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Clock Behavior

Clock Behavior

The zeros of OPs are of intrinsic interest; also Gauss
quadrature (Riemann integrals and zeros of Legendre) and
eigenvalues in a box



Clock Behavior

Clock Behavior

Consider the zeros of OPUC with a,, = (3)™. From my
book; check Mhaskar-Saff; clock name.



Clock Behavior




Non-Circular Clock

Clock Behaut Density of states; dv, = % counting measure of zeros
dv, — dp = p(x) dx typically
Often, dp is potential theoretic equilibrium measure

Xn(x), zeros with ... <x_1 <x<xp<x < ...

Clock. n(xj+1 — xj) — ﬁ
Weak Clock. Xi%;;(’ — 1 (does not require DOS to exist)
On [-1,1], dpe(x) = —A— dx

T/1—x2



Clock Behavior

History of Clock Behavior

Jacobi polynomials, classical (Szegé's book)
Erdos—Turdn, 1940: on [—1, 1] regular a.c. weight
Freud, 1971: universality and clock

Simon, 2005: series of papers

Last—Simon, 2006: bounded variation perturbation of
free = clock

Lubinsky, 2007: first universality (Lubinsky inequality),
approach of [—1,1]
Levin—Lubinsky, 2007: rediscovered Freud and applied

Simon & Totik, 2007: first Lubinsky approach, general
e

m Lubinsky, 2008: second approach to universality
m Avila—Last-Simon, 2008: used second Lubinsky

approach for ergodic Jacobi matrices




CD Kernel

Universality du(x) = w(x) dx + dus(x)  measure “on” ¢ C R
pn(x)  orthonormal polynomials

Kn(x,y) = 2270 Pi(x) pj(y)  CD kernel

CD formula:

Ka(x,y) = an+1(pnt1(x) pn)_EY_) ; pn+1()/)m)



Universality

Universality Kn(X + %,X + IF)) . sin(ﬁp(X)(a — b))
Kn(x, x) mp(x)(a = b)

e In Freud for smooth weights on [—1,1]

e Using random matrix theory; proven using RH for
analytic weights

e Lubinsky under great generality on [—1,1]



Universality = Clock (Freud—Levin)

Universality

Notice sin(mp(a— b)) =0 a— b= %
Universality = clock behavior, xUt1) — xU) ~ nlp



Modified Universality

w(x)Kn(x, x)

Pn =
oriversy “Usually” pp — pe(x)  (MNT, Totik for regular; Simon
that 1 K,(x, x) du — dp (DOS))

Modified universality:

K(x+ﬁ,x+ )Hsimr(a—b)
Kn(x, x) mw(a— b)

Notice if p, — p,

Universality < Modified Universality

Indeed, many random matrix people and Lubinsky
essentially write it in this form.



Modified Universality

By modifying Freud—Levin,

Universality

Modified Universality = Weak Clock

It could be true that always a.e. on the a.c. spectrum,
modified universality holds. For now, all examples where
modified universality is known, one has p, converging
(although not necessarily to p,) and so universality.

In my Equilibrium Measure paper, | have an example where
pn does not converge on the a.c. spectrum.



Main Theorems

Theorem 1

Definition. xp is a Lebesgue point for p if
(a) w(xo) >0

(b) 2 [2%|w(x) — w(x0)| dx — 0

(c) ps(xo—9d,x0 +6)/26 — 0

Note. For a.e. xg € X,c(dpu) = essential support of a.c.
spectrum is a Lebesgue point.

Theorem 1. Suppose for some xg € R, xq is a Lebesgue
point for .
(1) Ve, 3¢, VYR, AN so thatVz € C, |z| < R, n> N,

|Kn(xo +2,x0+ 2)| < G exp(e|z|?)

(2) YA >0, a real with |a| < A,
Kn(xo + 2 ,x0 + 2)

la|<A Kn(x0,%0)

-1 —0

Then modified universality holds at xg.



Theorem 1

m If C.exp(e|z|?) is replaced by Cexp(A|z|), this is a
result of Lubinsky.

Main Theorems

m This result is due to ALS.

m Our strategy is Lubinsky; our tactics are quite
different.

m In all examples where this is known to hold, stronger
C exp(A|z]|) bound holds.



Theorem 2

Recall pn(x0) = 2 w(x0)Kn(x0, x0). Consider the condition
Main Theorems nILngo pn(X0) = poo(x0) >0 (3)
Theorem 2. ¥ C ¥,.. Then

(3) for a.e. xp € X+ (1) = (2) for a.e. xp € &

Corollary. (1) + (3) for a.e. xo € X = modified
universality; indeed, universality with p, replaced by po,
and so clock behavior.



Theorem 3

Main Theorems

Recall the transfer matrix given by

Tn(z):( pn(2) qn(2) )

anpn—l(z) anqn—l(z)

where g, are second kind polynomials.



Theorem 3

Theorem 3. If

n+1

n
Main Theorems sup 1 Z H-,_J(XO)H2 — C < 00
n
Jj=0

and
infa,=a_ >0

then for all z € C, n,

n
1 2 I Tilo + 77)I1° < Cexp(2CaZ?|2))
Jj=0




Ergodic Jacobi Matrices

(2, dn) probability space; S: Q — Q invertible ergodic
Main Theorems transformation. B, bounded real function on 2, A bounded
positive function with A~! bounded. J,, has Jacobi
parameters a,(w) = A(S"w), bp(w) = B(S"w). We are
interested in cases where ¥ ,.(dp,,) is nonempty.

Example is almost Mathieu; a, = 1, b, = Acos(man + )
(0 =w). A <2, «irrational. Pure a.c. spectrum for a.e. 6.
Spectrum is Cantor set.



Theorem 4

Main Theorems

Theorem 4. For a.e. w and a.e. xg € L,., we have

1
lim = Kn(xo,X0)
n—oo N

exists and is strictly positive.



Theorem 5

Theorem 5. Let po(x) be the density of the a.c. part of
the DOS. Then the limit in Theorem 4 is pso(x0)/w(x0,w).

Main Theorems

This is the Nevai—Freud vision for this case. Analog of
results of MNT and Totik.

Corollary. Universality (with p, given by the a.c. part of
the DOS) and clock behavior a.e. on ¥,..

We can’t give complete proofs here—we will settle for
sketch, sometimes of weaker or partial variants.



Reduction to Bounds

Lemma 1. f supported on [—L, L] & ||f||2 <1 &
Theorem 1 [f=Q@LY? = f=2L) Y21y

Proof. [|f — x(—1.11(2L)~Y/?]2 dx = 0, aka equality in
Schwarz inequality O



Reduction to Bounds

Lemma 2. [* |f(x)]?dx <1 & f supported on [~m,7] &
f(0)=1= f(x ) = S|n(7rx)/7rx

Proof of
Theorem 1

Proof. Apply Lemma 1 to f with L = 7. D

Lemma 3. f entire & [~ |f(x)]Pdx <1 & f(0) =1&
[f(2)| < Ceelrtellimzl — f(z) =sin(rz)/mz

Proof. Paley—-Wiener + Lemma 2 O



Reduction to Analytic Function Bounds +
Zeros

Theorem. f entire with f real on R and
(1) [ FRdx <1

ot (2) FO) =1 IF() <1 (x real)
Theorem 1 (3) f(z) =0 only on real axis and zeros
c.Z221 <0<z <...with zg = 0 obey

zi— 2kl = [ — k[ -1

(@) [f(2)] < Cel?F
Then f(z) = sin(nz)/7z.



Reduction to Analytic Function Bounds +
Zeros

Proof. (When (4) is replaced by |f(z)| < Ce?l?l; general
needs Phragmén—Lindelof)

Hadamard = f(z) = e®? [0 - zij)ez/zf; B real

Proof of
Theorem 1

z=iy; |ef| =1, 1 - =14 £ = |f(iy)
[Tj0(1+ }Z/—;) < C(1 + y*)sinh(my) /7y

J
g(z) = €' (™9)2f(z) bounded on argz = 0, T
Plus Phragmén-Lindelof = bounded on C
So |f(z)] < C.elmte)limz]

Now use lemma. O

<



Completion of Proof of Theorem 1

Consider a fixed and look at limit points, f(z), of

il Kn(xo + 2 ,x0 + 2£2) /Kn(xo + 2, xo + 2) at points xg
where %K,,(xo,xo) has a pointwise limit.

By bounds (condition 1) and compactness (Montel), such

limits exist and obey f(0) = 1. By Cauchy-Schwarz and

condition 2, |f(x)| < 1.



Completion of Proof of Theorem 1

w) du(y) =

and du > wdx and Lebesgue point [|f(x)[?dx <1
o By condition 1, |f(z)| < C.exp(|z|?)

Theorem 1

/Kn(Xay)Kn(ya Kn(Xv W)

By Markov—Stieltjes inequality (extended form of Freud) for
J <k,

xj(x0) — xk(x0) = Z P

I=j+1 (XZ’XZ)

implies, using condition 2,
Z -z =i~k —1

Now use analytic function result.



Preliminaries

By Egorov, for any ¢, there exists a compact set, K, so
that Qn(x) = LK,(x, x) converges uniformly on K to a
limit Quo(x) and |\ K| < e.

By Lebesgue, for almost every xg € K,

1 1
The Lubinsky g|Kﬂ(X0—F’XO+;)| 4)1
Wiggle (Proof of
Theorem 2)

We will prove:

Kn(XO + % , X0 + %)

Gnla) = Kn(x0,%0)

for such xg.



Controlling G,(a)

By Cauchy-Schwarz and bound on 1K, (xo + Z,x0 + Z), we
get bound on %K,,(xo +Z,x0+ %).

This plus analyticity proves an n-independent bound, even
if xo + 2 ¢ K, uniformly in |a|, |b| < A,

|Qn(0 + 7) = Qul(30 + 7)| < Cla— b
The Lubinsky
Wiggle (Proof of

Theorem 2) By uniform convergence of Q,, we get first continuity of

Qs0, and then uniformly in |a|] < A,
x0+ 2 € K=[Qn(lxo+2)— Qnlx)| =o(1)

By Lebesgue density, for any a, n, 3b, so |a — b,| — 0 and
Xo + % € K.

This completes the proof of Theorem 2.



Proof of Theorem 3
(following Avila—Krikorian)

Thn=An... A1

To=Talxo+:5)=An... A

~ —1
1A — Ajl| < 2

n+1
Exponential
Bounds (Proof of 1= 1% 1=
Theorem 3) - . — - LT - . .
T T = (TJ Aj TJ—l)(TiflAj—l Tj-2).

= (]_ + BJ)(l + Bj—l) ..
By = T Ak — Ak) Tkt



Proof of Theorem 3
(following Avila—Krikorian)

-1 J

|z|a=
Tl [ Tk

o
n+1 st

17l < ||T,-||exp(

n
a1 T
j=0

n n
< (nil S Tju2) exp<rz\of1 S |!le!2>
=0 j=0

Exponential
Bounds (Proof of
Theorem 3)




Deift—Simon Solutions

Deift-Simon (1983) showed a.e. x in the a.c. spectrum of
two-sided ergodic Jacobi matrices, there are solutions
uF(x,w) obeying

an(w) U1 (%, )+ (bn(w) =)t (x, W) +an-1(w) 4 (x, ) = 0

and
(i) un = uy
Exponential + "
Bounds (Proof of 1 - _ - —
Theorem 3) (“) an(un+1u" Up un+1) =1

(iii) Jupyr (6, w)| = Jup (x, Sw))

(iv) [lug (xw)? dn(w) < oo

Note. It is known that the phase of u might not be “almost
periodic.”



Deift—Simon Solutions

(iii) = u,ij(x,w) = eFiln(xw) uji(x, S"w)

If T, is the transfer matrix,

so if
+ —
u u
: B(X w):(/)1/2< 1 1 )
3 | n + —
B):)'l’;r:jz"(t;ronf of ’ 40 UO 40 UO
Theorem 3)
(detB,) =1
then



A Hilfssatz

Theorem. D = 2 x 2 diagonal unitary A, B: Q — SL(2,C)
so B(Sw) *A(w)B(w) € D and ||B(w)| € L2(dn).

q: SL(2,C) — R obeys q(C) < (const)||C||>.

To(w) = A(S" tw)... A(w). Then for a.e. w,

%kzoq(Tk(w))

Diagonal Limits converges to a finite limit.
(Proof of
Theorem 4)

Taking A, B as above and using that p is the one-one
matrix element of T yields Theorem 4.



Proof of Hilfssatz

An approximation argument using ||B|| € L? allows one to
suppose g has compact support in SL(2,C).

Let F: Q x SL(2,C) — Q x SL(2,C) by

F(w, C) = (Sw,A(w)C), so if g(w, C) = q(C), then

% (kaC)_IZ (Tk

k—0

A simple construction finds an F-invariant probability
measure v on £ x SLL(2,C) whose projection on 2 is 1 and
whose SL(2, C) fibers are equivalent to Haar measure for
a.e. 1.

Diagonal Limits
(Proof of
Theorem 4)

That plus ergodic theorem (doesn’t need F ergodic!)
implies convergence of sums for a.e. (w, C). g compact
support plus continuous implies enough equicontinuity to
get convergence for a.e. w and all C. So take C = 1.



Microlocal DOS = Local DOS

By Theorems 14,

.1
pLxo,w) = lim —w(x0,w)Kn(x0, %)

is asymptotic O(1/n) zero spacing (microlocal DOS) while
Poo(X0) is a local DOS.

A result of Kotani plus explicit formula for Deift—Simon,
up,, shows that

1
gpoo(xo = lim Z |uj(x0, w

n—oo n

Equality of Local
and Microlocal

2&1(;:05?“ (ergodic average since |up(x,w)| = |uo(x, S"w)|)



Microlocal DOS = Local DOS

Since
Imupia(xo,w)

p,,(Xo,w) ~ Im Ul(Xo,w)
and
[Im ul(xo,w)]2 = mw(xg,w)
We have that
n—1

1 .
= pr(x0,w) = lim = E [Im uj(x0, w)[?
e n—oo N < 0

J:

Equality of Local
and Microlocal
DOS (Proof of
Theorem 5)



Microlocal DOS = Local DOS

Thus, po = pr is equivalent to
.1 2
lim — Z Re([uj(x0,w)]") =0

By zero interlacing, pi(xo0, Sw) = pr(x0,w) implies py is
w-independent. This, combined with tracking phases,
shows Av(uf) =0.

Equality of Local
and Microlocal
DOS (Proof of
Theorem 5)
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