UNIQUENESS THEOREMS IN INVERSE SPECTRAL THEORY
FOR ONE-DIMENSIONAL SCHRODINGER OPERATORS

F. GESZTESY! AND B. SIMONZ

ABSTRACT. New unique characterization results for the potential V' (z) in connection with
Schrodinger operators on R and on the half-line [0, 00) are proven in terms of appropriate Krein
spectral shift functions. Particular results obtained include a generalization of a well-known
uniqueness theorem of Borg and Marchenko for Schrédinger operators on the half-line with
purely discrete spectra to arbitrary spectral types and a new uniqueness result for Schrédinger
operators with confining potentials on the entire real line.

§1. Introduction

The purpose of this article is to prove a variety of new uniqueness theorems for potentials
V(z) in one-dimensional Schrédinger operators —j—; + V on R and on the half-line R} =
[0, 00) in terms of appropriate Krein spectral shift functions recently introduced in a series
of papers describing new trace formulas for V(z) on R [15],[17],[19],[20] and on R4 [14].

First we briefly recall these trace formulas for Schrédinger operators H = —j—; +V on
the real line R assuming V' to be real-valued, continuous, and bounded from below. In
addition to H, one also considers the family of operators H5 = —j—; +V, B eRrRU{0},
y € R, with an additional boundary condition of the type ¢'(y+)+ 8g(y+) = 0 for elements
g in the domain of HJ; see (A.30) and (3.2) for detailed domain descriptions. Here,
in obvious notation, § = oo denotes the corresponding operator H;° with an additional
Dirichlet boundary condition at y € R. Denoting by (), y) Krein’s spectral shift function
for the pair (HY, H), 3 € R U{oc}, y € R (see (3.12)~(3.18)), the following trace formulas
have been derived in [15] in the Dirichlet case 8 = oo and in [20] for 5 € R:

. z
Vi) =Fo+ lim [T
Ey

- 2e%(na)]

Eo = inf{o(H)}, = 00,2 € R, (1.1)
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2 B . ! 2
Eg (x)

El(z) = inf{cH?)},8 € R,z € R. (1.2)

[1+267(, )],

(Here o(-) denotes the spectrum.) These trace formulas extend previous results by [7—
9],[12],[22],[26],[28],[29],[34],[35],[39],[40] in the short-range, periodic, and certain almost
periodic cases.

A similar result can be derived for half-line Schrodinger operators. Assuming again V'
to be real-valued, continuous, and bounded from below, denote by H, , = —dd—; +V,
a € [0,7) the family of Schrédinger operators on the half-line R, = [0,00) with the
boundary condition sin(a)g’(04) + cos(a)g(04+) = 0 for elements g in the domain of H, ,
(cf. (A.14)). For aj,az € (0,7), a1 # ag, let €4, a,(A) be Krein’s spectral shift function
for the pair (Ht qy, H+ oy) (cf. (2.8)—(2.10)). Then the following trace formula can be
inferred from the results in [14]:

2

V(0) = cot?(a) + zlirzllm{—z —icot(a)zt/? + 2/d)\()\i72)2 50705()\)}, a€ (0,7). (1.3)

A quick look at (1.1), (1.2), and (1.3) reveals the fact that £5(\,z), A,z € R determines
V(z), x € R and &p,o(A\), A € R determines V(0) in the half-line case. However, clearly
both of these statements describe a mismatch and hence miss the point: £°(\, z) depends
on two real variables as opposed to one in V(x) and analogously, £y (A) depends on one
real variable while V'(0) is just a constant. From the point of view of inverse spectral
theory, the problems that need clarification appear to be the following: Does £7(\, zg) for
fixed xop € R and all A € R determine V(x) for all x € R and similarly, does &4, a,(A),
a1 # ag for all A € R determine V' (z) for all z > 0 in the half-line case? The present paper
provides complete solutions to these problems.

In Section 2 we treat the half-line case and provide an affirmative answer to the problem
posed: &4, as(A), @1 # o for a.e. A € R indeed uniquely determines V(z) for a.e. x > 0
(cf. Theorem 2.4) extending a well-known result of Borg [5] and Marchenko [32], obtained
independently from each other around 1952 for operators with purely discrete spectrum,
to arbitrary spectral types (see Corollary 2.5). We conclude Section 2 with an applica-
tion of our main Theorem 2.4 to three-dimensional Schrédinger operators with spherically
symmetric potentials and state a new uniqueness theorem in this context (cf. Theorem
2.6).

Section 3 is devoted to Schrodinger operators on the entire real line. While the corre-
sponding question posed concerning £7(\, zo) turns out to have a negative answer, that
is, £€#(\, x0) for fixed 7o € R and a.e. A € R in general cannot determine V uniquely for
a.e. * € R, Theorem 3.2 shows that £°(\ x¢) and £°2(\,x0), B1 # (o for a.e. A € R
uniquely determine V a.e. except in the Dirichlet and Neumann cases 3; = 0, B2 = oo
respectively, 31 = 0o, 2 = 0. In the latter case, V is uniquely determined up to reflection
symmetry with respect to 9. When combining £°(\, 29), A € R with additional Dirichlet
data and/or norming constants, further unique characterizations of V' can be achieved.
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This is illustrated in connection with Theorem 3.6 which provides a new uniqueness result
for Schrodinger operators on R with purely discrete spectra.

Since our techniques rely heavily on the use of certain properties of Herglotz functions
and especially on the Weyl-Titchmarsh theory, we collected a variety of pertinent results
in Appendix A.

Perhaps we should emphasize at this point that we do not discuss explicit reconstruction
procedures for V(z) in this paper (the reader can find standard results on reconstruction
techniques, e.g., in [13],][29],[30],[32], and [33]). Here we exclusively focus on deriving new
minimal sets of spectral data which uniquely determine the potential V' a.e. The basic
outline of our philosophy of how to recover V' (z) from £*°(\, z¢), A € R and Dirichlet data
is described in [15]. We shall return to this topic elsewhere.

Analogous results for second-order finite difference operators are in prepration [18].

§2. Schroédinger Operators on [0, 00)

In this section we shall describe a uniqueness result for Schrodinger operators on the
half-line [0, 00), which extends a well-known theorem of Borg [5] and Marchenko [32] in
the special case of purely discrete spectra to arbitrary spectral types.

We shall freely exploit the notation introduced in Appendix A and recall 74, Hy o, ¢a,
Oas Vi ar Mt o, dps o, and G4 o(z,x,2") as introduced in (A.13)-(A.27). In particular,
we shall assume hypothesis (A.12), that is,

V € L]0, R]) for all R > 0, V real-valued (2.1)

throughout this section and recall that H, ,, defined in terms of separated boundary
conditions, is a real operator of uniform spectral multiplicity one.

The basic uniqueness criterion for Schrédinger operators on the half-line [0, 0o) we shall
rely on repeatedly in the following can be stated as follows.

Theorem 2.1. (See, e.g., [32]) Suppose ai,az € [0,7), a1 # a2 and define Hy .,

My ja;s P+.ja; associated with the differential expressions 7; = —dd—; + Vi(z), x > 0,
where Vj, j = 1,2 satisfy hypothesis (2.1). Then the following are equivalent:

(1) M 1,0:(2) = M4 2,0,(2), 2 € Cq.
(11) p+,1,al<<_007 )‘]) = :0+,2,Oé2<<_oov )‘])7 A ER.
(iii) aq = ag and Vi(x) = Va(x) for a.e. z > 0.

We begin our analysis with a simple warm-up relating Green’s functions for different
boundary conditions at x = 0. (We also recall our convention of Appendix A to fix the
boundary condition (if any) at z = +00.)

Lemma 2.2. Let aj € [0,7), j = 1,2, x,2" € R4, and z € C\{o(H4,a,) U0 (Ht a,)}-
Then

(i)

_ ¢+7a1<27$)¢+7a1(27$/)

cot(ag — 1) +m4 o, (2)

G+,Oé2<27$7$/) - G-l—,ocl (vavwl) - (22)
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(i)

G+7a2<270,0) . 1
Gt (2:0.0) ~ (B = o) sin{ar)feot(aa —an) - iy (2] 23)

= (1 — fa) sin®(az)[cot(az — 1) = My ay(2)],  Bj = cot(ay),j = 1,2.

(2.4)
(iif)
T(H 0y — )7 — (o, —2)7'] =~ Tnleot(as — 1) 414, (2)]
(2.5)
d
= In[cot(ae — 1) — M4 a0, (2)]. (2.6)

Proof. (2.2) is a direct consequence of (A.16)—(A.18), (A.23), and (A.38). Similarly, (2.3)
and (2.4) follow by combining (A.25) and (A.38). (2.5) follows from (2.2) and (A.44) in
the limit 23 — 22 = 2. (2.6) is clear from

cot(ag — a1) + My o, (2) = [sin(ae — aq)]?[cot(ag — 1) — My o, (2)] 77, (2.7)

a simple consequence of (A.38).

Since my o(2) is a Herglotz function, we may now introduce Krein’s spectral shift func-
tion [27] £ay .00 (A) for the pair (Hi o,, H+ o, ) according to (A.2), (A.4) by

cot(ae — a1) +my o, (2) = eXp{Re[ln(cot(ag —a1) + M4 q,(0))]

1 A
+/[A_Z_1+)\2:|€0417042()\)d)‘}7 O§a1<062<7T,ZEC\R. (28)

This is extended to all a1,z € [0,7) by

€a,a(X) =0, €an.on(A) = —€ay.00(A) for ace. A €R. (2.9)

(2.7) then implies

cot(ag — 1) — My a,(2) = eXp{Re[ln(cot(ag — Q1) — M4 a,(1))]

1
_/[)\_Z - 13)\2}5041,042()\)(1)\}, 0<a; <as<mz€eC\R. (2.10)

Next we summarize a few properties of &4, a, ().
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Lemma 2.3. (i) Suppose 0 < ay < ag < 7. Then for a.e. A € R,

lilrg 7 m{In[cot(as — a1) + My a, (X + i€)]} (2.11)
Eon (V) = { ~lim 7 Im{Infeot (az — a1) =m0y (A +i€)]} (2.12)

N 1 Giiay (A+i€,0,0)

lellr{)l T Im{ln[sin(ou) Gi,a2(/\+z‘e,o,o)”- (2.13)

(For ay = 0, G4 o, (A +1i€,0,0)/sin(a1) has to be replaced by —1 in (2.13) according to
(A.25).) Moreover,

0 <& 0:(A) <1 ace. (2.14)
(ii) Let oj € [0,7), 1 < j < 3. Then the “chain rule”
Sar 03 (A) = Earaz(A) + €azas (V) (2.15)
holds for a.e. A € R.
(iii) For all oy, a2 € [0, ),
aras € L' (R (14 A7) 71 dN). (2.16)
(iv) Assume a1, a9 € [0,m), aq # ag. Then
far.an € LY(R; (14 [A) 71 dN) if and only if ay, s € (0,7). (2.17)
(v) For all ay, g € [0, ),
(e =) = (e =27 == [O= ) 2 mah (218)
R

Proof. (i) (2.11)—(2.13) follow from (2.3), (2.4) (resp. (2.7)), (2.8), (A.2), and (A.4). (2.14)
is clear from (A.4).

(ii) is a consequence of (2.13).

(iii) is obvious from 0 < [€4, a,| < 1 ace.

(iv) By (2.9) we may assume 0 < a3 < ag < 7. Then (A.39) yields

0, a; =0

(2.19)
cot(ag — ag) —cot(ae) >0, 0<a; <as<m

cotfan =) = i) = {

and it suffices to apply Theorem A.1(iii) to cot(aa — a1) — m4 q,(2) taking into account
(2.10).

(v) follows from (2.5) and from applying —-£ In(-) to (2.8).

We note that {4, ., () (for ai, a2 € (0,7)) has been introduced by Javrjan [23],[24]. In
particular, he proved (2.5) and (2.18) in the non-Dirichlet cases where 0 < a1, s < m. We
also remark that (2.18) extends to more general situations of the type

TP (Hy 00) ~ F(He) = [ F/()fay (V)2 (2:20
R
for appropriate functions F' (see, e.g., [38]).
Given these preliminaries, we are now able to state our main uniqueness result for
half-line Schrodinger operators.
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Theorem 2.4. Suppose V; satisfy hypothesis (2.1) and introduce the differential ex-
pressions T, = —j—; + Vi(z), x > 0, j = 1,2. Let ajy € [0,m), { = 1,2, suppose
0< a1 <a12<m0<as <azz <, and define Hy ;,,, for j,£ = 1,2 associated
with 7; as in (A.14). In addition, let &j o, , a;,, j = 1,2 be Krein’s spectral shift function
for the pair (Hy j o, ,,Hy ja,,). Then the following are equivalent:

(1) 517061,17061,2 (A) = 527062,17062,2 (A) fOI‘ a.e. )‘ €R.
(i) a1,1 = ag,1, @12 = @22, and Vi(x) = Va(z) for a.e. z > 0.

Proof. We only need to prove that (i) implies (ii). From Lemma 2.3(iv), one infers that

;1 > 0 if and only if /(1+|)\|)‘1|§a].’1,a].’2()\)|d)\ <o j=l2 @2

R
Since by hypothesis a; 1 (>) 0 if and only if a9 (>) 0, one is led to the following case

distinction.
a) 0< ay < ap <, 0< a1 < g2 <T.
Then (2.10) and (A.39) imply

oo

/dzl /()‘ - Z/)_ij,a]-,l,am (A)d\ =1n

z R

COt(aj72 - ajzl) - m+7j7aj,2 (Z)
cot(aj2 — aj1) — cot(ay2)

(2.22)

= (Bia = B.0)iz 2+ (871 — 572)27 27 +o(z 7,
B = cot(aje), 4, £ =1,2. (2.23)
Given (i), the asymptotic behavior (2.23) then yields
a1 =21 and 12 = ag2. (2.24)
Insertion of (2.24) into (2.22), still assuming (i), then yields
Mt 1,0n2(2) = g 2,01 5(2) (2.25)
and hence V; = V5 a.e. by Theorem 2.1.

b) 0= ay < apg <, 0= a1 < g2 <T.
Then (2.10) and (A.39) imply

/ dz’ / (A =2")7%&.0,0;.(A) dA
7 R

_ [Cot(oém) — Mt g0, (2) (2.26)

COt(aj72) - m+7j7aj,2 (’I;

= In(2"?) 4 Infisin®(a2)] + In[cot(aj2) — My ja, (1))

2—100

—cot(ay2)iz /2 +o(z7V%), j=1,2. (2.27)
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Given (i), the O(z71/2)-term in (2.27) then yields
Q1,2 = 0022 (2.28)
and the O(1)-term in (2.27) yields

m+717a1,2 (i) = m+727a1,2 (i)' (2'29)

Inserting (2.28) and (2.29) into (2.26), still assuming (i), then yields

m+717a1,2 (Z) = m+727a1,2 (Z) (2'30)

and hence again, V; = V5 a.e. by Theorem 2.1.

As a corollary, we obtain a well-known uniqueness result originally due to Borg [5] and
Marchenko [32] obtained independently in 1952.

Corollary 2.5. (Borg [5], Theorem 1; Marchenko [32], Theorem 2.3.2; see also [30]) Define
Tj, Hi jo, @ € [0,7m) as in Theorem 2.4. Assume in addition that Hy 1, and Hy 2 o,
have purely discrete spectra for some (and hence for all) o; € [0,7), that is,

Oess(Hy jia;) =0 for some a; € [0,m),5 =1,2. (2.31)

Then the following are equivalent:

(1) O-<H+717061,1) = 0<H+727a2,1)7 O-<H+717061,2) = 0<H+727a2,2)7
Qe € [0,71'), 5, 0=1,2, SiIl(OéLl - 05172) = 0.
(i) a1,1 = ag,1, a12 = @22, and Vi(x) = Va(z) for a.e. z > 0.

Proof. Without loss of generality, we may assume 0 < a1 < aj2 <7, 0< az1 <ags <
7 and hence need to prove that (i) implies &1.a, 1,010 = §2,a2.1,00. a-€. First we note
that &, a;.()), being Krein’s spectral shift function for the pair (Hy j o, ., Hy ja, )
J = 1,2, increases (decreases) by 1 whenever A passes an eigenvalue of Hy j o, (Hy jo,, )
as A increases from —oo to +o00 and stays constant otherwise. (We recall that o(Hy o) is
simple.) This step-function behavior, together with 0 < §; 4, ,.a,, < 1 a.e., indeed yields
§l,01 1,012 = §2,a0.1 as. a-€. and one can apply Theorem 2.4.

Roughly speaking, Corollary 2.5 says that two sets of purely discrete spectra o(H 4, ),
0(H+ ,q,) associated with distinct boundary conditions at = 0 (but a fixed boundary
condition (if any) at 4+00), that is, sin(as — a1) # 0, uniquely determine V' a.e. Our main
result, Theorem 2.4, removes all a priori spectral hypotheses and shows that Krein’s spec-
tral shift function &q, o, () for the pair (Hy q,, Hy o,) with distinct boundary conditions
at x = 0, sin(ag — 1) # 0, uniquely determines V' a.e. This illustrates that Theorem 2.4 is
the natural generalization of Borg’s and Marchenko’s theorem from the discrete spectrum
case to arbitrary spectral types.

Finally, we give a simple application of Theorem 2.4 in the context of three-dimensional
Schrodinger operators with spherically symmetric potentials.
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Assuming hypothesis (2.1) for V', we introduce the potential
v(x) =V (z|), =xecRr3 (2.32)

and define the self-adjoint Schrédinger operator h in L?(R?) associated with the differential
expression —A+wv(x) by decomposition with respect to angular momenta, which represents
h as an infinite direct sum of half-line operators in L?(R 4;72 dr) associated with differential
expressions of the type

. 2 2d ((l+1)
T+,£:—ﬁ—;%+ 3 +V(r), r=]z|>0,feNy=NU{0}. (2.33)

A simple unitary transformation reduces (2.33) to

P+
dr? r2

Tre = + V(r) (2.34)

and associated Hilbert space L2(R ) (see, e.g., [37], Appendix to Sect. X.1).
Next, let g(z,z,2’), z # 2’ denote the Green’s function of h (i.e., the integral kernel of
(h — 2)71) and define another self-adjoint operator hs in L?(R3) by

(h’ﬁ - Z)_l = (h’ - Z)_l + Dﬁ(’z)_l(g('zvov ')7 ‘)9(27 '70)7 6 €R,z€ C\{O’(hﬁ) U U(h)},
(2.35)
where

Dp(z) =6 — |1€i|rl% [9(2,0,¢) = (4nle) '], z € C\a(h). (2.36)

As shown, for example, in [1],[41], hg models h plus an additional point (delta) interaction
centered at x = 0 whose strength is parametrized by § € R. (Clearly, hoo = h.) The
function Dg(z) is Herglotz and one computes (see [14])

Tr[(hg —2) = (h—2)"1] = —% In[Dg(2)]. (2.37)

This then allows one to define Krein’s spectral shift function £g(A) for the pair (hg, k) by

Eg(N\) = lellrgl 7 m{In(Dg () + i€)]} ae. (2.38)
which yields
Tr[(hy — 2)L — (h — 2)~1] = — /()\ 2250 dA, (2.39)

R

Our uniqueness result for three-dimensional Schrédinger operators then reads as follows.
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Theorem 2.6. Define hj, hj3,, B; € R associated with —A + vj(z), z € R®, j = 1,2 and
introduce Krein’s spectral shift function {; g, () for the pair (hjg,,h;), j =1,2. Then the
following are equivalent:

() €15 (N) = 2.5, (\) for ace. ) € R.
(i) B1 = B2 and vi(x) = ve(x) for a.e. x € RS.

Proof. Since 71 ¢ is L.p. at r = 0 for all / = N, the whole problem can be reduced to
the angular momentum sector ¢ = 0. For ¢ = 0, however, h corresponds to Hy o and
hg to Hy o, B = cot(w) in the notation of (A.14). In particular, {g(\) introduced in
(2.38) corresponds to &y () in our notation (2.8). Hence, an application of Theorem 2.4
completes the proof.

An analogous result could be derived for two-dimensional Schrodinger operators with

centrally symmetric potentials. Since this requires the replacement of 7, = —j—; + V(x),
x > 0, by
d? 1
T_;_:—@—@—FVCC), .CE>O, (240)

a differential expression singular at x = 0, we omit further details at this point.

§3. Schrodinger Operators on R

This section explores uniqueness results for Schrodinger operators on the whole real
line.

As in Section 2, we shall rely on the notation introduced in Appendix A and hence
recall 7, H, ¢o, oy Vi.0s Mt o, dp+ o, and G(z,x,2") as introduced in (A.29)—(A.47). In
particular, we shall assume hypothesis (A.28), that is,

Vel (R), V real-valued (3.1)

throughout this section. Following [20], we introduce, in addition, the following family of
self-adjoint operators HY in L*(R),
B
H)f =7f, BE€RU{co}, yER,
D(H,) = {9 € L*(R | g,¢' € AC([y,£R]) for all R > 0; ¢'(yx) + Bg(y+) = 0;  (3.2)
Jim W (£ (1), g)(R) = 0: mg € L(R)}.

Thus Hé) = H;O(Hév = HS ) corresponds to the Schrodinger operator with an additional

Dirichlet (Neumann) boundary condition at y. In obvious notation, H5 decomposes into
the direct sum of half-line operators

H) =H’ o H], (3.3)

with respect to
L*(R) = L*((—o00,y]) & L*(ly, o0)). (3.4)
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In particular, Hf,y equals H, , for § = cot(a) and y = 0 in our notation (A.14) and, as
indicated at the end of Appendix A, our (variable) reference point x = y will be added as
a subscript to obtain 0, (2, ), ¢a .y (2,T), Vi a.y(2, ), Mt ay(2), May(2), etc. H and
H5 , defined in terms of separated boundary conditions are real operators. Moreover, as
observed in Appendix A, the point spectrum of H is simple.

Next, we recall a few results from [20]. With G(z,2,2’) and GJ(z,x,2’) the Green’s

functions of H and H5 , one obtains

(ﬁ + 82)G<va7 y)(ﬁ + 81)G<Zv y,ZC/)
(84 01)(B + 02)G(2,y,y) ’

Gl(z,2,2') = G(z,3,2") —

BER,zE C\{J(Hf) Uo(H)}, (3.5)
Gr(z,,a") = G(z,2,2') — G(z,y,y) " G(z,2,y)G(z,y,2"), ze€C\{o(H°)Uo(H)}.
(3.6)
Here
01G(z,y,2') == 895G(z,:c,$’)|x:y, 02(G, 2z, z,y) = 835/G(z,:c,$’)|x,:y, 5o
010:G(2,Y,y) := 00 G(2,2,2")| ,_ v, ete. (3.7)
and
hG(z,y,x) = 02G(z,2,y), xFy. (3.8)
As a consequence,
d
T[(Hy = 2)7" = (H = 2)7'] = = W[(3+ ) (B + %)G(z,9.9)], BER,
* (3.9)
d
T{(HE — )7~ (H = 2)7) = Gz .) (3.10)
In analogy to G(z,y,y) (cf. (A.47)), also
(B4 01)(B+ 02)G(z,y,y) is Herglotz (3.11)
for each y € R. Hence, both admit exponential representations of the form
G2y, y) = expl +/ ! A1\, ) dA (3.12)
= X %) — y ; .
Yy p pyspa e y
R
Co ER, 0<E°(N\y) <1 ae., (3.13)
£\ y) = lilrg 7 m{In[G(\ + i, y, y)]} for a.e. A € R, (3.14)

(B+00) (5+02)C (2 . 1) :exp{c[g—i—/[)\iZ—l_:\)\Q}[f’g()\,y)—H] d)\}, Ber, (3.15)
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cg €R, —1<&’(\y)<0ae, BER, (3.16)
&7\ y) = 161%1 7 Im{In[(8 + 01) (6 + 92)G(X +ie,y,y)]} =1, BER (3.17)

for each y € R. Moreover,

Te[(H) —2)"' —(H—2)"]=— /()\ —2)72P(\,y)d\, B E€RU{x}. (3.18)

R

(Strictly speaking, the results (3.5)—(3.18) have been derived in [20] assuming 7 to be in
the 1.p. case at +00. However, these results extend to our present setting without effort.)
For later purpose, we also note the identities (for each y € R),

G(2y,y) = Moy22(2) = [m—04(2) = me04(2)] 7", (3.19)

sin2(a) (B+01)(B+ 02)G(2,9,y) = Ma,y22(2) = [M- ay(z) - m+,a,y<z)]_1v
B = cot(a),a € (0, ), (3.20)

and especially,

+ cot? (a1 — a2) + [M— a5,4(2) — Mt a0,y (2)] cOt(01 — @2)

2[00 (2) = Mty ()] 1,0 (2) = Mgy (2)] 71 =0,
a1 # a2,z € C\R, (3.21)

— [sin(a1 — a2)]™

following directly from (A.38).
As a consequence of Theorem 2.1, the basic uniqueness criterion for Schrédinger oper-
ators on R reads as follows.

Theorem 3.1. Suppose ay, a2 € [0,7), a1 # g and assume V;, j = 1,2 satisfy hypothesis
(3.1). Define Hj, m+ ja,y(2), Mj.a, 4(2) associated with 7; = —dd—; + Vi(z), = € R,
j = 1,2. Then the following are equivalent:
(1) m+717a17y<2) = m+727a27y(2)7 m_717a17y(2) = m_727a27y<z)7 z € C+
(11) M17a17y<2) = M27a27y<z)7 z € C+
(iii) oy = ag and Vi(x) = Va(z) for a.e. z €R.

The following is our principal characterization result for Schrédinger operators on R.

Theorem 3.2. Let 31,02 € R U {OO}, b1 # (2, and xg € R.

(i) €Pr(\, x0) and £P2(\, x0) for a.e. A € R uniquely determine V (x) for a.e. x € R if
the pair (1, B2) differs from (0, 00), (00, 0).

(ii) If (B1,P2) = (0,00) or (c0,0), assume in addition that T is in the limit point case
at +00 and —oo. Then £ (X, zo) and £°(\, xq) for a.e. A\ € R uniquely determine
V' a.e. up to reflection symmetry with respect to zo; that is, both V(x), V(2xg — x)
for a.e. x € R correspond to £ (), xg) and £°(\, xg) for a.e. \ € R.
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Proof. (i) Identifying x¢ and y in (3.21), one can solve for m4 o, ,(2) to obtain

1

Mt ,az,z0 <Z) = _i[m—,azwo (Z) = M+ sz, (Z)] - COt(al - 062)
1 1 (M ag.20(2) — M g2 (Z)]}l/Q
:l: —lm— a2,T Z)—m ,Q2,T z 2 + - 2,0 s X2,L0 ’
{3020 = i (I s e B e
z € C\R. (3.22)

By (3.12), (3.15), (3.19), and (3.20), [m_ a;.20(2) — M4 a;,z,(2)] are both determined by
£Pi(\, o), B = cot(ay), j = 1,2, respectively and hence the right-hand side of (3.22) is
determined up to the +/— ambiguity. In order to resolve that ambiguity, we now consider
the following case distinction:
a) aj € (0,m) (e, B €R), j=1,2.
Then by (A.39),
Mt agao(z) = cot(ag)+o(z7?), (3.23)

2—100

which inserted into (3.22) results in

.2 1/2
My an,z0(2) = cot(ozz—oz1)+o(z_1/2)i{ — i <a1)‘ 5 +O(2_1)} . (3.24)
z—io0 sin (a1 — a2) sin” ()

A comparison of (3.23) and (3.24) reveals that only one choice of the sign (the + sign,
choosing the branch of /-, such that /z > 0 for x > 0) in (3.24) can be compatible
with the leading behavior cot(az) in (3.23). This resolves the sign ambiguity in (3.24) and
hence in (3.22) and thus determines m.y o, +,(2). Since £°2(\, z¢) determines [m_ 4, 2, (2)—
M g0 (2)], M— ay,2,(2) 1s also determined. Thus, both Weyl m-functions m4 o, z,(2)
are known which in turn determines V" a.e. by Theorem 3.1.
b) ae =0 (i.e., f2 = ), a1 # 7/2 (i.e., f1 #0).

Then by (A.40),

Mt 0w (z) = +iz'/? +0(1), (3.25)

2—100

which inserted into (3.22) yields

My 0m(2) = 022 —cot(a) + o(1) £ {O(1)}V/2. (3.26)

2—100

Since by (3.25) the {O(1)}'/?-term must cancel — cot(ay), this again resolves the sign
ambiguity in (3.26) (once more the + sign turns out to be the right one) and hence in (3.22).
Thus, m4 0,2,(2) is determined. Since (A, xo) determines [m_ ¢ z,(2) — M4 0,2,(2)] also
m_ 0.4,(2) and hence V' is determined a.e. as in part a).

(ii) In the exceptional case where (31, 82) = (0,00), (00,0), the exchange

V(z) = V(2z9 — x) implies m4 0,2,(2) = —mM,0,24(2) (3.27)
since we assumed the l.p. case at +00. This substitution leaves

(10,00 (2) = M40.20 ()] 7" = G2, 20, 20) (3.28)
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and

m_707x0 (Z)m+707x0 (Z) [m_707x0 (Z) - m+707x0 (Z)] !

= [M_ /2,00 (2) = Mt r/2,00(2)] 7 = 010G (2, 20, 20) (3.29)

and hence £ (\,zg) and £°(\, zg) invariant (cf. (3.19) and 3.20)). (Here we used that
Mt /2,00 (2) = —[M,0,00(2)] 7', see (A.38).)
Corollary 3.3. Suppose T is in the limit point case at +00 and —oo and let 3 € R U{oo}

and g € R. Then £°(\,z0) for a.e. A € R uniquely determines V() for a.e. z € R if and
only if V' is reflection symmetric with respect to xo, that is, V (2zo — z) = V() a.e.

Proof. First suppose that V (2zg —x) = V(z) a.e. Then (A.38) yields
M a,20(2) = =Mt m—az0(2), @€ [0,m). (3.30)

If 5 € R\{0} (i.e., @ € (0,m)\{7/2}, B = cot(c)), then (3.30) implies

-1

(M= 0,20 (2) = Mt 0,20(2)] 7 = M- 7—a,20(2) — Mt 7—a,0 (Z)]_l- (3.31)

By (3.15), this yields £°(\, 20) = ¢7P()\,20) a.e. and hence V is uniquely determined
a.e. by Theorem 3.2. On the other hand, if 5 = 0o or 0 (i.e., @« = 0 or 7/2) then (3.30)
yields

m—707$0 (Z) = _m+707$0<z) or m_yﬂ-/27$0 (Z) = _m+77r/27$0 (Z)' (3'32)

This determines m+ 0,4,(2) Or M4 /2 5,(2) and hence V a.e. by Theorem 3.1.

Conversely, suppose V' is not reflection symmetric with respect to zy. Define ‘7(.26) =
V(2z¢9 — x) a.e. and denote by M4« z,(20), ]/\4\@7950(2), and é\ﬁ()\,:co) the corresponding
quantities associated with V. Then

M r—a,w0(2) = =Mz ,a,20(2), @ €[0,m) (3.33)

(identifying o = 0 and 7) and hence

- Mo zo1,1(2) —Ma zy,1,2(2
Mool = ( Ngrota® et a ) )
since m— q,20(2) # —M4 a,2,(2) for all @ € [0,7). (The latter fact is obvious from the
asymptotic behavior (A.39) for o € (0, 7)\{7/2} and also follows from our hypothesis that
V' is not reflection symmetric w.r.t. o for a = 0,7/2. Alternatively, it also follows from
our hypothesis and Theorem 3.1.) (3.34) however, shows that &?(\, z¢) = é\_ﬁ()\,:co) is
common to V and V #V.

In view of Corollary 2.5, it seems appropriate to formulate Theorem 3.2 in the special
case of purely discrete spectra.
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Corollary 3.4. Suppose H (and hence H5 for ally € R, f € RU{oo}) has purely discrete
spectrum, that is, oess(H) = () and let 51,32 € R U{o0}, B1 # [o2, and xy € R.

(i) o(H), J(Hfg), j = 1,2 uniquely determine V' a.e. if the pair (31, 32) differs from
(0,00) and (00, 0).

(ii) If (B1,P2) = (0,00) or (c0,0), assume in addition that T is in the limit point case
at +oo and —oco. Then o(H), o(HZ?), and o(HY, ) uniquely determine V a.e. up to
reflection symmetry with respect to xo, that is, both V(x) and ‘7(.26) =V(2xy—x)
for a.e. x € R correspond to o(H) = a(f[), o(Hy) = a(ﬁ;’g), and o(HY,) =

~ . . . ~ ~ ~ P 2 ~
o(H? ). Here, in obvious notation, H, HX, HY correspond to 7 = —4; + V(z),
r €ER.

(iii) Suppose T is in the limit point case at 400 and —oo and let f € R U {oo}. Then
o(H) and o(HE ) uniquely determine V a.e. if and only if V is reflection symmetric
with respect to x.

(iv) Suppose that V' is reflection symmetric with respect to xo and T is non-oscillatory
at +00 and —oo. Then V is uniquely determined a.e. by o(H) in the sense that V
is the only potential symmetric with respect to x¢ with spectrum o(H).

Proof. (i) We denote o(H) = {en}tnes, o(HE ) = {\(x0)},ers, where I = Jy, B € R,
and [ = J, with Jy = Ng or Z and J = N or Z depending on whether or not H is
bounded from below. Moreover, we use the ordering e, < e,41, A2 (z9) < )\§+1(:c0). By
general principles,

)\g(:co) <ep, [ e€Rif H isbounded from below,

(3.35)
en <N (x0) < eny1, BERU{0}.
By hypothesis, £€°(X\,z0), 8 € R U {oc} is a pure step function which jumps by +1 at
every (necessarily simple) eigenvalue of H (since 4 o z,(€m,x) and ¥_ g 40(€m,x) for
em € o(H), a,& € [0, ) are unique up to constant multiples). Similarly, £#(\, 2¢) jumps
by —m(A2(zo)) (m()\) denotes the multiplicity of an eigenvalue \) at any eigenvalue of
H fo. As long as all multiplicities involved are equal to one, that is,

m(\i(x)) =1, nell, (3.36)

o(H), o(HP'), and o(HP?) clearly determine £% (X, z0), j = 1,2. The case where some

eigenvalues of H. fg are degenerate needs a bit more care. Assume, for example,

)\ﬁjo (o) = 2o (20) := €mg, 1€, m(em,) =2 (3.37)

mo+1
for some mg € I°. Since half-line spectra are necessarily simple, (3.37) implies that
H_’ftxo and H'Z_gfxo, the corresponding half-line operators in L?((zg,400)) (cf. (3.3), (3.4))
associated with H. fg, have the same simple eigenvalue e,,,. As a consequence, H itself has
em, as a (simple) eigenvalue, that is, e,,, € o(H). Thus, £”1(\, zg) jumps by —2+1 = —1
at ABL (z) and stays —1 until ep,11 € o(H).
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Similarly, suppose that A2 (2g) = em,—1 for some mqg € I”* and let ¥4 o, a0 (€mg, ) =

const. Y_ o zo(€mo—1,2), f1 = cot(ay) be the unique eigenfunction of H associated with
B1

mo—1(T0) = €m,—1 since the restrictions of Y+ o, zo(eme—1,2) to x < 29

51
, and H',

o(HP2) determine €% (X, xo), j = 1,2 and we may apply Theorem 3.2(i).

(ii) now follows from Theorem 3.2(ii) and (iii) is clear from Corollary 3.3. (iv) is a
consequence of (iii), the fact that 7 being non-oscillatory at +oo implies the L.p. case at
+00, and the ordering

€mo—1- Then also A

and x > z¢ are eigenfunctions of H” L respectively. Hence o(H), o(HS"), and

)\8(560) = €o, )\Som+1<$0) = €2m+1 = )‘Som—l—Q('xO)v <3 38)

)‘gm—l—l('xo) = €2m+42 = )\gm+2($o), m € Ng.

We emphasize that Corollary 3.4(iii) is, of course, implied by the result of Borg [5] and
Marchenko [32] (see Corollary 2.5 with a3 = 0, ag = 7/2).

So far, we exclusively dealt with {-functions and spectra in connection with uniqueness
theorems. A variety of further uniqueness results can be obtained by invoking alterna-
tive information such as the left/right distribution of M?(zg) (i.e., whether \2(x) is an
eigenvalue of ngo in L?((—o0, xg]) or of Hf7x0 in L?([z9,0))) and/or associated norm-
ing constants. For brevity we concentrate on only one such case, the Dirichlet boundary
condition g = oo.

We start by introducing Dirichlet data instead of merely Dirichlet eigenvalues. For
notational convenience we now denote the Dirichlet eigenvalues A°(zg) by

pn(zo), n€EJ, (3.39)

with J C N or Z an appropriate index set. Let (a,b) C R\o(H) be a spectral gap of H
and assume i, (o) € (a,b). The corresponding Dirichlet datum is then defined by

(tn(20), o0 (20)),  on(20) € {—=,+}, (3.40)

where o, (z¢) = —/+ records whether p,(zo) is a left/right Dirichlet eigenvalue (i.e., an
eigenvalue of H>°, , respectively HY°, ).

A combination of {-functions and Dirichlet data allows one to rephrase the celebrated
uniqueness theorem of Borg [4] for periodic potentials as follows. Assume in addition to
hypothesis (3.1) that V' is periodic with period € > 0. Then Floquet theory yields that
the spectra of H and HZ are of the type

o(H) = U [Botm—1), Bon—1], Eo<Ey < Ey<E3<---, (3.41)
nEN
0<H§§) = O<H) U {Mn(fﬁo)}nem Eg,—1 < ,un(-fﬂo) < Egn,n € N. (3.42)

Let I(xo) € N denote the set of all indices j such that

pj(zo) & {En}nen, (L€, pj(xo) & o(H)). (3.43)

Then Borg’s result can be rephrased as follows.
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Theorem 3.5. (Borg [4], see also [34],[35]) Let V € Li _(R) be real-valued and periodic

of period 2 > 0. Then £ (A, x¢) for a.e. A € R and 0j(x¢), j € I(xo) uniquely determine
V for a.e. x €R.

For the proof, it suffices to note that (cf., e.g., [15],[20],[26])

%7 A€ (EQ(n—l)vEQTL—l)?n EN
foo()\,.fﬂo) = 1, M€ (Egn_l,,un(.fbo),n €N (3.44)
0, A€ (—o00,Ep), (tn(z0), E2n),n €N

in connection with the periodic case (3.41), (3.42). This result extends to algebro-geometric
quasi-periodic finite-gap potentials and certain classes of almost-periodic potentials; we
omit further details at this point.

After this warm-up we turn to a new uniqueness result for operators with purely discrete
spectra. Assume

Oess(H) =0 and denote o(H) = {en }ne s, (3.45)

such that
o(Hy) = {pn(20)nes,  en—1 < pn(w0) < epyn € J, (3.46)

where Jy = Ng or Z and J = N or Z are appropriate index sets depending on whether or
not H is bounded from below.

Next we divide the spectrum of HZ° into simple and (twice) degenerate Dirichlet eigen-
values, that is, those which are disjoint from o(H) and those which coincide with an
element of o(H),

J:I(.CCQ)UI/(SCQ), [(.CCQ)QI/(ZEQ) :@,

(3.47)

{1 (@0)}jer(ze) No(H) =0, {py(@0)}jer () C o(H)
(i.e., pj(zo) € {eji_1,ej} for j5 € I'(xp)). As a last ingredient we need the norming
constants associated with the (twice) degenerate Dirichlet eigenvalues {ij(70)}; e (z)
denoted by

c+,5(20) >0, j" € I'(xo). (3.48)

Quite generally, the norming constant cy ,(xo) > 0 (respectively c_ ,, (o) > 0) associated
with i, (z0) € o(HS°,,) (respectively pn(xo) € 0(H,, )) is given by minus (respectively
plus) the residue of the corresponding Weyl m-function m ¢ 4,(2) (respectively m_ o »,(2))
at z = pn(xo). Equivalently, one has

ct.n(@0) = [ 60,00 (1 (20), ) 2ies, (3.49)

(cf. (A.37)).
Given these preparations we can state the following result.
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Theorem 3.6. Let xy € R and suppose H has purely discrete spectrum, that is, oess(H) =
0, o(H) = {en}nes,- Then £*(\ xzg) for a.e. X\ € R, (o), j € I(x0), and cy j(xo),
c_ j(xo), j' € I'(x0) uniquely determine V for a.e. x € R.

Proof. The step function £>°(\, zp) determines the Green’s function G(z, g, z¢) of H by
(3.12) and hence

(120,20 (2) = Mt 0,20 (2)] = G2, 20, 20) ™ (3.50)

is determined. Since oess(H) = 0, both m4 ¢ »,(z) are meromorphic (on C) with first-order
poles (and zeros) on R. Since by hypothesis we know the left /right distribution of all simple
Dirichlet eigenvalues {14;(20)}jer(zo), We can infer the corresponding residue of m_ g 4,(2)
(respectively m .z,(2)) from the knowledge of G(z, 2o, 20) ™t = [m— 0.2 (2) = M4 .0.20(2)]-
But for the remaining (twice) degenerate Dirichlet eigenvalues {1/ (20)}; cr/(z) of Hae,
the residues of m4 _ 5, (2) at z = pj (xo), j' € I'(x0) equals Fex j(xo) and hence is known
as well. Thus, the principal parts of m4 o ,,(2) are determined. Since the corresponding
half-line spectral measures dp+ o,,,(A\) associated with H;’gxo = H4 ., are pure point
measures supported on o(Hx o4,) of corresponding mass c+ (o), they are completely
determined under our hypothesis. But dp+ ¢ 4,(A) uniquely determines V" a.e. on [zg, +00)
by Theorem 2.1.

If in addition V is symmetric with respect to x¢p and 7 is in the limit point case at
+00 and —oo, then I(zg) =0, I'(xg) = J, M4 0,2,(2) = —m_ 0.4,(z) and hence £ (A, )
alone uniquely determines V' a.e., recovering again the result of Borg [5] and Marchenko
[32] recorded in Corollary 3.4(iii).

The reader might want to compare our method of proof of Theorem 3.6 with the inverse
spectral approach to confining potentials on the half-line R as presented in [21].

Acknowledgments. F.G. is indebted to the Department of Mathematics at Caltech for
its hospitality and support during the summers of 1993 and 1994 where some of this work
was done.

Appendix A: Herglotz Functions and Weyl-Titchmarsh Theory

We briefly summarize a few basic facts on Herglotz functions and then recall some of
the essential elements of the Weyl-Titchmarsh theory for Schrodinger operators on the
half-line [0, c0) as well as on R relevant in Sections 2 and 3.

We start with Herglotz functions (also called Pick or Nevanlinna-Pick functions). De-
noting C4 := {z € C | £Im(z) > 0}, any analytic map m : C4 — C is called Herglotz.
One conveniently defines m on C_ by m(z) = m(z) for z € C4. Herglotz functions admit
particular representations (Borel transforms) in terms of certain measures on R. Since this
aspect is of fundamental importance in the context of inverse spectral theory of Schrédinger
operators, we recall the following classical results of Aronszajn and Donoghue [2].
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Theorem A.1 [2]. Let m be a Herglotz function. Then,

(i) There exists a measure dp on R and a & € L] (R) real-valued such that

m(z):a—kbz—k/[)\iz—1_:\)\2]d,0()\) (A1)
1 A
= expq ¢+ — 5| pE(A) dA, (A.2)
)
where do(
/ 1'1()\)2 < oo, a=Re[m(i)],b>0 (A.3)
and
0<¢<1ae, c=Re{lnm(i)]}. (A.4)
(ii) (Fatou’s lemma)
JIeRY
p((A, p]) = %ilrgl lellrgl 1 / dv Im[m(v + ie)], (A.5)
A+9d
E(N) = lellrg 7~ m{In[m(\ + ie)]} a.e. (A.6)
(iii) Let m,n € N and b = 0. Then
/ 1+ 22)HA™EN) [ dA + /(1 + AT EN) A < oo (A.7)
if and only if
/ (14 X)L A dp()) + /(1 +A2) LA dp(A) < oo
—oo 0 (A.8)

and lim m(z) =a— /(1 + M) N dp(N) > 0.
R

m(z) =1+ /()\ —2)"tdp()\) with /dp()\) < 00 (A.9)

if and only if

m(z) = exp U(A —2)7te(N) d)\} with 0 < ¢ <1 a.e. and € € L'(R). (A.10)

R
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In this case

/dp()\) = /5()\) dA. (A.11)

(v) Any poles and zeros of m are simple and located on the real axis, the residues at
poles being negative.

The link between Herglotz functions and rank-one perturbations of self-adjoint operators
is developed in detail in [38]. In particular, its universal applicability and unifying aspects
in connection with the spectral theory of ordinary differential operators and finite-difference
operators are amply illustrated in [16],[25],[38].

Next we turn to Schrdodinger operators on the half-line Ry := [0,00). The following
material can be found, for example, in [6],[31], and [36]. Suppose

V € L'([0,R]) for all R > 0, V real-valued (A.12)

and introduce the differential expression

Associated with 74 we introduce the following self-adjoint operator Hy , in L?*(R ). Pick
a zy € C\R and a solution fy(z4, ) € L?(Ry) of 741 = 249 (the existence of such an
f+ (24, ) is a fundamental result of Weyl’s theory) and define

H+,af = T—l—fv OS [0771-)7
[ €D(H. 2) = {g € I*(R+) | 9,9 € AC(0, R]) for all R > 0; (A.14)

sin(a)g’(04) + cos(a)g(0+) = 0; lim W(fi(z4),9)(R) = 0; 7.9 € L*(R4)}.

Here W(f,g)(x) = f(x)g'(x) — f'(x)g(x) denotes the Wronskian of f and g and the bound-
ary condition Rlim W(f+(24+),9) = 0 at = 400 can be omitted if and only if 7} is in the

limit point (L.p.) case at 400, that is, if and only if fi(z4,x) is unique (up to constant
multiples). If 74 is in the limit circle (l.c.) case at +o00, Hy o, depends on the choice of
f+(z4, ) and for definiteness we shall “fix the boundary condition at +00,” that is, always
employ the same fi(zy, ) in the definition (A.14) of H, , for all values of a € [0, 7).
Due to our choice of (symmetric) separated boundary conditions in (A.14), H, , is a real
operator (i.e., g € D(H; o) implies g € D(Hy o) and Hy g = (Hy o9)), see, for example,
[36], Section 6.4, with uniform spectral multiplicity one, cf. [10], Corollary XIII.5.5.
Next we introduce the fundamental system ¢, (z, x), 0, (2, ), z € C of solutions of

rb(z,a) = 2(z,), 320 (A.15)
satisfying

ba(2,0) = —0,(2,0) = —sin(a), ¢, (z,0) = 0(z,0) = cos(a) (A.16)
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such that W (04 (2), ¢a(z)) = 1. Furthermore, let ¥4 o(z,2), 2 € C\R be the unique
solution of (A.15) which satisfies

¢+7o¢<27 ) € L2<R+)7 Sin(a)@bil—,a(’zv 0+) + COS<Q)¢+,Q<27 0+) = 17

i A7
Jm W(f (1), ea()(R) =0, z€C\R (A.17)
(the latter condition being superfluous, i.e., automatically fulfilled, if 7 is l.p. at +o00).
Uniqueness of 11 o(z, ) is a consequence of Weyl’s theory and the fact that we are impos-
ing conditions separately at 0 and oo in (A.17); see, for example, [10], Theorem XIII.2.32.
Yy o(2,2) is of the form

V+,0(2,0) = 0a(z,7) + Mt 0(2)Pa(z, 1) (A.18)

with m4 o(z) being Weyl’s m-function. m4 (z) is well known to be a Herglotz function
(cf. also the comment following (A.27)). To avoid repetitions, we list properties of m. (2)
a bit later (together with those of m_ ,(z)). Here we just note that the Herglotz property
of my o(2) together with the asymptotic behavior (A.39), (A.40) yields the existence of a
measure dpy . such that

1 A
My o0 =0t q +/[)\ . i+ )\2} dp+.o(N), a€|0,m) (A.19)
R
= cot(a) + /()\ —2) Yy (N, a € (0,7), (A.20)
R
with .
< S

/ dp+,a(N) o0, «a€ (0,m) (A.21)

1+ || =00, a=0.

The Green’s function G4 o(z,z,2") of Hy , finally reads

oo

(Hio=2'00) = [d0Graleaa)f(@), 2 € C\o(Hra). f € L2(R4), (422

« Y (6% ) ! Y O S S !
G+ a(z,$,$/) — { ¢ (Z $)¢+7 (Z € ) T €T (A23)
7 ¢a<27$/)¢+,a<27$)7 0< ' <z
= [ =276a00 0000 (\a") dpi V), (A.24)
R
where o(-) denotes the spectrum. In particular, (A.18), (A.23), and (A.24) yield
G+ ,a(2,0,0) = —sin(a)[cos(a) — my o(2)sin(a)], « € [0,7) (A.25)

= sin?(a) /()\ —2) dpia(N), a e (0,m) (A.26)

R
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and for each = > 0,
G+ o(z,z,x) is Herglotz. (A.27)

While the latter result is obvious from (A.24) (note we have ¢, (A, z) = O(1) for a €

|A| =00

(0,7) and qﬁo()\,:c)')\': O(|\|=1/?) for fixed z € R), the fact (A.27) is easily proved

directly using the first resolvent equation and self-adjointness of H; .. (This statement
holds quite generally for the diagonal integral kernel of resolvents of self-adjoint operators
in connection with general measure spaces as long as the diagonal kernel is well-defined.
In particular, it holds for the diagonal Green’s function of finite difference operators.)
Together with (A.25) this yields a direct proof that m4 (z) is Herglotz too.

Finally, we recall a few facts in connection with Schrodinger operators on R. Assuming

Vel . (R), V real-valued, (A.28)

one introduces the differential expression

d2
T = —@ + V(SE), r ER (A29)
and picks z+ € C\R and solutions fi(z4, -) € L?(R+) (R_ := (—00,0]) of 79(2) = 22)(2)

for z = 2y, respectively z_. One then defines a self-adjoint operator H in L?*(R) by

Hf =1f,

feDH) ={gecL*R)|g,g € ACc(R); lim W(fs(2x),9)(R) =0; 7g € L*(R)},
> (A.30)

where again, the boundary condition at 400 (or —oo) can be omitted if and only if 7 is
Ll.p. at +00 (or —o0), that is, if and only if f4 (24, -) (or f—(z—, -)) is unique up to constant
multiples. Again, when considering restrictions of 7 to R+, we shall fix the boundary
condition at 400 and/or —oo if 7 is l.c. at +00 and/or —oco. As in the half-line case
(A.14), the separated boundary conditions in (A.30) imply that H is a real operator (see,
e.g., [36], Section 6.4). Moreover, the point spectrum o,(H) of H (the set of eigenvalues
of H) is simple (this follows, e.g., from [10], Theorem XIII.2.32).

Next we define ¢ (z,x), O,(z,x) as in (A.15), (A.16) (replacing 74 by 7) and introduce
the uniquely determined solutions ¢4 (2, ) of

TY(2,x) = 2(z,x), T ER (A.31)
satisfying

Yy al(z, )€ L*(R4), sin(a)’gb’i’a(z,O) + cos(a)+ o (2,0) =1,

Lim W(fe(zx), ¥xa(2))(R) =0, z€C\R (A.32)
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(the latter condition being superfluous at +oco and/or —oo, i.e., automatically fulfilled if 7
is L.p. at +00 and/or —o0). Existence and uniqueness of ¢4 (2, z) follows from Theorem
XII1.2.32 in [10]; they admit the following representation

Vi o(2,2) = 04 (2,2) + My o(2)Pa (2, ) (A.33)

in terms of the Weyl m-functions m4 (z). With our conventions

+my o(2) is Herglotz, +Im[my o(2)] >0, +zeCq, (A.34)
M4 qo(2) =mxq(Z), z€C\R, (A.35)
W(¢+,a(z)7 ¢—,a(z)) = m—704<z) T m-l-,Oé(Z)' <A36)

Moreover, we recall the following facts

0, WO\, 2) & L2(R
+1im dema o (N + d€) = { B Pal, ) ¢ 2< +) (A.37)
€l0 _"(ba()\y )HQ ) (ba()‘v ')EL (Ri)v)‘ERv
e o (2) = = sin(a; — ag) + f:os(ozl — 042)mi7052(z)7 (4.38)
cos(a — ag) + sin(a — a2)m4 o, (2)
m4.q(z) = cot(a)+ — 2@ —1/2 _ 0_083&2_1 +o(z71), ae€(0,m),
200 sin” () sin”(«) (A.39)
mao(z) = +iz'/%+0(1), (A.40)
1 A
a = == - e ) ) .
m4.q(2) = ax, /[)\ 1% )\2} dp+ o(N), a€]0,m) (A.41)
R
= cot(a) + /()\ —2)tdpLa(N), ac(0,7), (A.42)
R
with .
< oo, ac€(0,
[ f < s o
14 Al =00, a=0,
R
+oo
M4 o(21) —ma oz
+ / dx 1 o (21, 2)Y+ 0 (22,2) = +al21) +alz2)
Z1 — 22
0 (A.44)

= [(=2) 0= ) dpsa V)
R
While the meaning of (A.38) is clear whenever 7 is l.p. at +oo, its interpretation in

the l.c. case is as follows: Pick an my 4, (%) (respectively m_ ,(2)) on the corresponding
limit circle of 7 at 400 (respectively —oo) for ay. Then the left-hand-side of (A.38) defines
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a point my o, (2) (respectively m_ o,(2)) on the corresponding limit circle of 7 at 400
(respectively —oo) for a1. As a consequence, a more sophisticated notation for ¥4 (2, x),
M4 .q(2), dpt,a(N), etc. would have to include an additional subscript ¢+ (a) € [0,7)
parametrizing points on the limit circle at +0o for a. For simplicity, we decided to omit
this additional subscript in the limit circle case.

Perhaps the asymptotic expansions (A.39) and (A.40) also warrant a comment. Under
our general hypothesis (A.12), the standard literature usually provides somewhat weaker
asymptotic formulas. The actual results (A.39), (A.40) appear to be due to Everitt [11]
(see also [3]).

The Green’s function G(z,z,xz’) of H is then characterized by

(H =27 f)(z) = /dw’G(z,w,w’)f(:c’), zeC\o(H), f € L*(R), (A.45)
1 ¢—,a(sz)¢+,a<sz/)v T < z’

Gz, z,2") = m_ o(2) — my o(2) { Va2, 2 )Yy a(z,2), 2’ < (A.46)

Again (cf. the paragraph following (A.27)), for each z € R, the diagonal Green’s function
G(z,x,z) is Herglotz. (A.47)

We emphasize that our choice of reference point = 0 in (A.16) was purely a matter of
convenience. In Section 3 it turns out to be advantageous to introduce a (variable) reference
point x = y instead. Without going into further details at this point, we agree to add the
subscript y in this case and hence use the notation 6, ,(2,2), ¢a.y(2,2), Vi ay(2, ),
M4 a,y(2), dp+,a,y(A), etc. The Weyl M-matrix for H is then defined by

Moy (2) = (Ma,yp,q(2))1<pg<a

[m—,a,y z) — my, a,y<z)] (A.48)
% ( Z)m+ a,y< ) [m—,a,y<z) + m+,a,y<z)]/2) )
By inspection,
1
det[Mq (2)] = ~3 (A.49)
and
M, y.p.p(2) are Herglotz, p=1,2. (A.50)
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