®

Check for
updates

Asymptotics of Chebyshev Polynomials, III.
Sets Saturating Szegod, Schiefermayr,
and Totik—Widom Bounds

Jacob S. Christiansen, Barry Simon and Maxim Zinchenko
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1. Introduction

Let ¢ C C be a compact, not finite set. For any continuous, complex-valued func-
tion, f, on e, let

I f1le =S;1é§\f(2)l- (1.1)

The Chebyshev polynomial, T,,, of ¢ is the (it turns out unique) degree n monic
polynomial that minimizes || P||. over all degree n monic polynomials, P. We define

tn = [|Tnlle- (1.2)

This paper continues our study [3, 4] of ¢, and T,,, especially their asymptotics
as n — 0o. We let C(e) denote the logarithmic capacity of e (see [18, Sect. 3.6] or
[1, 7, 10, 11, 16] for the basics of potential theory).

Szegé [22] proved for all compact ¢ C C and all n that

tn, > C(e)", (1.3)
while Schiefermayr [17] proved if ¢ C R, then
tn > 20(c)". (1.4)

This paper had its genesis in a question asked us by J. P. Solovej about which
e have equality in (1.3) or (1.4). After we found the solution described below, we
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found that for ¢ C R the question was answered by Totik [25] using, in part,
ideas of Peherstorfer [15] (related ideas appear earlier in Sodin—Yuditskii [20]).
Moreover, for a special set of domains in C, it was answered implicitly (without
proof) in Totik [26]. We feel it appropriate to publish our proofs because [26] is
neither explicit nor comprehensive and mainly because our proofs are different
and, we feel, illuminating. In addition, the sets f, which we introduce in Section
3 may be useful in the future. Here are our two main results:

Theorem 1.1 (Totik [25]). Let ¢ C R. Fiz n. Then t, = 2C(e)" if and only if
there is a polynomial, P, of degree n so that

¢e=P1([-2,2]). (1.5)

Remarks. 1. We emphasize that in (1.5), we mean that any z € C with P(z) €
[—2,2] has z € ¢ (as well as P(e) = [—2,2]) not just for z € R.

2. It is easy to see that T, is then a multiple of P.

3. In particular, if ¢; = 2C(e) and ¢ C R, then e is an interval and equality
holds in (1.4) for all n. We note that Totik [27, Theorem 3] has a stronger related
result. He proves that if lim,_,oo|| | /C(e)™ = 2 for some ¢ C R, then e is an
interval.

4. Totik mentions that the ideas in the result and proof are mainly in Pe-
herstorfer [15]. The sets for which equality holds in (1.4) are precisely the sets that
Peherstorfer called T-sets and which Sodin—Yuditskii [20] call n-regular sets. They
are precisely the spectra of the period n Jacobi matrices which we called period-n
sets in [3].

Theorem 1.2. Let ¢ C C. Fiz n. Then t, = C(e)" if and only if there is a
polynomial, P, of degree n with

00(¢) = P~1(0D) (1.6)
where OO0 is the outer boundary and D the open unit disk.

Remarks. 1. If ¢ is compact, then C \ ¢ has exactly one unbounded component,
¢#. Tts boundary is O9(¢). We call C \ ¢! the interior of O9(e) and ¢f the exterior
of O0(e).

2. We'll state several equivalent forms of this theorem in Sect. 3 below.

3. When ¢ is a finite union of analytic Jordan curves lying exterior to each
other, this result is stated in passing and without proof in Totik [26]. In that case,
09(e) = e so Totik doesn’t mention outer boundaries.

4. Polynomial inverse images of 9D are called lemniscates (see [21]). We'll say
more about their structure in Section 3, but we note that generically they are a
union of at most deg(P) disjoint mutually exterior analytic Jordan curves and in
general, a union of at most deg(P) piecewise analytic Jordan curves with disjoint
interiors but with possible intersections at finitely many points.

5. It is easy to see that T, is a multiple of P.

6. In particular, t; = C(e) if and only if O9(e) is a circle.



Chebyshev Polynomials, 11T 233

It follows from these theorems that if ¢, has equality in (1.3) (resp. ¢ C R
and t,, has equality in (1.4)), then for any k = 1,2,..., ¢, also has equality in
(1.3) (resp. (1.4)) (by using a suitable scaling of P¥). We want to note that this
can be proven directly:

Theorem 1.3. Ift, has equality in (1.3), then so does tpy fork=1,2,...

Proof. Since (T,,)* is monic, tpx = ||Toklle < [(T0)*|le = t& = C(e)"* if t,, has
equality in (1.3). By Szegd’s lower bound, we see that t,; = C(¢)"F. d

Theorem 1.4. If ¢ C R and t, has equality in (1.4), then so does tni for k =
1,2, ...

Proof. We can’t use (T,) since that only leads to t,, < 2*C(¢)"*. The key is
to realize that z — 2* is the kth Chebyshev polynomial for {z||z| < t,}, so we
replace z — z* by the kth Chebyshev polynomial, S, for g, = [~t,,t,]). Since
C([~tn,tn]) = tn/2 and equality in (1.4) holds for all n for intervals, we have that
1Sk |lg,, = 2(t,/2)%. Since Sy 0T}, is a monic polynomial of degree kn, we have that

ok < [|Sk o Thfle < HSk”gn = 2(20(3)772)]C = QC(e)kn

50, as in the last proof, t,, = 2C(e)*". a

We prove Theorem 1.1 in Sect. 2, Theorem 1.2 in Sect. 3, consider when the
upper bound we found in [3] is optimal in Sect. 4 and discuss related problems
in Sects. 5 and 6. JSC and MZ would like to thank Fiona Harrison and Elena
Mantovan for the hospitality of Caltech where much of this work was done. We
are delighted to dedicate this paper to the memory of Boris Pavlov. One of us (BS)
in particular owes Boris a tremendous debt for having sent him talented under-
graduates that Boris mentored in St. Petersburg (Kiselev) and Aukland (Killip)
who then did doctoral studies at Caltech.

2. The Real Case

In this section, we’ll prove Theorem 1.1. Both it and Theorem 1.2 rely on the
following simple fact.

Proposition 2.1. Let ¢ C g be two compact subsets of C with positive capacity
and let pg (resp. pe) be the potential theoretic equilibrium measure for g (resp. e).
Then C(e) = C(g) if and only if supp(pg) C e.

Remark. Section 4 has another proof of this; see Proposition 4.1.

Proof. Let £(p1) be the logarithmic potential energy of a finite positive measure,
ie.,

E() = // log(|z — 4] ™) dp(x)du(y) (2.1)
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so that pg is the unique probability measure minimizing £(p) among all probability
measures with supp(u) C g. Since C(¢) = e~ ¢(P¢) | we have that

C(e) = C(g) <= E(pe) =E(pg) = pe=pq (22)

for, since p. is a trial measure for the g potential minimum problem and the
minimizer is unique, we have that £(p.) > &(pg) with equality if and only if
Pe = Pg-

If p. = pg, since supp(p.) C e, we see that supp(py) C e. Conversely, if
supp(pg) C ¢, then pg is a trial measure for the e potential problem and so the
minimizer since it is the minimizer for the larger minimization problem. It follows

that p. = pq so, by (2.2), C(e) = C(g). O
Recall that, given ¢ C R, in [3], we defined
tn = Tn_l([ftnvtn]) (2.3)
and proved that
eCe, CR (2.4)
and
tn, = 2C(en)". (2.5)
Tt is also easy to see [3, (2.9)] that if
2T, (z
Au(e) = 22 (2.6)
n
then the potential theoretic Green’s function for e, is given by
1. |ALz) An(2))°
=—1 — 1. 2.
Geu(2) = ~log| =2 4 [(Bn (27)
This can be shown to imply that the equilibrium measure for ¢,, is [3, Theorem 2.3]
Al (z
dpen(z) = —22E oy d (25)

/4 — An(x)2 "

where ., is the characteristic function of e,. Since A, is a polynomial, A/ is
non-vanishing on e, except for a possible finite set in e, (which one can specify
precisely but we don’t need to). We have the following:

Lemma 2.2.
supp(pe,,) = en. (2.9)
Proof of Theorem 1.1. Since ¢ C e, by Proposition 2.1, we have that
C(e) = C(en) < ¢, =supp(pe,) C e < e =¢,. (2.10)

On the one hand, by (2.5), t,, = 2C(e)" = C(¢) = C(ey) = ¢ =¢, = ¢ =
A-1([-2,2]) so (1.5) holds with P = A,. On the other hand, if (1.5) holds, it is
easy to see that T,, = ¢P and then that ¢, = ¢, so by (2.5), we get equality in
(1.4). O
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The above proof is only a slight variant of the proof in Totik [25]. We include
it mainly to set the stage for the next section.

3. The Complex Case

In this section, we will prove Theorem 1.2. The key to the proof is to define
a complex analog of the sets ¢,. We believe that these sets, f,, will be useful
elsewhere and are the most important idea in this paper. Given a compact set
¢ C C and its Chebyshev polynomial, T;,, we define

fn :{ZHTN('ZH Stn} :Til({zl\zl Stn})- (3'1)
Theorem 3.1. (a)
¢ C fn; (3.2)
(b)
HTnHe =t = C(fn)n (33)

Remarks. 1. These are analogs of (2.4) and (2.5).
2. They immediately imply (1.3) (not that Szeg®’s proof [19, Theorem 4.3.7]
is very hard) since (3.2)= C(f,) > C(e).
Proof. (a) is trivial.
(b) Let h be defined on C by
h) 0, if |T(2)] < tn,
zZ) = z .
Liog ('Ttﬂ) LA [T(2)] > b

Then h is continuous on C and harmonic on C\ f, and near infinity has the
asymptotics

(3.4)

h(z) =log|z| — 2 log(t,) + o(1). (3.5)
From the first term and h(z) = 0 on f,, we see that h is the Green’s function,

Gj,,, for f,. By the realization of the capacity in the asymptotics of the Green’s
function [18, (3.7.4) & (3.7.6)] and (3.5), we see that

which is (3.3). O

The proof of (b) just depended on the form of §, and not that, a priori, T,
is a Chebyshev polynomial. We thus can prove (see also [16, Theorem 5.2.5]):
Theorem 3.2. Let P be a degree n polynomial with
P(z)=cz"+--- (3.6)
and let
Sa={z||P(z)| < a} (3.7)
for some a > 0. Then

C(Sa) = (af )" (3.8)
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and for Sy, we have T,, = ¢~ P. In particular, S, obeys
[Talls., = C(Sa)" (3.9)

Proof. As in the proof of Theorem 3.1, outside of S,, the Green’s function is
Llog(|P(z)|/c), whose asymptotics at infinity is log(]z]) + L log(|c|/@) + o(1) so
(3.8) holds.

Note that @ = ¢ 'P is a monic polynomial with ||Q|ls, = C(S.)". By
Szegd’s lower bound, ||Q||s, < t, which implies that @ = T,, by the minimum and
uniqueness properties of T,. O

Clearly,
0Sa ={2||P(2)| = a} = La. (3.10)

This is a lemniscate [21]; |P| is C! away from the zeros of P and, using the
Cauchy-Riemann equations, it is easy to see that if P(zg) # 0 then V|P|(z9) =
0 & P’(zp) = 0. Hence the critical values of |P| are precisely those « for which
there is a zg with P’(29) = 0 and |P(z0)| = a. At non-critical values, L, is thus
a union of disjoint, mutually exterior, analytic Jordan curves. For « small, the
number of curves is exactly the number of distinct zeros of P. As « increases,
the number of components changes exactly as « reaches a critical value, «y, at
which point the number of components decreases by the number of critical points
(counting multiplicity) on L,,. At such values, the closure of the components of
the non-critical points are piecewise analytic Jordan curves with disjoint interiors
and with corners at the critical points. For « large, L, is a single analytic Jordan
curve.

We call S, which is the union of the insides of the Jordan curves in L,, a
solid lemniscate. It is easy to describe the equilibrium measure of such sets.

Theorem 3.3. Fix a degree n polynomial P and o > 0. Then

(a)

1 P(2)
dp = dz | Lg 11
P=orin P(z2) Z1 (3:-11)
is a probability measure;
(b) On L, we have that
P'(z) P'(z)
dz = dz|; 12
P = | (342
(c)
dp= 5 Ara(P()|de] | L (313)
= ——Ar 2))|dz o .
P~ 9m |dz| &

(d) The measure in (3.11) is the equilibrium measure of Sq;
(e) supp(dp) = La.

Remarks. 1. The symbol dz on a curve needs an orientation. We’ll specify this
orientation in the proof. Basically, it is counter-clockwise around S,,.
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2. The proof shows that each Jordan curve in L, has p measure k/n, where
k is the number of zeros of P (counting multiplicity) inside that curve.

3. One can also prove the critical (d) by using the formula for the Green’s
function and by evaluating the normal derivative of log(|P|) on L.

Proof. (a), (b), and (c). Since P has no zeros on L,, we can locally define an
analytic function W (z) = log(P(z)) on each Jordan curve in L,,. Its derivative is
P'(z)/P(z) irrespective of which branch of log that we take. Moreover, if locally
P(z) = ae®®) on each such curve and if we parameterize the curve by arc length,
~(s), with the curve oriented so that S, is to the curve’s left, then, for z; and zg
nearby points with z; = (s;) where s; > so, we have that 6, = 6(z1) > 0(20) = 6o.
This is easy to see using the Cauchy—Riemann equations for log(P(z)) and the
fact that its real part increases in the direction outwards from S,. Moreover, if
df(y(s))/ds vanishes at s = sg, since Re W(z) is constant on v we conclude that
W'(z0) = 0 = P’(z9) = 0. Thus df/ds is strictly positive except at the critical
points which implies that 6 is strictly increasing on ~.
Clearly,

[ e v () v () =00

proving that the measure in (3.11) is a positive measure. By the argument principle,
n times the integral over L, is the number of zeros in S,, so, the measure has
total mass 1. This proves (a) and the formula for P’/P in terms of ¢’ proves (c).
The positivity of the measure in (a) proves (b).

(d) Fix w € C\ Sy. Let T be a single Jordan curve in L, and R its interior.
Then log(z — w) is analytic in a neighborhood of R, so, by the residue calculus
and the definition of dp, if

Pz =[] - ) (3.14)

j=1
then
1
[ Tos = widplz) = 1+ 3 tow(G; ~ w)
r " (er

Taking real parts and summing over the Jordan curves, we get

[ 1oglz — wldo(z) = 1 og(|Pw)l/o) (3.15)

which we have seen is the Green’s function up to a constant. This implies that dp
is the equilibrium measure.

(e) We've seen that €’ is positive except on the finite set of critical points so
the support is all of L,,. a

The last preliminary we need is
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Lemma 3.4. Fiz a > 0 and let ¢ C Sy. Then
Ce) =C(Sy) < Ly Ce. (3.16)
Proof. Immediate from Proposition 2.1 and the last theorem. a

Proof of Theorem 1.2. Suppose equality holds in (1.3). Then C(e¢) = C(f,). Let
P =T, /t, so that f, = Sa=1. By (3.16), P~1(dD) C ¢ ¢ P~'(D). By the second
inclusion, C \ P~!(D) is contained in the unbounded component of C \ ¢. By the
first inclusion, we conclude that O9(¢) = P~1(ID).

Conversely, by Theorem 3.2, if (1.6) holds, let S; be the solid lemniscate
associated to P. By (1.6) and the lemma, C(¢) = C(S7). By Theorem 3.2, the
monic multiple, @, of P is the Chebyshev polynomial for S; and ||Q|ls, = C(S1)".
Since C\ S1 € C\ 09(e), we have that ¢ C S and thus [|Q]l. < ||Q|ls, = C(e)™.

This implies that @ is the Chebyshev polynomial of ¢ and that equality holds in
(1.3). a

We end this section by exploring some alternate forms and consequences of
Theorem 1.2.

Corollary 3.5. Let ¢ be a compact subset of C so that C\ ¢ is connected. Fiz n.
Then t, = C(e)™ if and only if ¢ is a solid lemniscate.

Remark. It is fairly easy to prove Theorem 1.2 from this result.

Proof. By Theorem 1.2, this is equivalent to showing that if C\ ¢ is connected and
00(¢) = L,, then ¢ = S,. To say that O9(¢) = L, means that the unbounded
component of C\ ¢ is C\ S,. If that is so and there is only one component, then
C\ S, =C\esoe=S5,. O

Here are other equivalences that are easy to check given our earlier arguments.
Theorem 3.6. t, = C(¢)" <= 0f, Ce.

Theorem 3.7. t, = C(¢)" if and only if there is a polynomial, P, and oo > 0 so
that Lo, C e C S,.

4. Equality in a Totik—Widom Upper Bound

In [3], we dubbed an upper bound of the form ||T5,||. < QC(e)™ a Totik-Widom
bound after Widom [28] and Totik [23] who proved it when ¢ C R is a finite gap
set. In that paper, we proved that

1Tl < 2exp(PW(e))C(e)" (4.1)

where PW(e) = >, cc Ge(w) with C the set of critical points (in C) of G (when
¢ C R, they lie in R). PW stands for Parreau-Widom who singled out sets with
PW(e) < oo in [14, 29]. We'll call sets that are regular for potential theory and
obey this condition, PW sets. Our main goal in this section is to discuss when one

has equality in this bound.



Chebyshev Polynomials, 11T 239
Since we want to say something about a formula for f,, we recall the proof
in a more general context, beginning with

Proposition 4.1. Let ¢ C g be two compact subsets of C with positive capacity
and let pg (resp. pe) be the potential theoretic equilibrium measure for g (resp. e).

Then
log <%> = / Ge(2z)dpg(z). (4.2)

Remark. Since G.(z) > 0, this implies that C(g) = C(e) if and only if G.(2) =0
for pg-a.e. z in supp(py). Since G¢(z) =0 = z € e and G(z) = 0 for q.e. z € ¢, this
happens if and only if supp(pg) C e. This gives an alternate proof of Proposition
2.1

Proof. Tt is well-known [18, Theorem 3.6.8] that near z = oo, we have that G;(z) =
log |z| —log(C(§)) + O(1/z). Let h(z) = G.(2) — G4(z) and note that

h(z) =log <%) +0(1/z) (4.3)

near oo. Thus h is harmonic on C\ g and bounded near infinity, so harmonic there.
It is known [18, Corollary 3.6.28] that dpy is not just the equilibrium measure but
it is harmonic measure at oo in the sense that if H(z) is harmonic and bounded
on (CU{o0}) \ g with q.e. boundary values on dg, then

H(x) = [ H()dpy(:). (4.4)
Taking H = h and noting that q.e., h [ g = G,, we get (4.2) from (4.3). d

Theorem 4.2. (a) For any compact ¢ C R,

(Tl = 2C(e)" exp (n / G.(z)dp., (x)) : (4.5)

(b) For any compact § C C,

ITls =€ exo (n [ Gyte)doy. (). (46)

Remark. (a) is from [3]; (b) is new although the proof closely follows the proof
of (a) in [3].
Proof. Immediate from (2.5), (3.3) and (4.2). O

The following restates the proof of (4.1) from [3] and answers the question
of when equality holds.

Theorem 4.3. (4.1) holds and if for some ¢ C R and n, we have equality in (4.1),
then ¢ is an interval.
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Proof. The set ¢, \ ¢ consists of some number of intervals in the gaps of ¢, at most
one per gap [3, Theorem 2.4] and p,, is a purely a.c. measure [3, Theorem 2.3]. In
each gap, K, there is a single critical point, wg of G, and these are all the critical
points. Moreover, in each gap, G, is strictly concave so G, takes its maximum
value for the gap exactly at the single point wg. Moreover, p, (e, N K) < 1/n [3,
Theorem 2.4], so [} Ge(z) dp., < Ge(wg)/n since dp,, is absolutely continuous.
(4.1) follows by summing over gaps and we only get equality in (4.1) if there are
no gaps in ¢, i.e., if ¢ is a closed interval. g

We can also answer when equality in the upper or lower bound occurs asymp-
totically along a subsequence. In our paper with Yuditskii [4], we focused on sub-
sequences {n;}72; where the zeros of T}, in gaps had limits. There is at most one
zero in each gap, K [3, Theorem 2.3]. Let G denote the set of all gaps of ¢, i.e.,
bounded components of R\ ¢. In [4], we defined what we called a gap collection, a
subset Gy C G and for each K € Gy, a point xx € K. We considered subsequences,
Ty, , so that for K € G \ Go, as nj — oo, either T, has no zero in K or the zero
goes to the one of the two edges of K and so that for K € Gy, there is a zero for
large n; which goes to xx as n; — oco. This describes all possible limit points of
the set of zeros.

Theorem 4.4. Fiz e C R, a compact set obeying the PW condition, and a subse-
quence with an associated limiting zero gap collection, Go and {xx}keg,. Then

Tim [Ty, [lo/C(e)" = 2exp ( ) Gcw)). (4.7)

KegGo

Proof. For any K € G and any j, define

w(K) =y [ Gla)dpe, (@) (45)
and
V(K) = igg G.(z) = Ge(wk). (4.9)

Since, by the PW hypothesis, V(K) is summable and v;(K) < V(K), the

dominated convergence theorem implies that
Jim I%v](f() = ;gjlggo v;(K). (4.10)

If K € G\ Go, since pe, (K) < 1/n; [3, Theorem 2.4] and G — 0 at the
edges, v;(K) — 0.

If K € Go, by [3, Theorem 5.1], there is for j large a single, exponentially
small band of ¢, entirely in K with zx in the band and penj(K) = 1/n;. It
follows that v;(K) — Ge(zx). Thus, by (4.10), > g v (K) — > keg, Ge(Tr)-
By (4.5), we get (4.7). O
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Corollary 4.5. Fiz ¢ C R, a compact set obeying the PW condition, and a
subsequence with an associated limiting zero gap collection, Gy and {Tx}xeg,-
Then

(a) If Gy is empty, we have

lim [|T,,,[|e/C(e)" = 2. (4.11)
j—o0

(b) If Go = G and, for each K, xx = wg, the critical point in the gap, we
have
lim ||, [[e/C(e)" = 2exp(PW (e)). (4.12)
j—oo

In general, we cannot say when there exist any subsequences of the type in
the Corollary but can with a few extra assumptions (see the discussion after the
example). We can analyze an especially simple case completely.

Example 4.6. Fix 0 < a < band let ¢ = [-b, —a]U]a, b], a two band set symmetric
about 0. Then for n odd, T;, is odd (by uniqueness of the Chebyshev polynomial),
so the unique zero in the gap (—a, a) is at = 0 which, by symmetry, is the critical
point of G, in the gap. Thus the ratio along the odds is given by (4.12).

On the other hand, for n even, T, is even, so by simplicity of zeros, non-
vanishing at 0. Since there is at most one zero in (—a, a), there cannot be any, so
Go is empty and thus, the ratio along the evens is given by (4.11). In fact, more is
true. If

4(x — b)?

Plz)=2— —F%
then ¢ = P~1([-2,2]), so ||Tak|. = 2C(¢)?* for all k and the lower bound is an
equality for all even numbers. g

In [4], we discussed limits of T}, /|7, for ¢ C R under a stronger condition
than PW called DCT. If ¢ has what we called a canonical generator, which holds
in a generic sense, then [4, Theorem 5.1] every Blaschke product occurs as a limit
point of the normalized Chebyshev polynomials which means one has a limit with
any set of simple zeros in any set of gaps. It follows that in this generic DCT case,
the set of limit points of ||T5,||/C(¢)™ is exactly the interval [2,2exp(PW (e))].

Finite gap sets are always DCT and it is not hard to see that they have a
canonical generator in the sense of [4] if and only if the harmonic measures of the
bands are rationally independent (except for the trivial relation that they sum to
1). Moreover, it is known (Totik [24]) that for sets with ¢ gaps (which is a 2¢ + 2
dimensional space described by a1 < b1 < --- < ag41 < bg41) the condition of
rationally independent harmonic measures is satisfied on the compliment of a set
of dimension ¢ + 2 so this rational independence condition is highly generic. We
thus have

Theorem 4.7. Let ¢ C R be a set with ¢ gaps so that the harmonic measures of
any q of the ¢ + 1 bands are rationally independent. Then the set of limit points
of |Twlle/C(e)™ is exactly the interval [2,2exp(PW (¢))].
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5. On a Theorem of Erdsos

For this section, it is useful to define dual Chebyshev polynomials as D, =
T./|Ty |- They are related to Chebyshev polynomials as dual Widom maximizers
are related to Widom minimizers, namely among all polynomials, p, of degree n
with positive leading coefficient and ||p||. < 1, they are the one with largest leading
coefficient. As such, for any such polynomial, p, one has that |p(z)| < |D,(2)] for
|z| large. The question is how large.

In [5], Erdés proved

Theorem 5.1. Let ¢ = [—1,1]. Let p be a degree at most n polynomial with real
coefficients and ||p||. < 1. Then for all |z| > 1, one has that
Ip(2)| < [Dn(2)]. (5.1)

Our goal in this section is first of all to advertise this result but also to
note two results related to this. First of all, we want to note that Erd&és’ method
immediately implies

Theorem 5.2. Let ¢ C R be compact. Let D be the minimum diameter disk
containing e. Let p be a degree at most n polynomial with real coefficients. Then
for z € C\ D, one has that

p(2)] < llplle[Dn(2)]. (5.2)

Remark. If o = mingec. x and 8 = max,c. z, then D has center %(a + B) and
diameter 5 — a.

Theorem 5.3. Let ¢ C C be a solid, degree n, lemniscate. Then (5.2) holds for
all polynomials p of degree at most n and all z € C\ e.

Remark. This implies that for general compact ¢ C C, we have

Ip(2)] < [[plle|Dn(2)] (5.3)
for z € C\ f,. Note that in general one cannot replace z € C\ f, by z € C\ e.

Proof of Theorem 5.3. Without loss, we can suppose that ||p|| = 1. From The-
orem 3.2 we know that ¢ = {z||D,(z)| < 1}. Thus all zeros of D, lie in ¢, so
f(z) = p(2)/Dy(z) is analytic in C \ e. It is bounded at oo, so oo is a removable
potential singularity. Since |D,,(z)| = 1 on ¢, we have that |f(z)| <1 on de. By
the maximum principle, |f(z)] <1 on CU {oo} \ e. O

As for Theorem 5.2, the only difference from Erdds’ proof is that he considers
the set of zeros of D!, and +1. This is the unique alternating set for D,, when

¢ = [—1,1]. In general, the alternating set is not unique but there does exist (see
[2, 12, 3]) a set zp < z1 < --- < x, of n+ 1 distinct points in ¢ with
Dy(z;)=(-1)""7; j=0,1,...,n. (5.4)

The key fact is geometric:
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Lemma 5.4. Let wy # wy both in C. Let D be the open disk with {(1 — 6)w;, +
Owy |0 < 0 <1} as diameter. Let z ¢ D. Then

Re[(Z — 1) (2 — w2)] > 0. (5.5)

Proof. (¢,€) — Re((€) is the Euclidean inner product on C viewed as R2. Thus
(5.5) says the angle between z — wy and z — wy is acute or right. It is well known
that the set of z where the angle is right is exactly D and that inside D the angle
is obtuse and outside acute. g

Proof of Theorem 5.2. (following Erdds [5]) Without loss, we can suppose that
Iplle = 1. Let {z;}7_; be an alternating set for D,,. For j =0,1,...,n, let

Gz =] —= (5.6)

kg 3Tk
be the Lagrange interpolation polynomials so that ¢;(xx) = d;; and thus
n n
Dy(z) =Y (=1)"745(2):  p(z) = Y pla;)t(2). (5.7)
j=0 j=0

Let ¢j = [[j;(zj — ) so (=1)"J¢; > 0 since n — j of the {z; —xy }rz; are
negative. Then

n—i T n—j . [I i,j |z — xp|? _
Rel(—1)" TG4 ()] = i e Rel(z =) — )] 20,
by Lemma 5.4. Thus, since |p(z;)| < 1 and p(z;) is real,
p(2)1? = Re[ Y GG ()palnle)] < SIReE )

(2]

= ZRe[(*l)”’im(*l)”’%@] =D (2)/*. 0

6. Invariance of Widom Factors Under Polynomial
Preimages

This final section is connected to the earlier ones, in that it involves polynomial
inverse images, but is otherwise unrelated. In the work of Widom [28] on asymp-
totics of Chebyshev polynomials, a key object is ||T},||./C(¢)™, which we, following
Goncharov—Hatinoglu [6], call Widom factors. We want to prove:

Theorem 6.1. Lete C C be a compact set, P(z) a monic polynomial of degree k >
1, and ep = P71(e) = {2 € C| P(2) € ¢}. Then for every Chebyshev polynomial
T, of e, the polynomial T,, o P is a Chebyshev polynomial of ep and

[Talle _ 1 Tno Pllep

Clo ~ Clep)® (6.1)
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Remark. The first part of this result was also proved in [8] by use of the Kol-
mogorov criterion (see [9]). Our proof is different.

Lemma 6.2 ([16, Theorem 5.2.5]). Let ¢ C C be a compact set, p a polynomial of
degree k > 1 with leading coefficient 1/v, and ¢, as above. Then C(¢,)* = |y|C(e).

Proof. Let G. and G., be the Green’s functions for ¢ and e,, respectively. Then
G, = %(Ge o p) since both functions are harmonic on C\ ¢, zero q.e. on de,, and
asymptotically log |z| at infinity. Comparing the constant terms in the asymptotics
at infinity yields the claimed result. g

Suppose p(z), q(z) are two polynomials with k& = deg(p) > 1. The average of
q over p is defined by

1
oqlp(2) = % Z q(€), (6.2)
{¢Ip(Q)=p(2)}
where the values of ( are repeated according to their multiplicity.

Lemma 6.3 ([13]). The average of q over p is a polynomial in p, in fact, oq, = Gop
for some polynomial § of degree at most deg(q)/ deg(p).

Proof. Fix z € C. Then for all sufficiently large R > 0, by the residue calculus,

_ 1 aQp'(Q) . g~ p) a(Q)p'(¢)
7 (2) = 5 dea ) §'|§<|:R ETE R Mg Feiey ?i‘:R PO %
(6.3)

by picking R so large that || = R = |p(2)| < |p(¢)|. Since, for j > deg(q)/ deg(p),
the integrals are zero (by taking R to o), we conclude that o,), = §op with

deg(q) < deg(q)/ deg(p). O

Proof of Theorem 6.1. Let () be a monic polynomial of degree nk. By Lemma 6.3,
oq|p(z) = Q o P where deg(Q)) < n. In fact, since P is monic of degree k and

@ is monic of degree nk it follows from (6.3) that Q is monic of degree n. In
addition, it follows from the definition of the average that |logplle, < |Q]lcp-
Thus, [T, 0 Plley = [Tulle < 10l = logieller < 1Qller s0 Ty o P is the (nk)th
Chebyshev polynomial of e,.

To get the equality of Widom factors note that ||T,,||. = ||[T5 o P|le, and
C(ep)* = C(¢) by Lemma 6.2. O

Acknowledgments

J. S. Christiansen’s research supported in part by Project Grant DFF-4181-00502
from the Danish Council for Independent Research. B. Simon’s research supported
in part by NSF grants DMS-1265592 and DMS-1665526 and in part by Israeli
BSF Grant No. 2014337. M. Zinchenko’s research supported in part by Simons
Foundation grant CGM-281971.



Chebyshev Polynomials, 11T 245

References

[1] D. Armitage and S.J. Gardiner, Classical Potential Theory, Springer-Verlag, London,
2001.

2] E. Borel, Legons sur les fonctions de variables réelles et les développements en séries
de polynomes, Gauthier—Villars, Paris, 1905.

[3] J.S. Christiansen, B. Simon, and M. Zinchenko, Asymptotics of Chebyshev Polyno-
mials, I. Subsets of R, Invent. Math. 208 (2017), 217-245.

[4] J.S. Christiansen, B. Simon, P. Yuditskii, and M. Zinchenko, Asymptotics of Cheby-
shev Polynomials, II. DCT subsets of R, Duke Math. J. 168 (2019), 325-349.

[5] P. Erdds, Some remarks on polynomials, Bull. Amer. Math. Soc. 53 (1947), 1169—
1176.

[6] A. Goncharov and B. Hatinoglu, Widom factors, Potential Anal. 42 (2015), 671-680.
[7] L. Helms, Potential Theory, Springer-Verlag, London, 2009.

[8] S.0. Kamo and P.A. Borodin, Chebyshev polynomials for Julia sets, Mosc. Univ.
Math. Bull. 49 (1994), 44-45.

[9] A.N. Kolmogorov, A remark on the polynomials of P.L. Chebyshev deviating the least
from a given function, Uspekhi Mat. Nauk 3 (1948), 216-221.

[10] N.S. Landkof, Foundations of Modern Potential Theory, Springer-Verlag, New York—
Heidelberg, 1972.

[11] A. Martinez Finkelshtein, Equilibrium problems of potential theory in the com-
plex plane, in Orthogonal polynomials and special functions, ed. F. MarcellAn and
W. Van Assche, LNM 1883, Springer, Berlin, 206; pp 79-117.

[12] A.A. Markov, Selected Papers on Continued Fractions and the Theory of Functions
Deviating Least from Zero, OGIZ, Moscow—Leningrad, 1948.

[13] 1.V. Ostrovskii, F.B. Pakovitch, and M.G. Zaidenberg, A remark on complex poly-
nomials of least deviation, Internat. Math. Res. Notices 1996, no. 14, 699-703.

[14] M. Parreau, Thedréme de Fatou et probléme de Dirichlet pour les lignes de Green de
certaines surfaces de Riemann, Ann. Acad. Sci. Fenn. Ser. A. I, no. 250/25 (1958).

[15] F. Peherstorfer, Deformation of minimizing polynomials and approzimation of several
intervals by an inverse polynomial mapping, J. App. Th. 111 (2001), 180-195.

[16] T. Ransford, Potential Theory in the Complex Plane, Cambridge University Press,
Cambridge, 1995.

[17] K. Schiefermayr, A lower bound for the minimum deviation of the Chebyshev poly-
nomial on a compact real set, East J. Approx. 14 (2008), 223-233.

[18] B. Simon, A Comprehensive Course in Analysis, Part 3: Harmonic Analysis, Amer-
ican Mathematical Society, Providence, RI, 2015.

[19] B. Simon, A Comprehensive Course in Analysis, Part 4: Operator Theory, American
Mathematical Society, Providence, RI, 2015.

[20] M. Sodin and P. Yuditskii, Functions that deviate least from zero on closed subsets
of the real axis, Algebra i Analiz 4 (1992), 1-61; translation in St. Petersburg Math.
J. 4 (1993), 201-249.

[21] E.D. Solomentsev, Lemniscates, Encyclopedia of Mathematics. http://www.
encyclopediaofmath.org/index.php?title=Lemniscates&oldid=32756.


http://www.encyclopediaofmath.org/index.php?title=Lemniscates&oldid=32756
http://www.encyclopediaofmath.org/index.php?title=Lemniscates&oldid=32756

246 J.S. Christiansen, B. Simon and M. Zinchenko

[22] G. Szegd, Bemerkungen zu einer Arbeit von Herrn M. Fekete: Uber die Verteilung
der Wurzeln bei gewissen algebraischen Gleichungen mit ganzzahligen Koeffizienten,
Math. Z. 21 (1924), 203-208.

[23] V. Totik, Chebyshev constants and the inheritance problem, J. Approx. Theory 160
(2009), 187-201.

[24] V. Totik, Polynomial inverse images and polynomial inequalities, Acta Math. 187
(2001), 139-160.

[25] V. Totik The norm of minimal polynomials on several intervals, J. App. Th. 163
(2011), 738746

[26] V. Totik, Chebyshev polynomials on a system of curves, J. Anal. Math. 118 (2012),
317-338.

[27] V. Totik, Chebyshev polynomials on compact sets, Potential Anal. 40 (2014), 511—
524.

[28] H. Widom, Eztremal polynomials associated with a system of curves in the complex
plane, Adv. in Math. 3 (1969), 127-232.

[29] H. Widom, H,, sections of vector bundles over Riemann surfaces, Ann. of Math. 94
(1971), 304-324.

Jacob S. Christiansen

Centre for Mathematical Sciences,
Lund University,

Box 118, 22100 Lund, Sweden
e-mail: stordal@maths.lth.se

Barry Simon

Departments of Mathematics and Physics, Mathematics 253-37,
California Institute of Technology, Pasadena, CA 91125

e-mail: bsimon@caltech.edu

Maxim Zinchenko

Department of Mathematics and Statistics,
University of New Mexico,

Albuquerque, NM 87131, USA

e-mail: maxim@math.unm.edu


mailto:stordal@maths.lth.se
mailto:bsimon@caltech.edu
mailto:maxim@math.unm.edu

