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The authors derive asymptotic formulas for the energies of the strongly bound states of hydrogen for large
magnetic fields. Rigorous lower bounds on the binding and also upper bounds are given based on generous
estimates of the errors. Comparison with variational and other previous numerical results shows their

tendency to underestimate the binding.

I. INTRODUCTION

Intense (sometimes called “superstrong”) mag-
netic fields are characterized by Landau orbits
which are of the same order as, or smaller than,
the Bohr radius. This is the case for B ~3X10° G.
Such fields are believed to pervade the surfaces of
certain neutron and magnetic stars.! They make
spectroscopic and other properties of matter very
different from the ordinary. For the obvious rea-
sons of abundancy and theoretical tractability the
spectral properties of hydrogen are of particular
interest. There is also independent theoretical in-
terest in the problem in the context of perturbation
theory.2™*

The key to the large-field behavior is the (es-
sentially) one-dimensional dynamics in the direc-
tion of B. (Schiff and Snyder realized this as early
as 1939.%) Hence hydrogen in a large magnetic
field is related to some form of the one-dimension-
al Coulomb (long-range) problem. A definite con-
nection with the one-dimensional truncated Coulomb
Hamiltonian [V(x)=-1/(|x|+a)] was suggested by
Ruderman in 1971.% This gave the leading term in
the B ~«~ expansion for the binding energy. How-
ever, the connection proposed by Ruderman was
just a clever guess. It was not clear how seriously
it should be taken, i.e., to what order it is accur-
ate. (This question is answered by the present
work.)

Much effort has been devoted to numerical analy-
sis of the problem. Among the methods employed
were variational,”*® Padé approximations,’ numer-
ical integration of differential equations,'®!! and
Thomas-Fermi.?* Typically the various methods
led to scattering of ~20% in their estimates.

Theoretically the problem was in two parts:
first, to perform the Schiff-Snyder reduction to one
dimension systematically; second, to find a gener-
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al method for analyzing the one-dimensional Ham-
iltonian in the appropriate limit. It turns out that
both problems are intimately related. Both can be
solved by a theory of weak coupling recently de-
veloped by one of us.3*

Before explaining what weak coupling has to do
with large magnetic fields let us explain what the
strongly bound states are. The strongly bound
states are those that increase their binding indefin-
itely with B. On each subspace, with fixed azimu-
thal quantum number m, the ground state is strong-
ly bound. Heuristically this comes about by
squashing the state onto the attractive Coulomb
singularity. Ruderman found that this divergence
of the binding is essentially logarithmic in B.

How is weak coupling related to high B? This is
a consequence of the scaling properties of the
Hamiltonian'”’; Surmelianand O’ Connell!3 noted that
with charge z the hydrogenlike Hamiltonian
H(B, z) satisfies

H(B,z)=BH(1,2B"V?) (1.1)

(= denotes unitary equivalence). Hereafter we use
A for z. It follows that B -« corresponds to x —0.
This is the weak coupling.

The paper is organized as follows. In Sec. II we
derive weak coupling formulas and show that the
one-dimensional Schiff-Snyder Hamiltonian is a
first-order approximation in the weak coupling ex-
pansion. In Sec. III we evaluate explicitly the first
few terms in the expansion for the Schiff-Snyder
Hamiltonian. This yields asymptotic formulas for
the binding energies for the ground states for arbi-
trary quantum numbers m. In Sec. IV we bound the
first correction due to the latent two dimensions.
Section V is numerical. We give generous upper
and rigorous lower bounds for the binding energies.
Comparison with other results is also made.
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In Secs. II-1IV, the unit of energy is 54.4 eV and
the unit of magnetic field 9.4 X 10° G.

II. WEAK COUPLING

The Schrodinger equation for (spinless) hydrogen
in a constant magnetic field B (and infinitely heavy
nucleus) is

H(B)=@ -3sBx¥)2-1/]|F|. (2.1)
By (1.1), H(B) is essentially equivalent to

AN\ =@ -2x7)2-N/|F|, 2.2)
with Z a unit vector and

A=(2/B)Y?. (2.3)

In each subspace, with azimuthal quantum number
m, the continuous spectrum of (2.1) starts at
|B|(Jm]= m +1).** The binding energy is the
(positive) distance of the eigenvalue from the thres-
hold of the continuous spectrum. An index m,
which we shall drop as a rule, denotes the L,=m
subspace. It is sufficient to consider m >0, which
we henceforth do. Let a? denote the binding energy
of (2.2). The corresponding binding for (2.1) will
be denoted by €. The two are related by

e?2=3Ba?. (2.4)

Let
Hy m=(p-2XT)3-2.

The eigenvalue problem (2.2) can be written

[1-xK(a)]p=0, , (2.5)
where
K(@)=(1/|F|¥2)(H, + a®) L (1/|F|?), (2.6)
@ =IF12y;
¥ is the usual bound-state wave function. Now
~a) e- 2|
2)-1 _ e ® 1- [0)¢0]
(Hy +@®)7 = |00 ———+ Tra?
2.7

where |0) is the ground state of the two-dimension-
al Landau Hamiltonian restricted to the L,=m
subspace. The first term on the right-hand side of
(2.7) is singular in the limit @ -0. The second
term, on the other hand, is uniformly bounded by
i. Motivated by this and Ref. 4, we introduce a
more elaborate decomposition. Let

1 1-]0)(0| 1

L= EIEG H,+a® TJE[7E ’

1 1 ~oalz|-a| 2 1
P=§W§‘l0><0|e lel-al [Tf.'—,ﬂi’

1 1 cotl emar - ’
Q=3'—‘f172_,0><0,(e ol z-2'| —e otlz+z])

x %7_1272_) i 2.8)
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and 4(x)=1 for x>0 and zero otherwise. Then
K=pP/a+Q/a+L. (2.9)
By Appendix A
IL||<37/4/2 . (2.10)

Thus for B> 6 [ B and X related by (2.3)] A L] <1.
By direct variation calculation (see Appendix A) one
can show that the ground state in the m subspace
has binding that increases without limit as B -0,
In addition, it is shown that

Iell<v3 . (2.11)

Consequently (A\/a@)@=(1/¢€)Q is arbitrarily small
for sufficiently large B. Thus, as in the one-di-
mensional case,* the key to the analysis is the
realization that the most divergent part of K as a
-0 is rank 1,

Let B, be so large (A so small) that

IrL+1/e)Qll< 1

for B> B,. By Appendix A and the numerical re-
sults of Sec. IV, one finds B, < 300.

Theorem 2.1: The eigenvalue equation for the
ground state with binding €* for B> B, is given by

e=Tr{[1-(1/€)Q-AL]"*P}. (2.13)
Proof: Since [1-(1/€)Q- (1/A)L]§=0 implies y =0
for B> B,, (2.5) can be written

[1-(1/e)A)p=0,
where

A=[1-(1/€)@-AL]'P.

A is a product of a bounded operator and a rank-1
operator. By standard arguments the eigenvalue
problem (2.14) has the eigenvalue equation

det[1-(1/e)A]=1-(1/€)Tr(A)=0,

since A is rank 1, Q.E.D.

A systematic expansion in the small parameters
A and 1/€follows from (2.15) by expanding the de-
nominator in a power series to lower orders:

€=Tr(P)+(1/e)Tr(PQ)+(©2/B2Tr(LP) - .
(2.16)

In Sec. IIl we evaluate the first two traces (the
leading behavior) and in Sec. IV we bound the third.
Setting L = 0 in (2.16) gives the eigenvalue equa-
tion for the ground state of the Schiff-Snyder Ham-

iltonian.

(2.12)

(2.14)

(2.15)

II. SCHIFF-SNYDER HAMILTONIAN

The Schiff-Snyder Hamiltonian H is

am=- 2w ) (3.1)
S dxz m ’ Yo



where

1 ’ > 1 oetdmla
=(0| =r|0)= [ . 6.
W,,.(x) < , Irl ,m' 1 A (t+x2)1/2 (3 2)
Proposition 3.1: The eigenvalues of H{™ (\) are
bounded from above by the eigenvalues of the one~

dimensional truncated Coulomb Hamiltonian with
potential

=2/[) x| +(m+1)2]

and

Hyd Schiff-Snyd
E <E;; s

with Evd the nth L, =0 hydrogenic energy (with A
=e?),

Proof:

1/(m+1+ x2)V2 < w,(x)<1/|x]|. (8.3)
The right-hand side of (3.3) follows directly from
(3.2) and the left-hand side, which is also easy, is
proved in Appendix C. It follows that W,(x)
>[(m+1)Y2+|x|]". This together with the min-
max principle completes the proof of the first
half of the proposition. For the second half, note
that the one-dimensional Schrédinger equation with
Dirichlet boundary conditions is identical to the
radial wave equation with /=0, Q.E.D.

Covollary 3.2: Only the ground state of H is
strongly bound in the sense that a/x goes to infinity
as A -0,

Let a? be the binding energy for the ground state
of Hy. Mimicking the derivation in Sec. II, we get

a=ATr(P)+ %2- Tr(PQ)+ %ZTI‘(PQZH cee,

. (3.4)
where P and Q are as in (2.8). This is identical to
(2.16), with x and a related to B and € by (2.3) and
(2.4) and L set equal to zero. Now

Tr(P), = fm e 2 W (x)dx

(¢]

o -x 1
= [[ s [ (1200 Walx)ax
200 X

(4]
+/1m e'”“‘(W,,,—%) dx+0(a). (3.5)

Using the identities** [(3.7) follows from (3.8)]

[m (Wm(x)— —i—) dx

- I S A 1/2
=In2— m!fo e In[1+(1+2)2] dx, (3.6)

f ' W, (x)dx
° 1

e *x" In[1 + (1 +2"2]dx+ 30 - gn),
m! Jy

(3.7
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S et ax=mity - g, (3.8)
o x
quZ _zl_ ’ qo=0’
=1

fw [xWn(x)=1)dx==(m+3)/m!, (3.9)
0

© e’* _ > . o)
]2; — dv=-y-In@a)- 317 o

with y being Euler’s constant, one gets -
Tr(P)=1n(l/a)-5(y+qy) +2a(m+3)/m! + O(a).
(3.10)

For the next term

Tr(PQLF%fQ dx dy Wp(x)e ™ ** W,(y)e™*?
0

x (e~olx=3l _ g=alz +s])

= jom Wm(x)e“z""‘dx_/o-x dyw (y)
- —;-(‘/om e'z‘]“‘W,,,(x)dx)2

) fo " W2 [ T Waly)(1 = e )ay.

(3.11)
It is easy to show (see below) that
0<Tr(PQ)< 4 n2.
Let
1 o _ettmat
o(x)=- ml ), [@ati+ )72 (3.12)
= [ -y, (3.13)
o
[ 1l=e"?
x(x)-£ " dy, (3.14)
n(x)=£(x) - x(x). (3.15)
Then
n(x)=fx [to(#)-1]dt+0(a) (3.16)
(4]
and
- [T e xx) © e’
Tr(pQ)-f0 p arx+f1 P n(x)

+f01 e"‘<<p--%)x(x)dwl1 —ex:n(x)dx
1 -x
./0' e

X

+

(<P - %)n(x)dx+ o(a).

(3.17)
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These integrals are evaluated in Appendix B. The
result is

1
Tr(PQ)— —_— + a(m+—2)l In(a?)
ml
1
+ (m+3)! D,a+af,, (3.18)
. ml
where
szqm+1/2+21n(2)—2+‘)’—26‘1, (3.19)

cl=f [y(y2+1)"2 - 1] Inydy=~0.30685;
(+]

(3.20)

qm 15 as in (3.8) (see Table I), f, is the constant
” 1 *
fm:f (Wm(x)‘j)dxf dy[Wa(y)-1]. (3.21)
0 (]

TABLE I. Constants D,, and q,, of Egs.(3.18)and (3.19)
computed for angular momenta m, w=0,1,2.

m Tme1/2 Dy,
0 2(1 - In2) y-2C; =-0.03648
1 2(4 - 1n2) Z+y—2C,= 0.6302

2 23— 1n2) H+y-20,= 1.0302

- In Appendix C we prove

0<f, <2(m+1)V2(1 -1n2). (3.22)

We have made no attempt to evaluate f,, numerical-
ly. For the third-order term we have the upper
bound

Tr(PQ2)=ff/W(xl)W(xz)W(xg)e'“‘1'“"2(e'°‘|"2"‘3| = emelrarnly(emalnal _ pmalx a)

x3=0
xIZxZEO *
= [ f f Aoy dy doeg W () W (o) W (55)
x12x22x320
X [exp(-2ax, —~2ax,) sink? (ax,) + 2 exp(-2ax, - ax, — ax,) sinh(ax,) sinh(ax,)] .  (3.23)
By (3.3)
0<Tr(PQ?) Sff_/ (xlﬁéx:;)-l[e-le-zxz Sinhz(x3)+26'2"1"2-’3 sinh(x,) sinh(xa)] g% (3.24)
3121221‘3 '

[use e”*sinh(x) < x].

Collecting these terms, we obtain an asymptotic
implicit function for the ground-state eigenvalue
for the Schiff-Snyder Hamiltonian:

a, 1 T
—h—lna-z()’*‘hx)"' 12a + A lIn(a?)
1 1
. 2e(m+z)l  ADy(mz)l
ml ml
(3.25)

The error is roughly of the order of & (\/a)2.
Strictly speaking, only the first three terms on
the right-hand side of (3.25) are significant. a/x
is of the order of In(1/A), and so the error domin-
ates the A In(@?) term and the two following terms
for A sufficiently small, The main reason why we
retain these terms is that we have been able to
compute them. We mention, however, that these
are also the first terms that distinguish the Schiff-
Snyder energy from the truncated Coulomb. An-
other reason for retaining the high-order terms is

r

that, in the range of interest, X is not so small
that these terms are dominated by the error term.

IV. ASYMPTOTIC FORMULA
A. Latent two dimensions

By (2.17) the lowest-order correction taking into
account the two dimensions transverse to B is
(2/BY2Tr(LP).

Ry (x) W, nlx”
Tr(LP)= ,,Z:; f 2(a? +4n)?
X exp[-(a® +4n)? | x - x'| ]

1( )l/zf l;V +iﬁ)iz,‘§” . @

where

L

I7]

and a caret denotes Fourier transform. Hence

t’Vn.o(‘z)ze-cd'l <"

0> (4.2)
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Tr(LP)sfz:(%)l/z j 1, dps(%)l/z% Z:: JIW,..o(x)lzdx

pZ+4
~ 1/7 1/2 o0 -2]s] fm . e-ttm
__5(—2—) Im die A

B. Main result

From (3.25), for the Schiff-Snyder one-dimen-
sional Hamiltonian, (2.3), (2.4), and (4.3) we ob-
tain the ground state of the Hamiltonian (2.1),
which, for B =B, is given by the asymplotic
Jormula

2
€n=3 1n(§—> -3y +gn+In2)+ l%e;,

m,

1/2 1/2 1
-(3) maE) F) e
+(2>1/2 (m+%)1D,,

— + error (4.4)
ml

B
[ ¢, and D,, are given in (3.8) and (3.19)]. The er-
ror is roughly

Error ~% In?B+(21%B)/? . (4.5)

The first term is the “one-dimensional error”
(8.24) and the second the “two-dimensional” (4.3).
For magnetic fields B < 3000, (4.3) dominates
(3.24). (The converse holds for higher B.) It fol-
lows that by computing a few terms in (4.1) the nu-
merical accuracy of (4.4) would improve substan-

tially.

V. NUMERICAL RESULTS

The physically interesting range of intense mag-
netic fields is restricted to fields smaller than a
few thousands in the 9.4 X 10°-G unit. In this range
the relevant small parameters are not very small.
Consequently the weak coupling expansion to the or-
der given in Eq. (4.4) is only moderately accurate
and the error terms, B~Y2 and In"2B [see Eq.
(4.5)], are not negligible. We shall describe the
solutions of Eq. (4.4), discuss their accuracy, and
compare the results to those of other works.

We denote the binding energy obtained by solving
the implicit function E,, (4.4). We also consider
shorter series of the weak coupling expansion. In
particular, E,(2) denotes the binding energy for the
weak coupling formula in which only the first two
leading terms in the right-hand side of Eq. (4.4) are
kept. The behavior of the sequence of numbers
obtained as more terms in the series in Eq. (4.4)

3
2\2

ﬂ>3/2 (m=3)!

<. (4.3)
ml

T
are retained is an empirical measure of the ac-
curacy of E,,. Since E,(3) turns out to be quite
close to E,,, it seems that the distance between
E,(2) and E,, should be an empirically safe esti-
mate of the accuracy of E,,. E, and E,(2) are given

" in Table II for m=0, 1 in units of 13.6eV. [E,

turns to be insensitive to f,, within the range given
in (3.22).] The table indicates only a 20% accuracy
for m=0 and B~ 1000, In Table I we have also
given a rigorous lower bound on the binding which
follows from the truncated Coulomb (Prop. 3.1).
This bound is not expected to be optimal. The
eigenvalues of the truncated Coulomb Hamiltonian
are given by the zeros of a certain hypergeometric
function'®+'® (see Appendix E). These have been de-
termined numerically to an accuracy better than
0.001,

TableIII considers the m =0 ground state. The
table contains results obtained by alternative meth-
ods in other works (Refs. 7,8, 9,11, 12,19, 20, 22):

a rigorous lower bound on the binding, and a gener-
ous upper bound. This table is also in units of 13.6
eV and 2.35 X10° G (unlike the other sections of
this work). The lower bound has been discussed
above. The upper bound was obtained by taking

the generous bounds (3.24), (4.3), and (D3) for
Tr(PQ?), Tr(LP), and Tr(PQ) in (2.16).

TABLE II. Binding energy in units of 13.6 eV for the
tightly bound states with » =0 and » =1 in magnetic fields
in the 9.4x10%-G unit. E((2) and E,(2) are the solutions
of the weak coupling equation to the leading two orders.
E, and E, are the solutions of the full weak coupling equa-
tions (4.4) for m =0 and m =1.

m=0
Lower
bound

Lower

B bound E((2) E,

25 4.31 4.34 7.78 3.38 2.97 8.96
50 5.44 5.44 9.06 4.30 4.13 8.50
100 6.83 7.40 11.00 5.46 4.94 9.45

300 9.63 11.44 15.21 7.7 7.71  12.32
500 11.23 13.76 17.64 9.11 9.49 14.12
851 13.10 16.48 20.49 10.70 11.62 16.30
1000 13.72 17.38 21.42 11.22 12.33 17.02
2000 16.65 21.58 25.79 13.72 15.70 20.47
3000 18.56 24.32 28.62 15.38 17.94 22.75
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TABLE III. Binding energy for the # =0 ground state in units of 13.6 eV and magnetic fields
in the 2.35 X10°-G unit. The “Lower bound” column is the solution of the truncated Coulomb
Hamiltonian; CK-—data of Canuto and Kelly (Ref. 11); CLR—Cohen, Lodenquai, and Ruderman
(Ref. 19); RS—Rau, Spruch, and Mueller (Refs. 8,12); SHSO-Smith, Henry, Surmelian, and

O’Connell (Ref. 7,22); AHS—the present work.

Lower . Upper

B bound CK CLR L PG RS SHSO AHS bound
25 2.63 4.73 13
50 3.38 7.77 14
100 4,31 6.47 7.46 6.93 7.56 7.78 15
300 6.23 10.152 9.81 10.57 10.13 .18
500 7.34 11.75 20
852 8.67 14 13.62 13.75 22
1000 9.12 14.4° 16.8 14.1 14.42 23
2000 11.23 17.64 27
3000 12.64 19.78 30

2See also Ref. 9.

A direct check on the accuracy of the method of
weak coupling is presented in Table IV. The table
compares o, the square root of the binding [in
(54.4 eV)2] for the truncated Coulomb obtained by
weak coupling, with the exact results. The small
coupling constant A was chosen to correspond [see
Eq. (2.3)] to 100 < B<1000., The weak coupling
formula for the truncated Coulomb Hamiltonian is
given in Eq. (E5) in Appendix E. In Appendix E the
exact solution is also reviewed. Table IV provides
an indirect method for estimating the accuracy of
Eq. (4.4), 16% accuracy at B~100 and %% accuracy
at B~1000. This error is smaller than the two

In conclusion it seems to us that Tables II and III
provide a realistic estimate of £,, and its accuracy.

ACKNOWLEDGMENTS

The work of one of us (I.W.H.) was supported by
the NSF under Grant No. MCS-178-00101; one of us
(B.S.) was partially supported by NSF Grant No.
MCS-78-01885. Publication partially supported by
NSF Grant No. PHY-78-23952.

APPENDIX A

a. |L]l. Since H,(1-[0)¢0[)>4 and 1/a<3(1/
a+2) for a>2, we have the operator identity

estimates of the error given ?bove and it is possi- |L| S‘g(,“x_;ﬂz‘>(Hz +2)71 T:%VZ_ ) (A1)
ble that the extra two dimensions for the Zeeman X
Hamiltonian increase the error, Thus
J
FZI <3 WIRI2(H,+2) 7 2 <3 [ [Z2 (5172 | [ (02 V2, +2)7Y 121 (o, +2)"2 |2 < S m/2%/2 (A2)
r
The norm of the first term is (537)2, by Ref. 18, Then

The others are elementary.

b. [|Q]l. Consider a unitarity-dilated @ in the z
direction. As @—0 it converges to (and is point-
wise bounded by)

Gy=3|z ,-1/2(e-| 2| _ e-lz+z'|)lz/'-1/2

X 08(zz")[0)¢0] . (A3)
Let
|22, |z|<R,
VR(Z)E{O, |z|>R, 4
Vole) =22 = Ve(2), (A5)
=il el o emlerelyp(zry, (A6)

1Qoll < IVeAVel+2l VAV i+ IV.AV.I; (A7)

now
lv.AV,l|<1/R, (A8)
IVoAVRll? < 1V, AVEllys
[ ) [ (a9)
() z R x
Since sinhx is convex
e*-e *<(z/R)e®, O0s<z<R. (A10) -
This gives
V. AVe ] <1/4VR, (A11)



TABLE IV. Square root of the binding energy « in units
of (54.4 eWV)!/2 for small coupling constants A for the trun-
cated Coulomb.

o
Weak a

A coupling Exact
0.1414 0.171 0.1848
0.1000 0.137 0.1458
0.0840 0.122 0.1293
0.0632 . 0.101 0.1060
0.0447 0.080 0.0828

Ve AVR|? < | VR AVRl%s

R -2x x inh2
=2f A e f sinh?(y) dy
() X Y ¥y

1 R =-2x ¥ 2 1
S?f e dxf e“’dy <iR.
0 0

(A12)
So finally
| @ll<3/2VR +4VR, R>0. (A13)
(A13) is minimized by R =3:
IQl<v3. (A14)

Lemma A.1: In each subspace with fixed m the
ground state of (2.1) has binding energy €2(B),
which diverges as B—x.

Proof: LetB be the unique solution of the im-
plicit function

B=2x(m +1)2¢%¢, (28) (A15)

with ¢, (x) the exponential integral and A =(2/B)"2.
As A -0,

B~2x(m+1)21n(1/A).
Now choose a trial wave function
exp[-B|x|(m+1)"2]]0),, (A16)

and let @ = €. Using (C3) and the min-max prin-
ciple, we find

azB. (A17)

J

tdt

ting
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APPENDIX B

1. fgle*[x]x(x)dx

Write (1-e7?)/y as a power series and integrate
term by term. This gives®*

1
ErETET T ®1)

2. fplq1+ )72 - 1] Intdt

f [t(1+#2)"Y2 - 1] Intdt
0o

1
=f (¢(1+¢2)"VY2 - 1] Intdt
0

+f [1-(1+#2)"1/2] %‘—25 dt. (B2)

Expand the square root by the binomial and inte-
grate term by term. This gives

oL 141y, 1x3 (_1_ _1_) 1x3X%5
22 T2\ 7 )7 2xa \32 T )" 2x4x6

X (i —1—> + e 0.
52 ~ g2
~0,30685... . : (B3)

3. fLre*/x]n(x)dx

Write e™*/x as an infinite series and integrate
by parts. The series obtained is expressible in
terms of the exponential integral. It gives

(m+35)!

—fl Inx[ xp(x) = 1]dx + O(a). (B4)
V]

In (B4) a scaled version of (3.9) has been used.
Now

1 tint 1/a 1/a 1/a
J; @7 dt:alnaj; W+a-£ Wdt +aj‘; Int dt

+af [t(1+£2)"Y2 - 1] Intdt+ O(@)
(1]

=—glng-1-¢, + 0(a),

(B5)
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where ¢, is as in Eq. (3.20) above. It follows that

(m+3)1

1
/(; xInx @(x)dx=-2a1n(2a) -

a 0

-—f e t ™2 Ing gt
I 0

(m+3)! .\

m! o(a).

-1+2ac

(B6)

One can calculate g, ,/, exactly using formula
4.333 of Ref. (24) (p. 574):
/2 ( d >"' y +1n(4a)

=Y = Gm-1/2~ m 2; paTg)

a=1

(B
4. Jre*/xdxf5[yofy)~ 1]dy

The domain of integration is as in Fig. 1. Since
|y@(y)—1] < consta?/y?,

f: e—;dxf [yoy)-1]ay

[ G e[ lrew-1lay+o@

1
=—201€1(1)(m+§)1/ml+0(a). (B8)
5. fhe*le(x) - 1/x]x(x)dx

Expanding x in power series and integrating, we
get

1 1 1
[ &0 1) xtwax= [ [xp - 1]dx+ 0@

0 1]

1
o (m+3)]

. (B9)
ml

J

==2

6. fhe™l o) - 1/ n(x)d
[ ' 8"‘<q0(x)- %)n(x)dx
= [ <<p(x)— %)de, [ye(y)-1]dy+0(a),
afo’/“ (w_-i—)dxfo' W)= 1]dy+ 0(a)

=afow(w(x)——i->d9;£x [yW(p)~1]dy + O(a).

(B10)

APPENDIX C
1. Lower bound for W,,

(1/m!)e”* t™dt is a probability measure and (¢)
=m+1, For fixed x, (¢+x2)""2 is concave. By
Jensen inequality

((E+x%)7Y2) > (8) +22)"V/2 (C1)
or

W(x) = (m+1+52)"V2, (C2)
Since (a2 +8?)2 < a+b,

Wp(x)= [(m+1)V2 4+ x2]71, (€3)

2. 0<f,<2Am+1)'*(1-1n2)

fn is evidently positive [see (3.21) and (3.3)]. By
(C1) ,

Im< {m ((m+1+x2)'1/2— —i)dxj: ay[ y(m+1+y2)" V2 _1]

=(me1pe [7 (@eanyve- L)t sars - 2 1)ax

_=2(m+1)1/=(1-1n2).

FIG. 1. Domain of integration for the double integral
in Eq. (B8).

(C4)
APPENDIX D
1. Upper and lower bounds for Tr (P) ‘
A lower bound is

Tr(P) > f‘*’ e"2ox [(m+1)1/2 +x]-1
(o}

=e2°“"‘“’l/zel[20!(m+ 1)/2]
>¢[2a(m+1)V2], (D1)

where ¢,(x) is the exponential integral. For the
upper bound write :
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1 00 e'ZCCx o _ 1
Tr(P)=f W(x)e'2°"‘dx+f dx+f e 2ex (W(x)——)dx
() 1 x () x

= '{"1 W o)dx + jlm <W(x)— —;lc->dx+el(2¢x)+ '[1 (e72%x 1)W(x)dx+[w 1- e-zax)(_;lt_ _ W(x)) dx

<In2+¢(2a)+In[1+(m+1)V2],

where we have used the negativity of the fourth
term, (3.6) and (3.7), and finally (C3) to bound the
last integral.

2. Upper bound for Tr (PQ)
From (3.3) and (3.11)

~20x

0 x 2
Tr(PQ)<f € dxf _d_y_(l_e-zrxy)zﬂ_
o

o ¥ 12
(D3)
by (B1).
APPENDIX E
'fruncated Coulomb
The binding @? of the ground state of
2
is given by
dv(ri/xﬂ(x) . -0, p= _2% ’ (E2)
where!®:18

(D2)
-
— % 1 _.____.ﬂ._.(l ﬁ) +
Wa(x)=e /2(-—5 +2; s 11 A, Xt
+[Inx+ p(1-B8) = 9(1) - p(2)]
(1 B) 7|+
XZO Al )1 * 1)’ E3)
where

(1-p),=1=p)2=p)e++(n=-p), (1-B)=1

-

A= S [j+1-B) = (G+1)" 1= (j+2)7t]. (E4)
H

1]
o

A weak coupling expansion gives

a=xTr(P)+(%/a)Tr(PQ)+ +--, (E5)
" where
Tr(P)=e?*¢,(20), (E6)

Tr(PQ) =% 7% - aln*(2a)+ 0(a).

In Table IV a comparison is being made between
the exact (E2) and (E5)-(E6) for values of \ cor-
responding [ Eq. (2.3)] to B=100, 200, 283, 500,
and 1000,
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