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ABSTRACT A review or Lhe general lheory of ~df-lVljoillt operatoro or lhe 
form A + on where n is nlll].;: one is presellled, Applicl1liu,,~ ine!llde proofs of 
loealizatiun fur S'chr(idingcr operators. resl111s un illVClse Spt'ct.n11 t.\'J()ory, and 
examples of opcn1lorH wilh singular cOljt.inl1ou~ ~peclruj)). 

1. introduction, Borel Transforms, 
the Krein Spectral Shift, and All That 

Introduction. Om goal here if> t.o review the spectral theory (with applica
tions) of rank one pcrturbAJions of positive self-adjoint. operators on a separable 
complex Hilbert. spw::e, H: 

(11) 

The cynic might feci tJw,t I have fillally sunk 1,0 my proper leveL I starteo with 
quantum field theory, analysis in infinitdy lllany variaules. That was too haro so I 
swit.ched to t.he N·-uody Sehri:'!dinger equat.ion; but. that wa,s too hftrd so I switched 
to one-body, Own one-dimensional, t,hen discrete one-dimensionaL Finally to rnnk 
one pert.urbations' mayhe somdhing so easy t.hat I ca.n say something llseful! Alas, 
we'll see even t.his is hard and exceedillgly rich. 

I should warn yon that, (1.1) is somewhat. more general th,ul YOl! might think. 
First, I'll bet YOll t.llought j,hat, 'P was a unit vector. It. need not be. Big oeftl, you 
think~normali'le 'P and renormalize (t. But. 'P need not. be a normalizable vector. 
We'll consider B's which are rank one unt, only form uounded perturbations of A, 
In one fell swoop, we've absorbed the t,henry of wuiation of boundary conditions 
for Stmm-Lionville proukrns on a half-lille! 

Moreover, as I'll discuss ill §1.5, (\: mny be infinite. 
In somc ways, my recent relahonship with ra,nk one pertmbntiolls reminos me of 

my relat.ionship with trace ideals flft.eell yerU's alSo. Then it turned out t11n~e oistinct 
problems: Yukawa field theories, scattering theory, and semi-classical bounds Oil the 
Humber of bound stat.es led me to similar mathematics, viz estimates on t.he t.race 
ideal propert.ies of cert.ain pscudo-different-ial operators. 
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IJ.\HHY S)~,()N 

Thb pa$i- ycar, nm* distinct IT-<ieard! proj<cc\;'1; 
1 fny wDrk, in pan. wit.h del Rio, Ji\.Olllir&kaYH, and ::'dakarov_ on ~ingular 

spcctrum; 
2_ my (.r:l"ing 10 Hlldcrst-and eh,' work of AizCllman and :\[oldmnov; 
3. my work wil-h Geszlesy on I..race fonuulilS 

ail led 10 rank one p\'rlurbation~ and enrichE'd lI\Y own know,edg(' of thc $ubjen" 
1-::; an· 11,,, I..h~n:es ofSE'(:tion.< 24 nf I_h.",;\' lloks· 

III I llj~ ~C,;:"iOll I'll disCll3.'; ihe genna! (henry ;1) a Jl\'W ~ySl~lW1UC wily: mnny of 
\-1w id,.&~ wer,. (kvdo]J<:d in dioCllosionr; with Frit~ Gef;>;te,'y, t,o whom I urn grnldnL 
A key role will be played by 

(1.2) 

~o wc'U bcgin ,,:ill> an exk).\l~\.iW' study of tIle Bord l.ransfonn oj' a meHSurE' and ii,s 
relaUon to \.lw rm'ilSU!'p in §l ], That, ~f{;tion ilnd 1)1.2 Me I.]w tedmkal 0)[(' iwhind 
most of what fo11o%s_ 

1.1. Bord Tl-ansfOI'lllS of1\.feasures. Throughout, 'I'll' let dl' be n !,posit-ive) 
rl)CitSU[(? on 1,,-. x) fur some a > -00 with 

(1.4) 

REMMtKS. 1. We'll ;'uppoo(' UWl SllPP(j1) is bounded from he:ow and the 
op('ra\-(lf A in (LJ) i~ po~iliw. :\-luel1 of our IhE'ory works WiU\0U(. th05P tblric!-ions 
hni_ i_ll\' del.ails an' a iitl-le simplE']' -with i,lw)JI and l.iley hold in Uw appli!:IlU()n~ I 
wan(. to mah', S<) I'v(' mark Uwm. 

2. Fi)r some \yqu[ts whe!) ()!wonly icHo\l'& t-lw-L .r dp.(J,)!(l + "\2) < 0('. see 

AroJlozlljn-Donoghue 
Whc!) (1.4) holds, we UUl ddine fur zE C\(-x,a): 

til<' fJore! {r/JrV;fOTT!I of Ii (Illso ('>).U",d thl' Sliel\j('s InUl.~f()rnl or the B()rel-SUell.je~ 
\-nmsfonn). Tl", key L'iSlW& concern b"'\llKjnl'Y Ylllue~ of F itS z = J: + t( 1 x E 
~UPP(dil). \Ye begin wit.ll i_he simp/" ~i\lff away froH1 snpp(dV). 

THEO!Uo~j 1 i (i) F is an mlOiy!iI' /1i1!cUon on C\ (0,00). 
(iil F 18posJth!(; on (--x.a) o.ndlmF> 0 t[lmz > (), 

(iii) lim~~-xF«)=o. 
(Iv) linL_·x F(--~:lh) = I diJ(,\) 'Where .r df'- = x woJ/owed, S,mtiur/1I, 

liw V( = jd/l(A)_ 

(,.) lim ,-ex F( -,'i! p} (-')) - U dp(A)) j V;!WiC J iii' '" ex) is dlm1}!:!1 tuith 
,x 1 =1)_ 

(J.6) ImF(.r + ! J . 
co -(------~3i d/l(Y)· 

x - 111 '~; 

I!! 

(iii) nnt! (ivl follow froIll the monotone convergvuce (_heorPlIJ. An.ua.lly, by a sligjlt-ly 
mOHO' invo1v(>d argument, jf Izi ----, :)0 willi I arg( < (wil h ( > 0 and ~JHdj, il i.< 
nol bnrd 1..()8e~ Ihd (-z)F(z) -) fdjl--

If J d!, < {X,, il ~inJilflr us.: of tlw monotOlH' COD'-Tf;rell((" UJeorem ~h<JV,s (.hal-

Imd (Iv) follows. If r djl "" x. we use ,he fnrt thaI iJ 
wilh Bc z < 0. Thus: ,\Tiling 

we &\'_~ ~.fHn (1/ Pi' ~.) (I but (1/ PI' = ~. F' ; P implying (v). u 
rlaf_ we (.a.lk nbol1l bounriar)' values of F. The function 

C!~I =! dj1(1I) 
',-" " (x -11)2 

whidl is defined for.r E (-,x.x) und take~ ""(l.!ucs in (O,x] (llol~ e.c i~ aHowed), 
will piay nn imporutnl rolP. 

TllEonHJ 1.2 (i) G(~:) < ex: i.mpIiC$ tha( 

(l 7) ! ,:~L(1i)i < ee, 
IX -!i! 

(ii) \12,271 {x i G(xl ,c, ex)} is a dens" G.; m Sl\p]J(djl). 

(iii) II! 1.7) hold.9, find, m. parl,ic11i(lr if (ilL) < X', then lim, ,0 F ,f + i(-) ".1·isl.-~ 
(lnd is ITI)/, 

(iv) iin',jDf"\ 1m F(x -f if) ---, G'lx). 
(v) If G(:e) < ,x, then limdo(i:(l '[F(x + if) - F(J: + to), = (;(J:). 

llEMAltE. A Gf, il' a ';(lltnlable Intersection of 0pell 8el.8-
I'Il,OOF. (i) is inunvlialp jf mw DO\-CS that 

~illr.e 

if!T-Y;?:l. 

:.T 
+2 

+ 1 

(Ii) By thE' lm\!lm b~low, if (!\i(), 1]) ?: 1, there i8 Il1J .(\\ EO [0.1] with 

J dfJ-(Y)!::cr, -1Ii ,- cc 

So, by scaling, if il,OO, bi > 0, [.jwre i$ nll L(l EO ta, bl witli I dl'(Y)/',"C{) - 1Ii =- v.:;. h 
,~)lIow~ thHl- if a,) E supp dp), t.iK'n t.jlerr exis~ ;1" ~ Q,l witl> f dv(!J)!!o" --- !Ii "" x_ 



So, by 
G,,(:r} '"~ 

G(:rl 
- ;;i? 

col is derw' in ~IJPp(dp). It is" G" !l"(;Itmw if we d",fi!)(; 
11 i)'-j dp!y), dWI) (/" is Cl,lJ['1J\l()\l& and 

{.T i G(,t) "" 

(iii) By (l.6), for aD,\' [, 

1m F(.T + ii:l) :S iJ 1 
p; 

so 

if (1.7) holds_ (l.7) abo implies 

by thr, domi!lllU,d cOll~Trg('nC{' t.hc()H'!lI_ 
(iv) follows fronl (1_6) ;wd I lie mOl1oi.tIll(' con,,<,j'R'cn0~ li:eOI'('m_ 

(v) [f G(xl < DC- t.lwn, by the proof of (iii) 

f tl;r(y) 
--F(x-iO)!= , ),-

J \y--.1;<}I-:( 

by llw dominated nJU"-ergr\)ce \lworem If G(x) <. x:. D 

)'UOUF. J:kfine i" iU<!lj<'1 in,,!y <\-0, f0l1ow~_ Lt;!, 1; be- one rJr [0, I Ii j~, Jl wi\h 
Plh)?:: 1i:1-. Now ~'Jlxli"id,~ I, in haif and choos(-' h 10 be Ojje of1b()~" lLHhT& widl 
Idh)?:: Ii·!. BY;)lthwUon 

fll1 dosed', jf(I,,)? 2 

But if f j.T -- .T{.j- i t!j1(x) <. 00, J~,,!J :r".-': dl£{,") ! 0 i!? iIlollol,Glle 0)1lvcrgHWC 

so "eN ww;t hftV(~ J 1:1; -- .T"i 't!jf(.T) ~c ,X" CJ 

Tm:w;:u" lA. iinJ},D F(J' + e:a-l(~ and i8 finite for {{.f; • .T. 
Pn.OOF This is n sillJl(hrd l'annonic nnalysb rbul: (m nou-!<llJgent,ial bound

ary WthW5 of ~Ulnly\,ic mHpR, S(T i31;, 00 wi;'ll (mly ~hlch thp details, LN g(z) '" 
(z - ), i), i_hI> fradiollnllinc-aJ' l)lap nf tll" ujJjw)' hllJf plil!Ji;!O the unit disc. 

Thus = 9 ,- F c g-; i~ f. Blap of lhc unil ,lise (~l itsdf. Such waps hi\vi:' bound,,])' 
valucs by f, stalldanl maximal fund jOl, argmneJ~t, sce Kat'mel$()!l [31:, By t)w ~am\' 

argument as in (hi:' !lexl Ilw()ri:'m. (U i lim,'n F( !'e,G) = -1} h,as nwu .. '\J)'(-' zero, so 
lim,;;\) F(x -i- i3) ,~ 'CO OH H srt of .'lll"il8IJR' I) iiwl so F i., fln;\.e a_c, n 

THE;OHEM 1,G. Lei n, F2 be Ihc BOTei tnm"Jor-ri1;! oJ 111'0 (po-,<iw,o) meaH,rv 
(one me!!) be 2'0(0) and Fe (J E C. Thc'l1 

I{T ,I F!(:;:", fiJ) - !-"21x + in) = ',if > () 

(;nly If (1 '" IJ r;nd P: ~-- l'i. 
PHOO!>' Ln 9 be ddhed as \J1 thl' proof of Tlwofe-rn j.4 and kt 

his h bounded analytic functio!) on the dis(; and (_he t.ileor(-'Ul asser!A; I_hat 'llldu 
h T n. {O ! lilHr;1 h(rc,e) ,-,- O} h&~ Ld)t\"_J!,1J(~ mea,',Ure- zero. This i~ a stamhtnl 
iheDJ'<'m; 6f-'<' Ka-L(W,jsol1 i31]. ,r-I 

Le1, tip,,,_, til""[_ dl-'''I> 1"" dw absGbJld,V COll1 in'1()'J~, SiUR!)l"r nmtinu(]Il.'i !\)l.d ]J\ln' 

point pnrti' of ~ rHeh~;JJ'i:' tip. Lei rtl"",_,; ,~- tih" -i- Uti"!,, 
The rn",in theDi'em on BorP! u'ansfo\'m~ i& 

THEOI\EM 1.6. I,d F(;::) be the Bon:-I im,n4irJn OJ!I IIM/SHred" o!,cyl11g (l.-1i 

Then 

11.1!) 

jot rtfl t'onftmj(J1~-; j1tnd,wn8, J, of n;mpl£cl 81lppi)ri .. 

(iil K-,',.'~ 1~ Sl!l'POTtcd (Hi- {F i iim, I'! {Ill F{ C -+ ;0) "" (;(1.1. 
(iii) II({Eu}) = (!mF(r~'n+ U). AfoTf.Y}l!t:r,/oT'(1tlyF,)C['i;, 

lim, Re F(En -i- to) ~,o_ 
<il 

(iV) dV",,(E) "''' ! 1m F(f:' + iOl dE. 
PHOO!', (i) II i" n wE'll-knowlJ C",icll'(tt.iO)) 1l!~1 fen' j, (;Olltilll)()1),'i of ('f-,mp~Ki 

6uppor! . 

elF' ." J(Hl-

This and \i:(~ dominllt.('d (\1\1\'(,f"E'''(;'' 1-iwormn <'2.5ily imply t.he f(>~_l)lL 

(iil lYe- will prov(' (1)(' WClhkn [fH:I, 1hm i'",,,,, i~ supported Oil {E i lim In) F[f:o 
12- ") 07 :v}, Trw strmlf.'N [lid (!,[WOfUll of de \(aik(-' l'OI)1'-Sill) qUi be found ill 
S"k~ 1,1Oi, b'Ji- for mOSI apl-'linlt-iOlls, (his weakn f<lCl "ufliC\~s_ Sinc(' the $tfOUP;<'1' 

r"'5n1:, is t.nH: ~lld more drgaJJt, wc:'jl \l5l(~ )1. Hlr the theorem of Al'(m~7.",jn on 
rH\ltua, singularity (TheDrem 2.2(;v)), OlW does !w\'d 1h<' i'ir0ngE'f fact.. 

I;\'e will !.>r(}\·C ala! for ,my a , . . 
tFim:,plmF(E" a--"):SI1} "--A,, 



ll! 

0'\\1' Z"lf 

SUP(-'p([y-( J:+"j):'Oda 

Mll' !) - oi
"-;::,,-": 

By rep,ularity of me,U3\1!\;;-;, f(JI Hny c, WE' (:i\Jl find a cio.-;uJ ~f't (' [lnd open 0 
wiT.ll CeO. ED \ (7) ::: E 'J.nd i()! ::::: (. \Yr· wrjje () 7-' U~ 1(0.,; ),,) BS il 
disjoin! ullion of inlerwi.' (union of connected co1!lponent~). Thi'rl 

so 

Sin<:-ec is arbil.ffHY. p,wR(!LJ () us Wi\,~ to be pwv~n. 
!iii) Tbe !-irst pntt is n trjvinJ coll~eqllfhCe of tlw mouotOlw cotlVcrgl'llce t!i<'o]·("ln. 

if we noi (' l hai ,,'" +f2) C()jlv,'[I'/'~ monOi onieally 1.0 {) (resp_ 1) if x l' 0, (n'sp. J; oe-

0)_ For the $\'cond, 

while 

I , 
-, --, djl(iiJ -"~ 0 
IX - Vi 

/

" dx -- 1/1 
lim --' ~--;;-'------"; lill' 1/) co' 0 
,-j(\"'~i<l;X---Y)---'-« '\" 

by the dOlllinat(',] c(>n"\~rgenC(; thE'orem ~rnce n{1/io l .,- ii") :'0 I/L 
(Iv) \Yl'ile dj,,'C,(E) " h(E) tiE and let F",(zj iw trw ilord tra!l~f(>nn of tilt,,,,_ 

13y the LGb~sg\!(' tlwor~m on l.he deri"al-i\'e~ of the in(egml (thili. says if h Eo J), 

for II-e_ 2,\ hi;:) = iiIT4, __ ~n(2a)-" ;:" h{y) Ii//; set· Ka.lzudOO)l 131}1, one sees lhat 
1,;;-lmf:",(E+10) = I,(E) f()r a,,;. By FI\l.()u'~ !emma, for J 2: 0 nod CO!ltin11011~: 

J [1m F(E --'- iO))) (E) dE:S: lim K j J 1m F(E + h)J(E) dE 

,-c / PEl eljdE). 

Tbus K 11m F(E + 10) dE:::::: d/J. Hnd ~(I for "-J,~. E: 

sincf'rIp 2: ell'",' impiivs hl! F 2: Im}~.,. Thl\~ 

It,.: W(L~ \0 bE' pro\'0n. C 

hiE) cc ~ ImF(E + to) 
"ii 

1.2, Rank One P0rturbations: Th0 Set-Up and Bask Formulas. L,)(. 
A > (1 1.w B l)(A,,-~ib!v unbounded ;;elf-!)(iioin\- opcwwr lin a Hilbert spm;e H. OIW 
dd~wl! the R;;>lk o(w,tO'S H,\.'1) H,,-~o('i,tti:d to .'1 I~~ follows. For 8 2: o. 'If,V!) if 
V( A".') with til<' norm 

(L9) 

in widell H" is ei~~ily seen to 1)(' C())npielf'. Fbr f< < 0, take 1-( wit,) the nonn 
giwH by (l.(Jl mld cornJ1ieV~ it. In', naHlmi war, '!{" and 'H ___ , a,,, dlWlE i!J. $!H:h a 
\~HY Umt? C 'Ii iE l~<~odi)lcd jo the [unc1iollnl on 1-(" given by f,,(n) ~ (p.1)), >it) 

if:S: nndH,.C'H,ifs>t. 
(A -i- 1 )-u~ il' an isomdry from 'l--C to '1--(", so for.'; > l\ if j, is il 1)()ltndwl 

5ubset of R, E...,(A), the sp~dml project.ion or ;t, maps 1-{ -' 1.01-(, sim:(' (A + 
E'(l(Al(A + 11'/} i~ bOllnded, Tn )lilrtkular, W(' enll ddiIw a spl'ctrnl memmn: 

ell";; [Ot any' p c H by 

(,.\,] = 

(l 10) I < x' 

mid, in \l<1nicn1ar. IlH~ Blwclral nwasun:~ of v EO 1-{ _,(A) haY(' llord Irau~f(Jrms_ 
:-row 101 'p E H ~(A) and 1(·\ 0 iw IiI<' qnadmtic form on 'H_\C4) p,iwn by 

0,._,(1. ,() e'-'- (,try) f 

0;0 is posi(.iv(, bul. if,? f 1-(, t1, i~ neither do~ed nor cios',\Jle, 
SeE' [30, 38) for It disCllssion of fOr\:ns I\nd thdr lwrt-nrbalio)l tlw(lry. 

PHOPOSlT10:O: 1 T. For M)) yJ, b,o If< (i fQrm OOimded pcrhl1'i;aiwll oj A tCiiJl 

,dotin: bmi7,cJ zer\}o 
Pm)OF, Given f. find 1', EO H _I(A) SP 1:+,,!12

! -:S 1/2!' Hnd I", == '? ~ 1'< EO 1'C 
Then 

So, for un! 'I E 1-(! l(cl) 

II-~ was 1 fJ he pnweu_ CJ 



The pct\.mlmt_ioll theol:)' of forms \30, 38; i-lms impli('s thal for any f} iC: 8:, 
A -j (th is Lh(' qHwimlic form or it sdf-;vjjoit\\ opnalor;1" wi\.h 1-i,(Jl,-,) = H,(Jl) 
if !b'i S 1 We ",ill write 

(J J J) 

Fllt-hongh lhne i~ uo operat.or JJ Of vector V) in (.he \llinnl sens(' if 'P 1- H. Wo:' will 
oCCi).sionaUy ",riLe li,?!!l which Hlay he infillik if '-P rt 1-i_ 

Sinn' H_;(Aq) "-c 1-i l(A) and so (A.~ - z) '<p '" H",!(AuJ -00 H-'-I(~l) c H. 
1'1"" 4rong {(;solvent. fOrmlll!) holds. viz 

(J i2) 

D()[l'J- hlink now h{:OtllSe in jl1~t nbout one P!lgp \\T'f(' going \.n pn\~rnl_ fOllr of 
til\' liy" ('fiLint: fOnXHtl;2ts in the ~nbj('ct (\.lw fiflh is (1 17) bdo"')' 

Delino:' 

when'du" c:; dj!~q is til<' spectrnJ JJl<2I1Sllre for y which has a Bord tnlll~f()rm by 
(1 lH) and H_\(A"j ~c H ;(A). \\-\~d('fill(' F(z-j = F;\ -;liz-i. 

Taking miltrix {,knwn(.f of (J, 12) with y:: on lioth ~jdcs. we geL [~i2} --- Pi;:} ,o, 

-nF;,(z)P(z), or 5()lving for r;,. IVI" gN the Aronpinjn_Kr'2iu formula: 

F(z) 

+ aF(z) 
( 1.1::;) 

llll' fi,st critkal fonnnin. Applying (J. J 2) to '-f' and Ilsing (1 
[1 --f uF(z)1 . W(' gd. the ,~n'(jnd kGY formula: 

(Ll'l) 

Fiugginr; Ihif into (l.12) wr get- th" third kf'Y fml!mia: 

(i .15) ,0" ,(Ul-Z) 
1 -r ('/- (z i 

13}t()~(:(:ihal-J -~(l'I;, '" 

i\o'.ice l!tnt (1-14) ~ays for fI' z n-xt;(L (ll' (A." z) \C} -, a/(o --f Ii), the kt''y to 
tlw Ai7,t'!lw~m-A'lolchan()v theory. 

For tilE' Ena: formula. (J.12) sny~ (.hat 
i-nl("C cinss, and b.,- (L1.5) we hell'(' 

Trl(A __ 2) 1_ (/1" -- 2) ,,,CO",,,,,, ' '1--' (y.(A---z)~.p)_ 

)imicE't-ha-t ('P, (A - 2)-2",,1 = dF(zl/dz. Tlm~, ,VI; huW' what- l'll cnll thp trate 
fOrIllllla. th<2 ke~' \.0 om disnl~~i{)n or tlw I\wirl-~fJ<":dm! ~hifl ill i,L I helow' 

(I 16) '!\'ICA - z) l - (A, - z) ii_'''!!. 1))(10 onz)! dz -

where w(' tab" t.lw hrnnch of the log whkh b positive for z rutl !tnd very n('gativ(' 
(rtX:all by TlwofoI{ Ll(iii), thlll_ ~wn for n < 0. 1 i of[z} >!l fi)C z rea! ,HV.1 wry 
negatiVl'}, 

1.3, The Integral Formula. The niti<:ni lal"l formuln of \-Iw x(~ncral theory 

(l i7) 

in 11u; sensc Ull1t if f i_1 in r 
'0 L;(R.l1o) lind 

{I Iii} 

On th(: ot1wr hamL hy (i T:l) 

iflmz<O 

irlwz>iJ. 

I 

« -+ F{ 

l\ow. if ± 1Jn2 > (1, Ihcn }cO 1m F(z) > () ~Q ± 1m F(zj-; < U. Th,lls, 1","((» has cillwr 
two poles in til(; low{'t half planr if 1 IX) Z < n Ill' one in earl! fWlf plane ,f 1m z > n. 
TIl(' ~nnw contour inkgwlns for;; (hni now for o!) implici' that 

if 1m z < II 
jf 1m;:; > 0 

~O US is proven f()1" f"(H)- [J . _ . , 
Tile "hove impEes n regularity n'~1\\\- for t-h<": Ckl:siLy oi. sU:\('s;n Yi-dm)('l),;wTH:] 

Jw:o\;i matrin,'~ (sC'e Theon'nJ ] .19 helow) due t·o \\-'CgDf[ [491. \Vq'im'r ~)]:()vcd ,!ll~ 
n:sqit hy t tad6ng ('igelTwJ.lne.~ in fjnite-dimcn~i()nal approxima:,iorH, hu\. jll~ tm;J~;r
lyin!1- r('su]r li' "jmi]'v to (J .17) ~~l tlJi,; i~ sOlXJdi1lJPS <:fLiiF:l fl, \\'egnc,- :S\.WJa,tt': / h': 
HUIi-.'iinn litc-ra\.ufC'< hO\n'vcl', has ~imi!flr {('suit,,; JJlllch (:ariwr in the <":Hi''' of bU!h)(,[i[)

conditio!) d(:pcnden<":{': see J;2twjan [28). 

1.4. Tll(-) Krein Spedral Shift. In l.his wdio)), Wf: make" pn';wntfllion ()~ 
dw K[Pi11 _~lwet.rai I'hift :33] dill: \.0 Gesz\rsy and nK, By til<': g~'lwr&1 !lwnry of 
Bord [.r;2tudonns, F(z} has. a houndnry VH\Ut' F(). -I to} for ;;1..\:_ ,\ m iIL Mor00vcr. 
Iw 'l'beorcrn 1.5,' if n i,; fix('d, F(A + to} of ---,,- l for a.e_ n°. Thus we e:;u) define 
,\-rg(l-; of(A-i--'iO)) [()l' n.<2. A_ Since l;nF(A+ ,iO) 211, if I)'> II (mlP,,(' < 0), th:~ 

,. , "1 ,.-, ( -- ! ~ 0'1 If 1 --,-, nFtA -. to,' Eo: (--ex;, OJ '_lla-t k'ts UW argume\,! 
{'sgd('s.mi'·Hi\r<":~r·t~'''' !,., -

t'l -(sgn n:h" 
DFHNITlON. 1'h,' Krein spect-ra\ ~hift, En (A]. i~ ddilWd hy 

DEV1NlTlON. i(IY) -= min(inr spec(il). in!" s)wc(A,.,) j. 



ilAHHY ~j\WN 

TlJEOlWM 1.9. (i) 0 :S ±i;,,(),) :; j if ±o. > 0; (,)),)-= 0 ,j)' < do). 
(ii) 

(1.19) Tt((A--z)"-I---(A,,---z) 1)= J()\-Z)-2~"(A)dA 

iI;; E Z \ [i(o.), x}_ 
(iii) If < ,--xv, Ih'-'1{ (0 E V and 

(J _20) J UA)d),-

PHOOF (i) The fil'~L pari foilows irom (he di~(,U&'i-ion abow" rr 0> 0, i(n) = 
inf ~l){'e(A) and F{), -,- W) > (1 j()r A < i(c,) H) i;,,(A) = 0, If It < n. i(o.) i~ ('iiher 
inf speciAl or tIle un){l1W A < i(I",) willi 1.;- (tF(A) "" 0, Eilher way, ~int'P F(A) is 
!llOn010TIF inner~~ing on (--=,;(0)). h\'iow ire}), we haw 1,hat_1 -,- rtF!A) > 0_ 

(ii) Let. Fi" = In(l -'- (tF(z)) on (---0(;, i(Ct)) ani\iytically continued tl) C \ 
__ i(n). x,). CO]]5i(kr a contour. 0, width gO(;S from i(a) just. ahoY(' t.he rcal axis (.0 
H, 1 hen dirctUy up \0 H -!, Ill. then on a drck of n«liu'O !?/'i 1.0 ll- ill, I hen up r_o 
jH~t abow_, the real axi;;, t)J{'n along \lJ{' bOUOHl of Uw H'al axi~ to 
[(>)' z() E-_ (--X,I,(O)), 

'/: i _Jl.c~_(=) dz = L(:::nj, 
~iTi (' \z-

Consider 

By Cauchy'E formula, one(' J{/'i > iz()i. Ih,,-· inlq:;ral i5 jus\. dH,,/dz. wlddl is r.!l\) 

IBf!.~i(kof(1.19) by (i_16), 

Since I 1m N,,! :S ;r, and Lhl' real parl~ of t Iv: COIli-()ur from Ii 1,0 R + iR ~<nd 
[rom H to R - iR ':Rll"l'l. Rnd sirw(' F(;;) -~" (l He' Z'~ IX- with iArgzi > 1'/2. liw 
infinite part of ill(' conlOUI' contributes 0 1'--~ R ~'" IX-, Sinu' 11m ff"i c:: J[. dominated 
<:onvcrgenc(' kl~ U~ Utke the COO!Ol)r ((J tlie \'i'al axi~ lind gel lmln(l nF(z)) '" 
Arg(l-!- Qf/(z)). Tlmi'. we get illC right side of (LID). 

(iii) B~' Theorem J.l(iii) and (h __ } Mid I1w [aft that f ifltolz) ---'- WI' H'(' 
tha1 

,~,-" by (ii) 

By monOione COW;('fg\'llC(' W(' ohlftil1 (1_20). cJ 
TIl{' liex.r resuit cx.knds (1.j9) 10 mOlT "ewfnl functions than j(.r) --'" (J ---;ol I. 

Th~ [ormuln we wwJ( j~; 

(1.21 ) Tr(f(A) -- I(A,,)) "" - / !'(J:)£n dT_ 

FonmtEy this holds for any reasonable f liince it h()ld~ for J(T) '" (x - zJ and 
Iho~(: J\ ar(' "den~e-' in rmsonable f. Om' is.~U0 is that WI' dOll'I ('\Tn know til;).\ 
J(.4) -- J(A<,) i1' Iran' chi'S! Our hYPOlhFS("" 0" f B.l\:ll·t opiimal but, indu(ji' tlw 
nit,leul example f(.T) "" r " (nltdf m:m -xl-

!H 

THEOREM 1.10. L-ct f Ii,-, I! C' on iR. with (1-;, E L2(O. x) jorj = 1.2. 
Then for ilny Q, f{A) - /(A,,) L, imc( dO'--8 lind (1.21) iwH" 

PiWOF. W,; onl" ~k(;Ll'h ill(' details 8uppo~ing wJ.o.g. ilud Q > 0 nml A 2:- 1 
(odwrwh(" rewrs(' 1,]1(' rol(,~ imd/o]' add a ('on~\,;),lll. I." A), And IW' wriVe n ",;1" 

for no\,ati<J!llti ~impJidly. 
1. B 1 _ /1.- - i~ nmk 1 and so Ira,;!' da"~' It. [ollow.~ thal_ n-,",,i·,n - A-zr"<'" 

i,; L\'iJ,('(; class willi l,rajY nonll bound('ti b,\- c(1'1 

n-~(',·,n _ A- 2 1''',4 = n- lr;,,,il(lJ- 1 ..1-') 

j
" 

__ oj " 

2_ Let il)e ihe Fourier lran~fonn of f l.:mkr 111(' hypolhc';('s 

(1,22) 

and (.lJ<\\ iJl)pjk~ ILal. wi' mn in!egraV' by pans Vwic'" 1-0 find thnJ 

fW) - f(A) =, -(2iT)-'!21[~:~ (k)] [B 

11. follows by ~Lep 1 \.Iw!' f(lJ) --- f(A) is l-nv:r: da58. 
:). From (J .19) OIl(' deduc(:~ (1.21) for I(x) "" .r- 2,--'''-' by \vriling 

f(:r):~ lim ix 2(J ~ ixs/n) 
" ,-.,< 

for 0)](' Cltll use ;l!1f~lylil:it.Y to g"1. (1.21) for J(:c) = (.1' - .0) n and then for t.his 

~pecia! i' 

,j (1,21) for g('rJ()ral f follo"'~ from H!{' f01'ml)i!l in ,,\_ep 2 and llw eq1JJ.tlity 

proWll in ~t Pp 3, '-_, 
HEMAHK. '{,iiis d,ws not capiuI'(' &11 J for which (1.21) I\o!d~_ For pXiunpk. 

f(,T) ce, (x 'i- 1)- c! with f) < (-J < J \I()('s nO! obey tIl(' hypotb%('~, hut using 

aud 
such J

(A,' !f-';~" ~~llFi3l"x(A-i-l +.d 
-r: ,,0 

_'_1),2 for ,r brge. Olle ClUJ prove (1,21) for 

PROPOSITION I .11. ,'hff'POSro Owl (iL. b) is an in/r1'1)1!i diSjoint from s])('c( A) U 

sp('c(A",), Then 
(i) ~,,(:r) is constant on (a.h). 
(ii) It5 mhu: 18 rithf" 0 or J. 

(iii) P, x lA,)--l'i ",_",(.1) i$!'-IJ(:('d!1~8I1ndit"tract;isthfC{)mnwn1)(dur 
of~" in (I),b), 

PHOO~, -(i) Ld J E: (,'i;--(/d). Then, fl/1.) = J(.1,,) = i) w I j'(T)~n(:;c)d.T =,0 
hy Tlieol'eJ]1 i ](L TiJu~ til(' di,4ributional (kriVi.ltiW di;,,/(iJ: co IJ on (o.bj so (, l~ 

('on~tHlit tJI(']'('. 

(iii) Li't f lw a hmct)on in C"'-(L"t) which b 1 ou U(o-).a), 0 on \b.oc). Then 

j(A) = P, -x ",(.1).f(.1,,) ,,c, P l - " __ ,,,(A,,}, n.lld ,,- I !'(x)(,,(:r) = -- r:' j'(:r)(,,(J:) 

= -i;,,(.fo) J:' f'(.r)d-x ~-, £,,(:1',,), the common vahw of ~')(:l') in (11,0), 
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(Ji) !t is a general fad abol1t tbe t-r<v~e of a difknmce ofpr(ljec\-ious !hilt)$ nat\' 
tlnss, that- it i~ fin integer [16, 5]. Since 0 S ~., SLit mu~t be 0 or 1 [Th('fe 
i~ a ~jrnpk argument: Si!JCi' (o,b) nsp('\:(A) = 0. F(:c-1- iO} is rcal and (oni-inuo1)s 
on (Il, b). If F(.To -1- iO) "" ---0 -, anywhere on (II, b), then }~\ "'--
ht<-~ a i)ok at :CD Hnd ~o :1;0 is an dgenvalue <if A". i3ino' (a.6jnspec(A,,] c:oz. thi$ 
CHnnot happen; that- is. 1 -f nF(:/ -1- iO) has no zero.'; anti so ib al'gllllwni is eorl-~UU)t 
at either () or 1,] [J 

HYMARl(_ J)tCil\l~e or (iii). (c">, (x j is fclJkd a slwr-trnl shift. 
Tlwn; i:< an interesting <extensi()n of' Theorem UL an abfhacti()n of a rewlt of 

.Iavrjan [28J: 

Tm:ORE:M I 12. Ld;3 < ,. Tho) 

'x 

j" (dp,,(E)) dc< "" (~~(E) -- I';;;(E)) dE. 
" 

HL;\J,\HK, If c *- D. iim-,_."" Arg(1-i-ar) ~ Arp;(l- "c) = i' so lhlh __ x [~",(E)
~_,,(El] '" 1 Rnd (1.2:'\) implil's (1.17). 

PHom' By (1.1:)). iflmz+(): 

d . • 
[In(] "'--~iF(z)) In(l + 3F(,:))] 

= J' ("iE) - _~>(E} dI'x 
iE z)2 --" 

provi))g {, i .23) ~nwmyd with (E - Sueh flll\dions hav\' linear combin!Ltioll_~ 
which nn, dl2'nse ill a big Cll.Ollgh spac!" to illlpl~' (1.1:1) % all \'qWtlii)' of n)(m$nn'~_ " 

Siue,~ il!',,- oueys j"dPc, (.\)[j,\i + J) 1< X-. with bOlJnd.~ uniforlll in c, on com· 
pad5, thi~ rl2'i'ult imphe~ Il Similar e!'riru<li,B f()r (C<- J--krf'\ nJ1otn('!' WooL 

THEOREM] .1:1. iil If (t < ec-, I}u,n 

(1.24) 

and 

" (1.25) J C(H)(H zj ! dE"" in{l +oF(z)) 

(ii) r!~"U;)idJ:' O"OC ifrmd finly If',; 'f-H. 
PIwm·. (i) llltegl'a\ing 

(:;;; In(l "'--oF(;;;)) '" I ~,>{Y)(!f 
Fr()m __ ow (.0 ---x for ir < v' T('al, \V(' RH-

f 1 ;"i--X\ 
In(1 + uF(-x)] ~~ In( 1 + nI( _ow)) = ~,,-(yj--l-'-- ;1 til!. 

. li+J1\y+u', 

A~ U' ----'. DC, F( ~,() ~o In(l -1- ~,F(-1j')) ---,0 while (tl) -- ;I:)/(Y + wj "" P- + 
\11 -1- J:)/(1J' - x))-- is wOllotonE' jn(')'(,(!~jllg I)) 1)' so (1.24) i~ proven nnd (J.2S) i~ 
prown for z = ,,:j; .. r rull. B~' nualyci<: continuation. it hojd~ fOl" alJ z E DC l-

(ii} By (l.2S) :md the HlOll11tOIHO' (:onvcrgnlCe theorem 

x , 
iC,,(E):rlE 

--i-x 

=sgun Em :dn(1+aF(~.r)) 
,"- '" 

by Tl:wor!"m. Ll(ivj, f") 

RB\HHi{. It h not hani io show t-hill, J ,r"il';,,(:r}I&r: < ex' if 'fUd only if,:; E 
}{v?\-,l) and in (h", (:a.~c 

/ :r~'L(T) en 'co Tr(,,1;: I; - A'" ! )/(11";' i), 

Appendix to 51.4. TIll'! Krein Spectral Shift for Ttace Cla;;;; Pertur-
bation». Let C ~ A ~, (,:;, be rank (Jne wifh < DC 81ld (' 2: A. Then for 
nicl' f. lYe haw' 

(L26H) 

wlwre 

and 

(l.26c) 

If C A i~ finile rank. we can dinf',onuiiz(' Ii and gel it as a &llm of rank onr 
perturbations and 0_26) continue to hold_ By (1,26(\ f. ha~ a limit in L) norm a~ 
C --- 11 apprOaCh('5 a general tra(:(} das!i (1{ opemio" Thi~ prove,~ 

THE()RY~l 1 14 (I\!W!N'S SPECTRA,L SHIFT FOltMULAj. If A (8,';dFwiyJU'iI. 
(wil b01tJufcri bci(!1ii, B is inlC(; class, (uui C A + ]5. ij,C11 theT!' ,,:d,,(~ an Li 
fundio)!, f.CA\-C), ON E<' 1)lJtilShingjfli":r near- ---x' sa thaI, (1.26) hold. 

REMAltl{, f. i~ nn iongFl' giwn a" Arg(l + of{J)) wirh F(z) &i! simpk (1S in 
ilw fauk (lIW casC'_ J-Iowev('r, in the nmk oul' ens(' 

Trp+(d'(z))o~I+Tt((C-A)(il--z) i) 

"'_' dd(l -1- (C - /1](A - zj -ij 

dei,((C ;;;)(A - ;;;j"l) 

argjdet(l -+ (C -- A)U --- A - if)' 1)1 

wll€rC' det is a f-ivdholru ddNmiJWni (~"" ;421)-



1.5. Infhtlte Coupling. In tile ntnk one sd ling we haw b0Cn df'5aibing, 
let P IN" the !)f(JjectiOll onlo thl' space spanned by p if < oc and P = (1 if 

= 0::. 

Look ill til(' formula (J. 15) J':Jr fA" - ~). i. It delJriy shows the fir5( part of 

T!WOIUcM 1 15_ Ii) As" ----> ,i,C>(', (A,> z) I cont!<'rges 111 'lfJm, to a hrmf 1':1; 

coil (iL", - z l- i YWG'l by 

(J_27) 

(jillf '" oc, ther, thu'!' 18 (i l)I'ij-ad]oml (;pemtoJ' A"X (Ill- -r( -u;iJ()SC H'lWi1'!:71i 

t, (Ax - z) If < -x, then {he1"e i$ a -,df"olijoint PIW1"(I/OI", A", on (1 -- P)1-( 
8(1 tiwt (Ax 2)- j1l = (A", --- z}-I(l - - P)7I, (We'!! cali Ax ilS }lIB! A_,x, lm'til tlv 
'mdcr"f(!whny thnt (.4"" -- z) i = () on PH (U!<i we'll wriJr; J-i(A",) = (J - P)71.) 

(Ui) H, dA-,J = {Ii} (: H, ,(Il)! (I",v) =()} and 

(,i. A", Jf'; ,-, ('p, .4-(') 

for I," (, 11, l(A~,,) 
PROOF, \\'(' hi>','''' proVi~n (i). To proV(~ {ill. (iii\ one uses the [oll(lwing lD(lHP_ 

ton!' cQtlV<2rp;ellCC lh",orem for [orms ([30, 4ID: 
Ld C" be IJ [(Hllily uf n0:Hl"'!2/llive s<21f-adjoint oj)E'lTl-tOfS with 71, ; (C" i j) \~ 

Hi dC,,) Bnr! (uJ-',,, j1;>) ~ tV), C,,'i}) if 0 ( rf; 1 {C", i/' 1,f[ 

H"{C,,,) '--' {1/-' E nrC de,,]! s;:Pt~}_c"lr') < x,}. 
" I 

Let i':x lw the quadrati(' [ornl on 11,;{C\cl giWll by (>X-<I{7.(:)"", 5IJPn i(}, 

Tiwll, (her.; i~ It ,df-adjoint o!wra\oi" C", on H, ,i,C_,J so thnt if (C", - z)-! is 
{'xt<:Jl(h~d to 71! l (C",) i by settirw it E'tpmi to zern ther<~, then (C" -- z) i conv'})'gcs 
"troup;iy (0 (Cco.; --- z) \ 

Thi~ ~-iclds (Ii). (iii) if OIl(' noll's dw_t. 

C(:J:)=Arg(n J-+-F(r~IiJ)). 

By a limiting arpun!'IlL E.x (:r) dJ' J,~ (rill" Ix)) tit) 
In addition. 

(l.2;)il) 

(1.2gb) 

1\-((.1 -- z) '- (A", 

d, f. , 
---- ,1\ (20) 
dz 

Trl·.f!A'.' - .f:Il~)),--- .. f {'I ric iT'dT 
, "~ J \" ~'X'" " 

F'(z) 

F(z) 

lor t.he 1'5 in Tlworem 1 lO. One p!(lce trwt (, ulld ~x dlfff'f tJ)(lugh is (compatv 
wilh (L.?4j) 

,r > 

PttOf'OSIT10N J.1G \[251). 

PltOOV. By ll\onD\Ol\e c()nW'r)!;ellc,;. 

'" lim In(J -'- aF(---lj) _~ 'X'. f-' 
,,~'X - ! 

If A is lJound<2d, it i$ easy to se<2 why the integral divo'W's; (",(,d = 1 (Of 
so (he hiU'gnJi div<'f,\tf'S lop;arhhmically exactty &'3 tiP:, Thi~ iG typka! of 

the C<lSe when <-x. 

THEOllEld ,17 ([25)). If < 0::, then itl --'- !X,)-lP - E.'''C 

;,

rx !C,jJ;) --- 1] I 
= - ,-- {.t-

. n .r -- z 
(1.30) III [(-z)F(z 

PnOOF. W<2 hlJYe that 

( Ul) 
d .fH _.- In F(:oJ "'- ;;;_.;" rb; 

liz . 

wilii<' ciE'ady 

(l.32) 

sinn' for z < O. j)"th sides arE' just (- z) (J.32) is a din'c\, calculation but can 
<lis" iw regarded (1S (1_:.\1) for tilE' nose F(z) ,c; --J! z_ 

J3y (i.31}-(U2): 

Ii _ , "," 1'" CC,x,(:r} -- 1) --;--In(( .. z)f (zliii-ri-) co_ -_·-,--,\2 '/:0. 
()Z II \.f ~ ,-! 

13r Tlleorun i.l~iv). In(( -,;) ~b~ z ---, -cx) (~ill!lP; thE' I'.;a! axi5. 
'I'll\' ~;UI;r- m1i11.(1tolle eonverg'2t1c<2 UWOH'lll arglJllwnt liw-t w<? u~ed in the proof of 
Ti;coron 1 13(() awl tIl(' (:XI that 1 - ~,,(J) 2: 0 impliE's lilht (I -, i(l ---(x,) is 
in j,l alld !hat (J.30) holds. ,"1 

III fi,J.L we wiE E-x\<?nd this idf'ft W S()r1W case!' wjw[e '" oc_ 
How can mw p;<'t a handle on it spfct.ral tlW(i$nrt for A", '? At first sip;hL it 

>!f';{'!HS a hiu·t! joh sine'2 

F(z) 
J "'- {~Fi'z) 

~ () we<1-kly. Thr- key is to rt'nonnalizc' fkfim' 

dp,,( r) ,--- (J --1_ (/) di1,,(,r) 

One om prov,' ihe followinR 

=() 



H.-\W,'- ~l\;UN 

TIH;;OHEM 1.18 U~5]). 1i) Tho" ,:I1$ts (! "":<!,,an dp0<C (<<JIi,;h i8 rwn-;;cm 
excep! for the in'IJioi rase where.p IS iiJi Clgem'(cto1' "f.-\) $f} Iha!-

()1uj 

11.33) lim! 
,'~?C . 

<lp,,(:r) "" / 

jor (my f to C;"(f:). 
(ii) Then u:isto 11 wdor '1 to 1f 2(il",.) ,'0 that rip-x i,c the spcdm/ YflUJWTf 

d/,~~". If'f 18 CH,,/it: [(i!' 11, then rr Ie" cyclic f(ir /1"". 
(iii) (l.;l:l) Iwid.ifo!' f(.r) co- l:r --- xj---' In.! 11 only holde" f01- f(.!:) = (£ - z) 2 if 
= 'x: crplrcitl!l, 

/J,X)dfJ'X 

\Ye rekr thE' [('ltdE'r lo [25] for s compktc proof blll wili tnab' it ~~rie~ of rernsrks 
that iIllJminal(' the reRllJt ami pan!? prove it. 

HB!>HllIl.~L 1 l\ot]{:E' tJwlTJ i~ uniy ~w(.('d lo tw in 1-{ 'J{A-,J. not Ii ilk-",)
JJld~ed, the difktHl.tiai equatioH GhE' of the llE'xt S(Y:tioll wlw" V -"" 0 is one where 
dp"" (.T) ~ c:r1/ 2 <I)' and T! ~, Ii ). IndE'ed [25], for any IJ < 2, (hH" 'w~ 
e-xamples Whf'H' J dp", I ~ = cx;. 

2_ If A is bounded, '7 """ (I p1 ,iF Od\Cr\\'i~c, one has dWl fj ob".vs 

(with Lhf' conwlllio)) that P "" 0 if l:'Pii ""
:1. 

P(z) 

(1 ()J \z; \ 2 

( VHj , ! dpJr) F' 
lim -,--,-" = =; <>--"". \:r-zi' 1--

2 l('rm in is relat<,d lo Tllf()((Hn j,](v), 
4. I\otice that l_ht' rit';lll 5id\~ ()f (1.34) j .. , \d/dz)(--l.--Fi. 

pr(lving (ivi, 
Tlw]'(' is J3,U interestinJ; r{:parnnwlri~nt.ion of the p'~ ,hat is exnHly what i~ ,,,~ed 

in tlw dilkrC'nliai equation cas". H)f () E (O,,,-), we can ddinr (> = '('Ol(O) so (l 

rlJllS from ,~oo to ()c as (j nms from 0 w,,-. Lei 

TIWrl, df;& has 1) limit Il-'i (j ,-, O.;r which is just. whal Wf: ndjpd dp""i:r). ivlO!'f:()V(~r. 
we claim IhM 

( 1.:35) 

for 

1 ~ 

1.6. Boundary Condition Variation of ODE's. Fur applicilti()n~ tD Schro.. 
dingcr ulJ<'rat()r~. !;hen; (H<' tWD main ('iltE'gori<'" of tilt W'llcrai tlwQry: w~ria\ion of 
pou'miai in the dis(Te(e (,lm:obi) ca.'i", which ''''(''Ii di)i{'u% in (.11(' )1('xt ~enion. and 
the subjn:t of thi~ S('C(iOll, vlll'iation of boundary (onditioll_ 

WE' begin with H lightuing n-vi",,, of Ill<? ~landurd WE'yl rJ!-f\lndion ap}Hfmch 
(H~(' ;48]) and then r"phnL~(' the ~et-up iu!o th" C(H\(,<'Kt of (hm,,,, k\;turE'~. INc wii] 
considfr a Sthroding(:l' ojwrawr on (0. cx::,) (and ktkr on (~<x_,. cx::))) of Ill<' form 

(1.36) 

wiWH?, for HiIHp}jcjly, WI' "UllP0"'-' tiwt \/(:c) i~ bout,d(:d from below bul COElluuous, 
Thi~ makC" H limit poill\ ile jnnnity 00 WE' onl,\' t!<'vd a bO\ludHry cowlitio{J at 1kfO, 
whkh i~ whew the paranwter (! €'Et('fh. Tile GOImdilty Gondition (,l 0 it' 

(U7) u(O)co~(I-'-lI'((l)~in1i '" () 

50 tllal (J = () is tlH' DirichlH boundary co)Jdilioli ",1]{.1 e = 'if_'2 is thE' !\\'nmnnn 
bOll1lchu-y conditio!). 

E-xplidlly, fIr, Jf'iim'l'- a ~df-ild.ioinr. oj>('mlor with dawain 

(us) 

1)lfl \ = { ,,>(' 'I i'l, ,I' Mk' t()CI;!!Y absolutely (;Onti)l\lf~llF} 
- 6, lie, 1,,00 'I' 1 1';" '}f " , i_unctIOns. u 0 wy.' l .' I i em!} !Ill C ," 

and wi!! consider thE' Wroll..,ki",n !-FU.g} of iw() f\metiollR 

A~ u8unl. jf j g ;>oiw (1.381 for ill(' i-llUl!€ z. then W(j.gl(.T) I;; ind~penrh>nt of:t 
Civen (j, (.!irq: solut ions of (1. J8) \Viii COIlCPrH u~' if) which ()l.)e.v~ the boundary 

condition n.;;!!. Ti dd\nn! with a "dlJ~T boundary (:()nditi011, alld ~'" for 1m:; oF O. 
the Folutiou which iF /.2 rwar x ;x;, Explicitly, 0.0 J3,1'\' defilWd by boumimy 
valu".' at :r = 0: 

(1.39) 

(o,,(z,O) = -~jll(O) 

'lr'(z,O) -c, C(lsO 

(')~(z 0) ~_' cos(l!) 

0;,(Z 0) = sin(!i) 



The third "Qllliian ,,"~ is ddllled with mix('d ];QUlldm-y ('onditions: it i~ in 
L2 ((0,00)), Wllkh dd.erminG it up \.0 II !)lull-ipikll.t-ive ,olwkmt.. Hnd il b nor
m,diz(,(j by 

(lAO) 

Sille" o. 'f! life indc-pendent so!\n,ions of (1.:)8), v:e hHW ,'J_ 
(1-40\ (I = J W", therefor'" define tilE' W.:yl ni-fUJlction, 

= WI + 06. By (L39) 
by 

{i _,l)n) 

or cquiwdenUy: 

(l-4Jb) 

'" 
(1 Ale) 

_ W(z,R) 
hra --,--, 

8- x- 'POI>:. RJ 

If 

The last (which follow:> from ':'>_ -, () at il1Jillity) is the 1,l5tWJ definition iu the 
[[mil point Cil .. ~f:_ because it is wjmt Weyl \l..w<i, all-houGh tll'" fiht lwo are !nore usdul 

It talt be seem Owt 

(1.4.2) 

\\'B won't prow Ulis now. ~inct' it- will follow from lhe r;eneral tlwory of Bord 
trlln.~fOrn)f once we lwve Ft'l up i tIC COlmectiOll. Tile sped",\! meal'Ul'e tipo i~ (kJllled 

by 

(1.43) ;
' tiPOl-c) 

"" cot( 0) + --- , 
• .r - ;: 

The Green's function. Ge\.) ,Xl;;) i~ the inter;nd k",uwl of (}]" -d J, thilt- is 

;ii)(X) = ./ Gu(J' . . r'; Z);I(X ' ) dJ/ 

In jJiuticubr, by (1.41a) 

(IA4) 

As a !hml p;ctWH}i fonmdn.. we note (.hM Wroll~kian ~YIlUHJ.S\ic" {we'll gd it 
other wnyM bdow} Nil()ws that. 

_ ~ NiueI': - ill -i- COS(I':, O)me(zj 
Tn,,(z) = -C()S(K ,0)--+ sin(,:--:-:-/i)mo(z) 

(Hi:ih) 

\VI' want \·0 show how to thillk of this in VTnb of rfmk one ]lrort_urlnniom. Lee 
"E D(ll&) 1)(' rea!-Wl!\lClL Then, in\-('fl\rniJng by- l>ar(,~ 

( UG) (ll,JjI!U)'~ r"- (1!(xl)[--lI" + F J,) dx 

lwenlJse of the boundHl'Y condit-iOIL 
Le. /1 b" i he {j = ~'/1 [\eumanlJ hOlJIldary condition operat.ol'. A ~imple Sobolev 

0stimaW ~hows thnt fOf nay II E 11_:(/1) i~ cominu()u~ ill.?:: and 

!1J(O)ii:s c(1J,(A -'-l)n), 

t}J.!l\ is, !)'(;I:). tJw Dirac dell.a funct-iOll, lies ill 11 _! (A). \Y" ean form 

11" = A + (v\.7:). 

(1 ,HJ) Bf\V~ that Jh = /J c" (0) ;\-1o«'O\'e1', 

is ('Xii,!!y Gn(\LO: Since G iF relHl<:,d to m by (lA~l), equut.ion (1.45) i~ jn4 lhe 
rdaliolJ }::'(::j ce, F(z).!!l + oI(;:il-

III addttion, lW<:HUSE' of (1.-\4) and (L43i. we lwve 

dps(E) ~o Fin' !)dp ,""wdB). 

{Ilat j~, \,[l(' ~pcclnil meHSu(e dp is pn'cisely the mC'miUH' we cuUed d/Jr; in 1_lle 
last ~C'ctiou. Tlw Dirichlet ~p()ctrul )!It'D-surC', rljl\l' i~ >\ll example of (l dp"" wit.h 
J dp,)E)(JEi + 1] = 00- (l.,1Dh) is just Tlworem 1.18(;,,), Til(' veCWl' 1 of sUi is 
ju~t. 1/: 5Be ;25]. 

TI", poini- of thi~ Hection i~ ill.<:' ~pe(ln)l >\llaly~i~ of nmk olle !wnurhn\ioll~ ill 
dw next. ~ection will apply to h(mndary cOllditiOll vnriation directly (ruther t-IWl) 
by analogy), 

L 7. Jacobi j\Jutr-ices. J(lcqhi UH\1l'i<:cS ure o!)('rut.or~ Oll eeL") wilklJ ill'(' 

discrd_(' am).lo!i;~ of S~hr6din_«Pr opemtor~. \\'e ",tiv' 'lI E P(ZT) H'; ,\ [undio!) (m 
Zt. Gi,·'t'n " functio)), 1:, on Z' , W(, dd}IW tlw as<;ociated Jal'obi milfrix. 11, by 

(1.1712) 

whi<:h WI' write a'i 

(J.n!!) 

'" L u(n + j) -i- 1'(")11(71) 
!,I-! 

Ll'l l' be the pwj{'<:'lioll on ,\; ')!-o. fix 'i' Hnd let A h~ \11<' Jatohi mHlrix 
as,"ot"iat.ed to F -- bdF(())). "then 

h=A+l/(O)P 



and varil,(ions of V are pn'tisdy nmk Of\(' penurb"LiOllS, 
As an ftpplicaIion of t his idea, lei \'::.. (,,) be R random P[O\:\'~~ wlwf(> I jH' 'v::" (rt-) 

n.re iwiepert(knt, identknJly di"tdb'Jikd rat)dom variaJ!lcs wiih distributlcl]] ]l(1)) dl! 

whO"\' P is boundwL Thr:r\' is a fllndanWnlal quality caUql 1 lie in(egraJtd d('usity 
(i1' of ~ta\p~. k{,\), whid] is giW')1 by iJw fonowing: Lr't EJf1~ , be th\' ~pf:'(trnl m('flBnn' 

for hl' -\- \i~, wit-h ;'('dor ou, Tih'n 

(J Ai<) 

This i~ not tlw bik~i(: ddlnil ion hut i1 <.krived foru:uia for k (SH~, r,g_, [6. 9]), \"k 
ciaim 

TIWOHEM 1.19 (WEGNFIt'S ESTIMArE [49]) 

;h(A) --- k(X)i 5, "1,\ - All 

iJ:!u:n; (' = sup", ph) , 
I'HO()V. The T(,quit is f>lJuiVlt]f>nt 10 siJ-ying 

wilh n'~pec\, to dA wlih dk = q(..\)d,\ wilh 

Th('owm 1.8 

whiclJ is exactly wkli 11'(' l>'111)k U 

lllllt dk is abs0latdy 
::: c. Fix {1-'~ 

2. Spect.ral Theory of R<'mk One Perturbations 

c();)t.inuOllS 
Theil, by 

Introduction. \-VP bq;in our iJ-lw.lysis with tlw !';\udy of ;,he absoiut.dy <:O(l
linun\!, SlwnnUll, obil\ining IllY~ull liml abo follows from ti10 t.rw:", da;;s UH'ory 
of pcatt.~ring, but wii-l)(!l1\ wawoperators, WI' next di~cuss til(' fundnnwntlt! work 
uf Arons7-Hjn [3i and Donoghue [4]. which identifies Hp('clI'al information for A" 
ill t.!?rnl-~ of F(z), N('xt, we riiscuss IJw Simon .. \Volff [47! work on 10Cillization ilJld 
apply it jo ()ne~diJllensionill random Jambi mntJ:'ic,!s. hnnJJy, 'A'e di~eu~s H'u'nt 
rc~u!t::; of Gordon [271 iud del Hi!) d (II, [12] Oil singulm- speci flllll, 

Jlcnu:/orlh, we ",<ill!IU: tlwl jJ 18 (j cycb; ,:txhr for A, that "" {(;1 z) If'i 
Z E C} I:, a t()i,d fid j()r H. Tn Rcnen~L if H,) i~ the c1o~ed sub::;[l<).ce g<'tl(y&j<'d by 
\,h('~(' ,-,\'('(,010, (hen H,; is Illl illWll'ia!l\ splln: for r~(:h A" aud A" ~ A on ti,j Thus. 
I!w Fxtensifln from llw pyelic to )[emmJ U"-';(; is (_rivial. Wt' lw,k« til(' i4"~llmp\,inn t.p 
O€ abk to lOCUS OIl trw n~i\l issU('i' Iwd not hn\,\' to Ej,,,t,e tlw Ihcorems in (;O!l\'ululcd 
forms tn gilT IIV' g('lleral Ci"-~r. 

2.1. Invariance of the Absolut.ely ContillUous Spectrum. Lt't f{:f!,b: 
anu g(;dd:r lw \,\\'() aO~(llu1pJy ('oniinuou1< (pceoil.iw) !lwasures on iE, R('eallthe~e 

measures are ('quivaknt Wand only jf IT: 1(.r) cd OJ ,w,j {J: I g(X! ¥ O} agn'(' up to 
~\,\,E of Lebc~gUl' !lW,)SUf\' ;:no. \l()lX(}w~r, if 11 i~ rnuhipikmioll by .7: on 10" (E. J I/J:) 
and C i~ multiplication 1.>y.r on L"(R.,gdx\ i.hen A and C It)'(' llnitariiy wluiw:Wmt. 
if 3nd only if 1 rI.r nnd 9 dx Hxe "quivnh'lli. \Vith t.hcs(' p)'dimillltri(\' 

T!!EOREII-l 2,1 HiT' al! Q of 3, (A,!o<, af!d (Ai}"," the 1l1i8obJicly tOlltirlllrmE 
pad,;' oj AD fwd As arc uTIdorily utmwlnd. 

PROOF. Sincr A, = Aj ~ (0 - i3){p, w(, (1m Suppose for,3 = 0 w.Lo.g, 
By the "bow discu~sion imd Tllf'or~m 1.6(1,,), h s!JJlk('~ to show lim:. 5 i '= {E i 

ImF(E-i'iO) f'O} a.nil 52 '" {E Ilmt;\(E+iO) l\J} agre('up Lo&'tsoim('Il'Hll'f 
:'>;(')'0. By tn(' ArOllSZ(l.jn"Kt(~in formula I;, "" j-jS;-F' whieh impji('s Ilnlt. 

It foliows I.bi1t /';j and .(h a-gree up to t.!'('Sf>\~ whp],(' F(E+ iO) f;,!is 1,0 exist, tlle sel 
wh\'lv F(E + to) = ex" and ilw &'1 wJWrt, F(E -'- iO) _0- 1 Tlwse sd.s ,til hilI'<; 
meiLHlJ'(' Z1'ro, *--, S', an.d S~2 il-gn?<,: up to ~('t~ of measure :5ao, C 

HYO-1AHKS. 1. Tlw n'sull ('XI<'l)<Js LO t.h(' IlOlH7dic Ci~5P ilnu so ex!.f'nds 10 th~ 
iinii(' nmk cast'. II. should 1)(' PQSRihk 1-0 a{;eOmmOdille i-lt~ i,mce cinss cnsp. This is 
,m area under present ~l\ldy, 

2. Sinc\' (it, .. -\- 1)" ! .. (Aq'" 1)" I is rank oue ill dw usual SpllS(" Wf' can apply 
the tncnlTm to (A"", " ])", and (A,) -\- i) : Hnd so, b? It S,)ecifnl mapping LlWo1'(:m, 
('X tend rhe rr\~lllt 10 It!\nw (\ '"-~ CX', Onl' (',W Itbo get Q = 0(' by llsivg rip", anti 
lm(-I/Fl C~, ImFjIF!" 

2.2. The Aronszajn-Donoghue Theory. R('call tlml 

The f(Jliowing, blu;ic t.heorem \\'a~ prown by An:m~);ajn [3] for boundary comli .. 
li(}ll uql('nd(,ll('(' -of spenrUIli for Stllrm~Liouvilk operators !111d lJwn exlended to 

(hounded) rank on!? pn\urbal ions by ])ono;chU(, [14]. 

THLolmH 2.2. FOT fl #- 0 (n = -mjimty allowed wi/h.')O l "" 0), rlc/im: 

s~" = {X0lR) F(:r+iO) '"' ---0 'i,G(J:) = co} 

f'" = {.r (: iE i F(:r+;'O) co -n:-',G'(.;;j < O<'J 
r = {;r (R i ImF(:r +l'(]) oL tlj. 

Then (j) f 8" ,f [~> and r !IT'i; mr;t1!.('Uy d,.~joint. 
(ti) [~, is Ihe sd oj uqcnw/un oj A". In fad 

(dp.>..\,,(x) ce, L () = 0<). 

J .. "I',_ 

iiii) (dl'eJ", is .51tppartcd (if! L, (dll"L is 8upp()r!r;d t)n So. 
(i\') FoT' (\ oF J. (dll" {md (<ill,!)",,? an 7n1iturdly .,ing1!.i(l!'. 
RFoHI{K. \V(' ,'<ly III?!, n ~d S' ··supporb" It nw,lsun' ti;) if p(R \ S) = 0, 
PROOF. (i) i~ t.rivial Ilnd (iv) follow~ from 0), giY('D (iil and Th"" L 

sn))porls (dih),,<' i~ pruven in t.he last ~ed.ion. 



::;0 HAnny StMO" 

By Theor\'Hl l.G(iv). (dlt"),,,,,, is suppor:,0J by {E j liHlq" jF,,(I::: ~ 
But 

_ F(z) 
F;,(z) = ~l--'--~F'I' 

,f.\ z; 

~ays\.ha\!F;,(B+ -xjfandoniyifF(E+if) ---I/n_ 

= x>}. 

(iii, (ijf) tlm~ follow by ThP(r;pm 1_6(iili Hnd the claim i_hat dwn PiE -'- if) ~~ 
---J l(l ((:wn if 0(£) "C~ x): 

(O<o<x) 

(2.2lJ) iilll(lml---F(F+ii)! 1", lj(;(E) 
<0 ' (n = 0;:». 

If OlE) < 0;:>, (2,2) followi' f]'(Jm Thwrrm L2{v) which i!TIplie~ \.J:-w.l F(r: + it) = 
-l/n + ItG(T)"" u(d and Ih", formula for F" If OlE) ex. and Ct ::>0. Theo_ 
rnn 1.2(iv) implie'i" ! iF(x -~h): --, 0;:> so _. ir,J! ~ 0 pro>;ing (2_2u) in that 
<J'I;<o'. If O( ':') '" 0<-' nlld 0 < II < x, by Trworern L2(h') ,,-gain, (~; Im( i +uF) -. 'X;' 

~o r,j1 -f rtF! ~ O. T1Jui', sincE' F -----> -lin, t!F/l + (tF! .. _ 0, n 
This tJ)('O[l'lH h,~,; interesting COllSPq1H'1t(,(~5 for ()nE'"d\IlWU.~io(l8.j Schrijdin!;('!' 0\>

enl1.ors and Jacobi nmtrk""s: 

THEOIlEM 2.:3. Lrot /1 k (i S'c!:rodinHfT OPC1'!JI-01' 011 :0. xc,) 1i--ith NC1U1wnn 
!;wvndlJry t'Ondition8 0.1- :I: = ° IJS in §l.G. l1V1J Gun < ex if and o'lly if both 
of Ihc fo!!mliinfi hold; 

0) E iB ?!fA 1m cigonui1le of.4; 
(1.38) E = z) has (t soltdioll which is L" at +X', 

Plto()f'. Sine'" G(E) finite implies llmt F(E --'-- iO) exists and it fesi and finite, 
Thco!'vrJl 2.2 impH",s t-lwt OfF) < 00 if <md only if E is 81) eigenv8hw of A -I- (to for 
g'JrrW n y! 0 in E U {o;:>}. But thi~ ili <'q,lhni<:vt to (Ii). Q 

THEOltEM 2.'1. Let:1 oe a Jacobi !Mir-G.· on (2(2) (lnd,? = ;'0 1)8 on. §1 7 niCH 

G(E) < ex- if and only ;f 

(2.3) 

E is not Q11 ctguwu!uc of 11; 
One oj I-Iv foU01l!1.ng holds: 
(it) 171C eq1wl-ioll 

has Wl_ (i: .'vbtwn on (0.0(;) 'f:iti! 1)(0) '" 0; 
(b) (2.3) Iws ~;1 j'2 _witdion on (-~OC',O) 1uit!:. 1«0} = (l; 

(c) (2.3) hilS I" ,witdjons Ht on both (0, C>::') and (-0<:',0) 1UitJi. both ?i_ i- (0) 
i' 0 IJnd lk (0) i' 0, 

HEMfdQ,S, 1 To S<iy 'J is i\ SOilltiotl on (O,x) nj('I:m~ 11 i& ddlned Or! [0.80) 
but (2_3) holds for '1 ~ 1,2,. 

2. ill j>artic1Jlar. if (2.-3) iu)); [2 ~oj,Jtions on both (I),x) and (--<x;,0), then 
eith",!' E i::: un dgell'<Cl'\l(~ of A or G(E) < (X'. 

['HOOF, ill), (b) of (ii) hoid if ant! oniy if E is v.!l eigellWtliw of Ax" ((') hold::: 
if ml<J ollly if f: is an dgel\m!iw of Some A:" willi [<}i < 'Xc. Givf'n HWRe, tlw proof 
is thl' SHIHE' as for the li\s\ two theorems, c.: 

2.3, The Simon~vVolff CritQrion. Tbe roUt)wing is ll~eful in discH~~ing 10-
calizatiOil for nmdom 3al'obi nmtrites: 

THEOHEt>l 2.5 (\47]). Fuan intct'ulJi [(l,b]. Ti:cnthcjoUowmgareeq1iwaicnt: 
(<0) G(E) < x' fl)1' a,r;, 10' m l(j, bl (1u.r.t. Lr;br:sglH; 7I1CMUrc) 
(b) Fi:)1' ,r.e (l (1N.!'J Leo(S9ut: mca,,'(lnj, j" !:w; 'mi?! pure pomt ,'pccintrri m 

In, bj 
PROOF. L-€t S = {E l~ [q,b] (;IE) - x} "\lppo~e holrk Then is'i -== (J 

by hYPGthe~i~. By Tlw{xf:'m j.8 Il),t\ l'le<m~ f iJ ,(S) do, = [) ~Q /1,,(S) o. r~ for 
i\Y, (t, But if p,,!S) = 0, Uwn in the In11);l1n)1,'" of Th('oH'm 2.2. p,,(L n :rt.i)j) ~c 

il"(5',, n [a, (1]) = 0, H [oH()wi' by thai tl,eOH'Hl tiwl f,;" fin!' PJlJy poini ~pedr\lT\i. so 
(h) hold~. 

Con\}('rs~:jy, jf A" has only point spn:tTlln1 on ,<1,&], tiW!! /1,,(8) = O. If (b) 
llold", f p,,(S) d(l = (1. ~o by Tlwuf<elJ) 1_8. = 0 i\nd (a) hold;;, [J 

As' 'In \,XH"'1')" of how co apply tlli~ l_heol't'm. Wf want to pn)H- localizatiOll for 
til<': Anderwf! mod",l in OIl(' dimension follo,ying [45), \Ve'HllsP various facts "boU( 
thnt. modd prown f'i&ev,,-hl're. 

T1WOllEM 2.6. lr;t bc licl1£nd('d i.i.d . ..,. wdh distn.irntwn. p(A) dA. 
l.et 1(" = /i,) + ,,'''' os i_I!. ti1.7_ Thcn jor I).C,"';, h,,- hilS on/y pamt Spf'J:/-'''W!1. 

I-lJ·;,\l!\HKS. J. 'Ill", g(,H\~rBl proof fo\i(lwing t!,c· str-p~ heloW ,""quire" n lot ics,; 
tlJBn bO(lmi;>d or fmkpendeni random variabl",,,; s"e (45]. 

2. TllE' p<ODf.'f ~h()w thai til(' eig'2ilflJ_ncUonR d'2UlY exponent lnlly. 

3_ If 51lPPV "'" :1<, oj. then spec(h,,-) '" [a --- :!.!J + 2:' II'ith pl'olJabiEty OliE\ w this 
is Doint spectrum den.~'2 in an int"rvFJ. 

. PltO(lI'. 1_ ThF t-rMISfel' rn<ltrix, ;1,,(E, i~ the two by two mutr:x defined by 

("in;' 1» '" A..fE, cJ \ (~; i! '\ wlwne !). "heys (2.3) for c'_. Gnwrul prindpl<'~ (tive 
\ "(1C: "-' ",O,! . 
submldii-iw E'rgodic U,,,,Of('IH; .5,,"' 145]) imply that for E':wh fixed 8, 

(2.1) , __ , ~;(E) 

for u.~. wand H fixed '" Obviously, wh('\ilN the limil in (2A) holds only Ilepends 
on 1,'_, ill i\ ndg,hliorhood of infinity. 

2, J! Ci\n iw pruwn thnt "!(E) > 0 for alw(}st all E_ In \lw Ll.d, ~u;;e under 
diRcusioll, i_hi" follo-ws from Hn-sf('ll/)erg'R ~})('O!'em [ilHU for all E, hut lillder much 
wenkel' G0Jldirion& (l,-non-lktHmlnistic). one get& tilt' re~ull for H.e_ F from l\ot<:Hli'S 
thent·v :32, 44]_ 

:3: l'lw tl!0m,U! ()fHllene-O~ekdE'c :39,37; lrnp!ks lhat "y)wn (2A1 hojds. wid) 
,(Ej > (l. t\Wl) tllere <,xis! illiUa) ,-ali;es ,,±((l)'''oi,(l) .~o lh"t tb<o' ('orresp()Jl(~ing 
sol\1lionE 11,10 of (2.3) 8.1"(' f2 at ±.:>''-'' (In fad, Uw wlntiunn <:kcay e~:f'01l{'nrja]Jy.) 

,1. TheOlvlli 2.,j then implips t.!wl if 0; (E) > () and (2/1) hojd~, t-h('ll t'ither E is 
an eigenva!tw of h~ or 0(E.w1 < IX' (with O(E.!h'l a.~s()Ciated to II~ unci f,,)_ 

rl', B-,' Fui;lni's tJWOTI'lJl, for ""',f .. {r~ ("j}",,'!. (2.-t) lx/ds for a_E'. E with~.' > 0 
Sinc" h".:hm; only ('()Ulliably many eigenvaliJe~. IW nmcJude in'll. GiE.,,-,) <::x' for 
a.e. E (for this typknl ~d of ~,). Tint'. by The()rnn 2.5, h~, -+ wJn hu", pun, pomt 
spectnl)l1 for ll_e. o. 

6. }3r ill<' hY)lothe&is on til{' aUi'OiutE' continuity of til'" di$tribwion of "",(il), 
h~ has point speclrnm for a",- "-" 0 

EsscntiaUy. the idemiwl argnrIlent prows 



Tm,OH)SM 2,7, hi {F 
prore>'ii em K_ Then for (i_f. ", 

'''<C''c<x, be it 110l1-dduTllinwttc 
mal a.c, (I Eo iD.0')' 

bU1l1uicri er9ud!,C 

IP 
--- (IJ;" + l-~,(I') 

rm /} (((1, x'J,(Lr) wei./) (j Ihe OO1mda!'!! rrmdr,lirm oj () two' 1)11/y li1itc pom/ specinmi. 

In S"d-km ;:;, we'l! need t he following formula of Simoll-WolIT [47j' 

THEOHE\j 2.8. S"P]!OS(; '" 1 Let 0" k a.n orlhullonrw! QU,<!", for- 11. wilh 
00 ,p_ ThGn for uu:h J; E m_, L" ! 6", (i\ --- 1:' - if)- iN 1ri(muil)ne VUTC!Jo'i7I!] 
as{ 10 (lnd 

PHOOF. By ;fW Plandwre! tile')('('m. ill(' SUln is !i(it - e id 
I d!l,,(X)/((J: H)2 + (}) The JIlonotonicit:i ?Ivl idf'lIlUkB-tioll o[ tlH' Jimi!.- are 
iwwedi(l,l,(', CJ 

2.4. Instability of Point. Sp€(:tram. l'Iil-Ddom potmtiil-1o Lltv(' poiw. :OplX'
lrum embedded ill (.jw c55wtial ~p('d-rlim of h,~, One of our n~mh" in this ~('d-ion 
Is that ther" an' lontU), llnr:()l]ntnhly mmw valnes of u",(Oj which \-urn thM jJoirn 
spenrum into singular conti!luous ~rJ('clrum_ T1H'x() an: irftils oi;i"ined hy Gonion 
[2£,271, Imd then indepelld"ni.ly by del Hio ct aL ill, 12], 'I'!hOH' pres<,n"(hl-ioJl W(' 
J'oJiow 

Tiw k(:~' in Ulany ways i~ Thr'on'nl j,:2(iv) which ~ny5 t.hat {x i (/(:1:) = X't l~ a 
dnN' Go As ill1 example of what lhi~ imp!k~, wv proY() tjw !oilowing (fh;!, prow:n 
in a ~liglltiy \\'e,UWf form oy del Hio flO;); 

TnF;om,;,'\-j 2,~1. Ld V be 11 ummdui pol<'nl-wi on In,-x-). Lei ,Y he tlit; .'if;! of non-
150ilikd p(Jmls of 0'("" (---d:l + 1-') (iAn set. i$ (nd(l~endcni of &()Wula.Tfj crmrhliono' 
a[ il). Then, tilere u:gis T c S. a del',,'!' Go 17', S ,,() thai-

(i) f; "" T w "-O{ (w nfJ('nv<i/\((' rd •• ([" Idx" + V for (inY h01mda17! c!J)l(illron U 
oJ )' c __ o. 

(in If F E T, (-([2 /d:(" + Fjn I~'-u dOCH 7101 llitn (-I ,~old"m {2 cd infinity 
am!. in parl,ntiaT', iJ!fl'~ 1$ no L{J(J)i'l710" iJr:/UWWT WiUl ,i {<.) > I) jor H E: 
T. 

PHOO!' By Th,'ornn 1.:2(iv). the G(I:') cM;i'or;i'ltr'd to Uw ,'J('\llllUlln onnal.or 
wit-h;J = h(,r) hilS Girl"" x- or) ii" "denS(' G" in S_ l.et T he };, mh~H~ any 
dgf'Jlva,ues [or r; '" "/,2, (i), (ii) foBol" by the r<'silits eadi()r tn thts ~('tT;ioll, i'] 

EXMJPLE_ If F i~ rlmdo!tJ wit.h "pec(ff) -~ ;n. tlii~ implk~ w>n-J.J~\pun()v 
bdlayior [or (I dvns<' Go On [n,x), \'V(~1i tbolJgh We how thVfP is ~llrh bdlaY[01' 
f(lr IL(', f"'_ Deni'(' C; w'h <lIT sonwtimes raU()d BHire gem'ri, whil" c01npknwnt.'i 
of KCt~ or measure j,Vl'() arf qdkd l,('b('~FIW g('!l('ric. Both kimh of >;cl~ nrv !oqlllv 

llllc01mj"bl('_ 11H' tiWOf<'lll ~'1Y5 UK ~8ts whrn' orw ,_liwx/doe; nol- hn-w LYflpulm~' 
beha-dor wilh"; > () an' [n1-ertv,'ined, locally um'c)unl"bk ~ci-s~ 

\\-'v wani- io lurn j_hO' G(!;) = 'X> l'('snit into ow; nhoUl- (J v3.hl('~, 

T!1J-;OHMl 2,]() {!12i 

sFi clf ;;fJiUC.9 {F(V + ;'0)' 
de)),"(' Go' 

L+'f- ill' &e (my trlUl31,n on 8: oOcyw.'l (1.1)_ Then Ihe 
E (i sHpp(d!,) Itnd G(E) < x,} 1-,'; fhe ""mplC1ncnt of a 

PH.OOF. Tlwre is <1l1,erwntl argument. ihat the (:omplt'm'2lll is a (h ['i6]. SO W'2 
f(Jells'm tit<' fad timllilf set, ,(i, is it countable, lJlIion of nowher", dense ~('I~, \V(' 
~k!,t(h tl"" kh~,,- behind (he proof in [121, leavillg \,Il<.' (le\P.ib for I hilt pitpPr. 

Writ.e {I:' IE supp(dv) and G(F.') < x,} a" Ii ('o\Jljtable union oi'kiets A" so ;,hitt 

(i) G(I,') i~ do"e to \-he COJjS\Il.JiT, 'l", on iL. 
(ii) For some 0" mad Itll X E /1", d<r_";T - yi "d/t(y) is ~ma)j cJ)ll)pnred 

to Ihe w\1'iation of G ,-wn An. 
(iii) For each J' E An, con&ide)' Uw ef;uiJittHlli t,TliHlgJe, 1~" in C with one 

w)'teK 1\(, J' and oa..~e on (.h" liwe 1m z = w'" with a ji,,/,d number. if. (fixed 

in the proof in [12]). Then U,,=A-, 'F, i~ connedI'd. 
By (i). (ii) F' (E) is ,·"ry do~e t_o (,he con~titn(. r)n {)Jj <?itd: "j~ H) ;Fi z) - Fi 11) " 

,,,(;;; 'S '"),,!y - zi/;{ on T,. R.Y fl Himple geolHetric r>rgU!llent 11-'iing (iii), 
--- F(!J) -- ,-,,(z ---yil 'S 4~'niy zi for y,;; EO U"~A_ 1~, and 50 in lL_ SiJ10' 

A" is no,,"hcl'{, (kn~e ,md thi,~ "iJlC'quijlity ~ays t-llijt F ,;JJ >1., i~ th(' res! rid.ioll <)f n 
h0!m~0m()rphism [rom 8: to IE. Wf.' s('c lhnl FlA.,,] b nowlwl'(' d{'n~('. u 

C()mhilJing t.his with Tbnll'em 2.2, v><, irrmwdiakly g'i~t 

TUEOHE;vl 2.11, In Uw puv:mi ('ollio:{ uf rank one pcrl:uTOaf-1-0flS, supprMe that 
1'1, b) C s!wc(A) lind spf'('"c(A) n ((1,&) = C, Then fin' I, dew'e Gf- of (J 's, A" Ii"" 
111m:;!!! .,in!]1tiar COlliiWHW8 -,p('('f-r-um on (O-,b) 

W(~ urlfJh;~~iz" lIml lhert; is 1\ dbi-iHdioll bnwe(;n "ingu]nx and point ~lwdrum, 
if Sl!1'C".J A In (0" b) = 0 >l11d (0, &) c spu;(A), t.hen' are alwoy" llWllY () 's for which 
A" has sillglll;Jr coutinllOU0 spt'c\J:Unl. '1'1](,1'r- tlUfY or nli\y not h(' (t'~ wlwn then' is 
point. ~penrum t_l!rrr:, Tlw SimOJ\-Wom crilVriOll !',iV(>~ G\.,q:.-; wiwre l-here is point 

&jwdrum for !nllny U'5, bul 11«> crilerioll may 01' ma,\-" [JO! hold. 
JI ro,\lAHK_ This result on singl1lnr ('ontinuOlIS ~pectfum for dense (,'/ .~ i~ onp d 

many l'w:et!tiv disro\'en:d 127, 46, 11. 291_ Fbr {'xmnple, in ;461, ii i~ provPII t.lm\ 
in dx-il!t"j, {'Iw COlli-iWIOU; f,;HdiollS ~ani~hing al il1finily, U;C[(: b a dell.sv Gf, 8, 
R('l l_hm if F (i S, tlwn -~.6. + F !!me' )Jurcly Fing-ulilx ,on! inU01H ~pl'Ctr\lm on ifL 

COHOLLA)(Y 2.1:2, Lei- l'~;(x) be: a non~ddU'm."n<i,i-c crgodl_c rlJndom. prou;ss 
for:r E LS so Uwl_ ~Pl'('(--d" / d,r-; + F) "" ;O,:xi) for ,9IJrne (I" Lei {fg (W ---d~ + F 
on 1/(0. with 0 bUU1Uior!! C07(rhl1ml at .t =- 0_ Then fo!' (l dense GA of (I·s. ll" 
has f!1tIvi!J sl-lJguinr coniHmo""; 81Kcin&1f1 on 'n x,) \1uhiic for- Lebc.'!]1tC <i/mos/, all, 
11 hM (ml!! Ji'Jini- Hpec!nmi flirT!:) 

C\)HorJ.,\HY 2.1;{. Lei {V'" ( 11) },_'ct'" i1(' mdepemlcnl. idfnlicd1v tii"tn/l1itcd 1'cL1i

d01!l t'(!7'!IIh/cs (lfitl! 1i1l1fOnli ,h\!ri&nhon in '0, oj lind Id_ J C Olc the CO rTi'spondlllp 

J(v"fn rrwtrYr on (2(Z"). Ld!b -, ili be ,"0 ilrrg;; thal-!J.,c Iws ody )ioint 8pfci rMr! 
for jl,e,..,; (sel' Sectw11 3), Thrn for a,c. <», thui;' I,~ 11 dense Go, S 111 i,a_bj, so fhlLt_ 

(or (, (~ S 

i V 
Win) -= 

, l 0' 

nfO 
n c,_ 0 

YlCids a J(lcobi matn;!' with only Si11!]111ar eonlinW)1lF spec/rwn. 
Both 'orol!l).rjc~ follow imllwdiatdy [n-"m \-lw theorem and ('idb' djs(u~sjon~ of 

j he exitlllpks, 

2.5. EXflmpJ~s, The &st_uw rpmkr may have not-ked i-lmt dll" compklely 
del<'rmj1ic~ liw spc{'!-rai propnl its of I,h(· family ,1" (Hl!~llming ('ydieily, of CfwfseJ_ 
}lQf<?ovBL giVVll lin, ld A oe multipliCl}tion by J' (,n rJ!~1) nnd let. l_ 



Then Fic) is j\l~t the Borel tHlllslonn of Ii/h. So ",,-p can d<2,;{TilH· <2xaml-'ks by 
giving the rn,,%~me d/hl_ wjJich ",(,'il dp"'J!p by 41', 

EXA~il'LF: J (TIJI:; FIUCDHtcnS MObEL) L"t djJ O~ J.T ! tl1.1) '. DI:') be Ow 
Rum of Lfb<2.5gm' t))E"-f,SlU'f on [0. J] and '! poini ma'Ss ilt. 1/2. Thm G(x) = 'x' on 
[0. J). and 

--1m F!,t i- iO) = . 1. { 1 
'Ii J,i2. 

Tims, A" ila~ only a.r. ~pec1rnm on (0.11 for n- e!- 0 (t]W[P i~ n ,'iinsk eigt:m'a[\lt; on 
(-ae,O) tor n < (1 IJnd on (1. x) (or 0 >' 0), The ellll.iedded "igenwt!\J(' dissoJve~, 

EXAMPLE 2. Let {9,,};:~: b~ a co1m1in" of I.lw Plliollab on iO.1: L~t 

",' 
As above, aE dgBllwllnes di~Hpp('ilr for (} f O. Tb: inltresling (<<'~(' is (0 p1ke 
aji =C' al!. The new A hp~, llO ('!g<'llvn)lws on [0,1] hut A '- (.p. Rwhknly !ilt, 
dewoc f-/uinl ,~ped.nm) embedded in t.1w ILC, sjJeclrmjJ, 

EXAMPLE:l. Ld, rijl bfcconvfcntiOn!Ji Cmlr,or rrW1JiiWT. W('dain: thnt G(.T) '-" x' 
()n C, 1.'w Can1.()l' ~et. Tn fad. 

(2.(;) ImP(.>; '- i,j -, oc 

for ,-;: E C. whkh illiplie$ that G(.1.'} - ,Xc. This ih-d, u.l)()ut.lmF impli('S lilal, A" 
has llcith(T point. nor singlilar spectrum 011 C III frwL each ;lc, i11;.8 OJl(' eigt<tlvalllc 
,,(0;) in ('acil in(.(-!'l'aL I! in [0.1] \. C. The corresponding eigenvectors. togaiwI 
wi1.h (me, ,-,,(n'). l!l J{I ". R\[O, 1]. an tumpiP\,r. Sv'e(.4,,) ceo U~_I){<:,(n)}UC sinn' 
(.\w Ih1)i(, points of \,lle ,-'s Ii]"\' pred~dy C To prow (2.G). we dsjm lir~j, tlial, 

(2.G) , p,' , '" 1 '( , 
"Hr\Jo I' iff 0:::. 2;/1\ jJ! I·f' 

for any !1i(';LiUl'(' Ii. hloreowL if J; C C, t-Iwn 

If! {y i!J: y,:5 2(:1 ")}) 2' 2 

so (2.6) implies (2.::;), 

EXA\1PLE 4 (!47]). Let- dli" co, CL.;'" and fJ '" L(I"ri(J" whl'-l'e 
I: Q" < x· If;:: E [0. 1j, then clelll'ly, ~ince tiwr", is a j with iJ; {j/2")!::; 2-' . wr 
have 

. j '!J: - y:-2 djln(y; 2' (2 -n;-~z-~ ", 2~ 
so if 2:::2"{),,, -'--- 0;:. t.hen G(.T) "" x' on /), 
iO.1: So A h«.'i upnRe poilJi- 5!Wu,rUlll on 
C()H\.;nU()1J~ ~pectr!l)li on iO, I) for all (t f 0, 

lind thu~ It, If&; no Iwim. spte1.mm 
1] which IUl'nR into purdy singnlar 

EXA~jPLE 5. L(;t dl/ lw Chn\()r men."ures and !ri. 

" Xi",'! t n ·2 [t dJ/(.T -
",.i 'i 

. '''J''' II l:!i- ! , 
j 

for any TI and 50 G =- x' on [0, JJ, Thi.~ yieldR an example wil-h 0'(/1,,) purdy ~ilJgubr 
('()<IlimwI;s on to. II f<)r aU n. A8 nOled, thi~ uJ.t:l1()j hajJjJf'1l for poiHt ,~jJeetrum. 

EXAMPLt' {l (!4'f1). Ln.!" he urbinary pointy in [0.1]. Ld, rt" be il s(:t;Iwnce 
with 0 ::; "0' s: elf}" i'(lr S()lW; () < j Let 

leo/D. 

Thus 

{:r! G(,,) > (J ._-,-,' 

g()'~ lo ~er(l a.~ D "'> 0 pro,:ing tI,M, G(.I,) -( ex; for a.c.,T, In \,iji~ case. by tilt.' 
Silt!Oll--\Yolff' cril-nion, iL, 1:&" only pare PO;]lt, R1K..;:\nlfJl for a,e, ('. fm! (i)T it d('n~I' 

Co d (), 'it ita." ~i!lgular (OlliitlUGUS SlwctnmJ, of COllj'~e. 
Let .T" lw lb~, ~mmt in;; of t he dyad\( r~j,\()"rus Let dfi = L o,-J"., E-.,-<1-lnpk.$ 4 

BJ)d (i ~ay lha(, d{~lwmling on 1.)10 o·s. ~L can have dpnS(' point or ~ingular con\-inwlHs 
~ped.nll;' [or L<ebcsgue iYPlcHi 0'. Speci-ml jJ1'OPNties dep(~nd hC'ayily on -; as wdt 
a~ A~ 

EXAM!'!.!': 7 (~13!) Let. {'h} ;;-~" I be iJ- cmmtlup. of t hr: wtiOll(l.b in (0, 1). Define 
"" = min(T" I. '1".1-- q.,) and In S = U"\q,, "'J",q" i-o~) so is': ::; 2 I: 0" :; 1 n, 
Let. a!,,) "" Y.~ (h w spec(A{)! ~, iO,1) sint:<2 S i~ denH' in :0, I;, Sinr:e :[0,1] \ Si 2: 
~ and dli".,,,,(fO.Jj \, ~ O. then' rnust lw a positive nW(\$ure 6el. of (l'~ wit,h 
point. and/()l' singular $,wdnnn <'lTIbrdded in "lwc(An ), As ill t.ilf b~t eMJIljJl<e, tf 
i:c - (h! 2: (h, ~- ,,)-,J-l for ail n. dWI) G('-1;) :; { \(1- Titus, {.-I.' E S i 
G(:r»(~!(l. v1;3) !}~\f((l v'l/:l) ;soG(J:)<xfor:I.(' . .r~!(),ll\S. 
\Ye con('lw\(' t.kn for a.v, 0. A" h&s no sinp.lliar 6p('cl.rum OIl S lin! it b&~ son'" 
point ~\iedn!ul I./w1'i' for a j,)()sit ive 'lwasUl"e "pi o( (} '~, 

EXAMPLE" ([13j). L{~t S" '" \)/2" - 1/(41/'22") )/2" i· 1/(4n 'J2"Jj and 

S' = U"S", ~o is,,] s 1/(2,,2) and is: -S ;;-2/12 < 1 Lrt rlj1" = \sd:r. Then. 
~peC(AF) '0 iO.l! bIn. ~inn' 1] \ S! > 11, t!wre nl1l~t lw II positive trH?')tsurc ,iet· of 
0- 'B wid] point and/o!' singll!at ~pecl ru!)! tmbcdded in »pee( A,)· /\.5 in Exmnple ,j, 
(;(.1;) ~-, X (J1l {V, 1! ~jnce for ,my 11-

G(.T) ?: 

TllU~, for ~Jl n we hay" no pojm ~p~cu-llrn in 10. l! but we haw ~inslllRr e(lIlUnu(lu~ 
spetH'WI (mllwdded in ttl\' a.c. ~pfd-nm) for ,\ SH of p<)silive mea<:liI(' [\ 'so 

3. Localization in I.he Anderson Model 
FollOWing Aizenman-i\-1olchanov 

In lbi~ spdion wr'lI pre»em 1 hp atJpl'Oach of Aizennmn-\\'lokhan()v [2l i,o t-ilf' 
proof of ipcalimt.ion for llw larW' coupling AnderHon mod",l in arbitrm,Y dimension. 
The jH'(l(,f i~ so ~i!TJpie, 'W ",un'l (-V",n put it in 8eparat<; ~rrt.i(lns. He~ult~ Ol1 
pxpOlwntial decay of Gr~n\ function!' we]'e fir"t oblairwd by Frii!Jlich-Spew'er i1S;. 
with iat",], rx\rnsio!ls 201)(j ~impiificat.ion8 by [1.7, lSi. EVP!l IRking julo IJccount 



IJG HilERY SI'.ION 

the faq, LIlat. Wf' have alrE'ady lkvdoped wme of t,he fad~ we llc<?tL this pwof i~. 

~mn<?l-hing Uk<' a fm:lor qf \.\'n ~!J(}rh:'x and hilE smaller conS\.allL~. 
\V" will prow;: 

THEOI1Ud 3.1. l-ct {l'~(Tii},,(> be !ndependnil uiul-rically dl8tT!bdcd t'lmdom 
wriabies mith lJnifurTn dcnsit1/ "i1- ilL j:, Then.. tilen; IS a fLred CO'18tO-nt. K. so that 
1/ > K!/?, (hf'n the Jamin'ma!;n;. il;; + /\l~, hus onJy'pm" point .~p~ct~ml (and 
it 1S dense in !-2!J. :.!!! + 

HEMAItK. I lwli<?W' thai r< = ~,2 I'; whal (:(lme<' out of !,he minimization probieUJ 
lwl()w. 

Sitpp()~e for a moment, Ihai. w<? could pr()ve i_hat J,~ (2:" ;(;(71, () t: -+ iO)i2) :; 

Cc iJlni, Then, by }--'uhinj'~ theorem, we'd get that for ~.e, pair (8, w), E" !(b". (A
H - iO)-ibu!i) < (X), RO by TheGH'lU5 2.M and 2.5, we'd !mve iOCll.lizatir!ll_ ThE' 
problem wit_!! thi~ idea i~ tim: there i& ll() chanee that. "veu L~( G(O,O; !~' --'" rOWl i~ 
llnik, siu(,e HfV'r all, G(O,O: E+iO);$ pred~('ly f:\(8+iO) for () "C, V",,(O) Rlld liJaL 
is Fi[! ~- of) and h&,; a first ()j'(Jrr Z<?ro at n = -1;' F if lhere ll' I {) tW an <?igtnvaliw. 
But- Ilwll, J (H'!l)(')(O) _'O}"'2 is infinite if (l E ~\lPP1'(O). So Uw firs\- k<?y idea oj' [21 
is \.0 look at pOW"t'1l of (OJ' with (1 < s < For simplici1y, we will\()ke 8 = 1/2. 
The fonowing lemma wj]] (if usdnl: 

LEMMA ;),2. If ~ > 1, then IOT {xn};;" fl..!! {H18dl-C(' (S = 1,L. ,-x); 

If,-, < J, then 

Now ~\Jm OWl' n_ If $ < 1, :r,/ !? (E~~: __ \ x,,) --I lind t,he proof i~ ident.icaL 
In part_kular, 

S() we Heed only C(;ll\-roi En l.'.-~UG(Tr"O; t;--;- if)! 
A k<,}, bum:a t.hM WE' wi)) EE",d il< 

LFMl-.IA 3.;). Then; i,,' fl. vnwersa! consi<:mt, ('Ii HO tiwtjor ol! complex rwmhu8, 
(\, 3; 

t ix-ol 
j" 

., 
-- 3:-!!2dx ;?C-, I ix--- :i!"l/)dx. 

,_II 

HE),IAJU';. 1 heliE'\'-" (\ = (j = 1/'2 is lheextreme poinl. in which ('uS<? en "" 1 /\!S_ 
PROOF. h i~ easy to S('f' UW imegraJ on llw kfl. .~i(k of (;:;,2) only d~crea~es if 

o is replaced hy 11:0 or if n rt [0, J] and is replueed by t-he nean",t point in [0, 1]. 

IP 

So we can ~npp()5P UV)\ (l t: to, lj, By J' ~ ]/2 - J: sY1llmdry, WI' vw i3upp()~e 
(} Eo [0, ] BUI, i_hell 

Lei. h(3) lJt' \-Ill' fUlKLinn in [ J- H- is dcwriy t1!11l.inu()us on C, non-vanishing nnd 
lim'l ," h(3) = 1/4 so ehe iaf is stri('\.ly posiUvc- '---' 

Om· last lemma w(! will ll<oed ('OJlCHnS the fre{' Laplacian. hl!_ 

(1 --- oh<})/ :::: g 

for some 0 < a < 1/::1-'. TheTi 

(b] lfO<(l< (2!}j !,thc1I-

PHOOF. hn has norm 21-' so (l oho) i = L;:~,,((dlQ}'" if ::vu < j This 
is "p()~itivity prf-5<?]'Ying opcrfljof, so it prcservcg in<'qualitiei' whid! pruw~ (a) . 
.\lorcover, hy t.he above expH\"sioli uud ({,ho)'''(i,j) = ° if"! < ii - .ii, we Fee that 

, 
L 1'/1(0)'''0. .1):::: 

pruviJlg (b) u 
PHOOF OF Tm';O!tn,f :l.J. Fix z c C \ R and lei. yw(u) "" G~_(O, n; z) Hnd 

\Ye claim that (with Cu the cO!ls1anl in Lrmma :1.:1): 

Using Lemnm 3.2, 

UL4) :;6,,(,+ Lk(n+}). 
,- ,,1 



Fix {"...,UH,-",,,. Thel" by (1.14). g,0\1I) '" C!(>.1ijri) ·'-d) with C 0/ () and Cd ilW 
[unctions of'{ v~ (t)}!",,, T1Hk~ a,-('r,,&i11g (mly OVN ",,-,(n}: 

., 
/

IA1! ;:!!"2!Ci(A1!~_-'-dW'2dv ., 

, 
2_ C'{)A '"(C/A) ;2 [ 11/1' -I- dA dr' 

j" 

"" C(v\i_' [! iC .. Al'-i'I}!I'"d" /:, 

Obviol1s1y, (3.4/5) in,piy (3.3). 
(3.:1) (;,"n be r",wrjU,.;n to $ay 

Be"a\\~(; 2 1- lK, i :S 
;:\.4 to ('Ull<:ilJ(j<' dml, if 

lrn '2 SO k c i.e<. \"'p eftll \ !wrdori' "pph- Lemma 
< (2[') (ur A;> -lC'-'u") " 

k(u) -s (COA' '2, i(J ~ (CA' 

-s (C,Y") "I\2I/}\G,).l 

"liln) 1(0. n} 

!l ~2}/(C,;,\'_'.! 'j"-' 

Tilll~. L>.k(n) is b()'lnd(;d uniformly in z,,;o by (:L1): 

p (('\('( ,')'/') ~~p£'.~, \~!. ?/,i);zC 

i", bounded llnif{l1'trJiy in z, t'sing Tiw(>l'em Vi, i_hi;; illlpli('s thit1 for A = h,,-o< y: C"' 6", 
we have 

K(G(E)""} < ex] 

for ;ttl E (: R Tbw for II_P, pairs, (F. E). G(Ei < 'Xo, :"ow apply TllCOtem 2,5 t() 

!"T\ Iocali:ca1-i()Il. u 
Actually, t-!w p,o"f ~h()"'3 I hal £~, ((IJ ., L" )r;{?r. 0; i/-i) < X fot some" > 

(} and this imjJli<"s <"xpuIWJ)tja] ,ke>W of ('igenfuud i()uF (('EiiCnt.j<1ny by (1 b-

rb;od. one en .. ,iiy ~e('~ (hi'J eneb ('igeJJwc\or '? "Iwys !-p(n), -s C;_, (: ,; ';1,2 
[or eacb f ;;, O. E'r cXi('n~ioJ)~ d ih(N' i(k'n~, se,' 12, 11 

4. The Xi Function 

IntrQdudioll: Th<:o Trace Formula, In this seclirm. !'II (list,ui;$ <) pwgr3m 
()f p, Gesztcsy and mill.(' (in pelr! ".iU, iJ()kkn <lnd t:h~oJ eh,,1 (hils wiih imTN' 
slwctr,,] lll\)()!'Y for ()l)'2·dimen~i(lnl)l Schriidingpf <1nrl .Jacubi llUll-rio's [22:_ 111 l1w 
swdy of tl", ill':erhP problem for \><Tiudi(: poipntiais, an imp')rtililt nJi,· 1." played 
b:r tIl(' Imc(' formula origim;]l~' proWtl by Gdfnml-L"viI.811 and exp]uilfdjrdim'd by 
rmwy ,tul.b()r~ SllbS('(jIJ('Jl1Jy: ~'er' !24) for a history. 

Lel me describe lids (un1lllla: i€\ V(.r .'- I.) ~-- l'(J:). Tlwll 5p\'{:(-d" -I-

F(x)) co Ed u E,;). wil(·rc D"E':\,E\._ .. R,,, _i,E)n_ Me pcrl<)dic 
dgpJlva!tl<\s. Imd E!. E2, . F i ", J. E;,; <~,. arc an!ipi'rioriic eiW'llya\l!('s, Ld 
VtJ(7}};: i bF Uli' <o'igen\'HI1Jl'" on U(:r:.x -I- n wiill 11(.,,; = 1I(x -,. Cj = 0 D!rkh· 
lei h'!tlIldary (:undi\ioul'. H om iw ~hown 1,hat E 2)_1 :0: i'J(:rJ :s Dl.) Til(' twce 
formuln sny~ 1-111\\. at h'asl wlw11 Y is sIJ:\Oulh enough (('\ w)l\ cluj 

eLl) 
'. 

VlJ:) "" En';' 2:(£2J -;-1.;')_, - 2p:Jrj) 
rd 

One o[uur goals in Ih\1' ~C<:ti()ll i~ 1.0 extend I.his [ormuIe Lq llW\,P genenJll"'s 
ihalJ periodic_ 011<0' i~su(' to consider imtll(,{Ji"lely ]s a emit: Eke Vix) '" ,r'l - J 
wJJer", ]'(J'J ~ OX) '''~ ,'.r:' - x'. The" 11«' lJfllld~, 1£:'1-),£01-)']) \:()llap~c iu a point 
and we have dg,>llvailw.o L';n < El < ;lnd Dirichlet eigenvalues {llj\X)}_;:', (with 
u(x) = () boundary condh-iorJs) and E;_, -S jl,(.r) S E;iJ;j. Tbe f(ll'mai RIWiu)1; of 
(4,j) i~ 

\,1.2) 

As ail <2x;unplc. tal'" t'(x) '" ;r'" - 1 ,nod look ll\ jJ;(J; "" 0): E" "" 2n. " = 0, L 2. 
and {IL'(O)}~,I are {2,2.6.{i, 10, H\. }, l\. fullow~ that (4_2) say~ 

--[""-2+2-2 

Sin''(' I.ile Abdiau ~um 1 -, 1 .,- I -- is 1 (2. tbis. iF pwrnl~in\\ but \1 b deN that I he 
hnal I'(','iull wi!! need il slItrJJl18bili1.y nwthod ).() n(;(:otntrJorial<2 the f()rmuin, h-,del'd. 
()1))' trace formula (w!)<'tl V > 0) will 1'(,,,d: L('i C(x,.\i be dw Kl'<eil! ~peclri\l shift 
for 111£"ilv coupling: with .. 1 "" -J2idr! + t fA) 31ld --f' 7" N.r), Trwn 

(4.3) 
(.\-' 

(1 - 2C(:r:. ~\)) Ii,:. 

:\ui\' thai )1 - 2C(;£. A)I '" J in &n disc!'E'i,(, s[J('C{.rul1l CM(,.~, clearly illu5IrHt.i11)1; the 

1wed [or il~llmllmbili\-y lllethod, 

1.1. Abstract Trace Formula. \Ve n'ulii ,"'(m)(' fads ["JIll §L5,(i. Ai' US\\HI, 

Ivt i\ ~ 0, /1" c- /1 + u(>-~, ),; Wil,h A", defin€'d % llw ,~(rolJg {(',~(lh-"Il! linIi!. of it" 
~>S (' -> x_ Deihl(' 

(-1.5) ~ Arg F(A -'- ill]. 
7: -

Tbel) 

Tr(J(cli -- f(A-x 1) = - J j'(A)C·,L\)dx 

(4_7) 



We' alfo will ('on~id~r a ~('C()nd prohlem with Ail!), Rnd p'O!. Th(' point of 
a C()mp~\fioxm i". tJla\ with gR,at l'pn0miity, Gri'(,n " fundiOHS. G(G,O; hin'(' I-h" 
same bd'~lvi(>r, viz \2(_~)l;~)-1 at z '" -OC', 

TrmOIU';M 4.1 ([24]) SUppMC thai Jim., "X, F! ___ ,)/F(l))(_,) = 

::EC\i(Joc,j 

(4,8) 

PHOOP, ;4,7) for P, FiO) in1.q!,faicd sW~ thr,t 

14-9) In(F(~)!j/'')(z)) -l11(n 

\rc ___ (~))()")d)'. 
+~!) , ... " 

(.1_9] -( 4,W) and Iim~ ."" In (P( ---')i Fid,( ---~rl) co' (j imply (4,8). [-j 

Tl-IHJ1U·;:-"1 .-1.2 (1'm; AB~TltV;'l- T!L\CS FOR\l\"LA) :24] S"PPOS( Ihat for 

,,0I1lI- ( > 0, lim I,!~-x, ~i (F( -; -- 1) ~- Ii. Th(-'n. 

P1100F. By hypothesis 

,~ 0-_ 

By a Rimp:e ('{,,,(our argument 

=(1, 

4.2. The Trac\! Formula for SchrodingBr Operators, \V("ll p()Mpo)Jp tJJe 
proof of the fol!owing Imti] hen in \hi~ $ection: 

l.l-:MMA 4.:1. SUPP08C thoJ V 18 bmmd~d.rTf)m beloY' ,,,,d~, Glmtmum", at T. Ld 
(; br ii!c G";(JI'S f1lw;ti(11I fo,- __ fj2 ~ V (:r) (In L?-(-00,00). Thn as i~,! ---, 00 

wzth i ArgA,-! < ,,/,1: 

(-Ul) 
2 

EXA~WlL, Thi~ wili tw tlw compMi~on Fil!) so it is a crit-ienl ('xample' lRi 
_,1''' = --iP/(LT~ on L (L,'), U~\ v = c,"_ TlwII pU-') = GI('i(J',J';z) = 

::) )/2 /2_ T!!U~ + iO) '" (J-j" and (~\J;) "" 1/2, T > 0_ 
\Ye \10"-' apply Ihe a],s\md tilP()fY of the last ~ectj(>ll: 

TllH)m-;M 4.4, .71tfifiO$C Ihai 1/ i8 11011-n~gatit'(' and i,< contimlO1t.< at ," Ld 
£(;1,).) !)(;~?-.(T)fO,.A= +F:Y=f~. Then 

(4,12) d).. 

and 

(4, U) 

PltO()r (w LSMM(\ 4,;, wms -V IS IJOt;!'DED, \Y.Lo.g, suppo~e T "" (j, L('t 

'1;<:);) '= (lIn -!- ~,) ",,' '>1/2, $<.1 0<-,'''1. By thr ~<~('ol\(l 
rf'~()lwm "quat_Jou, sinn' V i~ bo'mdcd 

(~_J4) 

whcn' in:! 
sPCIlnd is 

$ince r' "Z"j;o'Ih'=u i,O>O. ~-j 

P-lt()~)j' OF Lr,:M~lA 4.;) !N THV GEt-:EIlAL CASE. \Ve will pron, wit_h J[ ,~ 1Iu--'-l-' 
t.hat 

(4.iiJ) 

\4 11) llWH I')llo,,,-~ from 

C(J . T: -"{) ,__ (" (, ___ ,0 c ~ ,_iI if, T) tis 
.II' 

alld 

II'~t-i!\,' 'dt=/rr ~mrt ("Ct,.-l( 'dt~-~ 
,11 ,10 

To pnlV!' CUS), kt {we,·)},) J< i \J<' liw Bwwnian kidg" i43; ~o (.!W Y\'yrllliatl" 

Kae [on:nQ1i1 ha~ tlw form 143] 

(-1,] G) 

A Lpvy-type ('l,t.imatl' imp1ie~ (,bal-

K; C~l;~): "-"(8) ::: <) ) :s: C;r"(·''''. 

Changing V oubide (:r--b,:r ~I!) ciJfmg">i (h(, right ~id{' (,f \'1.1G) by Me CfI), % ill 
proviug (4,IG), W~ nm ~1JpPO~(' thlli. V is bO\mdpd_ But jf F h bO\\lI!ipd, it t., c:a~y 
t\) s,~ tJHtt til(' intq,ral is 1 - IVb;) "-- 0(1), r-! 

Siuc(' "'e (;ontrol1ed c iii (x, J;), "" Gilll prove til<" slightly str()tlgf'f vcr,iC'!> C'f 
(-'1.12). \'i;: [24] 



!12 IL\l-\HY S!~Jm.; 

This is all with F posiU\'I'. If it is only boundi:'d \.!dow and }':;,,::; infspec(H), 

then 

s~ [23] for higher Qrder 1,,~.nnplOtic- foruml8. involving mOHwnti' of 1;. 

4,3. Examples, 
EXAMPLE I (PnUOD!C J>o-rLNT!ALS). \'1'(' bE'giH with llw motivating ('1I.~C of 

periodk po(.('nUak V(:c) 7,C V(:r+L). The specil'um or I-! is lHu, Hd:,;[f:z, 
General princip](>" implY l.hal. ~(;I', ,\) obeys 

L'in < ), < J~'Zr;, I 
E~~" j < ), < I,,,(:r) 

I},JX) < ), < Dh or ), < D,_ 

Tf F is ~mo()l-h enongh (,,-g., F '" C i
), I: iF'h - I::"" J! < 'X' ~o J:2 -

2<;(J;, ),)i riA < 00 aml \,\1(' sumnwlJilit-y nl(~thod is nO! ne('(kd. Cle;;rl.v, 

rF
".- (1 ~ 2~)dA = -\I'" -- F..'2'" ;) + (b'-2,;-

"V'", __ l 

" 
V(;c) ""- J:"1l -+- L(t'~h -'-l,'~~" l - 2ji~(x}). 

gXAMPLV 2 (l-L-\Bl\-l()l-.:!C OSClLLATOH.). VCr} = J;''- - 1, tilE' Eig(']l\'ahes arc 

(),2,-1 .. and 

C(fl A) ~c . 
{ 

L 
,--,--, O. 

0< A< 2; ,1<),<6,. 

2 <,\ <4;G< A< S,. 

, 
I) --1)"; j,~ __ 2"", 

"d' 
1_,"" r;-"A( -2(((], A)l riA "" n- \(1 " 

.. f> 

= n- '(1 --- ( ,,1)/[l+c 

COHvergc~ (0 -1 &-~ (t 1 0_ ThuE th" sumnwbilh.y method yi'2kb 1'(0)_ In genHaL 

Tm-:OJW),j 4.~1. Let 
the d.gcm:aiv,!;'s of _(/2 

C(llldrtwn at :t. Thcn 

--~ (X.' II--, ixi -'?c. Lrot E0 :; jJ\ :; F j :; 01-
--i- V on at{ 0J 1/U3 .. dJ:) and !(!itJI, (1 Din'dilet h:mudary 

" V(:e) = f-:n + lim 2:i2!, -~h'~) - C --,/" - c- ,K-'h - j. 

<" ,,-j 

Ex,u .. jPL!-;:) (SHOUT H.\NGE POTENTIALS). SUJlPo.';t iF():)!:; C(l+i.r!)-!-" 
L"t NIt-A) Ix: i.h", usual reikct-ioll coefEdm(- and f((1',,\) llw Jos\ function al -cx:. 

Then [21] 

A> ()_ 

1-13 

We fiee thal, if J iNFf),)! d)' < 00, then J !1--- 21;(:1;. ),ji d:r < 00 and O!W can (,ake dw 
!irnie inBide lhi:' imegraL See :21] for ot-hn shore rang;e eXtimpj(,S. 

As a preliminary 10 i fW J;cxt: eXiHuple, we need a' [QrmuI~ abQui. how Diriddel 
<?igeHvalu(;., Il(X) move as.1: <.'hangb, 

_ TW-;(J1WM --1.6. Ld(o,b) bro (11\ i11tervaihJR\&peqH) (i.,c. a8[Xoctr(l/gl.<p of 
H) imd Huppose 2S an dgowdw of 1-1". the upaato",dth (( Dirichlr./. D01Uldary 
co1\d;ti~)n at .r 'nth p(x) E ((1, Ii). Let g(I, ,\) ;;; G(J;, x;),i. 

(i) uyji.lx(:r.),)i, __ '\ = ±l1i.'1f!j the o((iHe equ.al +1 (resp. --1) rJtJw ",.".(,11-
. '~HJ_ ~ 

,;ahn lies ('1i- (~o::;.O] (rG-~p, l{),';;o)). 
(iij \Vetil the '"'Wi(; sign IJ-5 in (i) 

(-1.17) 

FHOOP. (:) By g(,HHal prineip\vs with p_~ 1. 2 at. ±x; 

by, , Pl.)"!" ('I-+: '+'~\\-lJ;!)++',"!\"x)) 
7,--(:r, A) ~ c, 
(T 'Pi 

At_ i!(;r). E'illwt' ,p, = 0, in whtch calk Bqiih ~ 
DgjiJx ,-" [",-s daimed. . ,,-

(ii) Imll1{)dialP from (ii. giWH the implk:iL function llwonmJ that says t-h"'-l 
It' C~ ~[U!}/{ixJ/[Og/(j!,J- lJ 

EXAMPlk ,1 (THE SOLlTON), A rqledioniess poVmlial i~ on(' witb I;(x . .\) "" 
1/2 for (,li;): and a.p.), in SP'2t')f,(H}. Let. % look I<x rcileeUonkss polpntl;;h\~'i\.il:3-
single ('ip:('nvaiue at. e ,-,- ,,-1. LN j!(:r) !je ilw Dirkhlci- dgenvaluf in ( Ulj, Tlwn 

A < ~1 or P(T) <.\ < 0 

"l<A<P(.T) 

,\ > O. 

The formulas for if and 1-' !_hm equai 

(-1.17) n~a~ls 

(-US) + pl· 
Then (4,18) l!t'{'ome~ 

(;' '"' ±(1-

wi:QSf' sOllll,ton is c(x) = ± lanh(J:] so we a;el 

V\);j c.~ -2(1 --- (.ttni/(:c)) 

-2 
(()&b~'(:i;)' 



the hwiliar soiit0n! ThiE arplw(')lt dOl'" not show this potent-ilLi is rdlect.ionless, 
only 1.11(l1- il. is 1-iw only eW1diditi~'. How(:vec a comparison with the formula for 
£('1',),) in Exumpj", 3 indeed verHi{,s nUH. R((,\) = D.), > () in th(' presem C<l.Se, 

4.4. The Trace Formula for Ja<:obi IViatl"kes. 

TllE01U;M ,1.7. Let H =. lin + 1/ he a Jwooi matriX Of! :E" with F i;rmndo/. 
Let ('<'I, A) hI! ('" lor A ,--c fin + II and,:- = f". Ld h:c .= .5pcc(fl), Then 

(4.1D) 

PHOOF. (,tID) is unchanged if we add a f;(lUstanl" c, to Y l~ince i.lJen F. 
H .. , und F.,'_ all in<:'n'ww by eJ. ~(l w.Lo.~. we UUI suppose (hal. H '?': U. Siw<' 
£ = 0 (resp. 1) for A < lL (re~p. A > F.'-L we need only prove (4.19) for ~onw 
r;~. > sup sl-}(;c(H) uwl J,,'_ < inJ s]wc(H). 

N<:,-x(. we note (h,ll \c1.H)) can be rewril.kn 

1.- ltd = j;' --" lie;, (({fl.),) ljd), = E +.l" (~\11,..\) -1)d)' 

'--c fe'., ~- /',~' ~((I.:()d:1: 

~(l it ~uflice~ f,o prove 

for if 2: (I. 

Bul. tloling I.hat 

(1i",(I1--;---,!) lii,,1=; j 

this fQllO\v~ from (1.3D) (Tlwo('em I 17). " 

4.5. A Regularity Theorem for the A.C. Spectl:um. In Lhi~ Hxl.iOl) \w'H 
prow i.he following: 

ilw! 

(iil E r, -, V", llmJofTllly Ml romparts (resp. powl.'li.isc). 
(iii) Ead~ \<" 18 Jicnorfic (bul. fhe pfTFid ra-n he "i-dependent). 

I.e!. lIm' Ji '" be fIll: Ifr.(mi!!;;niof"j ~,({J ! d;[2 + V-m (rc.~p. !lle Jaeifll miltnreli on P(Zl, 
It" + Vm) Then (-w!lh i i = [,ebcsgm; mCil81m:): 

Til(' most illten·~t-ing appiica1 ion d this nwlil. is jo prove il siighliy sl ,pug! hem'd 
yersiOtl of a striking rrsHh of Las!. [34]: 

COHOLLAHY 4.9. Lf! V(n) = Aeo~(r.QlI + 0) and let h be Uw porn;Hponding 
Ja!:(J6i ma/!1,T. 11(':n iv",,(fdi 2: 4 -, :li.l..J 

1"UOOl'. If (\ '" p!q b rH1,io!laL 1hj~ i~ prov<;ll in ;7]. ff c, i~ m'bi1-rury, Ie! 
Pm! q~, ._., (l. lUlel lcl, \1;" (J!) = )., ('osf 1f,.~em --;--- e). Th<;n V. v;" o!J\)y I he hypot!w~('s of 
Theol'i'lll. 4.8. So, by j.lw i.heorem. we cal) take 1imi1.~. 0 

HEMAIlK- If (l. is n Liouville Humber (irral.joll.al but wdl approximnJed by ('''
(joua1s), it is knowu for)" > 2. I hat II. IlfL~ pdy singllhu' COl)timl0W sped,nun ~nd 
berm'\: Last [34;. ~Qll:W believed that was t.rue "Iso for 1,\: < 2. Lasl. sh(l\wd "hm if 
i)'i < 2, lu~(.ih)! > o. 

To pro\,(' Tlw01V\ll 4.8. we beghl with 

Tlll-:OH";~·l .-1. 10. Under ille h,!)p!ilhese8 Ii), (il) of Theorem ,1.8. 

<;';';;)(J:. ,\) dx -,' (,I~" I(x. A) d:r 

weakly Q,' Ill-i:QB1in:" where 18 the Hpedmlsll1Jt ,for -d~ 
PHOOF. H 5uffk('~ ! 0 ]llYN(' lhil-(. for all z E t \ 1R 

by a sl<lmhl'd density ar~llt\l"nt .. By (1.29) Hnd \.he elHlehy formula, it. suffices 1.0 
prow that Fm(z) - F",,{z) where F;,,{z) = GI,.,(O,I\Z). Wrl1ing 

f/'I 110 = --,[2! d.;;L Then (JI x + l)~ ""(li" - z)-! (Hn+ I)' /2 i5 uniformly b(Jl\w,kd, 
.'!(l (4.20) implies I.hll\. 

Sinee (Hn + 1)- is in 102. wveml ltlke m'l\.rix derrwnl.$ in Ihis ,Tel-or lind 
wndwJe th"t F,,\,,) ._-, F-x.(z) is ,k~ reql\in)d. '----' 

PHQOF OF THEonEM 4.8. Since ~/m i~ periodie, ~u,(.c.),) = 0, I or 1/2 for 
ll.<'. A. Fix l(i,b] C R l!ound(,d lind let- A", -"' {A 1 ~m(:r,.\) = Dj n [a, bj [(if m "" L 
2, ... , cx;, Tlwn 

oc;. J zx(.r,A)d)" = lilll !, £",(.r,Ajd)' 
,4" • .4., 

~ iilll ~ fA", \ Ami ;: ~ UA",i lim iA,,\!j. 

\Ye (;()nciud,. t.hat 

!A",i:::: Hmj,-i,,,I. 

A ~imiia.\' <l-fgllm('!l.t with (m co' 1 ~hows that 



B1J\, ~'X(x,;\} '" A,g(F'-·"I\ --;- iD)) / 11 li,,~ \\1 (0.1) if and only if ImF", > () (at 
p()illt.~ with F", ('\'';- iO) fini!'e). So 

io-""(H,,J n (a, b;'i > !1A) () < ("Jx,'\) < I} n l(d!]! 

with ('qualiiy if m j~ Huile, [] 

4.6. Inverse Problems, Tlm~(' ideas play an imporl·all! rol(' hi Imdel"i'!and
ing inver~e spectral!.heory, \\'("11 givc all ('xample here: ~('e [24] (and a paper ill 
preparation) for fUrllw!" eXaJ'np!e.~, \V(c'lll'e;~- on til() Gdft'l}ld-Ledt.::m Lheory [20, 
35] which aEows Ofh" 1.0 TeO)"er F(x) from any m,,(z) nnd, in rarl-iculac r;'Ont 
GI; '~!2(O.();Z). fn1952 Borg [8] and Mari\·nko 136) proved Uml' 

THEOltEM 4.11. Let F(:r) ---':>c. to ""jim!?!. J,c( {E~«) he l-hr; ngcnhzJ1;c8 
jor _d~'/dJ/2+ F(-:r) 'IJ.:ith e oounduT'Y tour/ti1ons at;to = D 1JJherr (X "". -cot'(ej. ]'hm 

F ('un oe To:ow;1'Cd Irvm {E,\";};;'_! JOT nnv two dL,tinct 1.'1;111.0 of (1. 

A<;WaJJy, \JfLrf;enk:o [36] prowd in additiou thai. Uw l·wo Yalue~ of n can be 

ren)v()l"€d a~ wd] from dw Lwo ~e\.S 
We'll prove a Bpnera!izatioll of this. 

THEOHBl .1. 12, S'upposc tlwt Ii ,,, boci.1l,dcd below. Ld ~",)(A) (0. > {;i) he Ihe 
.~pectml .~hifi for g()ing fmm A) to .4". Thi'T'I Q, j7, and l' cun be rU'(!1!(t'(,,j from 
~«JA). 

f{E1v1i\l{l<' Thf" impli{'i; Theorem ,J.11. FbI' in t,i;;\!. ca"e < Ei,c') :s 

£".,,{\) "'-' ' 
{

I E,\Ji<\< 

o. <A<E::~\ 
PROOF. Let F(z) be the ;":el!maml·Green·~ funcjion, G(J_>, 2(0,0: from whkh 

Vi;;::) ow lw IW'over\)d b.v Gelfalld"L(~viU\!l. \Vz' ha\'(, l.hal £,,':;(,\) = (,,(A) ,. £3(.\) 
and 

(L21) 

(4.22) 

amI 

U.23) F{:;;) = (·_·z) li~(l ,', O{!z[) .il 
hy (L16). (U9), (1.29), and (4.11), 

S\nte ((,(A)/(iA! + 1) '= ex; ifand only if (} = ex;. W(~ see thai f£",,J(A)/{!,\j + 
Ijrl,\ oc if and only jf i\ is infinite, and we can read that, fact off of kIlo"dng 
£',,/,1('\). Co!):"idcT filA, tlw c>J-~e with 0, 3 finit.t,. By (4,23) 

In(l + of(z)) O~ of(z) - ~ (l2 F{z)2 + 0[ F{;:/) 

='. n( -z) !, 

Tlms. by (4.21) 

r S::"jJ~). d.\ ~ ! 0 .... " H' ., 
" (A ~ z) , 

!,' I, 
,_ Itt" -
2: ' 

~Q W(~ can find (l _;) 8.nd 0. 2 . 

J ~",J.i:~) d'\ = in (~,-:- ~'-£:~J.) 
\ -:; \1·;- [JF{;;) 

(,\,J (letnmini's F(z) and so V by Gelfand-Levitan, 
Sow U)ll\'iili'J' llw caEe flo = C>('. Then by P,23) alld a CO]]\.OUl' in(,egrai: 

Thus by (4.22} i))Jd tlw dhelJs~ion of (4.21): 

F'(z} 
-Y(~T 

so we (all read (j off of C:"".;(\j. By Ihe aDow 

2 
! + -~- in(( 

r/z . 

'+ -Jrl: [H:(z)]. 
c' 

,- ; 

2 

and we can recover Hi! and 50 F from ~'<O,}()..), Gel!'and-Le'-ij,an compi?Le,<; the 

proof. !.J 
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