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‘We present a novel approach to obtaining the basic facts (including Lidskii’s
theorem on the equality of the matrix and spectral traces) about determinants
and traces of trace class operators on a separable Hilbert space. We also discuss
Fredholm theory, “‘regularized’ determinants and Fredholm theory on the trace
ideals, € (p < ).

1. INTRODUCTION

This note represents an approach to the abstract Fredholm theory of trace class
(and more generally ¥, = {4 | Tx(] 4 |?) < oo}) operators on a separable
Hilbert space, #. There are few new results here but there are a set of new
proofs which we feel sheds considerable light on the theory discussed. In parti-
cular, we would emphasize our proof of Lidskii’s theorem (see Sect. 4): It was
this new proof that motivated our more general discussion here.

To help emphasize the differences between our approach and others, we remark
on the differences in the definition of the infinite determinant det(1 4 4) for
trace class A. First, some notations (formal definitions of algebraic multiplicity,
etc., appear later): Given a compact operator, 4, (M(ARYS (N(4) = 1, 2,...,
or o) is a listing of all the nonzero eigenvalues of .4, counted up to algebraic
multiplicity and {¢,(4)};..; , the singular values of 4, i.e., eigenvalues of | 4 | =
(A* AL listed so that u)(A4) = py(4) = --- = 0. Throughout, the trace of an
operator in the trace class is defined by

Te(d) = Y. ($o: 4, )

n=1
for any orthonormal basis {é,.}n._, -

The only two systematic analytic treatments of det(l + A) for abstract
A € %, of which we are aware are those of Gohberg and Krein [7] and Dunford
and Schwartz [4] who rely on the basic definitions (respectively)

N(4)

det(1 + pd) = [] (1 4 pAl4)), (1.2)
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det(1 + pd) = exp[Tr(log(1 + pA))] (1.3)

We use instead the definition (also used by Grothendiek [8] in his algebraic
discussion of infinite determinants)

det(l + pA) = i i Tr(A™(A)) (1.4)

n=0

where A™(A4) is defined in terms of alternating algebra. Of course, any full
treatment must, in the end, establish the equality of all three definitions. This
equality is a consequence of the theorem of Lidskii [15]:

Tr(4) = Nf) A(4) (1.5)

i=1

(and, as we shall see, the equality of the Definitions (1.4) and (1.2) implies
(1.5)!). At first sight (1.5) seems trivial, but to appreciate its depth, the reader
should consider trying to prove it for a quasinilpotent trace class operator (i.e.,
one with {0} as spectrum). The formula (1.2) is very natural but it is quite difficult
to work with analytically. For example, even after one proves absolute conver-
gence of the product (and so analyticity of det(1 4+ uA) in p), the analyticity of
det(1 + A + pB)in p is not easy to prove. We find the formula (1.3) quite un-
natural as a general definition since tr(log(1 + pA)) is singular for those u with
(1 + pA) noninvertible and is only determined modulo 2. The main advantage
of (1.3) is the small i expansion which leads to the formula of Plemelj [22]:

det(l + A) = exp (i (— Tyt Tr(A”)/n) (1.6)

n=1

which converges if Tr(] 4[) <1 (or more generally, if Tr(| 4|?) <1 for
some p). While (1.6) is often called Plemelj’s formula, we note that it occurs in
Fredholm’s original paper [5]! Equation (1.6) is a useful motivation in the theory
of regularized determinants (see Sect. 6).

In distinction, the formula (1.4) has the following advantages:

(i) Once one has the basic bound | Tr(A*(4)] < (Tx(| 4 |))*/n!, the
analytic properties of det(1 - A) are easy to establish; e.g., det(1 + 4 + pB) is
obviously analytic as a uniformly convergent sum of polynomials.

(if) The algebraic properties of the determinant, in particular, det(1 -+ A)
det(1 + B) = det(1 + 4 + B + AB) follow from the functional nature of A”.
In the finite dimensional case, this is well known (see e.g., Lang [13]). This
formula occurs in Fredholm’s original paper [5] proven via computation of

various derivatives. Grothendieck [8] proves our Theorem 3.9 by the algebraic
method we discuss.
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(1) If 4 is an integral operator (which is trace class) with a continuous
kernel, (1.4) reduces to the definition of Fredholm [5]. This fact, which is useful
for an abstract Fredholm theory (!) is far from evident from (1.2) or (1.3).
While Eq. (1.4) is essentially Fredholm’s definition, it is analytically simpler
because of the possibility of using invariance of the trace; in particular one
avoids Hadamard’s inequality in proving the convergence of (1.4).

To distinguish our proof of Lidskii’s theorem, (1.5), from those in [4, 7] we
might compare them in the finite-dimensional case. In that case, there are two
says of seeing (1.5): One can pass to a Jordan normal form, whence (1.5) follows
by inspection (and the invariance of trace), or one can consider the characteristic
polynomial, whence Eq. (1.5) follows by using the fact that the sum of the roots of
a monic polynomial P(X)is the coeflicient of its next to leading term. In essence,
the proofs in [4, 7] are analogs of the Jordan normal form proof while ours is via
a “characteristic polynomial”: In brief, we prove Eq. (1.5) by ‘“‘applying
Hadamard factorization to Fredholm’s determinant.”” A primary complication
in the ““normal form” proof of (1.5) is the lack of a normal form for quasinilpotent
operators. This must be gotten around by a limiting argument [7] or by an
argument that is essentially our proof in the special case where A is quasi-
nilpotent [4]!. (In this case Hadamard’s factorization theorem can be replaced
by Liouville’s theorem.) The only place that we need to appeal to a limiting
argument from a finite rank approximation is in our proof that det(l + A)
det(l1 -+ B) =det(1 + 4 + B + AB).

We should mention that Carleman [3](and also Hille and Tamarkin [10])
establish a Hadamard factorization of dety(1 + A)(see Sect. 6). In particular, had
they choosen to look at the second term of the Taylor series in their equalities
they would have for 4 Hilbert-Schmidt that

N(4)

TH(4Y) = Y, M(AY

(but they did not choose to do this). Hille and Tamarkin [10] have similar
formulas in the trace class case and one can easily prove Lidskii’s theorem from
their results (essentially by the method shown in Sect. 4).

The material we present here is “foundational’’ and so it is important to have
some care in how one proves the basic facts about trace class operators and
trace ideals, lest one introduce a circulatity. Thus, let us sketch the basic
definitions and facts, primarily following the discussion in Reed and Simon

[24, 25, 26]:

(1) [24, Sect. VI.5]. The closure in the norm topology of the finite rank
operators on J# is called the compact operators, €., . Any operator A € €, has a
spectrum which is countable with only zero being a possible accumulation point.
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Any X € 0(4) which is nonzero is an eigenvalue. Any 4 € €, has a canonical
expansion:

4= wAbas ) (17

where p,(4) are the singular values (cigenvalues of | A|= (A*4)'/*) and
{,)_, (resp. {i,)>_,) are orthonormal sets (the ¢, are eigenvectors for 4%*4 and
the &, for AA*). We order the u,(4) by p,(4) = puy(4d) = -+ = 0.

(2) ([26, Sect. XII.1, 2]; see also [19]). Given A € o(4) with A € €, and
A # 0, one defines the spectral projection P, by

P, = (2mi)™ ff dE(E — Ay (1.8)
[E—M=¢

for all small e. Then P, is a finite-dimensional (nonorthogonal) projection so that

A leaves P,o# and (1 — P,) # invariant. Moreover, o(4 || P,o# = {A}, o(4 I

(1 — P)#) = o(A)\{A} and Ran P, = {¢ | (4 — A" = O for some n}. We

call dim (Ran P,) the algebraic multiplicity of A. A list of all nonzero eigenvalues

counting algebraic multiplicity of 4 is denoted by {A,(4)}4".

=1

Remark. 'To define Eq. (1.8) all that is required is that A be an isolated point
of o(A) and the further properties of P, all hold whenever P, is finite-dimensional.
Both conditions automatically hold if 4 € €, and X = 0.

(3) [24, Sect. V1.6]. For any positive self-adjoint operator, 4, the sum
i (¢, Ad,) is independent of orthonormal basis and denoted Tr(A4). The
trace class €, (called 4 in [24]) is those operators with Tr(] 4 |) < oo. One
shows that 4 € %, if and only if 4 is compact withY",,_, .(4) < 0. Tr(] 4]) =
o1 ta(A) is called the trace norm, || - ||, . €, is a *-ideal in #(5#°) and one has

1A+ Bl <Al + 1B, 1A%, =1 4l4
and (1.9)
1ABly < [[AlL]l Bl
For A%, and any orthonormal basis {¢,}*_;, the sum Y=, (¢, , Ad,) is

absolutely convergent and defines a number Tr(A4), the trace of A, independent
of basis ¢,, . Tr(") is a *-linear functional on .% with

| Te(A) <1 Al - (1.10)

For any unitary U, | UAU |, = || A, and TH(UAUY) = Tr(4).

(4) [24, Sect. VI.6; 25, Appendix to Sect. IX.4]. The trace ideal, %,
(1 <p < o) is defined as those 4 with | 4 |? € €, . Then 4 € €, if and only if
A is compact and Y,  p (A)? =Tr(|A?)=|4 I < co. From Egs.
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(1.9) and (1.10) and a simple complex interpolation argument, one easily finds
that (p~1 + g1 = 1).

| Tr(AB) <[ All, || Bllq (1.11)
(Holder’s inequality for operators), from which it follows that

AN, = sup (| Tr(AB)I/l| B 2 (1.12)

Be¥,

(Take B = | A |»1U*if 4 = U | 4| to get equality.) From (1.12), the triangle
inequality for || - ||, follows. €, is a *-ideal in £(#).

(5) [30]. In one place we need the existence of a Schur “basis,” i.e., for
any A € €, , an orthonormal sef (not necessarily complete), {5,}34 so that

/\n(A) - (7)% » Ang)- (113)

One obtains (1.13) by writting a Jordan normal form for 4 on each F, (A an
eigenvalue which is nonzero) and then applying a Gram—Schmidt procedure.

Remark. 1t 1s with some reluctance that we use this device since it requires a

“Jordan normal form” for 4. We emphasize it enters in our proof of Lidskii’s
. N4 .

theorem only in the proof that Zi=(1 ) A(A) < oo, something that can be proven

by other means [7].

(6) ([24, Sects. I1.4 and VIIL10]; see also [18]). Given 4, a separable
Hilbert space, the n-fold antisymmetric product A%3# is defined. If {¢,}7 ; is an
orthonormal basis for &, then ¢; A " A, (1 < iy < 7,) s a basis for
A", Given A:# — #, one defines A"(A): A" — A" so that A"(A)
(¢ A - ANg) = Ap A - AN A, forany &, ,..., ¢, €. A™(") is a functor, i.e.,
A"(AB) = AM(A) A®(B) and A™A*) = A"(4)*. Thus, eg, |A"(A4) =
An(| A1). If 5 is finite-dimensional, with dim(2#) = m then dim A™(3#) = (3),
and A™(4) on the one-dimensional space A™3# is just multiplication by det (4).
An3# is a natural subspace of ®" #, the n-fold tensor product.

We conclude this introduction with a sketch of the contents of these notes.
In our proof of Lidskii’s theorem, we need to know that for A< %,
2:’:(;4 ) | A(4) < oo (so that the definition (1.2) converges). As noted in [7],
this follows easily from Eq. (1.1) and the existence of a Schur basis, but we give

an alternate proof of the more general Weyl [36] inequalities:
N(4)

Y A <1415 (1.14)

in Section 2. (For p = 1, these inequalities are associated with work of Lalesco
[12], Gheorghiu [6], and Hille and Tamarkin [10] and for p = 2 with Schur [29].)
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This proof depends less on intricate convex function arguments than do the usual
ones [4, 7]. In Section 3, we define (by Eq. (1.4)) the determinant for operators of
the form 1 + A with 4 € €, , and in Section 4 we prove Lidskii’s theorem. In
Section 5, we illustrate the usefulness of the definition (1.4) by proving a
determinant inequality (essentially found already in [33]). In Section 6, we define
det, (1 + 4) by:

dety(l + A) = det [(1 + A) exp (— g (— 1)+ A’“/k)}, (1.15)

and show it is defined for 4 € € for p > . Finally, in Section 7, we recover the
usual Fredholm theory in abstract form.

We remark that it is an interesting open question to establish the theorem of
Lidskii in the Banach space setting (see [8, 14, 27, 28]). Even Weyl’s inequality,
Eq. (1.14), for p = 1 appears to be open in this case. See added note (3).

2. SoME INEQUALITIES OF WEYL

Our goal here is to prove the inequality (1.14) and some related facts. We first
note the following:

LevMa 2.1, Let A be a compact operator. Let { f,}5_; and{g,}e_, be orthonormal
sets. Then

s Ag) = 3 i 4) @.1)

m=1

where (a) is a doubly substochastic matrix, i.e.,

Z | %nm l < 1; n = 1; 2:"- (2.22.)
m=1
Ylagml <1, m=1,2,. (2.2b)
n=1

Proof. By the canonical form (1.7), (2.1) holds with

Um = (fa > )P » &n)-

Since {f,} and {g,} are orthonormal families, we have by Bessel’s inequality and
the Schwarz inequality: ‘

S Jam | < (f fortol) " (2 150, bod) " < Ul = 1

n=1 n=1
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since the {¢,} and {i,,} are normalized. Similarly (2.2a) holds since the {¢,,}
and {i,,,} are orthonormal. |

The following is so basic to our proof of (1.14), that we overkill it with three
proofs, each of which illustrates different aspects of the result.

Lemma 2.2, Let o be a doubly substochastic matvix (i.e., let (2.2) hold). Let .,
be a sequence with (3, _y | pim |P)1/? < 00 for some 1 < p < co. Then the sums

)\n = z Opmitm (23)

m=1
are convergent and

1/p

(S inr)” < (2 1 )" e

First Proof. By (2.2a) the result clearly holdsif p — co. By duality and (2.2b),
we get the case p = 1. The general case now holds by the Reisz—Thorin inter-
polation theorem on [, (see, e.g., [24, Sect. IX.4]). |i

Second Proof. The sum (2.3) is clearly convergent p = o0, so let p < 0.
If g is the dual index of p, then:

w© @

Y < Y 1A P e || |

n=1 7, m=1

Y [ P | g (Y0t [ | e ]

n,m=1
© 1/q ® 1p
Q(Z Ianmll)‘nlp) (Z ['xnmllp‘miﬁ)
n,m=1 7, m=1
o l/g f *® 1/p
<(Z )" (2 1 le)
n=1 m=1

from which (2.4) follows. In the above we have used Hélder’s inequality (on
sequences indexed by pairs (r, m)) in the second inequality and (2.2) in the last
inequality. [

Third Proof (suggested by E. Seiler). Let be an arbitrary convex function on
[0, ) with $(0) = 0 and ¢(x) = 0. It is then automatic that ¢ is monotone.
We claim that

L]

5 00D < 3 6l m @)
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from which (2.4) follows taking ¢(x) = x?. Now, since ¢ is monotone:

(0 ) <¢(Zlam|mm|)
" (2.6)
<3 |t 1600 )

The second inequality follows by convexity and (2.2a) writing

@®

S Votun | Lt | = 3 | oo | | |

m=1 m=0

with apy =1 — Y 1| | and g, = 0. Summing over #, (2.5) follows from
(2.2b) and (2.6). 1

TreoreM 2.3.  ([29] for p = 2, [12] for p = 1, [36] for general p). For any
compact operator A and 1 < p < o0,

@

Y A <4l 27

m=1
More generally, for any orthonormal sets {f,,}, {g,} we have

@

Y s A2 < N4z -

m=1

Proof. The general result follows immediately from the last two lemmas.
Equation (2.7) then follows from the existence of a Schur ‘basis” {z,}n'{ (see
(5) in Sect. 1) taking f,, = g, =7,. |

These are the only inequalities from this section we will need later. However,
we wish to make a few remarks about extending the method above by using a
few additional “tricks.” First we note that, by using the third proof of Lemma
2.2, we can conclude that

n=1

S 1 420D < 3. Hua(4) e8)

for any convex ¢ with ¢(0) = 0, ¢(x) > 0. Equation (2.8) is not quite as strong
as Weyl’s theorem which only requires # — ¢(e?) to be convex. For example, the
function ¢(x) = In(1  x) is such that (2.8) holds (by Weyl’s theorem) but it is
not of the form we have treated so far. Second, there is a general principle illus-
trated by the following:
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THEOREM 2.4. If A is compact and {f,}7_, and {g,}*_, are orthonormal sets,
then for any N and p > 1:

21 (fn Aga)l” < Z_j | pu(A)[. 29

In particular, for any N eigenvalues A(A),..., A\y(A):

YA <Y | palA)2. (2.10)

n=1 n=1

Proof. Let P be the orthogonal projection onto the space spanned by
{g.}5_1 . Let B = AP. Then, by Theorem 2.3:

21 I(fr Agn)lp = 2 I(fn > Bgn)l?

n=1
< ) | paB)IP.
n=1

Now, since B has rank N, p,(B) = 0 for n >> N - 1 and by 2 simple min-max
principle argument, u,(B) < p,(4) for all # and, in particular, for » = 1,..., N.
Equation (2.9) thus follows. By using a Schur basis, (2.10) follows.

The third principle, following Weyl [36], systematically exploits the anti-
symmetric tensor products. For example, we have Weyl's original inequality:

[4(4) = A A)] < pa(A) - pn(A). (2.11)
For p,(A4) -+ py(A4) is the norm of A¥(A4) on AN (as the largest eigenvalue of
[ AN(A)| = AN(| 4])) and A(A) - Ay(A4) is an eigenvalue of AN(A). By com-

bining this idea and the second principle above we can, for example, prove the
following theorem of Ostrowski [21]:

Tueorem 2.5.  Let A (A),..., An(A) be N eigenvalues of a compact operator A.
For k < N, let Yy (ay ..., ay) be the elementary symmetric function given by:

2iay, - ay) = Z a; g, .
1y <—~—<ipN

Then for any p > 1.

2§ A 1Pees | A 17) < 20(10(A)P--., 2n(A)P). (212)
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In particular, for any r > 0:
N N
T+ 7 1AA)7) < T 0 + rua )] (2.13)
i=1 i=1

Proof. As in the construction of a Schur basis, we can find an orthonormal

set ey ,..., ey With

Ae;, = Ne; + Z o8 .

i<i

It follows, that if P is a the orthogonal projection onto the span of {e,} ., then
the nonzero eigenvalues of B = AP are A, ,..., Ay . Thus the nonzero eigenvalues
of A*(B) are Ail(A) A AN < gy < <z <N). Therefore (2.12) follows
from Eq. (2.7) and the method of proof of Theorem 2.4 (2.13) follows from

[0 +a)= Y 5@ o) |

=1

Remark. In particular, (2.13) with » = 1 is the ¢(x) = In(1 + x) result of
‘Weyl mentioned above.

3. DEFINITION AND PROPERTIES OF THE DETERMINANT
The basic estimate we need to define det(1 - A4) is

Lemma 3.1, For any A € €(5#) we have that N¥(A) € G (A")H) for all k.

Moreover
[ AMA) <[] 4]/ G-1)
Proof. The eigenvalues of | A¥(4)] = A*(| A |) are

(e (A) e g (ANE < - < 1p)-

Thus:
A A = Y s (A) - pi(A)
i< <iy,
o7 2 HalA) e (4) (3-2)
1< <iy,
— A

607/24/3-4
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DeriniTioN. For 4 € %, , we define det(1 + 4) by

det(1 4 A) = Y Tr(AHA)). (3.3)

Te=0

Tueorem 3.2.  The sum (3.3) converges for any A € €, and

| det(1 + )] < exp(] 4 ). (3.4)
| det(t 4 A) < T (1 + o). (3.5)

Proof. Equation (3.4) follows from (3.1) and (3.5) from (3.2). |

Turorem 3.3. Fix A4, ..., 4,,€ %, . Then

det (1 + Z >\7,Az) = F(Al » Ty }‘m)

i=1

is an entire function of m complex variables. More generally, if F()) is an analytic
Sfunction with values in €, , then det(l - F())) is analytic where F is analytic.

Proof. By definition

w1 50 = £ (v (5, 00)
i1 ] i=1
and by (3.1) the sum converges absolutely and uniformly on compact subsets of
C™. Since each term Tr(A*(X 7, A;4,))is 2 polynomial, F'is an entire function. [}

TuroreM 3.4. Fix A€ €, . Then, for any ¢, there is a constant C(e) with

| det(1 + A)| < C(¢) exp(e | A ). (3.6)

Proof. Since | 1 4 x| <C exp(| x |), we have, by (3.5)

@

| det(l +A4)] < [T (112 ] p(4))

m=1

w

<11 (1+|wm(A))exp( ;ﬂl?\l#m(z‘l)}

Choose M so that 3. ;pn(A) < ¢/2. Now, we can choose C(e) so that
[TToes (1 1] ()] < C) exp((e/2)] A1) 1
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Remark. On account of the inequality [31]:
| det(1 4 4 + B)| < det(l + | 4 ) det(1 + | B )

one can conclude:

o e (5 1)

i=1

det (l -+ Z /\Z-Ai)
im1
TueoreM 3.5. The map A — det(l 4 A) from €, to C is continuous, i.e., if
| A, — Al — 0, then det(l + A4,)— det(1 4 A).

Remark. By using Cauchy estimates on the analytic function det(1 + 4 -
(B — 4)) and the bound (3.4), one can prove [32]:

[det(l + 4) —.det(l + B)| < |4 — Blyexp(| 4l + | B, +1) (3.7

(see also Theorem 6.5 below).
Proof. Let C =sup, || 4, |, . Given ¢, choose M with 3"~y C™/m! < ¢€/3.
Then by (3.1):
[P ’ ' ; 2 M
| det(l + 4,) — det(l 4 )] < 5+ 3, Tr(IA™(4,) — A(4))).
. m=1

Now, let P, be the orthogonal projection from @™ 5# to A™5# . Then

Te( An(d,) — An(d)) = Tr

Pm(éAn—é)A)Pml)

<Tr(l®An—®Al)
<mCm | Ad—A4,l;,
so choosing Nsothat|| 4 — A, |l; < (5/3)(22;1 mC™ 1)1 we see that for z > N:
| det(l + 4,) — det(l + 4)| <e |
Lemma 3.6.  Let A bé a ﬁnite rank operator with PAP = A4 for some finite
rank orthogonal projection P. Let N}/ A) be the operator A" (PAP) as an operator on
A P#). Then, if Aim(PH#) = k:
det(1 4 A) = tr(AE(1 + 4)).

Proof. . Clearly tr(A™(A)) = tr(A"(PAP)) = tr(A")(A4)), so det(l + A) =
To (AF(A)) = tr(AF(1 + ).
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Lemma 3.7. Let A and B be finite rank operators. Then
det(l + A4) det(l + B) = det(l + 4 + B + A4B). (3.8)

Proof. Let P be a finite-dimensional orthogonal projection with ran A4,
ran A*, ran B and ran B¥ all in ran P. Then, if dim P = m:

det(l + A) det(l + B) = tr(A™(1 + 4)) te(A™(1 + B))
= tr(A"(1 + A) A™(1 -+ B))
= det(l + A + B + AB),

where we have used the fact that A™(P2#’) is one-dimensional so that for operators
C, D, onit, Tr(C) Tr(D) = Tr(CD). |

Tarorem 3.8. [8]. For any 4, BE¥, :
det(l + A) det(1 4 B) = det(1 + 4 + B + A4B). (3.9)

Proof. Let P, be a family of finite rank orthogonal projections converging
strongly to 1. Then, by Lemma 3.7, (3.9) holds if 4, B are replaced by 4, =
P,AP, and B, = P,BP, . Asn— ,||4, — 4|, —0,|| B, — Bl|j; —~ 0, and
| 4,B, — AB |, — 0 so, by Theorem 3.5, the determinants converge. Thus
(3.9) holds. |

THEOREM 3.9. Let A€ ¥, . Then det(1 + A) £ 0 if and only if 1 + A is

invertible.

Proof. Suppose 1 -+ A is invertible. Then B = —A4(1 + A)'isin %, and
A+ B+ AB = (1 + A)1 4 B) — 1 =0. Then

det(1 + A) det(1 + B) = det(1) = 1

so det(l + A4) == 0. On the other hand, if | + A4 1s not invertible, then —1 is an
eigenvalue of 4. Let P be the corresponding spectral projection. Then 1 + 4 =
(1 + AP)[1 + A(1 — P)), so it suffices to prove det(l1 4 AP) = 0. Now, by
Lemma 3.6, det(l + AP) is the finite-dimensional determinant of an operator
with eigenvalue —1 and is thus zero. |

Tueorem 3.10. If —pp' is an eigenvalue of multiplicity k, then F(p) —
det(l -+ pA) has a zero of order precisely k at p = pq .
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Proof. Let P be the spectral projection for —pug”. Then
det(l + pA) = det(l + pAP) det[1 4 pA(1 — P)].

Now det [1 + pA(l1 — P)] # 0 by Theorem 3.9. Also B = AP is zero on
(1 — P)# and has only spectrum —pug' on P#. Thus Tr(A™(AP)) =
(—1)y*(t) p—™ so that

det(l + paP) = 3 (%) (o) = (1= ™ I

4. Lipskn’s THEOREM
The key to Lidskii’s theorem is:

THeOREM 4.1. Let F(z) be an entire function with zeros at 2, , 2, ,... (counting
multiplicity) so that
(1) F(@O)=1.
(2) For any ¢, | F(z)] < C(e) exp(e | 2 |)-
() Toalz |t < o
Then

F(z) = f[l(l — 2z, (4.1)

Remark. 'This is not quite the same as Hadamard’s theorem. For, in general
(2) only implies that 3 |2, | < oo, and F(2) = e® [, (1 — 22,7)
&lon with @ = —Y,_, 27* (conditional convergence with | 2, | < |2, | < ~=);
this is a theorem of Lindelsf [17], see [1]). However, our proof is essentially a
piece of a standard proof of Hadamard’s theorem (see, e.g., [35]).

Proof. Let G(2) = IT,_, (1 — =22;') which is convergent to an entire
function by (3). Since F(2)/G(z) is an entire nonzero function,

F(z) = G(z) ",

Now for fixed R, let 2, ,..., 2, be the zeros of F with | z; | < R/2. Then for
|z =R, |1 —=2z;7"| = 1,50 F(z)(IT;1 1 — 22;1)t = Hy(z) has sup, x|
Hp(2)| << C(e) e®. It follows by the Borel-Carathéodory theorem [35, pp. 174
175] thatfor | 2 | << 1

| In Hy(2)| < 2(3 R — 1)[<R + In C(e)],
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where we have used the fact that Hg(0) = 1. Moreover, if-R > 4and| 2| < 1

‘ In Lm (1— zz{l)'l}

where C is choosen so that |In(l — 2)| << C|z|if |z| < L. It follows by
taking R — oo that A(z) = In Hy(2) + In[[ ], +1 "] obeys | A(2)| <C 4e. Since ¢ is
arbitrary, / is identically zero for | 2 | <{ 1 and soforall 2. ||

<Clzl Y &[T

n+l

THEOREM 4.2. For any A€ €, and p e C:

N(4)

det(1 + pd) = [] (1 + p(4). (4.2)

Proof. Let F(ix) = det(l + pA). By Theorems 3.9 and 3.10 the zeros of F
are precisely (counting multiplicities) at —Ay(4)~'. By Theorems 3.4 and 2.3,
F(u) obeys the hypothesis of Theorem 4.1. |

N(A)

CoroLLARY 4.3. (Lidskii’s Theorem [15]). Tr(4) =3, A(A4)for Ac¥,.

Proof. The term linear in p in the Taylor expansion of det(l + [.LA) is
Tr(A4). The term linear in p on the right of (4.2) is 27 1 AA). 1

Remarks. 1. Equation (4.2) of course also implies that

Te(AYA) = Y. A, (A) A (A),

i< <
but this is just Lidskii’s theorem for A*(A4)!
2. From Remark 1 Lidskii’s theorem implies (4.2)!

5. DETERMINANT INEQUALITIES

We want to illustrate the use of (1.4) as a tool in' proving inequalities on
determinants. Seiler and Simon [31] have already used (1.4) to prove:

det(1 - | A+ B|) < det(l + | 4]) det(1 + | B|) (5.1)

although alternate proofs avoiding (1.4) have been found by: Lieb [16] and Kato
(unpublished; see [32]). Seiler and Simon [33] have proven a variety of
complicated inequalities tailor made for their study of the Yukawa, quantum
field theory. By using their method, we can prove an inequality of some general
interest that illustrates the applicability of (1.4):
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THEOREM 5.1. For A€y, define

dety(1 + 4) = det(l + A) e 5, (5.2)
Then, for any A, Be €, :
| dety(1 + A + B)| < exp(1/2 | B*B |y + | 4l];) (53)

where o, = 1 4 12 = 2.6487....

Remark. The point is that det,(1 + 4 4 B) extends from %; to a continuous
function €, with

| dety(l 4 4 + B)| < exp(1/2]| 4 + BI) (5-4)
(see Sect. 6 below). Of course, since | det(l + 4)| < exp(]| 4;), we have

[ dety(1 + 4 + B)| < exp[2(]| 4 |l + | BlL)]-

However, if A € €, and B € %, , we cannot use this to bound | dety(1 + pA4 - B)|
as | g | — o0 and (5.4) would only give us |dety(l - 4 4 B)| < C, exp(C, |p|?)-
Equation (5.3) gives | dety(1 + pA 4 B)| << Cs exp(C, | 1 |)-

Proof.

| det(1 + A + B)| = | det(l + B) det[l + (1 + B) 4]|

S det(l + B) Tr(A"[(1 + By 4]

n=0

< 3 || det(1 -+ B) A"[(1 + B)1]| Tx(| An(A)))

n=0

< Y (detl +B) AL + B At (55)

n=0

Now, we claim that
Idet(L + B) A*[(1 + B) ]| < e cxp(2 Re(T¥(B)) + | B*B ).  (56)

Temporarily deferring the proof of (5.6), we note that (5.2) and (5.5) together
with (5.6) imply

| dety(l 4 A 4 B)| << exp(—Re Tr(4) — Re Tr(B)) i (2| A ||y n!

n=0
X exp(Re Tr(B) + 1/2|| B*B )
< exp(a|| Al + 1/2 || B*B ).
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We compute

[| det(1 + B) A*[(1 + B)™]|]?
— ||det(l + B + B* + B*B) A%l + B 4 B* 1+ B*B)|,

so (5.6) is implied by
| det(l + C) A(1L + C) )| < n exp(TH(C)) (5.7)

for all self-adjoint C with —1 <C C. Now, let A,(C) be the eigenvalues of C
ordered by A,(C) = --- = —1. Then:

I det(l + C)AR( + O < [ (1 + M(C)

m=n+1

<ep( 3 M(0))

m=n+1

< e” exp(Tr(C))
since —ZZL=1 Am(c) < . I

6. REGULARIZED DETERMINANTS

It was realized quite early that Fredholm’s original 1903 theory was not
applicable to a wide class of integral operators of interest. In 1904 Hilbert [9]
showed how to extend the class of operators which could be treated by replacing
K(x, x) by zero in all formulas and Carleman [3] later showed that this definition
worked for all operators which are now called Hilbert-Schmidt. Contributions
to this line of development were made by Lalesco [11] who, in particular,
realized when Tr(K) was finite, Hilbert’s determinant “det,” and Fredholm’s
determinant, “‘det,” were related by

dety(1 -+ A) = dety(1 + A) exp(—Tr(4)),

and by Hille and Tamarkin [10] and Smithies [34].

In a 1910 paper that has been widely ignored, Poincaré [23], apparently
unaware of Hilbert’s work, studied integral equations f = (I + K)g where
some power of K, say K", is an operator to which Fredholm’s theory can be
applied. By using this theory for K™, he was able to show that

@

deta 1) = exp 5 (11 i)

J=n
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is well defined by the series for | | small and defined by analytic continuation an
entire function. The interesting feature of Poincaré’s work is his ability to reduce
the estimates to those of Fredholm except for K™

Motivated by the Hilbert—Carleman—Smithies line of development, det,, has
been systematically developed by Gohberg and Krien [7] and Dunford and
Schwartz [4]. The theory of det, was independently developed by Brascamp [2].

In this section, we wish to establish the main properties of det,(1 4 A).
Unlike most of the treatments discussed above, we avoid the need for any new
estimates in defining det,, by reducing the analysis (following Seiler [30]) to what
we have already discussed in defining det, (see Lemma 6.1 below). In philosophy
(but not techniques), we thus follow Poincaré. Our approach partly follows the
appendix of [32]. In particular, we follow the proof of (3.7) in proving that
det,(1 + A) is Lipschitz on %,—a continuity statement that appears to be new.

LEemMMa 6.1 (essentially in [30, 32]). For any bounded operator A, define

R (A) = [(1 + A) exp (nf (_A)k/k)J —1

k=1

Then:
(a) If A%, , then R, (A)e ¥, .

(b) If f(z) is an analytic function with values in €, (analytic as a €,-valued
Junction), then R,( f(2)) is a function analytic as a €:-valued function.

Proof. Let h(z) — 2~{[(1 + 2) exp(Xr_y (—2)*/k] — 1}. By an elementary

computation, £ is an entire function. Clearly
R, (4) = A™h(A).

Hence, || R, (A)l; < || 4|7l #(4)]lo < oo by Hélder’s inequality for operators.
Now, let f(z) be a function analytic as a %,.-valued function. Then, it is clearly
analytic as a % -valued function, so A( f(2)) is a B(s#)-valued analytic function.
It follows that Tr(BR,(f(2))) is analytic for any finite rank B. Moreover, by
the above, || R,( f(2))|; is uniformly bounded on compact subsets of the domain
of definition of f. Now under the duality (4, B) — Tr(4B), %, is the dual of .,
and B() is the dual of %,[24, Sect. VL.6]. Since the finite rank operators are
dense in €, , it follows that given any B € B(#°), we can find B, a net of finite
rank operators with || B, [lop < || B [lop s0 that Tr(AB,) — Tr(AB)forany A€ &, .
Thus Tr(R,( f(2)) B,) converges pointwise to Tr(R,(f())B) so by the Vitali
theorem, Tr(R,( f(2))B) is analytic for each B ¢ Z(#’). It follows that R,( f(z))

is analytic as a %,-valued function. ||

DeriNiTION.  For A€ %, det,(1 + A4) = det(1 4 R,(4)).
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THEOREM 6.2. Let \(A),... be the eigenvalues of A € €, . Then:

s

dety(1 + ) = [T [0+ pulc) exo (2 wnayn)| 62

m=1
Moreover, for Acb,,_,:
det,(1 4+ 4) = det,, (1 + A4) exp[(—1)* Tr(4* Y/n] (6.3)

and, in particular, for A € €, -

k=1

det,(1 + A) = det(l + A) exp (nf (— 1) Tr(Ak)/k). (6.4)

Remark. Equation (6.2) is natural from the point of Hademard’s theorem
which we have been emphasizing. For if we only know that 3 _; | A,.(4)|" < o
and we want a function “‘det” (1 4- uA) with zeros precisely at u = —A,(A)7,
we need a canonical product of genus (n — 1).

Proof. By the spectral mapping theorem, the eigenvalues (including algebraic
multiplicity) of R, (ud) are (1 + pA,(4)) exp(ZZ: pH (=2, (A)Y[R) — 1, so
(6.2) follows from Theorem 4.2, Equation (6.3) follows from

(1 + Ry(A)) = (1 + Ry y(A)) exp((—1)* 4" n — 1),
Theorem 3.8 and the fact that for 4 € % :
det(ed) = Tt

(which follows from Theorem 4.2 and Lidskii’s theorem). J

CoroLLARY 6.3. Let Ac%,. Then (1 + A) is invertible if and only if
det,(1 + 4) £ 0.

For later purposes we note that there exists a constant I';, with

n—1

, (1 + 2) exp (:él (—z)k/k)] < exp(T, | = 7). (6.5)

Equation (6.5) is obvious, since it clearly holds for | 2| > ¢ (for any ¢) and
for | z | small since the left side is 1 - 0(z") for z small. We remark that I'; = 1,
Iy = %, and for any # I, = 1/n (by using z small) I', < &2 -+ Inn) [20],
also I'y << 2 2]

THEOREM 6.4.
| det (1 - A)| < exp(l || 4{)- (6.6)
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Proof. By (6.2) and (6.5):

(dety(1 4 A)| < exp (I X, [nlA))

< exp(Fn [ 4 1n)
by Theorem 2.3. |

Tarorem 6.5. det,(1 + A) is Lipschitz as a function on €, uniformly on
balls, explicitly:

| dety(1 + A) — det,(1 + B)| < || 4 — Bl exp[1,(| 4l + || Blln + 1)"].

Proof. 'This clearly follows from (6.6), the lemma following (which is an
abstraction of an agreement in [32]), and the fact that if f(z) is an analytic %,,-
valued function, det,(I + f(2)) is analytic by combining Lemma 6.1 and
Theorem 3.3. |

LemmMA 6.6, Let f be a complex-valued function on a complex Banach space X so
that

(a) f(A4 + 2B)is an entire function of = for all A, B, eX.

(b) There is a function G on [0, 00) which is monotone nondecreasing, so
that for all A € X:

[f(A) < G A4l).
Then:

[f(A)—fB) <|l4— B[ G4l + | Bl + 1) (6.7)
forall A, Be X.
Proof. Letg(z) = f(¥A4 + B) + 2(4 — B)). Then g is entire in z and

1f(A) — f(B) = 1 g(}) — g(—3)|
< sup | &%)l (6.8)

—3<i<t

<k sup | g(2)

|zl <k+1

for any k. In the last step we use the Cauchy estimate

[£'(®)] < & sup | g(t + w)|.

lwl=k
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Takek =||A— B|™ For | 2| <k+ 1,

| 8(=)] < G((4 + B/2) + 2(4 — B))))
<G A+ B2+ (k+ 34— Bi)
SGUAR+HIB]+ 1)

Thus (6.8) implies (6.7). 1

Since det,(1 + pA) is an entire function of pu, it clearly has a convergent
power series expansion det, (1 + pd) =Y o (4) p™/m! The form of this series
(essentially found by Plemelj [22](» = 1) and Smithies [34](n = 2)) illuminates
the choice of det, (1 + A) so we derive the formulas:

LemMa 6.7.  Let f(z) be analytic for = small with f(2) = Y,._, (—1)"1b,2"/n.
Let

£(2) = exp(F() = 3, Bpamjm!

m=0

Then B, = 1 and B,, is given by the mxm determinant:

by m—1 0 0
b, by m—2 - 0
by b, by - 0
B, =| : ) Do (6.9)
bm—~1 bm—Z bm~2 o 1
bun by b by

Proof. Since g’(z) =f'(z) g(z)’ we find that
nB,, = nl(b B, _4/(n— 1)1 — b,B,_,/(n — 2)1 + ---),

or

B, — 7?:1 BB y(—1)F [E—Z:—g:] (6.10)

Now (6.9) clearly holds for B, so suppose inductively, that it holds for By ,...,
B,,._; - Then (6.10) corresponds to the expansion in minors in the first column in

(6.9) and so it holds for B,, . |}

TrEOREM 6.8. (Plemelj—Smithies formula). Let A= %, . Then

det,(1 + pd) = i o™ (A) m! (6.11)

m=0
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where the series converges for all u e C and o[P(A) is given by the mxm determinant:

e m—1 0 - 0
Wy = | R 6.12
() =] m w ©12)
B O

with

(6.13)

Proof. Since det(l + pA) is an entire function, it clearly has an expansion
(6.11) converging for all u. The coefficients need only be found for small u.
By Lemma 6.7, (6.12) and (6.13) are equivalent to

deto(1 + ) = exp( 3 (~1 o) ")

m=1

for small p. This follows by using Lidskii’s theorem and the product expansion
for det,(1 + p4). |

Remark. The beauty of (6.12) is that det(1 + A) has an expression in terms
of Tr(A4%) and when Tr(A4), Tr(4?),..., Tr(4A" 1) are set equal to zero in this
expression, we just get det,(1 4 A4).

7. FrepHOLM THEORY

The basic result of the Fredholm theory is the ability to write (1 4 pA4)!
as a quotient of explicit entire functions of u. The “higher minors” of Fredholm
will not be discussed here but we note they are essentially the functions [A”A4(1 +-
pA)™] det(1 4 wA): See [32] for methods of estimating these objects. We begin
by deriving formulas due to Plemelj [22] and Smithies [34] for the numerator in
this quotient and then we discuss Fredholm’s original formula.

TueOREM 7.1. If A€ ¥, , then

(1 + pA)™ dety,(1 + ) (7.0)
15 an entire operator-valued function of u.

Proof. (14 pA)™? is analytic in CH—A,(4)JY{ . Since the spectral
projection at each A,(4) is finite rank, one can show by an explicit analysis of the
Laurent series about —A;* [19] that at u = —A(A)L, (1 + pA)~* has a pole of
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order at most dim P, (alternatively, one can write (1 + pd)y™* = (1 — P))
1+ A1 — P+ [1 + pAP;]* P; and note that the first factor is analytic
at p = —A;! and that the second factor has a pole of order at worst dim P, by
the analysis of finite-dimensional operators). Thus, since det,,(1 + ©A4) has a zero
of order dim P, at p = —X;*, the product is entire. 1

DrriNitioN.  D{M(4) = —det,(1 + AA[(L + Ad)* — 1A,

CoroLLARY 7.2. For A€ €, , D{"(A) is an entire € ,~valued function.
Proof. D{"(A) = Aldet,(1 + A)(1 + 2A)1]. |

We can now use the method of the last section to find explicit formulas for the
coefficients of the power series expansion of D{"(A4):

TuEoREM 7.3 (Plemelj-Smithies formulas for D{™),

D) = T B A) X! (12)

m=0

where B\ is given by the (m + 1) X (m - 1) determinant:

A4 m 0 -0
42 & m—1 - 0

B d) = | - : : S (7.3)
.

where o\ is given by (6.13) and (7.3) is to be interpreted in the sense that (if,
B(AV) is of the same form as (1.3) with A? replaced by (p, Ai¢). 1

Proof. In terms of the determinants o{")(4), we can evaluate B{V(4) by
expanding in the first column:

BI(A) = Al — mA%SD A mim — 1) A%,

so that

n (n) (n)
B ’(A) g e oy
m! (m — 1)}

It follows, that for p small (where all series converge):

2/3

m=0

(n) @ cx(n)
m(A) (A—FA2+#A3+"')(Z _ﬂT_!I_Lm)

m=0

— A(l + pA)* det,(1 + pd). |
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CoroLLARY 7.4. If A€ ¥, and —u' is not an eigenvalue of A, then

(1 pA)y™? =1 — p[DP(A)/det, (1 + pA)] (7.4)

where det,(1 + pA) =35 _o ol pm/m! and D(A) = ¥,_o B2NA) pm|m! with
™, B given by Egs. (6.12) and (7.3).

Proof. Equation (7.4) follows by definition of D{(4). |

In practical computations, one would like to estimate the error made by
dropping the tail of the power series defining det,(1 + pA4) and D{”(4). Such
estimates follow from Cauchy estimates and bounds on the growth of the func-
tions as p - 00. Our approach here is patterned after that of Dunford and
Schwartz [4]. We have already seen that | det,(1 + pd)| < exp(I, [ |7 (| 4 ||}
We now prove such estimates on D{”(4). We first note the following estimate
from the appendix to [32] (see also [4]):

TueOREM 7.5. Forn = land1 < p < ©
| DAY, <11 A, exp(l |1 4 Jy)- (7.5)
Proof. It suffices to prove that
(1 + Ay det(1l + Ao, < exp(| 4]) (7.6)
and this can be proven for finite rank operators with (1 + A4) invertible. Now:

(L4 Ayt det(l -+ A)| = | 114 A det(| 1+ A )]

= w1 + D[] el + 4)

J=1

=~ Lt +4) <TI0+ ()

exp(z ) < ex) 415

where N = rank(A) and we have used p;(1 + A4) << 1 + p;(4), which follows
min-max characterization of p,([4]):

p(B) =, min (_ max B I
""" J —1 IH'H' J—1

COROLLARY 7.6.

IBP(A), < e ) 4|, a7
Lo | < ™| A} (7.8)
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Remark. We emphasize that the power series for det(l + pA) and D{’(4)
have (m!)~! in their definition. This (m!)~* control of convergence is an improve-
ment over the celebrated (m!)~1/2 bound Fredholm obtains from Hadamard’s
inequality. In special cases, Fredholm [5] obtains better than (m!)~1/2 or even
(m?; see also Hille-Tamarkin [10].

Proof. By a Cauchy estimate:
1B (Al < m! | Al R™ exp(R1| AL

for any R. Choosing R = m|| A |j;*, Eq. (7.7) results. The proof of (7.8) is

similar. ||
Remark. 'The idea used in these estimates is similar to that by Smithies [34]

in his convergence estimates.

CoroLLARY 7.7 (essentially in [32]).
| DP(4) — DP(B)),
<N A4—=Bl {4l +IBlly + 1D exp[[ x| (| Al + 1 By + DI

Proof. Follows from Lemma 6.6. ||
The basic input in the estimates we prove for D{" is a formula which will also
be basic to our development of Fredholm’s formulas for B%’, namely: for

4, B e €, with (1 + A) invertible
d
Elog[det(l + A+ pB)]lme = Tr((1 + 4) B). (7.9)

To prove (7.9), we write
det(l + 4 -+ pB) = det(l + A4) det(1 + p(4 -+ 1)71B)
— det(1 + A1 + p Tr((1 + 4)IB) + 0(2)),

from which (7.9) follows.
Now let A, Be%,. Then

log[det,(1 + A + uB)]
n~1

— logldet(1 + A4 + uB)] + Y. (—1) Tel(4 + uB)/k
k=1
so that, for (1 4 A4) invertible
n—1
a’i log[det,(1 + A4 -+ pB)]lueo = Tr((1 + A) B) + Y (—1y+ Te(BA*).
1

k=1
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If B = (¢, )¢, then
det, (1 + A) ¢, (1 + 4y )

n—1

= Tid; det,(1 +4 4 pB)|,, -+ Z (—1)* det, (1 + A)(, A= ).

Now | det,(1 + A)| < exp(I’, || 4];) so that, using

% S L ()],
for f analytic:
(1 + A4) det, (1 + A)| < Cpexp(I, | 4 1I7) (7.10)

for C, sufficiently large. Once we have (7.10) we can take limits to conclude
Eq.(7.10) first when 4 € %,, with (1 4 A) invertible and then even for (1 + 4)~!
noninvertible if (1 4 A4)? det, (1 + A) is interpreted as det,(1 + 4) —
ADM(4). 1

Remark. Equation (7.10) appears in Dunford and Schwartz [4] with C,, = 1.
The estimate in this form is wrong! For take 4 = —p(¢ - ¢) with ||é || = 1. Then
(14 Ay =14 p+ Op?), det, (1 + A4) =1 + O(u"), and exp(I, || 4 |I5) =
1 + O(u™) whence (7.10) with C,, = 1 would imply (1 + x) < 1 -} O(u™)!

As above in Corollaries 7.6 and 7.7 we immediately obtain:

Turorem 7.8. For A€ ¥,

(2) Forp = n,|| DY™A, < Cpll Ally exp(Ty | A" | A7)

(b) 1| D(4) — DP(B)llp < Cp Il Ay — B llnf(l 4 lln + Il Bl + 1)
exp(ly [ A ["(1 A [l + 1| Bu [l + 1)")}-

(© [ | < (m!)t=0/m emIn(]| Al ).

(@) 82Dl < Co(mly=tim mTn(|| 4 |,)m.

Remark. 'To bound the higher Fredholm minors, we would use the fact that
they are higher derivatives of det(1 + 4 -+ uB)(see [32]).

As a final topic in the Fredholm theory, we obtain abstract formula for the
coefficients of D{”’(4) which agree with Fredholm’s formulae [5] for concrete
integral operators. Let # be a Hilbert space and ®), # its n-fold tensor
product. We define the “partial” trace from %y (®), #) to €,(#) by (for C
compact):

Troe[Tru(4) C] = Trg(A[C @1 @ --- @ I]). (7.11)

607/24/3-5
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(7.11) defines an operator in %;(5#) since, for C compact
| Trg,#(A[C @ - @IN <[ ALl Clls»

(7.11) can then be shown to hold for any Ce Z(s#). Now given B:
A" — A"3#, we can extend B to X, by setting B to zero on
(A"#°) and then form Tr,_;(B) € €,(A#).

THEOREM 7.9. D®(A) =, o BP(A) = [m! Then
BL(A) = Tr(Am+A)) (m + 1)! (7.12)

In particular, Tr(B(A)) = o)y .
Remark. The last statement is obvious also from the Plemelj-Smithies

formulas.

Proof. By (7.10), for C finite rank:

T(CD{M(4))
— —Te{[(1 + pd) det(l + pA) — det(1 + pd)] Cju)

= e + e AC iy — det(l -+ pd) THO)| fo

@

f— —~‘u,_1

m=0

[% Te(A™H(ud - )\C))‘H — i Tx(C) Tr(Am(A))E.

Suppose that 4 is a finite rank operator
n
4= E (e, ) fi
i=1

with {e;}; ; and {f;}]"_; orthonormal and

C=(en:) N
Then

d
5 T (A (wA 4 XC))

_ gx[ T (e h Al (A AC) e A A (ud —I—AC)fimH)]

G < <imgy

m Z a; oy (e A A€ Aen s fi A NS A fr). (7.13)

21
7:1<- . -<1m

=K
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[In (7.13), it isn’t necessary to take ,, << #, since the terms with z,, = 7 are 0.]

d
2= TrAm3(ud -+ XC))

= um Z o, O‘im(eil A Ae S fy A ﬁ )(en , fk)
+ Z oy Z (_l)j—m—l
i i=1

X (eg A& A e A bn s fiy N ---fim)(eij,fk)

=p" z ) (eilA -“Aeim’AeilA ”-AAeim)(enifk)

—pm Z [Z (6, A e  ANeg Neg  Ae, Ae; Ao A Aein)(el-’_,fk)]

i< <y Li=1

n [TH(C) Tr(A™(A)) — m Tr(C Tr,,_y(A"(A))]

since
(C* QI - @I)(ei1 A Ag ) = %Z (e, A - ACey A Ae; ).
j=1
Thus, for 4 and C of the type above:
TH(CDP(A)) = ¥, (m + 1) wn Tr(C Tr(A™(A))). (7.14)

m=0

Since we can always take «; or a, = 0, Eq. (7.12) holds for any finite rank
operator, so

DOW) = 3 (m + 1) p T, (AmH(4))

m=0

for A finite rank and, so, by a limiting argument for any 4. This proves Eq.

(7.12). 1
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Added Notes. (1) Another systematic presentation of .infinite determinants can be
found in J. R. Ringrose, “Compact Non-Self-Adjoint Operators,”’ Van Nostrand, 1971.
Ringrose proves the Hadamard factorization of the determinant but uses Lidskii’s
theorem to prove it rather than vice versa. .

(2) The determinant inequality (5.1) appears prior to [31] in S. J. Rotfel’d, Prob.
Math. Phys., No. 3, 81 (1968). .

(3) Rather strong results on the status of Weyl’s inequality on a general Banach
space will appear in a paper of W. Johnson, B. Maurey, H. Kénig and J. R. Retherford.

I should like to thank E. B. Davies, S. J. Rotfel’d, and J. R. Retherford for bringing
these references to my attention.
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