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it follows that the construction given above rep-
resents a solution to the problem posed in this
Letter.

The necessary and sufficient nature of the con-
dition, Eq. (13), also allows one to correct, in
a simple way, wave-function models? of the half—
off-shell T matrix for the fact that these wave
functions may not be menbers of a complete or-
thogonal set. An additional adjustable parameter
in |®(E,) would allow one to satisfy Eq. (13) with
I\IJ(E;)) taken to be the solution of a known po-
tential.® We have seen that this is both sufficient
and necessary for |®(E,)) to be a member of a
complete orthonormal set.

A more detailed discussion of such construc-
tions and their consequences off the energy shell
is in preparation.
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The Griffiths-Hurst-Sherman inequalities and the Lee-Yang zero theorem in the theory
of Ising ferromagnets are shown to hold in a two-dimensional self-coupled Bose quan-
tume field theory with interaction :a@*+b¢?2—pug:. Apphcatlons include the continuity of
the infinite-volume “magnetization,” {(0)), away from p=0. Our results should carry
over to three or four dimensions once it is known how to control the ultraviolet diver-

gences in these theories.

The past year has seen remarkable progress’® in constructuve quantum field theory because of the

exploitation of Euclidean techniques advocated by Nelson.?

One of several advantages of the Euclidean

approach is that the Euclidean Bose field is commutative, so that time ordering is unnecessary in the

Gell-Mann—Low formula which becomes?®

(e glx,)= lim [

Ala)m

(@)« -« 9lx,) expl= [Pl b dy]>} o
(expl~fa:P(¢(¥): dy])q '

Equation (1) has a remarkable similarity to the formula for correlation functions in statistical me-
chanics and suggests that one attempt to carry over the techniques of rigorous statistical mechanics®
to constructive quantum field theory. Such a program has been begun by Guerra, Rosen, and Simon®
with further developments by Nelson® and Simon.” In this note, we wish to announce some further re-

sults within this program,
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We feel that the techniques we present here (combined with those in Ref. 5) represent a new tool in
understanding nontrivial quantum field theories, and, in particular, in studying the validity of the
Goldstone picture of dynamical instability. By its very nature, dynamical instability is a strong-cou-
pling phenomenon, and previous attempts at studying it have been hampered by relying basically on a
perturbative approach. The recent techniques of Glimm, Spencer, Jaffe, and Dimock® are also re-
stricted to a small coupling constant, and thus, presumably are only applicable away from the region
of dynamical instability. On the other hand, statistical-mechanical techniques are not limited to small
coupling. Our main applications (theorems 3-6 below) prove that certain quantities are continuous in
various coupling constants precisely in regions where the Goldstone picture “predicts” continuity.

In Ref. 5, correlation inequalities of Griffiths-Kelly-Sherman (GKS)® and Fortuin-Kastelyn-Ginibre
(FKG)® type were proven for the P(¢), field theory. These inequalities are known to hold for general
kinds of ferromagnets: with many-body interactions, with arbitrary spins, and with arbitrary single-
spin distributions, Our results, on the other hand, are field-theory analogs of certain theorems which
have only been proven divectly™ for spin-3 Ising ferromegnetics with pair interactions, namely the
zero theorem of Lee and Yang'! and the correlation inequalities of Griffiths-Hurst-Sherman (GHS)
type.'? We are only able to treat P(¢), interactions with P of the form P(X)=aX*+bX? - pX. Our main

results are as follows:

Theorem 1 (GHS inequality).—Let { ) be a P(¢), expectation value®® for P(X)=aX*+bX? - uX with u

=0, Then

(px)p()p(2)) + 2(p(x)) (@(¥)) (@(2)) = (@(x)p(¥)) @(2)) = {Px)p(2)) {@()) = {plx)) {p(y)p(2)) <O

for all x, y, 2.

Theovem 2 (Lee-Yang theorem).—Let A be a finite region in R% Fix a>0 and b real. For any com-

plex u, define
FA(p) = (expf= fala: ¢*(x): +b:¢%(x): = po(x)] dx}),.

Then Fn(u) #0 if Rep 20,

The proofs of these theorems (which will be de-
scribed in full elsewhere’) is by a double-ap-
proximation procedure, First, we follow Ref, 5
and approximate the P(¢), field theory by a near-
est-neighbor Ising ferromagnet with continuous
spins having a single-spin distribution of the
form C exp(~ as®+Bs? +ys) [if P(X)=aX*+bX?

- pX]. We then® approximate each of the con-
tinuous spins by a ferromagnetic array of spin-
% Ising spins.

These theorems have a variety of applications’®
modeled after those in statistical mechanics.

Let ( ),, ,, » denote the infinite-volume state'” for
the aX*+ bX? - pX field theory. Since it is trans-
lation invariant, (¢(x)),,;, , is a number M(a,b, y)
independent of x. In Ref. 5 it is shown that M is
non-negative if u>0, By tradition, dynamical
instability (and, in particular, spontaneous brok-
en symmetry) is supposed to be accompanied by a
discontinuity in M as a function of u. The follow-
ing can be proven using theorem 1,

Theorem 3.—Fix a>0, b real, In the region
u>0, M(a, b, u) is a strictly positive, strictly
monotonic, concave, continuous function of wu.

Theorem 1 also implies the following:

Theovem 4.—Fix a>0, b real. The mass gap
for the :a¢* +bg ~ ug: theory is a monotonic non-
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decreasing function of u in the region u>0.

Theorem 4 holds for either the spatially cut
off theories or for infinite-volume theories ar-
rived at by some fixed-limit procedure. The
following is an application of theorem 2:

Theorem 5.—Let a.(a,b, 1) be the energy per
unit volume™ for the :ag*+bg? - ue: theory. Fix
a and b. Then a.(a, b, u) is real analytic in the
region u>0, possesses an analytic continuation
into the region Re >0, and for any u>0

dafa,b, w/du=Ma,b, u).

All three theorems suggest that dynamical in-
stability can only occur at u=0. Since aX*+bX?
— uX has a unique minimum if p#0, this fits in
nicely with the Goldstone picture of dynamical
instability.

We are also able, by following some Ising-
model arguments of Lebowitz,® to prove theo-
rem 6.

Theorem 6.—If the :a@*+bp?: theory in infinite
volume has a mass gap, then M(a, b, ) is contin-
uous in u at u4=0 and, in particular,

lim M(a, b, p) =0.
p—>ot

It is our hope and expectation that theorems 1
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and 2 will become as powerful a tool in the study
of field theories with n#0 as they are in the the-
ory of the Ising model® at nonzero magnetic field.
In particular, partly motivated by Ref. 20, one of
us has proven?! the following:

Theovem 7.—The infinite-volume®” :a¢* + b¢?

— w@: field theory (@ >0, 1 #0) possesses a unique
vacuum,

Combined with results from Ref. 6, this con-
cludes the proof of the Wightman axioms for a
class of strongly coupled theories,

Finally, let us say a word about the limitations
to two dimensions. In the lattice approximation,
theorems 1 and 2 hold in any number of dimen-
sions. In two (space-time) dimensions we can
take the lattice spacing 6 to zero without any re-
normalizations. In three or four dimensions,
nontrivial ultraviolet divirgences occur and so
renormalizations are needed, and we do not yet
know how to control these theories as 6 —0. How-
ever, if perturbation theory is an accurate guide
for an :a@*+b@? - L: theory, the counter terms
will only be quartic, and so we expect that our
theorems will remain valid.

We should like to thank Professor J. Lebowitz
and Professor E. Lieb for valuable discussions,
In addition, one of us (B.S.) would like to thank
Professor N. Kuiper for the hospitality shown
him while a visitor at the Institut des Haute
Etudes Scientifique, and Professor A. Visconti
for the hospitality of the Centre National de la
Recherche Scientifique. The other (R.B.G.) is
grateful for the hospitality of the Cornell Chem-
istry Department.

*Alfred P. Sloan Foundation Fellow. Permanent ad-
dress: Departments of Mathematics and Physics,
Princeton University, Princeton, N. J. 08540.

tJ. S. Guggenheim Memorial Foundation Fellow. Per-
manent address: Department of Physics, Carnegie-
Mellon University, Pittsburgh, Pa. 15213.

!'Besides the statistical-mechanical ideas discussed
in the text, we mention the completion of the proofs of
the Wightman axioms for small-coupling-constant P(¢),
by J. Glimm and T. Spencer (to be published); the exis-
tence of one-particle states for these small-coupling-
constant theories by J. Glimm and A. Jaffe (to be pub-
lished); the proof of nontriviality of these theories by

J. Dimock (to be published); the proof of the conver-
gence of the energy per unit volume by F. Guerra [Phys.
Rev. Lett. 28, 1213 (1972)1 .

’E. Nelson, in Partial Diffevential Equations, edited
by D. C. Spencer (American Mathematical Society, Pro-
vidence, R.I., 1972), Vol. 23, and to be published.
Earlier work on Euclidean quantum field theory includes
the pioneering studies of T. Nakano, Progr. Theor.
Phys. 21, 241 (1959); J. Schwinger, Phys. Rev. 115,
721 (1959); K. Symanzik, J. Math. Phys. (N. Y.) 7, 510
(1966). See also K. Osterwalder and R. Schrader, to
be published.

3( ), denotes the expectation value in the free Eucli-
dean field described by Nelson, Ref. 2. See also
F. Guerra, L. Rosen, and B. Simon, to be published.

4D, Ruelle, Statistical Mechanics (Benjamin, New
York, 1969); R. Griffiths, in Phase Transitions and
Critical Phenomena, edited by C. Domb and M. S.
Green (Academic, New York, 1972), Vol. 1, pp. 7=110.

5Guerra, Rosen, and Simon, Ref. 3.

®E. Nelson, to be published.

"B. Simon, to be published.

SR. B. Griffiths, J. Math. Phys. (N. Y.) 8, 478, 484
(1967); D. G. Kelly and S. Sherman, J. Math. Phys.
(N.Y.) 9, 466 (1968). See also J. Ginibre, Commun.
Math. Phys. 16, 310 (1970).

%C. Fortuin, P. W. Kastelyn, and J. Ginibre, Com-
mun. Math. Phys. 22, 89 (1971).

108y 2 method of R. B. Griffiths |J. Math. Phys. (N. Y.)
10, 1559 (1969)]1, it is possible to extend these results
to spin-n/2 ferromagnets, where each noninteracting
single spin has equal probability in each spin state.

i1 D. Lee and C. N. Yang, Phys. Rev. 87, 410 (1952);
see also T. Asano, Phys. Rev. Lett. 24, 1409 (1970).

2. B. Griffiths, C. A. Hurst, and S. Sherman, J.
Math. Phys. (N. Y.) 11, 790 (1970).

I3 rhe proof is direct only for the spatially cutoff theo-
ries in the sense of Ref. 5, but the inequalities extend
automatically to the infinite-volume limit.

143, Simon and R. B. Griffiths, to be published.

15This method of approximating a complicated single
spin by an interacting array of spin-; Ising spins is
borrowed from Ref. 10.

16Theorems 3 and 5 also make use of the GKS-type in-
equalities proven in Ref. 5. Theorem 4 employs a re-
sult from Ref. 7 which in turn depends on the FKG type
in equalities proven in Ref. 5.

"For definiteness sake, we take it to be the limit of
the Dirichlet states established in Ref. 6.

18Guerlc'a, Ref. 1; F. Guerra, L. Rosen, and B. Simon,
Commun. Math. Phys. 27, 10 (1972).

93, Lebowitz, Commun. Math. Phys. 28, 313 (1972).

23, 1. Lebowitz and O. Penrose, Commun. Math. Phys.
11, 89 (1969).

2y, Simon, to be published.

933



