29, Lemma 1V.2]

2
cosy<1l-——y° (IX.36)
n
if ye[— =, n] so that

4
a>2+ 52<mg + ~n—2k§) =2 + 6v(k,)?.

2 4+ 62 + J48%v? + &4v*

It follows that

k>6"1log 3
> 5 log (1 + 6v)
> v =cip
log (1 + x
where ¢, = 0min log (1 + x) where x, = (4 + m36%)!/> = max v. Note
<x<x0 X

that the constants c,, ¢j are independent of 6 as 6 — 0.
Using Cauchy’s Theorem we shift the integral over k, in the definition

of G ; to the line Im k; = c,u where ¢, < ¢ is a positive constant to be
determined :

n/d ) LI
J e'k"ﬂa(k)_zdh = f elk"—cwrl‘a(h + icyp, kz)_zdkl .
—n/d —n/d
The integrals along the lines Re k; = + n/6 cancel because of the periodi-
city of e*" and p,(k).

Now

| 0263 (ky + icom, k) |
= |4 — 2 cos k0 cosh c,pud.— 2i sin k, 8 sinh c,u8 — 2 cos kyd + m3o? |
>4 — 2 cos k;6 — 2 cos k0 + mjd* — 2 (cosh c,ud — 1)

4
> 52(m§ + —Ekz) — c3(c o)
n

by (IX.36) and the fact that there is some ¢; > 0 (independent of J) such
that 2 (cosh x — 1) < c3x2 for 0 < x < ¢,x,. We now choose c, sufficiently
small so that c3c3 < 1/10. Then

| ud(ky + icop, ky)| > const. u(k)®.

We thus obtain the estimate

”

| Go s(nd)| < const. | d*ke™*u(k)2
RZ

Y,
r

= const. | dk,e”<*®Irp(k,)"!
JR
(* 0

= const. due™ " (u> — md)~12. (IX.37)

JMmo
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It is obvious from (IX.37) that G, 4(nd) = O(e™“>"") for large r, whereas
for small r (say r < m,) we have

r-1 e~ g © g camr
| Go 4n6) | < const. { J o+ f s du}
mo (“ - mo) r-t (}1 - mo)

< const . e + ? e dx
=¢ st. o (#2 _ m(2))1/2 L (x2 _ m(2)r2)1/2

=0(nr 1) + 0(l).

This completes the proof of the lemma. [ ]

Proof of Lemma IX.6. — By (IX.9) we exhibit 6G} as an absolutely
convergent sum

6GX(né) = ZGM(WS — (n¥n)d). (IX.38)
Jjez?
j#0
By an argument we have used already in § III, we see from (IX.38) that
« nearest » images of nd contribute at most a logarithmic singularity (by
(IX.31)) while the other images contribute a rapidly convergent sum by
virtue of (IX.32). Consequently,

| 6GX(nd) | < const. In r;* (IX.39)
where
s = max (min (n;6 + 1;/2, 1/2 — n;6)).

Trivial geometric considerations show that r; > r/2 so that (IX.39)
implies (IX.31).

As for the pointwise convergence (IX.32), it is sufficient to show conver-
gence for each term in (IX.38):

Go([x]5 — P;([x]a) — Gy(x — p;(x) .

Setting z = x — pYx we may suppose that z, # 0 and hence that [z,]; # 0
for sufficiently small 6. Integration by parts with respect to k, gives

e*12 2 gsin 5k,

Go,allzls) = L AT (IX.. 40)
and ¢ )
ez Dk,
Go(2) = Jeizl e (IX . 41)

The integrand in (IX . 40) is bounded by an integrable function independent
of 6 and converges pointwise to the integrand in (IX.41) as § — 0. Hence
by the Lebesgue dominated convergence theorem Gy 4([z];) — Gol2)
asd — 0. [ |
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Remark. — 1t is not hard to see that the lattice approximation also
converges with mixed B. C,, i. e. one of F, D, N or P on opposite edges and
another of F, D, N or P on the other two edges.

IX.2. Inequalities on Schwinger functions.

In the previous section we showed that

a) the X and HX P(¢), lattice theories are ferromagnetic;

b) as the lattice spacing — 0, the lattice Schwinger functions converge
to the continuum Schwinger functions. Consequently, by the methods
of [29] [63] and the correlation inequalities of the Ising model (see e. g,
[74] [35]) we immediately have the standard correlation inequalities for
¢ =F, D, N, P, HD, HN, HP:

1) Griffiths inequalities. — If P(x) = P,(x) — ux where P, is even and
u >0, then
Salxy, oo, x,) =0

and
SX(xp R xr+s) = S.l/r\(xl, cr xr)Sf\-(xr+l5 cte xr+s)'

i) FKG inequalities. — If P is an arbitrary (semibounded) polynomial
and if F and G are increasing functions of the fields (see [29]) then

(FGHR = (GG}

where (. )% denotes expectation with respect to the P(¢) interacting
measure in A with ¢ B. C.

iii) GHS and Lebowitz inequalities. — If P(¢) = a¢* + bdp? — u¢ where
a> 0 and yu > 0. Then the truncated three point function

CPX)P(y)P(2) >ar < 0.
If 4 =0, then
CHX)P(»)P(2)Pp(w) D r < 0.
Remarks. — 1. If the infinite volume limit is known to exist then the

above inequalities transfert to the infinite volume theory (see [53] for
more details).

2. For P(¢) = a¢* + bg> — u¢, the Lee-Yang Theorem also holds for
all of the above B. C. o (see [62]). For instance the ground state energies
of the various Hamiltonians Ef(x) are real analytic in u > 0 and have
analytic continuations to the region Re y > O (this result uses the Remark
at the end of the previous subsection).

3. Any other multilinear inequality proved for F or D B. C. extends
to these B. C. o, e. g, Neuman’s new inequality [45] and the inequality
Uy < 0 [3] [48] [67].

What about the lattice of Fig. I.1? It is natural to conjecture that the
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Schwinger functions for different B. C. are related as in Fig. I.1, especially
since in the non-interacting case such relations are true by (I.3 a) (the SX
are just sums of products of the GX !). However, we have been able to relate
only DB.C. to the other three B. C. Explicitly, it is clear from (IX.4) that F,
N and P B. C. are « more ferromagnetic » than D B. C. so that by the second
Griffiths inequality (P(x) = P,(x) — ux, u > 0)

SHP <X X =F,N or P (IX.42)

However the relations between F and N B. C. or between P and N B. C.
are not so simple. For instance, from (IX.4) we have

A} = AY - (B — B})
where the matrix B — B} has both positive and negative elements. In

order to show that S¥N dominates S, it is clear from the discussion around
formula (IX.3 b) that we must prove an inequality like

(4 — 4)’F(3) > = {(as — 4,)* > {F(@) > (IX.43)

where the expectations are infinite lattice expectations that interpolate
between F B. C. and N B. C. across dA, g, is a boundary spin in A, g,. a
nearest neighbor outside A, and F(§) is a product of spins inside A. The
inequality (IX.43) is plausible since the site n is « closer » than »’ to the spin
sites inside A ; however, intuitive considerations indicate that the Wick
wells in the interaction polynomial invalidate an inequality such as (IX.43).

In the special case where deg P < 4 the analogue of (IX.42) without
the H holds since we can control the change in Wick ordering. Explicitly
by (IX.294a) -

. ¢4 :A,D = ¢4 :A,X + bC(X) : ¢4 :A,X + const.
c(x) = 6GX(x) — 6GR(x) = 0

by (I.3 a). Using the : ¢? : correlation inequality of Theorem V.11 of [29]
we deduce that

where

SP<SX,  X=F,N,P.
We state these results as:

THEOREM IX.9. — Let P(x) = P(x) — ux where P, is even and u > 0.
Then for X = F, N or P, SHP < SHX_ If in addition, deg P < 4, then also
Sh < SX.

As we remarked in the Introduction it is very tempting to conjecture
on the basis of the lattice Fig. 1.1 that, since SP is monotone increasing
in A [44] [29] for P = P, — ux, S{N is monotone decreasing in A. Indeed
suppose one considers the non-interacting case where S{* = SX is a sum
of products of GX. Then it is immediate from the images formula (III.29)
that G}(x, y) (and hence SY) is monotone decreasingas A — oco. (Ironically,
the decrease of GY is more transparent from the images formula than the
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increase of GR!). However, a proof of this decrease for the interacting
theory involves proving an inequality like (IX.43) which seems false in
general. Certainly, if P(¢), possesses a phase transition, then Sy~ could
not decrease for all values of the coupling constants or else the infinite
volume theory would always have a positive mass gap since the theory
infinite in one direction has a transfer matrix with discrete spectrum and
unique vacuum. These remarks (and Theorem IX.9) serve to support our
assertion in the Introduction that a Dirichlet barrier is most compatible
with the ferromagnetic nature of boson field theories.

IX.3. On the identity of certain states.

We have seen that the pressure is independent of a wide variety of
boundary conditions. In certain regions of the space of coupling constants,
one expects that the infinite volume Schwinger functions will also be inde-
pendent of boundary condition. For example if P(X) = aX* + bx* — uX
with p # 0, we have the analogue of a classical ferromagnet in non-zero
external field and such statistical mechanical systems are known to have
only one equilibrium state [36] [55]. We note however, that even in the
lattice approximation, it is not completely clear how one should go about
extending the above results since they depend on the fact that the spins
take values in a bounded set.

We have two results to report here. The first relies on the B. C.-indepen-
dence of the pressure:

TueoreM IX.10. — Let P(X) = Q(X) — uX. Fix Q an even polynomial
and m,. Suppose that, for some open interval (a, b) = R, there isan M > 0
so that both the Half-Dirichlet and free B. C. transfer matrices for the
Q — uX theory (@ < u < b) in (— I/2, l/2) have a mass gap m with
m() = M for all [ > 1. Suppose the free B. C. Schwinger functions have
an infinite volume limit for a < pu < b. Then for all such y, the Half-Diri-
chlet and free B. C. Schwinger functions agree.

Proof. — Let SX (x4, .. ., X,; yt) denote the truncated n point Schwinger
function for the infinite volume Q — u¢ theory with X-B. C. where X is F
of HD. Let a (u) denote the pressure for the Q — pX theory. Itis a result
of Dimock [6] that a () is C* for a < p < b and

dk
Z:Ifu) = J\Sl)c(,T(Oa Xis oovs Xg—15 Il)de_zx

The necessary bounds that Dimock requires follow in this case by the
$-bounds in Frohlich’s form [/1]. As a result we have

JS{‘"%(O, Xiy ooy X WA 2x= JS{T(O, Xy, e X3 WA 2x (IX.44)
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We can suppose 4 > 0 without loss of generality by the (1, ¢) — (— u, — ¢)
covariance. Let us prove that

SE’T(O, Xis «vey Xp—15 ll) = S::?(O’ X5 ooy Xn—15 ,U) (IX'45)

by induction on n. For n = 1, this equality is just (IX.44). By the Griffiths
inequality (IX.42) SF > gD
and, so if we know that S;; = S? for n < m then S}, > SHD. Since their
integrals are equal by (IX.44), they must be equal. As a result (IX.45)
for n < m implies it for n = m. (IX.45) thus holds by induction. [ ]

CoroLLARY IX.11. — Let Q(X) = aX* + bX?; a > 0. Suppose

(i) The free B. C. transfer matrix for the Q(¢), theory in (— I/2,1/2)
has a mass gapmf >M > 0 for [ > 1;

(ii) The free B. C. infinite volume theory for Q — uX exists and is trans-
lation invariant for all pe (a, b).

Then for pe (a, b) the free B. C., HD and D theories agree.

Proof. — Let us prove the free and HD theories agree. The argument
of the D and HD theories follows by mimicking the argument in
Theorem IX. 10 and in this proof. By the GHS inequalities, mf () > mF (= 0)
and mj™>(u) = m™(u = 0) (see [63]). By the GKS inequalities

m™P(u = 0) = mf(u = 0)

(see [29]). Therefore m;"™(u) and mj (u) are uniformly bounded away from 0
for all pu. [ |

Remarks.— 1. In the above theorem and corollary we can replace F B. C.
by HP or HN B. C.

2. Under hypothesis (i) of the corollary we can conclude SP and SHD
agree for all u.

Our second general result is the elementary:

THEOREM IX.12. — Suppose that the infinite volume P(¢), Schwinger
functions S* exists for periodic B. C. with P(X) = aX* + bX? — uX for q,
# fixed and b in some interval («, f). Suppose that the infinite volume
Schwinger functions S* are continuous in b for b e (a, B). Then, for b € («, p),
the half-periodic B. C. infinite volume Schwinger functions S¥* exist and
equal SP.

Proof. — Let S{(x ; b) denote the X-B. C. Schwinger functions for the
aX* + bX? — uX theory in (— /2, 1/2) x (— t/2, t/2). By our discussion
in§ VI, Si7(x; b) = S} (x; b + ¢,,) where ¢, = Oasl, t - oo. Moreover,
Stdx ; b) is monotone decreasing as b increases by the : ¢ :2 correlation
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inequality [29] and the convergence of the lattice approximation with P
and HP B. C. Since ¢;, — O as [, t — oo we see that for any &:

Tim SPP(x; b) < SP(x; b — ¢)
lim S{¥(x; b) = S*(x; b + ¢).

Thus continuity of S* implies existence of the limit S** = lim S}¥ and the
equality S"* = S*. W

Note added in proof. While this paper was in press, a number of results
have appeared which are related to the main themes of this paper.
We mention the following two:

1. J. Glimm, A. Jaffe and T. Spencer have established the existence of
phase transitions for ¢% and have used + B. C. to study the detailed
properties of these phases (Commun. Math. Phys., t. 45, 1975, p. 203-
216, and Ann. Phys., to appear).

2. J. Frohlich and B. Simon (Princeton preprint) have studied the problem
of the identity of states and have improved the results of § IX.3. They
also prove that equality holds in the Gibbs Variational Principle for
all states constructed so far for P(¢),.
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APPENDIX

CHECKERBOARD ESTIMATES
AND SPATIAL DECOUPLING

In [29] we established the Checkerboard estimate for the case of F. B. C. and used it to
control the decoupling of spatially distant regions. In this Appendix we shall extend the
Checkerboard estimate to the other B. C. X = D, N, P considered in this paper, and we
shall indicate its usefulness in obtaining estimates with the « correct » volume dependence.
In § IV.5 we have already used the Checkerboard estimate for P B. C. to ensure the conver-
gence of the mean entropy for periodic states. The statement of the estimate is this:

THEOREM A .1 (Checkerboard estimate). —Let X = F,D,N,P.Let A = u A; be a rectan-
gular array of adjacent translates A; of a rectangle A,. Then if u; is (£, » du}) measurable,

|| Tl [ < TT ||y |5 (A.1)
where p < oo is independent of the number of rectangles A,;.

Remark. — We denote the norms on L?(Q, duX) by || . ||»* and the associated one
particle space by NX with inner product

{fe)k= J S(x)GX(x, y)g(y)dxdy .

For free B. C. the Checkerboard estimate is an immediate consequence of the hyper-
contractivity of e~ 'fo (see [29]), whereas for general B. C. a more involved argument is
required (as in [29, § III. 1]). Our basic estimate on the Green’s function is (III.31) whose
long distance part is, for | x — y |x > 1, say,

0 < GX(x, y) < be™tmo=9lx~»Ix .2

where the constant b is independent of A if the sides of A have length greater than 1. Here
| x — y|x denotes ordinary Euclidean distance for X = F, D, N and periodic distance
for X = P (see Lemma III.2).

First we note that the analogue of Lemma III.4 of [29] holds:

LEMMA A.2. — Let f; and f, in NX have supports separated by an X-distance r. Then
RN Ol FAEA

where e(r) = aa” for some a > 0,0 < a < 1.

Remarks. — 1. The method of proof shows that « may be taken to be ¢~ ™ ~# for
any ¢ > 0.

2. The proof below is merely sketched since it follows that of [29, Lemma III.4] whose
proof in turn is based on a method dusz to Osterwalder and Schrader [¢7].

Proof. — 1t is sufficient to prove the lemma for r > 1. Let { € C~(R?) satisfy {i=1
on supp f; and {; = O just off supp f; so that the regions A; = A nsupp ¢ ; are separated
by an X-distance greater than r — 1. Then

S fa >§ = (fp CIGXCZfZ)
=(f1, LLGXLH(— A + m3)GX 1)
= (/1 (:GXl(ALy) + 2(V,)- V]GX /o)
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by « commuting » {, and — A + m3. We perform a similar operation with {, and insert
characteristic functions of A:

S 208 = (fi, GRIALY) = 2V-(V{)]a- GRIALAL,) + 2(VE,) -VIGRfy) -

Letting n; = (A{;)x, we see from (A.2) and the proof of Lemma III.5 A of [29] that, as an
operator on L2(A),
|| 7.GXn2 || < const. e~ (moor

A similar bound holds for the other terms such as (V{,)xosGXxa(Al;). Finally by a qua-
dratic form argument it is easy to see that V(G})'/? is a bounded operator so that

|< fi fa >X| < const. ¢~ (mo—or ||(G’,{)”2f H . ” (G’,f)mf ”

and this proves the lemma. [ ]
By Nelson’s « Best » hypercontractive Theorem [43], we obtain as in [29]:

CoROLLARY A.3. — Let A, and A, be regions in A separated by an X-distance r. If u;
is (Z4,, du)) measurable and if
(py — D(p, — 1) 2 e(r)?, (A.3)

gz (2% < [l 57 [ 155

Proof of Theorem A.l.— Assume first that A is an N x 1 « strip » of rectangles A; of
dimension g x b. Decompose A = R; UR,; into two subsets obtained by taking alternate A’s
in R, and the other Ajs in R,. Similarly decompose each of R, and R, into two subsets a
distance q apart. If this process is repeated until the sets reduce to the basic constituents A ;,
it is clear that at the nth step the two subsets of a decomposition are a distance d,=(2""! —1)a
apart. :

Consider the cases X = D or N and apply Corollary A.3 at each decomposition with
p, = p,. For n =1 we have

|| Tt [ < [ TTp oyt G Nty ™ 5

where g, = 2. At the nth decomposition we obtain L% norms, where, by (A.3),
4n/9n—1 = 1 + e(d,). That is,

g, = h..ﬂ-qezn(lmday
i=2

then

dn-1 4 n-2 91

0

Clearly, since Ze(di) < o, g, is bounded independently of n, and so the theorem is
i=2
established in this particular case. For X = P this argument must be slightly modified
since it is the periodic distance which is involved, but we reach the same conclusion.
Finally suppose that A is an N x M array. First apply the above argument where the
elementary constituents are taken to be the N 1 x M strips and then apply the same argu-
ment to each of these strips. [l

Remark. — For the purposes of this section it is interesting to note that an exponential
decrease function e(r) is not required; in fact, e(r) = 0(r~?) for some ¢ > 0 would be sufficient.

The usefulness of the Checkerboard estimate lies in the fact that it allows a factorization
over disjoint spatial regions even though such regions are not strictly independent. As
an illustration, we shall give the third proof in this paper of the « linear lower bound »;
this proof is an alternative to the proof using N B. C. in § III.2 and a partial alternative
to the method of § VII.4 using hypercontractivity (the Checkerboard estimate may be
regarded as an abstraction of hypercontractivity). The same technique gives an alternative
proof of the subdominant coupling estimates of § VII. 4. For related material involving P(¢),
estimates see also Dimock and Glimm [7].
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THEOREM A.4. — If A is a rectangle, Je‘”i‘dux = ¢OUAD,

Remark. — We make our usual assumption that the sides of A have length greater than 1.
1A]

In fact, for simplicity of exposition we shall assume that A =UA‘ where the A; are
unit squares. i=1

Proof. — Although this linear lower bound follows at once from (A.1) and the lower
bound upon setting u; = exp (— UX;*), we wish to give a proof from first principles. The
basic idea is to make a Duhamel expansion in each A; and to use the Checkerboard estimate
to « decouple » these expansions. With X s F B. C. some care is required in introducing
an ultraviolet cutoff in such a way as to ensure that UX, remains X,-measurable. It is
possible to do so, for example, by using a cutoff function h,(x) with compact support in
x-space (rather than the function ¥,.(x) used in § VII.4 which had compact support in
momentum space) and by introducing an additional spatial cutoff in the integral over x.
We refrain from writing out the details but shall prove the theorem only for F B. C. in

which case the definitions of § VII.4 are appropriate. Thus let U,, = f CP(@):,
Ai

UAhx = f : P(¢K) o and 5U/\iw = UA{ - U/\i,x .
Ai

We perform a Duhamel expansion (VII.29) in each A, (see the proof of Theorem VII. 10
above):

© |Al mi+1 m;
1
e UA = | |e~UAi = Z(_ l)lmlf ds He—as,!um,xj 5UAi.x,- (A,4)
0
i m=0 i=1 j=1 i=1
where m = (my, ..., mp); Im|=m; + ... + my,; | ds represents integration with res-
pect to the |m| variables s} > ... > s, ...;8M > ... > ; and o5 = si_, — si.

If we choose k; = ¢/ then as in (VII.30) we have by the semiboundedness of U, :

ﬂe—asl‘?um.x,- < Hecljﬁs} < gertmit 1) (A.5)

J J

By the Checkerboard estimate (since the ultraviolet cutoff introduces a slight overlap,
we first apply Holder’s inequality)

J 1—] | aUAi,x,- | dﬂo < ﬂ “ H‘SUA.-,XJ-
ij i Jj

where p is independent of | A |. By Holder’s inequality and the smallness of the tail §U Ak

(see VII.28):
H ﬂéUm,,‘j < n” OUR, . llpm;
j=1 PoogE1
S () Pmi)"m"l_]’cj_c

A+n-1

j
< c5(c, pmy)™Mie 4 mi (A.7)

(A.6)

P
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where c¢j, ¢, are positive constants. Applying the estimates (A.5) and (A.7) to (A.4) we
obtain an expansion which factors:

1
Je_UAdﬂo < Z ]—[  eeulmit ‘)03(62 pmi)nm,e—uml! +n-1
Am!
m 1)
- 3 1+n-1
= o exp [ey(m; + 1) + nm; In ¢, pm; — cym; ]
i m; i

= Ho(l) — UMD
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