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We announcethreenew rigorousresultsfor thequantummechanicalhydrogenatom in constantmagneticfield:
(i) Borel summability of thesmall field perturbationseries,(ii) detailedlargefield asymptotics,and(iii) non-degeneracy
of thegroundstateti~and aproof thatit hasL~t~o= 0 for all valuesof the field.

Theweak field Zeemaneffect [1] in simple atoms A = -4(r X B); B = (0,0,B) (2)
wasoneof theearliestproblemsstudied[2] in quan-
tummechanics.More recently,Ruderman[3] and Theorem1. Let E~(O)be any negativeeigenvalueof
then others [4] discussedthe analogousproblemin the HydrogenHamiltonianH(0). Thenthereis an eigen-
super-strongmagneticfields of the typeencountered value [10] En(B)of H(B) for B smallwhich is the Borel
in neutronstars.It is perhapssurprisingthat any prob- sum [11,12] of theRayleigh-Schrödingerperturbation
lemsremainopenfor sucha well studiedtheorybut coefficientsfor En [10].
thereare someunresolvedtheoreticalquestionsof Theorem2. The groundstate [13] energyErn(B),
interest:(i) The Rayleigh-Schrodingerperturbation of H(B) restrictedto the subspacewith fixed azimuthal
coefficientsfor theenergylevels almostsurely [5] di- angularmomentumm is asymptoticfor largeB and
verge asn! Do theyneverthelessdeterminethe answer fixed m to
in someway?(ii) Is therea systematiclargeB expan-
sion for thegroundstateenergybeyondthecB and Ern(B) = B(ImI — m + 1)
d ln2B termsof ref. [4]? (iii) Therearecentralpoten- r ‘ln~lnB~~12
tials [6] wheretheground statefails to bern= 0 for —[~ ln B — ln(ln B) + + O~ln B
B in a suitableinterval awayfrom zero and is there-
fore degeneratefor at leastonevalueof B by continu- where
ity [7]. Is theattractiveCoulombpotentialone of rn—i

theseor not? 1 ________

q =q —~ ~— m~l
We wish to describeheresolutionsof thesethree rn 0 i=O i!(m —

questions;full details of our resultsand methodswill
appearelsewhere[8].Someoftheresultsextendto q =11n2+4C+ ~ ~÷ r e_X —1 dx~00S796,
more generalatomsandwe havestudiedthe correc- 0 1 x
tionsdue to finite nuclearmass [9] butwe will state
our resultsfor the simplemodel: Cis Euler’sconstantand ~

1(x) is theexponentialinte-
gral.

H(B) = (—iv — A)
2 — r’ (1) Theorem3. The groundstateof H(B) for anyB is

non-degenerateandhasL = 0 [14].
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tor. This turnsout to be somewhatmoresubtlethan References
the correspondingstability for the anharmonicoscil- [lj Thenaturalunit for the field is .-‘~i0

9Gaussso that con-
lator [12]. By scaling(seeeq.(3)below)andstandard ventionallaboratoryfieldsare“small”.

perturbationtheoreticarguments,oneshowsthat the (21 W. Heisenberg,P. Jordan,Zeit.für Phys.37 (1926)263.

domainof analyticity containsthecut planeintersected [3] R. Cohen,L. Lodenquai,M. Ruderman,Phys.Rev. Lett.
25 (1970)467;with a disc.The last elementof the proof is then! B.B. Kadomtsev,Soy.Phys.JETP31(1970)945;

boundon theseriesexpansionin asuitableregionof M. Ruderman,Phys.Rev. Lett. 27 (1971) 1306.
the complexB plane.Here we exploit a techniqueof [4] R.O. Muller, R.P. Rau,L. Spruch,Phys.Rev. Lett. 26

CombesandThomas[16] developedoriginally to prove (1971) 1136,Phys.Rev. A 11(1975)789,1865,Astrop.
the exponentialfalloff of boundstatewave functions. J. 207 (1976)671.

[51Then! comesfrom thefollowing: The leadingterminThereis one very interestingaspectof our studyof Rayleigh-Schr~idingertheoryis ~ = (t2~,V(S
0V)’~no),

Theorem I we shouldmention:If ~1i~is the ground whereS0 = (Ho —E0)~[1 — (~io,)H0]. c~o~— e~ at

statefor 11(0), then t~
1ln(i,1i

0, e tH(B)~p0)a~.(B)is infinity, S0 hasno falloff in x and V ‘-~ ixi soa -~ f xI’
1 e~

a function with a formalperturbationserieso~~(B)
= ~ a~,(t)B’~obeying a

0(t)I ~<A(t)B(ty~ (n/2)! des- [61R. Lavine andM. O’Carroll, to bepublished.

pite the fact that theperturbationseriesZ an(00)B’
1 [7] Theusualproofof thenodelessnatureof the groundstatedependson the fact that theGreen’sfunction kernelof

for —E
0(B) 1im~~0.t~(B)undoubtedlyhas an(°°)I (H —El’, (E < E0) is strictly positive.This fallsfor

n! This example[17] is relevantto the Lipatçv Hamiltoniansin magneticfieldswherethis Green’sfunc-

theory [18] of the asymptoticsof theperturbation tion is no longerevenreal.

seriesfor anharmonicoscillatorsand0 field theories [81 J. Avron, I. Herbstand B. Simon,Schr~idingeroperatorsinmagneticfields, in preparation.
wheresimilar ~ —~00 andn -~ oo limits are interchanged [9] Thereductionof thecenterof massis actuallysubtle;for

with abandon;we believethis interchangeis correctin a freeparticlein a magneticfield, the momentumperpen-

that casebut it is clearlymoresubtlethanpreviously dicular to thefield is not conservedbut thegaugeinvari-

believed, antquantity C p + eA (with e thechargeof theparticle)
To proveTheorem2, oneintroducesa couplingcon- relatedto thepositionof the centerof rotation,is con-

stantX in front of ther~ termin (1) andnotesthat servedandplaysa role similarto themomentum.But[Cx,Cy] * 0. Fora multiparticle systemwith pair inter-
E(B, X), thegroundstateof H(B, X) obeys: actionsC = E,C1 is conserved.C~andC~will commute

E(B, 1) = B E(l, B 1/2) (3) if and only if the total chargeis zero. In this casea con-ventionalkind of reductionis possible.

sinceH(B, 1) andBH(1, B 1/2) areunitarily equivalent [101 Of course,theeigenvaluesarehighly degenerate.Our
underthe scalingx -~ BU

2x. Eq.(3) reducesthe largeB suitshold for the statesof maximal andminimal m which
arenon-degenerateon the fixed msubspace.

behaviorto a small couplingproblemfor H( 1, 0) — ~r ~, [11] That is, if ~ a~B°is theformal perturbationseries,then

Becausethemagneticfield inH(1, 0) discretizesthe g(x) ~ a
0x°/n!convergesfor x small, hasananalytic

spectrumin two dimensions,this is essentiallya small continuationto a neighborhoodof thepositive realsand
couplingproblemin one dimensionwheresystematic forB smallE(B) = fo°°g(xB)e~~

[12] Borel summabilitymethodsfor Rayleigh-Schrödinger
expansionshavebeenrecentlydeveloped[19]. seriesgo back to S. Graffi, V. Grecchiand B. Simon,Phys.

Theorem3 dependson certainmonotonicityresults Lett. 32B (1970) 631, who prove this summabiityfor the

obtainedby developingaWiener pathintegral for the anharmonicoscillator.It hassince beenextensivelyde-
Hamiltonianreducedto a fixed m subspace,discretizing veloped in a variety of situations,including certainfield

thecorresponding“time” andusingcorrelationinequal- theories;seee.g.J.P.Eckmann,J. MagnenandR. Sén~or,

ities [20] for thecorrespondingIsing-like system[21]. Commun.Math. Phys.39 (1975)251.[13] All statesbut thesestatesareof orderB(Irn~—rn + 1)
TheCoulombpotential V(r) = —r

1 is distinguished + 0(1) asB-~

from thepotentialsof ref. [6] by the conditions [141This is true in anygaugefor which L
2 is a constantof the

V’ ~a0, V” ~ 0. The critical input is a proofthat under motion.

certaincircumstancesthegroundstatewave function [15] This is a technicalcondition which saysthat theeigen-
valueremainsisolatedand itsmultiplicity constantfor

of a quantummechanicalparticlemustcollapseto small complexB. An exampleof a non-stableperturba-

wardsthe origin as thepotentialbecomesmoreattrac- tion, evenfor realcoupling, is the Starkprob1em~seee.g.

tive. J. Avronand I. Herbst, Commun.Math. Phys.52 (1977)
239.
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