HIGHER ORDER TRACE RELATIONS
FOR SCHRODINGER OPERATORS

F. GeszTESY!, H. HOLDEN?, B. SIMON®, AND Z. ZHAO!
Dedicated to Henry P. McKean on the occasion of his sixtieth birthday

ABSTRACT. We extend the trace formula recently proven for general one-dimensional Schro-
dinger operators which obtains the potential V(x) from a function £(z,\) by deriving trace
relations computing moments of £(x,A)dX in terms of polynomials in the derivatives of V/
at x. We describe the relation of those polynomials to KdV invariants. We also discuss
trace formulae for analogs of & associated with boundary conditions other than the Dirichlet
boundary condition underlying &.

§1. Introduction

This paper is one in a series [14-20] concerning a basic function, (), x), associated to
any one-dimensional Schrédinger operator, H = —j—; +V in L?(R) and its application to
inverse spectral problems. A basic formula proven in [18] is that

V(x) = Eo + g%/w e M1 = 2¢(\, 2)), (1.1)

Eo

where E, = inf spe(:(—dd—;2 + V). (1.1) was proven in [18] assuming V' is bounded below,

continuous, and |V (z)| < Cye2®’.
Our definition of ¢ is

€0 z) = % Arg((GO\ + 0, 2, 2)) (1.2)

(where G(z,x,z') denotes the Green’s function of H, that is, the integral kernel of (H —
2)~1), although we derived that from a basic definition as the Krein spectral shift in going
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from H to Hp.., the operator on L?(—o0, z)® L?(z, 00) with Dirichlet boundary condition
at x.
The key to (1.1) then was

Tr(e—tH — ¢~tHow) — % (1—tV(z)+o(t) ast]o0. (1.3)

(1.3) is related to (1.1) because the Krein spectral shift [30] is a function 0 < {(A\,z) <1
obeying

TUf(H) - f(Hp.) =~ [ dAFE02) (14

E,

for a rich set of f’s including exponentials (e.g., f € C?(R), (1 + X2)fW) € L?((0,0)),
j=1,2and also f(A\) = (A —2)71, 2 € C\[E,,0)) so that

Tr(e ™t — g7 tHDw) — t/d)\ e N, ).

E,

One of our goals in the present paper is to prove (1.1) in greater generality; we only need
V bounded from below with no growth restriction at infinity. V' need not be continuous;
a local L' condition suffices. (1.1) then holds at points of Lebesgue continuity of V.

Our main goal though is to prove higher order trace formulas. In great generality
(suppose V has an asymptotic Taylor series at xg), we’ll extend (1.3) to

oo
T —tH _ —tHD;x ~ — E . tj
I'(e € 0) tlo jzo Sj (':CO) 9

where s;(z) = (=1)7T1(j!)"1r;(z) and the r; are KdV invariants defined recursively in
Theorem 5.1 below. With more information one can relate this to a similar formula in
terms of £ (for simplicity of notation we suppose that E, = 0):

o) = gt [ ane o (% - §<A,wo>). (15)
0

The key to handling potentials with no growth condition at infinity is a path space
representation for Tr(e= ' — e~tHpiz), Properties of the paths needed are proven in §2.
Then in §3, we prove (1.1) for general V. In §4, we show that Tr(e ™t — ¢~*HDiz) has an
asymptotic expansion to all orders in t at t = 0 if V' is C'*°. In §5, we relate the coefficients
of this expansion to the KdV invariants, and in §6 we discuss what happens if boundary
conditions other than Dirichlet are used.

Historically, trace formulas for Schrédinger operators on a finite interval originated with
a 1953 paper by Gel’fand and Levitan [11] with later contributions by Dikii [6], Gel’fand
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[9], Halberg-Kramer [22], and Gilbert-Kramer [21]. The case of periodic potentials was
first studied by Hochstadt [25] who obtained a trace formula for V' (z) — V(0) in terms of
appropriate Dirichlet eigenvalues in the special case of finite-gap potentials. The periodic
trace formula (5.59) for finite-gap potentials V() in terms of Dirichlet eigenvalues was first
derived by Dubrovin [7]. The periodic trace formulas (5.59) for all higher order Korteweg-
de Vries invariants s;(x) were first proven in 1975 by McKean-van Moerbeke [35] and
independently by Flaschka [8], the trace formula for s;(z) = 1V(z) for general periodic
C? potentials by Trubowitz [40] in 1977. More recently, the trace formula (5.59) for
V' (x) has been extended to certain classes of almost periodic potentials in Levitan [32,33],
Kotani-Krishna [29], and Craig [2]. Analogous trace formulas for Schrédinger operators
on the real line with potentials decaying sufficiently rapidly at infinity have been studied
in 1979 by Deift and Trubowitz [5], and more recently by Venakides [41], Gesztesy-Holden
[13], Gesztesy [12], and Gesztesy-Holden-Simon-Zhao [14].

These trace formulas are a key element of the solution of the inverse spectral problem for
periodic potentials and the inverse scattering problem for potentials decaying sufficiently
fast at infinity (see, e.g., [5], [7], [8], [25], [26], [32—-36], [40], [41] and the references therein.)

§2. The Xi Process

In [18], we introduced a probability measure on the set of paths on [0, 1] as follows. Let
« be the Brownian bridge, that is, the Gaussian process of {a(s)}o<s<1 of mean zero and
covariance E,(a(s)a(t)) = s(1—t) if s < t. In terms of Brownian motion, one can realize «
as a(s) = b(s) —sb(1) (see [37] for discussion of Brownian motion, Gaussian processes, and
the Brownian bridge). There is a Baire measure Da on C/([0, 1]) induced by the process.

Let dr be the measure on R x C([0, 1]) given by dz ® (47)~'/2Da where dz is Lebesgue
measure. Let w(s) = x + a(s) and let Q9 C R x C([0,1]) be the set of paths given by
{w | w(s) =0 for some s € [0,1]}. We claim that

/d/{ = % (2.1)

Qo

for the free Feynman-Kac formula says

A2 (z,x) = (4m) /2 / Do = (47) /2, (2.2)
{w(0)=a}
A2 (g, ) = (4m)~1/? / Da, (2.3)

{w(0)=z;w(s)#£0 all s€[0,1]}
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where Ap = Ap.g has a Dirichlet boundary condition at = 0. Thus

/d/s _ /d:zc [exp(%A) (z,7) —eXp(%AD)(:c,w)}
_ / d:EeXp(%A)(:c, _1)

R

_ / d:EeXp(%A)(Qw,O)
_ %/dyexp(%A) (y,0) = %

R

We define the xi process by placing the measure Dw = 2xq, dk on C([0, 1]) with w(s) =
x + afs).

The reason for the interest in Dw is that by writing (2.3) with a potential, one finds
(see [37]):
Proposition 2.1. Let V' be bounded below and continuous on (—oo,00), H = —dd—; +V
on L?(—o00,00) and let Hp = —j—;+v on L*(—00,0)® L?(0, c0) with a Dirichlet boundary
condition at x =0 (i.e., Hp = Hp.y). Then

1

Tr(e t — e7tHp) = w(exp( / ds V (V2t w( ))) (2.4)

0

The Feynman-Kac formula (2.4) will be critical for the proof of our higher order trace
relations. We'll need the following technical result (we use the notation employed in [37],

e, E(f)=[fdu, E fd,u w(A), E(f; A) = [ fdp, etc., where (Q,F, n) denotes
Q A
a probability space, A € F, f 0 —Ris f—measurable):

Theorem 2.2. E,({w | sup |w(s)| > a}) < C1exp(—Caa?) for some Cy,Cs > 0.
0<s<1

Proof. Look at sets on R xC/([0, 1]) with measure dx. Let T,, = {w € Q| sup |w(s)| > a}.
0<s<1
Then

7, ¢ {we 1o > § b u ol )] < 5. sup o(s) > af

0<s<1
U{w | w(0)] < £, inf w(s) < —a}

=7V uT®UuT®,
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Notice that we have dropped the w € €y condition from Téi),i = 2,3. In each case, we
have a single condition on a value that we must take, for example:

T(2) :{w | lw(0)] < %,w(s) = a for some s € [0, 1]}

Thus, each [ dz can be written in terms of a Dirichlet boundary condition (at 0, a, —a,
T

respectively) and then by the method of images in terms of the free heat kernel of e

Explicitly,

AJ2

dx = / dz e®/?(z, —x),

T |z|>a/2

/ dx = / dz e®/?(x,2a — ),
T |z|<a/2

/ dx = / dxe®?(x, —2a — )
73 |z|<a/2

and each of these is bounded by Cj exp(—Caa?).

Remark 2.3. The xi process, w, is not Gaussian. However, the process, L, obtained by
reflecting w in the first time it hits 0 is Gaussian. It will be discussed in [16] where an
alternate proof of Theorem 2.2 can be found.

§3. Zeroth Order Asymptotics
Here we’ll prove the following generalization of a result we proved in [18].

Theorem 3.1. Let V be a measurable function of R obeying

n+1
(i) sup [ |V_(x)|dz < oo,
g
(ii) [ |Vi(z)ldx < oo for alln € N,

where Vi (z) = M2%(V(x),0). Let H = —dd—; +V on L?(—o00,00) and Hp., = —dd—; +V on

L?(—o00,y) @ L?(y,o0) with Dirichlet boundary conditions at y. Let £()\,y) be the Krein
spectral shift for H to Hp.,. Let E, = inf spec(H). If x is a point of Lebesgue continuity
for V', then

V(z) = E, + gg/w e M1 — 26(\, x)].

E,

Remark 3.2. This generalizes the result in [18] in three ways. There we assumed V (z) <
01602””2, we supposed V' bounded below and that V' is continuous.
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Proof of Theorem 3.1. For notational simplicity, suppose z = 0, E, = 0, and write Hp.g =
Hp. Let W(y) = V(y) if |y| < 1 and W(y) = 0 if |y| > 1. Then, by (2.4)

1

e ) = 1, (w1 [ asv (Bt

= L5 (x( sup (VAo < 1) exp( ¢ / sV (V2 )

_1_0(016—02”) (3.1)
= 5 (x( s, (VEro(o)] < D) exp(t [ asW(Varu(e) ) )

0
+ O(CreC2/1)

_ %E (exp(—t /1 dsW(\/2_tw(s)))) +O(Cre=C2/h), (3.2)

where (3.1) follows from Theorem 2.2, the Schwartz inequality and the estimate that
Tr(e tH — e~tHp) < o0 with H = —-&, 4 2V

The general proof when only (ii) holds is a little complicated so we consider first the
case where V is bounded. Then since |e? — 1 — x| < L1z2el®l, we have by (3.2) that

1

Tr(e tH — ¢~tHD) = % (1 —tE,, (/ ds W(\/Z_tw(s)))) + O(t%) + O(Cre~C2/t)

_ %(1 — ta) + olt), (3.3)

where

=1
a = lim dzx V(x)g:(z)
R
with g;(z) the probability distribution for /2t w(s) with s distributed uniformly in [0, 1].
Then gi(z) = ﬁ g1(x/+/2t) so by general principles, a = V(0) since z = 0 is a point of
Lebesgue continuity for V.
Next note that

Tr(e ™t — ¢7tHp) = t/d)\e‘t’\g()\,o), 1 :t/e_t’\ d\.
0 0
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Thus
r 1
li —tA 1—-2 = —1lim 2| T —tH _ _—tHp\ _ —
im dhe " ( (N 0)) im r(e e ) 5 t
0
=a=V(0)
by (3.3).

Turning to the general case, as above we can suppose that V' is supported on [—1,1]
(i.e., is equal to W), and we need only prove (3.3) assuming V € L'(R). Let P(x,y;t, )

be the integral kernel of eXp(—t<—j—; + uV)), Piz,y) = P(x,y,t,u = 1), Pt(o)(:c,y) =
P(z,y,t,pn = 0) = (4mt)~Y/2 exp(—(x — y)?/4t). By the method of images:

Tr(e H — e tHr) = /dac Py (z,—x). (3.4)

R

Moreover, (see, e.g., [38]) uniformly on u,t € [0, 1]:

P(z,y,t,p) < Cet ™2 exp(—(x — y)* /(4 + ¢)). (3.5)
By (3.5) for any o > 0, we can integrate in (3.4) over |z| < t!/2~% with an error O(e=%/t*").
By DuHamel’s formula:
p ¢
Py t) = — [ dsde Pla, 2.0V ()Pt —s.0).
a 0
Thus, iterating and using (3.5) in the form |P(z,y;t, p)| < Ct~1/2,
dk k k 12 —1/2
'WP(:c,y,t,u)' < ( / dz|V(z)|) Ck Hde [1_[3Z ](t—ZSg)
[—1,1] si>0 7 =1 =1
'él §; <t

< G t=1)/2,

Thus by Taylor’s theorem with remainder if we take the 0,1,2 terms in the Taylor
expansion about p = 0, the error in

dx Py(xz,—x)

x| <t1/2-a
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is bounded by C'tt'/2=® = o(t). Thus up to o(t) errors Tr(e t? — ¢=tHp) = o + 3 4 7,
where

a= /dacPt(O)(:c, —),
R
g =— / dzdsdacP§O)(w,z)V(z)Pt(fl(z, —z),

0<s<t

1 o
v == / duds dx dz dw P&O)(:c,z)V(z)PS(O)(z,w)V(w)P( ) (z, —x).

9 t—s—u

o<u<t
0<s<t
u+s<t

By a direct integration, o = 1. Using Pt(o)(z, —z) = Pt(o)(—z, x) and doing the z integral:

B= —t/dz Pz, —2)V(2) = —% tV(0) + o(t)

if 0 is a point of Lebesgue continuity for V.
Thus the result is reduced to proving

v = o(t). (3.6)
Doing the z integral as for [3:

v = % /dz dwds (t — S)Pt(fl(z, —w)V (2)V (w)PL (z,w)
so it suffices to show that
5= /dz dw ds P, (z, —w) |V (2)|[V (w)| P (2, w) = o(1).
Write § < 61 +0d2+0d3 where 07 is the integral over the region |w—z| > %tl/‘l, 02 the region
where |w + z| > 2¢1/%, and d3 the region where |w| < t!/4, |z| < t1/4. The 61, d integrals

t 1/2
are bounded by ([ |V(2)])2e~/ / [ds(t—s)"1/2(s71/2) = O(e~/t ") = o(1) since
[~ 1,1] 0

t

1
/ds (t —s)" 12712 = /ds sT12(1—5)712? < . (3.7)
0 0

To control 83, bound P.” by Cu~1/2? and find, by (3.7)
5 1
b3 = c( / d$|v<:c)|) /dss—1/2<1 —5)" Y2 =0(1)
|| <t1/4 0

since V € L'(R) (w.lo.g. supp(V) C [-1,1]).

Y
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84. Asymptotic Expansions
Our goal in this section is to prove a number of related theorems on

F(x,t) := Tr(e D _ o=tH), (4.1)

Theorem 4.1. Suppose that V(x) is C*° and bounded from below. Then F(x,t) has an
asymptotic expansion as t | 0:

where s;(x) is dependent only on the numbers V (z),. .., V) (z) (VF)(z)) := (d*V/dx*(x))
with k = 2j — 2.

Theorem 4.2. Suppose that V(x) is bounded from below and locally bounded from above.
Fix x¢ and n and suppose that near x,

2n—2

V() =Y bj(x —z0) +of|lx — z|*"?).

=0

Then there exists {s;j(wo)}}—, such that

F(.CCo,t) = : Sj(.fCo)tj + O(tn).

The sj(xg) are the same functions of the b’s as in Theorem 4.1.

Theorem 4.3. Suppose that V (z) is C*° and bounded from below and
VP ()] < Cpetss” (4.2)

for some C},, Ax. Then for j > 1
i [ dXe AL O8 — e m0) = (<175 (a0)!
0

and if V>0;57 > 1

lim [ dANTte M (5()\,:60) — %) = (—1)sj(x0)(j — 1)\

t]0

Proof. Theorem 4.1 clearly follows from Theorem 4.2. The first assertion in Theorem 4.3

follows directly from

F(x,t) = —t / dhe ME(N, x) (4.3)

0



10 F. GESZTESY, H. HOLDEN, B. SIMON, AND Z. ZHAO

if we prove that F(z,t) is C° in t with derivatives having limits at ¢ = 0. The second
equality then follows if we note that

oo

1
F(%Mv;o - —§t/d)\€_>\t
0

SO
- 1 Y 1
Zsj xo)t! T ~ —/d)\e (5()\,:60) - 5)
J=1 0

Thus the proofs are reduced to showing Theorem 4.2 and that under the hypothesis (4.2),
F is C*° in t with continuous derivatives at ¢t = 0. W.l.o.g. take x¢g = 0.

We turn first to Theorem 4.2. As in the last section, let W (z) = V(z)x[-1,1(z) and
note that by Theorem 2.2

F(Ovt)|v - F<07t)|W = O<€_C/t)

so we can suppose that V' is supported in [—1,1] which we will henceforth do. By local
boundedness, we can suppose ||[V]|oo < co. Use an asymptotic expansion of

1

F(0,t) = — w(exp( /dsV\/_w )) Zb

0

where

b = S (1 / dsvw?w(s)))j)

and for 0 <t <1
R (t)] < exp(|[V [[oo) " FHIVIISF /(0 + 1),

since Taylor’s theorem with remainder implies

n

e’ — Z(—:c)j/j! < C™eC/(n+ 1)

J=0

if x| < C.
By hypothesis V' has an asymptotic expansion

2n—2

= Z bjzl + o(x*"2).
§=0
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Plug that into b;(t), j > 1 and find

(—1)7+! L op2 |
bl =5y P (tj [ds 3 it ,bk><¢z—t>k<w<s>>’f) +o(tmHiL),
I k=1
0 -
where Cf j(b1,...,by) are certain polynomials in by, ..., bg. Since E(w(s)?) = 0 if j is odd

(by # — —z symmetry), we have the required asymptotic series proving Theorem 4.2.
As for Theorem 4.3, under hypothesis (4.2) define

K(t) := F(z = 0,t%).

Then there are formal formulae one can write down for d*K/dt’ by differentiating inside
the E(---) expectation and integral. Because of (4.2), it is easy to see the integrand
in E(---) converges absolutely, and then by integrating the derivative that the formal
formula is valid. With this formula in hand, one sees that d*K/dt‘ is continuous as t | 0
and d°*K/dt* = 0 if £ is odd. It follows by Taylor’s theorem with remainder that

K(t) = a;t* + E,(t) (4.4a)
§=0
with IME. (t
dtig;() — O(t2n+1_m)7 m = 07 . ,21 (44b)

But F(x = 0,t) = K(v/t). Using (4.4), F(t) has continuous derivatives at ¢t = 0, that
is, we have proven what is used to conclude Theorem 4.3.

§5. Analysis of the Coeflicients
In §4 we proved the existence of an asymptotic expansion of the form

tHD;x _ —tH ~ . J
Tr(e e )tlo Z sj(z)t’, xeE€R (5.1)
7=0
assuming
V e C*(R), V real-valued and bounded from below (5.2)

so that the differential expression

h=——5+V(), z€Rr (5.3)

is non-oscillatory at £0o0 (and hence in the limit point case at £oc). The main purpose
of this section is to identify the coefficients s;(x), j € N in (5.1) with the KdV invariants
(and hence with certain differential polynomials of V).
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In order to identify s;(x), j € N with the KdV invariants, we adopt the following
strategy. By strengthening the assumptions (5.2), (5.3) momentarily to

Ve C§e(R), (5.4)

we shall derive the asymptotic expansion
Tr{(Hpy —2)"" — (H — ri(z)z 0! 5.5
(Hp =)'~ Zlmiiﬂ (55)

and relate rj(z), j € N with the KdV invariants by means of well-known Riccati-type
equation arguments. The Laplace transform connecting (5.1) and (5.5) is then used to
derive the relation

si(@) = (=17 ()7 (@), JEeNo=NU{0} (5.6)

which then identifies s;(z) and the KdV invariants (up to inessential numerical factors).
Since by Theorem 4.1, s;(z) only depends on the numbers V(z),..., V¥ (z) with k =
2j—2, the connection (5.6) between s;(z) and r;(x) is independent of the short-range nature
of V € C§°(R) and extends to all V' € C°°(R ) bounded from below. In fact, it extends to V'
bounded from below and locally bounded from above, satisfying the asymptotic expansion
assumed in Theorem 4.2.

Theorem 5.1. Assume V € C§°(R). Then for each N € N,
~1 —1 d
T{(Hpy —2)7" = (H — 2)7] =~ In[G(z, )
z

~ > @)z +0(TNTY), zerR (5.7)

uniformly with respect to x € R, where rj(x), j € N represent the KdV invariants. More
precisely, one has

ro(z) =

DN |
=

[

8
Il

|

=
8

<.
|
—

ri(a) = (=12 M o, g (z) + Y (=122 00, 0 (2)re(),  § > 2,
1

~
I

(5.8)
where ¢;(x),j € N are given by the recursion relation
(bl(.fﬂ) = V(SE), ¢2<$) = _V/<':E)7

5.9
Pj+1(x) Z¢e r)pje(x), J=2. (5.9)
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Proof. Since V € C§°(R), one can set up the Volterra integral equations

T

fr(z,2) = eiizl/% + / doyz~ 12 sin[zl/Q(:c —x1)|V (1) fx (2, 21),

J (5.10)
Im(z'/2) >0, zecC,zeR,
such that
Hfi(z,x2) =z2fs(z,2), z€C (5.11)

in the sense of distributions. Better suited for our purpose are actually g+ (z,x) defined by

. 1/2
g+(z,x) = et T fi(z,x) (5.12)
satisfying
gi(z,2) =1+ (2iz1/2)7! / dxy [1 — F2" (@) V(z1)g+(z,x1). (5.13)
+oo

Iterating (5.13) one infers by a standard procedure that
|9+(2,2)| <C, z€C,z€ER (5.14)

and combined with integrations by parts, one obtains the asymptotic expansions

g(im)(z,:c) o Zg(i%)(:c)(%zlp)_j, m € Ng, x €ER (5.15)
Im(z/%)>0 j=0

uniformly with respect to € R. In order to illustrate (5.15), it suffices to discuss as a
special case the asymptotic expansion of g+(z,x) up to order O(z72). Using (5.13), one
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infers from repeated integrations by parts that

x
:FQizl/2w

5 7 /d$1 ei21z1/2xlv<wl)
1z

+oo +oo

1

gi(z,:c)zlim/dwﬂ/(:cl):F

X 1

1 izl/? r—x1 izl/? xr1—To
+ m / d.Tl [1 — €:F2 ( )i| V(.CCl) / d$2 [1 — €:F2 ( )i| V(.CCQ)
+oo +oo

1

1 f izl/? r—x1 izl/? xr1—To
+ 27 / dxy [1 — T2 )} V(z1) / dxo [1 — T2 )} V(zs2)-

+oo +oo
T2

. / dwg [1—e$21z1/2($2_$3)]V(:Cg)gi(Z,SCg)
+oo

1 1 1

y 2
~ 1t —r — - —
Z—00 2,L'Zl/2 / d:El V<':C1) + 42 V(ZC) 82 [\/ d'Tl V($1):|

Im(z1/2)20 + oo oo

€T €T

1 1
+oo +oo

T V'(z) £

Ri2z3/2

1 [ 3 }
:FW [\/d.TlV(SEl)] +O(Z 2), r €R,

+oo

(5.16)

where we used (5.14) to arrive at the O(z~2)-term uniformly with respect to z € R.
By induction one extends this expansion to O(z~) for each N € N uniformly in x €
R. Analogously, one arrives at the corresponding expansions for g(m)(z,:c), m € N. In
particular, introducing

filzx) . 1 Gh(z7)
z,r) = ——+ = +iz /2 20 5.17
S R PRERD 10
(" denotes d/dx) one obtains
((z2) ~ o #2249V (@)(2i22) 7, zeR (5.18)
Im(z'/2)>0 j=1

for certain coefficients ¢ (x) (uniformly in x € R since V' € C§°(R)). Combining (5.11),
(5.12), and (5.17) yields the Riccati-type equation

P (z,2) + ox(z,2)? =V (z) — 2. (5.19)
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A comparison of (5.18) and (5.19) then yields

$a(x) =2V (), dxa2() =-V'(2),

it (5.20)
b+ jr1(r) = Fol ;(x) F Z¢i,£($)¢i,j—£<$)7 Jj>2.
=1
This identifies ¢4 ; and ¢;
¢1.(2) = ¢j(x), JEN (5.21)
as introduced in (5.9) and also yields
¢—j(@) = (1) ¢4 (x), jEN. (5.22)

In order to connect (5.7) and (5.18) we recall a few facts. First of all, the Green’s function
G(z,z,2") of H satisfies

G(z,7,2) = [¢p_(2,2) — ¢4 (2,2)]7', 2 € C\spec(H), z €R (5.23)
since, due to definition (5.17), ¢4 (2, x) equal the Weyl m-functions associated with Hp .,

in L?((x,4+00)), the restrictions of H to (z,+00) with a Dirichlet boundary condition at
x € R. In particular,

HD;:(: - HD,—;:(: s> HD,+;:I:- (524)
Thus we obtain
1 1 d d

Tr[(Hpw —2) —(H—2)" | = 7 In[G(z,z,x)] = 7 In[¢p_(z,x) — ¢+(z,:c)<] )
5.25

d > .

~ 2 ul2 Vb 91 21/2)=2]

ol > 2o 02"

z]l—o0

~ (1/22) + % In [1 + Z(—l)j21_2j¢2j_1($)2_j:|
~ er (z)z777 1, (5.26)

where r;j(x),j € N¢ are given by (5.8). Here we made use of (5.23), (5.18), (5.22), and the
fact that if ' has the asymptotic expansion

F(z) ~ Z cjz (5.27)
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then N
In[l+F(2)] ~ Y djz 7, (5.28)
|2l =00 £
where
d1 = (1,
= (5.29)
dj = cj — Z(g/j)cj—ﬁdb Jj=2.

=1
Remark 5.2. (i) Using
f+<sz)f— (va)

Gle ) = g o oy # € Chspec(H), w € R (5.30)
one derives the relation (see, e.g., [27])
% [G(z,z,7)] = _(z,7) + b (2, 2) (5.31)
which yields the simpler expression
L D{(Ha — 27— (H =271 = 5 Il (2,2) — 64 (2,2)]
=~ L 51 (e2) + 9 (2]~ i(—l)@l—%mj(x)z—j—l. (5.32)

Integrating (5.32) term by term (putting integration constants indentically zero since
rj(z) are homogeneous differential polynomials of degree deg(r;) = 2j, j € Ng defining
deg(V (™) = m 42, m € Ny) yields (5.7) except for the leading term 1/2z which can be
inferred from the free case V(°)(z) = 0.

(ii) Relations (5.22) and (5.31) prove that ¢4 o () are total derivatives, that is,

Gt 2m(T) = % Nm(x), mEeN (5.33)

for some differential polynomials 7, of V' with 7, € C§°(R) (resp. C*°(R)) if V € C§°(R)
(resp. C*°(R)). Moreover, the following asymptotic expansion holds (see, e.g., [12], [13]).

G(z,z,x) ~ —ngj(:c)(2izl/2)_2j_1, T ER (5.34)

uniformly with respect to x € R, where
wo(x) =1,

i1 5.35
2y () = 20y 1 () 23" b r(@hnG (). jEN (5:35)
/=1
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One can prove that ([10], [13])

n2(@) = 22 + Doagia (@) + - vi(x), €N, (5.36)
where v; are differential polynomials in V' with v; € C§°(R) (resp. C*(R)) if V € C§°(R)
(resp. V € C>®(R)).

(iii) Clearly (5.7), (5.32), and (5.33) extend to uniformly asymptotic expansions as
|z| — oo outside any cone with apex E, = inf spec(H) and arbritrarily small opening
angle ¢ > 0 along the positive real axis. Explicitly, one infers from (5.8), (5.9), and (5.35)
that

ro(z) = % r(z) = %V(:c), ro(z) = %V(:C)Q - i V@), ete.  (5.37)
$1(z) = V(2), ¢a(x) = -V'(z), ¢s(x)=V"(2) - V(2),
¢a(x) =4V (2)V'(x) — V"(x), etc., (5.38)
and
wo(z) =1, wa(z) = -2V (z), wilz)=6V(x)>—2V"(x), etc. (5.39)

Next we relate (5.7) and (5.1).
Theorem 5.3. Suppose V€ C*°(R), V real-valued and bounded from below. Then for
each N € N,

N
Tr(e Dz _ o= tHY ()t + OVt R 5.40
r(e e )tw;sg(fﬂ) + O( ), xER, (5.40)

where s;j(z) are the KdV invariants

si(@) = (=17 ()7 (@), jENg (5.41)
with r;(x) given by (5.8).
Proof. Since the existence of the asymptotic expansion (5.40) has been proven in §4 we
only need to identify the coefficients s;(z) as in (5.41). Without loss of generality we may

assume in addition that V € C§°(R). Let E, = inf spec(H), then one obtains from (1.4)
and Fubini’s theorem that

ANE(N, )

Tl(Hpe =27 = (H =27 == [ 555

I
2t —g ° g Ty

dAXNEN, z) /dt (—t)e(z=Mt
0

oo

dteZt/d)\(—t)e"\tg()\,:c)

E,

dt eZtTr(e_tHDw - e_tH), z < E,.
(5.42)
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Define
F(x,t) = Tr(e b _ o7tH) = —t/d)\ e e\ x), t>0,2CR. (5.43)
E,
Then
F(z,) € C*>(]0,00)), foreach z€R (5.44)

is proven at the end of §4 and Theorem 4.1 yields for each N € N,
Zsj ) 4+ O+, (5.45)
In particular,

'F(:c, t) — i sj(x)t!

J=0

<Cn()tVFt 0<t<1 (5.46)

by estimating the remainder in the Taylor expansion for F'(x,-). Thus

oo

2Tr[(Hp.yy—2) ' —(H—2)"1] = z/dte”F(:c,t)—kz/dteZtF(:c,t) = G1(z, 2)+Ga(z, 2).

1 (5.47)

Clearly,

oo oo

|Ga(z, 2)| = z/dteZtF(:c,t)' < (—z)/dteZt|F(:c,t)| < Cpe®, z<min(0,F,) (5.48)

since |F(x,t)| < e tFe (because of 0 < ¢(\, x) < 1). Moreover,

M=

- z/ldtezt [F(:c,t) =Y (@) +§%Sj($)tj}

7=0
N o0 L N
el Z s;(x) [z / dt e*'t) + O(eez)] +z [ dte* [F(:c, t) — Z S; (:c)tj]
i=0 5 5 i=0
N L N
el Z s;(x) (=)7L (IN[z77 +0(e®)] +2 / dte* | F [ —Z Sjtj:| , 2z <min(0, E,)
=0 J =0

(5.49)
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for some 0 < € < 1. Thus

2Tr[(Hp.y —2)" ' — (H — 2)7] s Z s;j(z) (=1 (iNz7T + 0z ) (5.50)

Jj=0

using the estimate (5.46). A comparison of (5.7) and (5.50) then yields (5.41).
Relations (5.37) and (5.41) then yield explicitly

so(e) = 5, si@) = SV(@), s(@)= %V”(s) - EV(:C)Q, ete. (5.51)

Finally we epxress the KAV invariants s;(z) in terms of {(\, z) according to Theorem
4.3.

Theorem 5.4. Suppose V. € C*°(R), V real-valued and bounded from below. Assume
that (4.2) holds and denote E, = inf spec(H). Then

1
so(x) = —5
- - > 5.52)
CU B L [aren ] , <
() — “o 1 VP N R.
s;j(x) i 5 +J tll%l d\e "M A 5 ENz)| jJEN,z€
E,
Explicitly, one has
1
(@) = 3V (2)
E r 1
_ —° li 2 )
5 + tllrgl/d)\e [2 5()\,:6)], (5.53)
E,
1 1
sale) = SV"(2) — 2V (@)
B2 .
— _Zo 1 - Z . .54
1 ltll%l d\e )\[2 5()\,:6)], etc (5.54)
E,

We will illustrate these results in the special case where V(z) is periodic.

Example 5.5. Assume V € C*°(R), V real-valued, for some a > 0, V(z + a) = V(z) for
all z € R. In this case the spectrum of H is given by

spec(H) = | J [Ba(n-1), B2n—1]- (5.55)

n=1
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Then for each x € R, {(\, x) is real-valued for A € (Eg,,_1, F2,) and purely imaginary for
A € (By(n—1), E2n—1) (see, e.g., [4], [28]). More precisely,

0, A< Ey, pn(x) <A< Es,, neEN
ENz) =1 1, Eopn—1 <A< pp(z), neN (5.56)
%7 EQ(n—l) <AL EQTL—17 neN

(and analogously for limiting cases where p,(z) € {Fan—1,Fon}, n € N). Here pu,(z)
denote the Dirichlet eigenvalues (or limits thereof) of Hp.,, that is,

SpeC(HD;ac) = {Mn(w)}nEN U U [EQ(n—1)7E2n—1]7 Ey 1 < ,Un(w) < EQm n € N. (557)

n=1

Inserting (5.56) into (5.52) and noticing that

|Eop — Eop1| = 0(n™%)  forallkeN (5.58)
since V€ C (see [36], [40] and the references therein), one can interchange the limit ¢ | 0
and the integral in (5.52) to obtain

2(-1)"jlsj () = 2rj(x) = By + ) [E3,_ + E3, —2ua(x)], jEN,z€R. (5.59)

n=1

The periodic trace formula (5.59) for j = 1 has been noticed by Hochstadt [25] and
Dubrovin [7]. The general case j € N appeared in McKean and van Moerbeke [35] and
Flaschka [8]. For more recent accounts, see, for example, [2], [29], [32], [33], [40].

Remark 5.6. The heat kernel approach in §2-4 naturally leads to the heat kernel regu-
larization for s;(z) in Theorem 5.4. Alternatively, we could have exploited a resolvent
regularization for r;(x) as follows. Applying (1.4) to f(A\) = (A — 2)~! and expanding in
271 near 27! = 0 yields

T dAEQ,
E,
_ 1 E, [ dA[L — £\ )]
S22 m * / (A —2)?
E,
. % + ;%‘ COE (5.60)
where

ri(z) = 73) — Zlirzrlm/dk (Aijwj(—)\ﬁ—l E — g()\,:c)], jEN,z €R (5.61)

E,
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under the assumptions on V' as in Theorem 5.4. In particular,

n) = 3 V()

00
2

_ % + lim /d)\ ()\iiz)Q B . g(A,:c)]. (5.62)

2—100
E,

We shall return to a detailed discussion of resolvent regularization (proving the existence
of an asymptotic expansion of the type (5.7) under the hypothesis on V" as in Theorem 5.4)
in §6 in connection with other self-adjoint boundary conditions different from the Dirichlet
boundary condition at z € R.

§6. Other Boundary Conditions

In this section we shall study higher order trace formulas associated to boundary condi-
tions other than the Dirichlet conditions studied so far. In general, we want to consider op-
erators which decompose into a direct sum under the decomposition L?(—o0,y)® L?(y, 00)
and which differ from H by a rank one perturbation. It can be shown the later condition
forces the boundary conditions to match, that is, in (6.1) below the boundary conditions

g'(y£0)+ Brgly£0) =0

have g1 = (_. Thus, we define

H[g;yf:hf, h:—@—f—‘/(.fﬂ), r €R
D(Hpy) = {9 € L*(R) | 9.9’ € AC1oc(R\{y}), hg € L*(R),
limlg'(y £€) + B9y £ =0}, FeER, yeR, (6.1)
where we assume again that V satisfies

V e C*(R), V real-valued and bounded from below. (6.2)

Thus Hg—¢,y = Hn., represents a Neumann boundary condition at y € R and formally,
Hg— oo,y = Hp.y. In analogy to

(HD;y - Z)_l = (H - Z)_l - G('Zvyvy)_l(G(Zv Y, ')7 ')G<Zv ‘,ZJ),
z € C\{spec(Hp.y) Uspec(H)}, (6.3)
one now obtains
(Hpyy —2)"" = (H = 2)7" = [(B+01) (8 + 82)G(2,9,9)]
’ ((6 + (%)G(Z,y, ')7 )(6 + 82)G<Zv '73/)7 z € C\{SpeC<Hﬁ;y) U spec(H)}, B ER. (64)
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Here

hG(z,y,2') := 0,G(z,x,2")| WG (z,z,y) = 0 G(2,y,2")|

=y’ /=y
102G (2, ,y) 1= 0:00 G(2,2,2")| _p, , et (6.5)
and we note that
NG(z,y,2) = RG(z,2,y), T#Y (6.6)

renders the rank-one piece self-adjoint in (6.4) for z < inf spec(Hpg,,). Hence the Herglotz

function G(z,y,y) is now replaced by [(6 + 01)(8 + 02)G(2,y,y)]. The latter is Herglotz
too as can be inferred from the first resolvent equation

000, Im|G(z,x,2")] = /dw” 000G (2, x,2")][05 G(z, 2", 2")], r,s€{0,1} (6.7)

R

implying (together with (6.6))
Im[(ﬁ + al)(ﬁ + 82)G<Zv Y. Y, )]

- Im<z>{ﬁ2 / a2 |Gz 2" ) + 4 / da" (G5, |G =2 )

R

+ﬁ/dw”m[816‘(z,y,w”)] +/dfv”|310(z,y,w”)l2}
R

R

> Im(2)[|01G (2, y)ll2 = 1BIIG (2, y)l|2]* > 0 for Im(z) >0
(6.8)

by Cauchy’s inequality. Equation (5.25) then turns into

Tr[(Hpw —2) ' — (H—2)"1] = —%ln[(ﬁ+31)(ﬁ+32)G(z,:c,w, )] BER,z€R. (6.9)

In order to introduce £g(\,z), Krein’s spectral shift function associated with the pair
(Hp.z, H) (in analogy to {(\, z) = € (A, x) associated with (Hp., = Hoown, H)), We next
investigate [(8 + 01)(8 + 02)G(z,z,x)] a bit further. First of all we notice that

Hp, <H, [€ER,z€R (6.10)

as opposed to
Hp,=Hyy>H, z€R. (6.11)

One way of understanding (6.10) is in terms of quadratic forms. Let Q(Hg=o) = N,
be the form domain of the Neumann boundary condition object. Then ¢’s in N, are
continuous on R\ (y) and have continuous boundary values ¢(y +£0). Q(Hg) = N, with

(o, Hgp) = (¢, Ha—op) — Blloy+)1* — le(y—)?].
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Let N) = {¢ € N | p(y+) = ¢(y—)}. Thus H is just the form Hg restricted to N, so
Hﬁzy S H'
Moroever, one easily verifies the identity

(B4 01)(B + 02)G(z,x,2)] = B>C(z, z,x)

+ﬁ[%G(z,w,w)}+H(z,:c,w), z€C\R,B€E€R, z€R, (6.12)

e AETALE)
z,x)f (z,x
H(z,x,z) = 47027 6.13
SN (TAENAE) (o1
and
iH(z z,x) = [V(z) — z]iG(z x,T) (6.14)
d.T ) ) - d.T ) ) ' *
From .
_ —1/2
G(Z,ZC,ZE) zljoo W + O(|Z| / ), (615)
in accordance with
G(z,z,x) >0 for z < inf spec(H), (6.16)
and from (6.14) one infers
f / / d / /
H(z,z,2) = H(z,20,T,) + /dac [V(z') — 2] [%G(z,w , T )]
= H(z,2o,20) + 0(]2]'/?) (6.17)

z]l—o0

upon integration by parts. In particular, the leading asymptotic behavior of H(z,x,z) as
z | —oo is independent of x and can be obtained from the free case V(°)(x) = 0. Since for
V) (z) =0,

o i . iz'/?
G )(z,:c,w) = S H( )(z,:c,w) =5 (6.18)
one infers
|Z|1/2 1/2
H(zz,0) = ——+o(l] /2) (6.19)
and hence
[(B+01)(B+ 02)G(z,m,2)] <0 for —z > 0 large enough. (6.20)

Thus the exponential Herglotz representation [1] for [(8 + 01)(8 + 02)G(z, x, x)] yields

(B +0)(B+ 0)G(z,z,7)] = exp{c—i—/l)\ i o ﬁv] €5\, ) + 1]}d)\ (6.21)

R
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for some ¢ € R, where for each z € R and a.e. A € R
S0 @) = % lin L {In{(3 + 1) (8 + 02)G(A + ie, 7,2)]} — 1 (6.22)
and
—1 <&\ x) <0, ae A€eR, &3(A\x)=0 X\<infspec(Hg,) (6.23)
in agreement with (6.10) and (6.20). Hence

Tilf(Ha) — F()) = [ a0 F g0 (6:24)

R

for any f € C%(R) with (1 + A?)fU) € L?((0,00)), j = 1,2 and for f(\) = (A — 2)7 1,
z € C\[inf spec(Hpg,z ), 00).
The following example in the free case V(°)(z) = 0 illustrates these facts.

Example 6.1. V() (z) =0. Then G\ (z,z,2') = 2;@ . iz1/2|$_$/|, Im(z'/2) > 0 yields
[(B+01)(B + 82)G (2,2, 2)] = (i/2)[8%27 /2 + 2%, BeRr (6.25)
and
0, A< —f3?
e\ x) =4 —1, —f><x<0, Ber\{0}, (6.26)
-1, A>0
0 A<0
N\ z)=1{ " 6.27
on={" 170 (6.27
Thus
HO _ -1 _pglo) _ -1 B 2 2
T(H( — )7 = (=9 = . Ber,z e\ (A U[0.)), (625)
—tH) _ —tH© L 2
Trle”"ow —e ]:—§+e , BER,t>0, (6.29)
where H(?) = —j—;, D(H)) = H??(R). One has
spec(HY)) = {-3*}U[0,00), B ER. (6.30)

Next we recall the well-known fact that the Weyl m-functions ¢4 (z,z) associated with
Hp 4., in L?((x,+00)) (see the paragraph following (5.23)) have the asymptotic expansion
(5.18) as z — ioo whenever V satisfies (6.2), see [3], [23], [24]. (Actually the l.p. property
of h at oo is irrelevant in this context and the asymptotic expansion (5.18) is valid
outside any cone |tanf| < e for € > 0 arbitrarily small.) Hence (5.23), (5.31), and (6.14)



HIGHER ORDER TRACE RELATIONS 25

imply the existence of asymptotic expansions for G(z,z,x), %G(z,w,w), H(z,z,x) =
[0102G (2, z,2))], and <L H(z,z,2) as z — ico to all orders in 2. In the following we derive
recursion relations for the coefficients in the expansion for [(6 + 01)(6 + 02)G(z, z,x)] by
reducing it to those of G(z,x,z) and H(z,z,z) under the assumptions (6.2) on V. The
ansatz

Glawa) ~ = gi(a)z 071 (6.31)
j=0

Z—100

inserted into the well-known differential equation for G(z,x,z) (essentially equivalent to
(5.19))

2

AV (z) — 2|G(z,2,2)? + [% G(z,:c,w)] T 2G (2, z, 7) [% G(z,:c,w)] ~1  (6.32)

then yields the recursion relation [10]

g0<ZE) =1, 91(56) = %V<':E)7
g (z) = —% > ge(@)gjr1-e(x) + % V(@) ) ge(w)gj—e(x) (6.33)
=1 £=0

Equivalently, one could have used the linear third order equation

[% G(z,z, x)} — 4V (x) — 2] [% G(z,z, w)} + V' (2)G(z,2,2) =0 (6.34)
to obtain
go(z) = 1,
' Lo , 1, _ (6.35)
gi(@) = =7 9;21(2) + V(2)gj_1(2) + 5 V'(2)gj-1(2), jeEN

which yields g;(z) upon (homogeneous) integration. Here g; are homogeneous differential
polynomials in V' of degree

deg(g;) = 2j, Jj €No (6.36)

assuming deg(V (™)) = m + 2, m € Ng. Explicitly, one obtains

=1 0()= V@), @)= Va?- V@)
g5(z) = 3i2v””<:c) - 15—6V(:c)V”(:c) _ ??—QV'(:C)Q + %V@)S, ete.  (6.37)
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Equation (6.14) then yields

d ) i
T HGw1) 23 V() (@) — ()]s (6.38)
=0
and hence
Hzwo) ~ 23 [ [ Vi) - gy <x>] eI 4 O(2). (6.39)

J=0

€T
Here [dz'V(z')g](x") denotes homogeneous integration, that is, all integration constants
are put zero. Moreover, as proven in [10],

9e(x)g}(z) = % he () (6.40)

for some homogeneous differential polynomial hy ; in V' and hence Vg;- =2q1 g;- is a total
derivative (see (6.39)). The z-independent constant C'(z) in (6.39) can be obtained from
the free case V(z) = 0 and one gets (cf. (6.18), (6.19))

C(z) =iz'/?)2. (6.41)
Alternatively, one could have used
H(z,z,2)" ' = ¢y (z,2)"' — ¢(z,2)7? (6.42)
and the asymptotic expansions (5.18) for ¢4 (z,2). Combining (6.12), (6.31), (6.39), and
(6.41) then yields

oo

(5 005+ 0 a2 )] = (121212 + (1/2) 3 | 05 0) + By

[ ! V) = o) = 22 S o)z (0.3)

where

cgo(x) =1,
p (6.44)
¢55(2) = B2g;—1(2) + Bg)_1(z) + / 02 V(' )gs_y (') — g;(x), G EN.

Explicitly, one gets

o) =1, cpale) =5~ 3 V()

cp2(x) = %ﬁzv(fﬂ) + %ﬁv'(:ﬂ) — %V(:c)2 + %V”(:c), etc.

(6.45)
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Hence, applying (5.27)—(5.29) again, one infers

In[(3 + 01)(B + 02)G(z,x, )] = In(iz"/2/2) + > " dp ()7, (6.46)
where .
dp1(x) = cpa(x) = 5% — 5 V(x),
(6.47)
dgj(x) = cpj(x) — —Z€Cﬁ,] o(@)dge(z), J=2.
Explicitly,

doa(e) = 52 = 5V (@),
P (6.48)

dg2(z) = _% B+ BV (x) + 5 V'(x) — 1V(:c)2 + L V' (z), etc.

4 8
This finally leads to the following theorem.

Theorem 6.2. Suppose V€ C*°(R), V real-valued and bounded from below. Then for
each N € N,

Twmm—@*—Gﬁwrﬂz—fmwwﬂMﬁ+@m@am]

Zrﬁj )29+ 0z, BER,zER, (6.49)

2—100

where
1
rﬁ70<w) = _57
(6.50)
rs,i(x) = jeg,i(w Z%,y e(@)rpe(z), jEN
with cg j(x) computed from (6.44).
Proof. 1t suffices to note that
1 . .
reo(@) =5, 1s,4(@) =Jjdp (), jEN (6.51)
upon differentiating (6.46) with respect to z.
Explicitly, one obtains from (6.50), (6.44),
1 1
rg,0(x) = Ty raa(x) = 62 T 9 V(z),
(6.52)

rpa(r) = =% +26°V () + V' (z) — %v<x)2 + i V" (x), ete.

It remains to express rg j(x) in terms of £g(\, x) in analogy to the resolvent regular-
ization procedure sketched in Remark 5.6. By exactly the same procedure one proves the
following result.
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Theorem 6.3. Suppose V€ C°(R), V real-valued and bounded from below. Assume
that (4.2) holds and denote Eg o(x) = inf spec(Hpg,z). Then

1

ra.0(@) = =3, (6.53)
1
raa(z) = 42 — 5 V(@)
_ Epolz) r 2 1
=y thm / N2z E(A @), (6.54)
EB,O(JC)
E o J T J+1 . 1
Tﬁ,j(w):ﬁ’i@)jL i / d)‘ii'ﬂj(—)‘)]_l 5 —&\ )|, JEN,z€ER.
: o i i (6.55)
EB,O(JC) .

Finally, the analog of Example 5.5 in the case where V(x) is periodic reads as follows.

Example 6.4. Assume V € C*°(R), V real-valued, for some a > 0, V(z + a) = V(z) for
all z € R. Then the spectrum of H is given by (5.55) while the spectrum of Hpg., is of the
type

SpeC(Hﬁ;ﬂC) = {)‘ﬁm('x)}nGNo U U [EQ(TL—l)vEQn—l]?

n=1

Ago(x) < Ey, FEaopn—1 < Agn(z) < Ez,, nEN.
The analog of (5.56) then reads

(6.56)

0, A<Ago(z), Eon—1 <A< Agn(x), nEN
Es(N\ ) =< —1, Ago(x) <A< Ey, Mgn(r) <A< Es, neN (6.57)

_%7 EQ(n—l) <A< EQTL—17 neN

and one obtains from (6.55) the higher order periodic trace formulas

2rpi(x) = By — 22 0(x) + > [E),_+E}, —2\sn(z)], BER,jEN,z€R. (6.58)
n=1

While the periodic trace formulas (6.58) for rg j(x) were known in the Neumann case
B =0 [36] (see also [31]), the cases 5 € R\{0} in (6.58) appear to be new.
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