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ABSTRACT. Using control of the growth of the transfer matrices, we discuss the spectral
analysis of continuum and discrete half-line Schrédinger operators with slowly decaying
potentials. Among our results we show if V(z) = 377 | an W (z—xy) where W has compact
support and zn/xp4+1 — 0, then H has purely a.c. (resp. purely s.c.) spectrum on (0, co)
if S"a2 < oo (resp. 3. a2 = o0o). For An—1/2a, potentials where a,, are independent,
identically distributed random variables with E(an) = 0, E(a?) = 1, and X\ < 2, we find
singular continuous spectrum with explicitly computable fractional Hausdorff dimension.

§1. Introduction

In this paper, we will study continuum and discrete Schrédinger operators on the
half-line (while we don’t always make them explicit, given theory in [10, 26, 32], many of
our results extend to suitable whole-line problems). Explicitly, we are interested in the
spectral analysis of operators H on L?(0,00;dx) and on ¢3([1,00)) given by

(Hu)(w) =~ + V(2) (1.1)
in the continuum case and
(Hu)(n) =u(n+1) +u(n — 1) + V(n)u(n) (1.2)
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in the discrete case.

Suitable boundary conditions are set at x (or n) = 0 so that H is self-adjoint (since
in all our examples V is limit point at infinity, a boundary condition is not needed
there). We are interested in the spectral properties of such operators in situations where
|V(n)| — 0 as n — oo, but so slowly that the usual scattering theory will not apply. Our
main theme in this paper is that there are perturbation techniques of remarkable power
for such operators based on two ideas.

The first is that one can use the transfer matrix to analyze spectral properties. The
transfer or fundamental matrix is a 2 x 2 unimodular matrix defined in the continuum

case for any E by Too.0) (a) _ (U’(:v)> (1.3)
EXE Sy u(x) |

where —u” + Vu = Fu, v/(0) = a, u(0) = b. In the discrete case

()~ (4)

where u(1) = a, u(0) = b, and u(n + 1) +u(n — 1) + V(n)u(n) = Eu(n).

The second idea is that one can control the transfer matrix by controlling the norms
of two solutions of —u” + Vu = Eu and that the critical equations are ones that involve
those norms.

Two of us [22] have recently found several new criteria for singular or absolutely
continuous spectra in terms of transfer matrices, and these criteria will make some of our
results here possible. The perturbation equations we will use have not been systematically
used in this context except in the paper of Kotani-Ushiroya [21] whose techniques have
some overlap with this paper. But they didn’t control the discrete case and their method
is so entwined with certain Martingale inequalities that it is unclear how to use them in
other contexts.

While we were writing up the work for this paper, we received a preprint from Remling
[29] that uses this two-pronged approach and has considerable overlap with our Sections 5
and 6. We will discuss the connection shortly.

Here are some of the theorems that we will use that relate spectral properties to
behavior of T'(n). The first is from [22]:

Theorem 1.1. Suppose that there is a fized sequence n; — oo and S is a subset of R
so that for a.e. E € S, lim;_. ||TE(ni,0)|| = co. Then pac(S) = 0, where pac is the
absolutely continuous part of the spectral measure for H.

Remarks. 1. The interesting aspect of this theorem is that n; is arbitrary. The result
actually allows a more general sequence ||Tg(n;, m;)]|.
2. In typical applications, S is an interval in the essential spectrum.

In the other direction, one has the following pair of results:
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Theorem 1.2. Suppose S is a set so that for a.e. E € S, lim, o || TE(z,0)|| < oc.
Then pac(Q) > 0 for any Q C S with |Q] > 0 where |- | = Lebesgue measure.

Theorem 1.3. Suppose there is a sequence n; — oo so that f: | T (n;,0)||*dE < oco.

Then (a,b) C spec(H) and the spectral measure is purely absolutely continuous on (a,b)
and ac(Q) > 0 for any Q with |Q N (a,b)| > 0.

Remarks. 1. That Theorem 1.2 is implied by the Gilbert-Pearson [11] theory was noted
by Stolz [36]. A simple proof can be found in [33]. Last-Simon [22] prove a stronger
variant in which ||[Tg(z,0)| is replaced by fil |Te(x + y,0)||dy and lim by lim (The
discrete analog holds with lim and without any local integration).

2. Theorem 1.3 is from Last-Simon [22] although the method used there is not much
more than what is in Carmona [1].

As to distinguishing dense pure point from singular continuous spectrum, in one di-
rection we have the following elementary result from Simon-Stolz [35].

Theorem 1.4. If Y || Te(n,0)|| 72 = oo in the discrete case or [ | Te(x,0)|| 2 dz =
oo in the continuum case, then Hu = Eu has no solution which is L? at infinity.

The paradigm of results that guarantees a solution L? at oo is Ruelle’s proof [30] of
Osceledec’s theorem. His argument is abstracted in [22]. We will need the following in
Section 8:

Theorem 1.5. If lim,,_,[log||TE(n,0)||/n®] exists and lies in (0,00) for some a > 0,
then Hu = Eu has an L? solution.

[22] also has a general abstract result on power decay which, to get an L? solution,

requires
log ||T 0 3
i 08 Te(,0)f _ 3
n—o0 logn 2

[22] also has an example where the limit is 3 and there is no ¢ solution. But there are
stronger results that hold a.e. in certain probabilistic situations, so we won’t discuss the
power decay result here. In Section 8, we will discuss the probabilistic result.

As for the technique to control the growth of solutions, in the continuum case we will
use modified Priifer variables defined for £ > 0 by

u'(z) = VE R(z) cos(6(z)) (1.5a)
u(x) = R(z)sin(6(z)). (1.5b)

One finds these obey the differential equations (with k = VE)

B k=YD Gn2(p(a) (1.6)
dlog Rlw) _ Ly in20(x). (1.7)

dx 2k
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Two features of these equations are immediately noteworthy:

(a) They separate in the sense that (1.6) does not involve R and after solving it, one
obtains R by integration. That R drops out of (1.6) and the right side of (1.7) is
an expression of the linearity of the initial equations.

(b) If V' = 0 in some region (a, b), then in that region R is constant and 6(z) = 6(a)+
k(xz—a). It is this fact that leads one to take the factor v/E in (1.5a). The addition
of this V/E is what distinguishes this from ordinary Priifer transformations.

There is a third significant feature which we will turn to momentarily.

Given how common these continuum equations are, we would have expected their
discrete analogs would have been rediscovered and used many times, but even after some
efforts at tracking various literature, we’ve found them in a single chain of four papers
(and we are a fifth in this chain, since we learned of them from the fourth paper!).

The original discoverer of the correct equation was Thomas Eggarter [9] in 1971.
He was not looking at an explicit difference equation but rather a continuum equation
with V(z) = Vo >, d(z — x;). By integrating modified Priifer variables across the
d-functions, he was led to the transforms (E = 2 cos(k)),

u(n) — cos(k)u(n — 1)
sin(k)u(n — 1)

R(n) cos(f(n)) (1.8a)
R(n)sin(f(n)) (1.8b)

in which case we have, after some calculation (see Section 2),

cot(0(n + 1)) = cot(k + 0(n)) — (sin(k)) "'V (n) (1.9)
M 1 _ V(n) sin n V(n)2 Sin?(0(n
R(n)? 1 sin(k) (20(n) + 2k) + 2 (k) (6(n) + k). (1.10)

Actually, he had only an equation of the form (1.9). The definition of #(n) and precise
(1.9) is in a 1975 paper of Gredeskul-Pastur [13] who followed up on Eggarter’s work.

[9, 13] focus on (1.9) because they use the transform to study the integrated density
of states. Pastur-Figotin [26] defined R and exploited (1.10) to study the Lyapunov
exponent. In recognition of these seminal works, we call (1.8) the EFGP transform.
Their approach was further exploited in Chulaevsky-Spencer [2]. It will often be useful
to use an equivalent form of (1.9) that appears as (2.14).

Notice that (1.9), (1.10) have the two critical properties (a), (b) mentioned for (1.6),
(1.7) in the continuum case. In particular, if V(n) = 0 for n in some interval [ng, ni],
then in that region R(n) is constant and

f(n) = 0(no) + k(n — ng).

While the EFGP transform was obtained by integrating a continuum ¢-function model,
it could also be found by looking for a transform with property (b). We will explain this
in Section 2.
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[9, 13, 26, 2] all consider V’s with no decay as n — oo but with a small coupling so
that any calculations are only asymptotic in coupling constant. It turns out that the
methods are especially well suited when V(n) — 0 at infinity and one obtains results
that are exact for a fixed V. For example, in Section 8, we will find exact formulas for
the local Hausdorff dimensions of certain singular continuous spectral measures.

The third critical factor of the modified Priifer and EFGP transforms is a major theme
of this paper, namely, that first-order terms in V' are oscillatory while the second-order
term has a strong tendency to be strictly positive. This idea is already seen in [26, 2]
where (FE) is O(g?) with g a coupling constant because the first-order terms drop out.

Let us be explicit about this idea. In (1.6), one might think the positivity comes via
the square in sin®(f(x)) but that is wrong! Indeed, in writing sin®(f) = 3 — 1 cos(26), it
is the cos(26) that is critical! Formally, (1.6) says

0(z) = kx + Oy — V](f) sin?(kz + 0o) + O(V2) = kx + 0y + 60 + O(V?)
and then using
sin(20) = sin(2kx + 26p) + 2 cos(2kx + 200)66 + O(V?),
we get

dlog R
dx

=t +ta +O(V3),

where

t = % V(x)sin(2(kx + 6p)) — # (V(:z:) /x:: V(y) dy) cos(2(kz + o))

is the oscillatory term that is often unimportant, while

1 d [ [* ?
= — — 2 2
to 02 Iy l/xo V(y) cos(2ky + 90)dy}

has a positive integral, second order in V.

In explicit cases, it is more subtle to prove the second order is strictly positive and,
indeed, for examples like V(z) = 7%, a < % where the spectrum is absolutely continuous
(by Weidmann [37]), the second-order terms do not cause divergences. This means that
results that depend on a finite second-order term should hold more generally than those
that depend on an infinite second-order term. Indeed, we

Conjecture. If V is bounded and in L?(R,dx) (or £?(Z.)), then the essential support
of the a.c. part of the spectrum is all of (0,00) (or (—2,2) in the discrete case).

Our idea is that for almost all (but not all; see, e.g., [24, 25, 34]) k, the oscillations
should kill the first-order term, and so the L? condition should suffice to give a bounded
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transfer matrix for a.e. k and so the stated conclusion about the a.c. spectrum by Theo-
rem 1.2.

After discussing the modified Priifer and EFGP transforms and their relation to the
growth of the transfer matrix in Section 2, we turn to two warm-up problems in Sections 3
and 4. In Section 3, we show these transforms can replace the Harris-Lutz [15] method
in many cases where that method is applicable. In Section 4, we look at potentials V'
with lim |V (z)| finite and show that for such potentials their positive eigenvalues can
only coalesce at E = 0. Since examples are known with countable many eigenvalues
embedded in (0, 00), this result is interesting.

In Sections 5-7, we study sparse potentials.

Definition. A Pearson potential is one of the form

= Z anW(;p — xn)7 (1.11)

where W is a bounded, non-negative function of compact support, a, — 0, and 1 < x; <

Ty < T3 < -, .
n

— 0. 1.12
Tn+1 ( )

The name is in honor of David Pearson who considered potentials of the form (1.11)
where Y a? = oo and z,, went to infinity sufficiently fast. To make things precise,
think of the example Ty = nl.

Our major goal in Sections 56 is to prove the following:

Theorem 1.6. Let V be a Pearson potentz'al Then

(1) If Y200, a2 < oo, the spectrum of — de + V(z) is purely absolutely continuous
on (0,00) for any boundary condztzon at 0.

(2) If >07 a2 = oo, the spectrum of — de + V(z) is purely singular continuous on
(0,00) for any boundary condition at 0.

In Section 5, we will actually prove a stronger version of (1):

Theorem 1.6’. Let V' have the form (1.11) where

Tn

lim < 1. (1.13)

Tn+1

Then (1) holds.

Pearson [27, 28] proved a weak version of (2) in that if > 2, a2 = oo, there exists
some set of x,,’s so that the spectrum is purely singular continuous. In [27], there are
hints that a result of type (1) (again with z,, sufficiently large) should hold, but nothing
explicit.

As noted at the end of Section 5, for (1) the bumps W (x — x,,) can be n-dependent.
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At the end of Section 6, for [a,b] = S C (0,00), we construct Pearson-like potentials
(bumps whose width grows with n) so that there is purely a.c. spectrum on S and purely
s.c. spectrum on (0, 00)\S.

In a recent paper, coincident with our work, Remling [29] obtained results related
to Theorem 1.6(1) using similar methods. He only obtains the existence of absolutely
continuous spectrum (his results are consistent with simultaneous singular continuous
spectrum while we prove there is none), and he needs at least exp(%nlog n) growth on
the x,, (whereas, if f(n) is a monotone function with f(m) — oo no matter how slowly,
then z,, = exp(nf(n)) obeys (1.12) and x,, = exp(an) obeys (1.13)).

After this manuscript was completed, we obtained a preliminary version of a preprint
of Molchanov [23] with considerable overlap with our results in Sections 5 and 6.

In Section 7, we will prove

Theorem 1.7. Let x,, € Z obey x,,/xn41 — 0. Let V' be the potential with

V(z)=0 x # xy, for any n.

Then,

(1) If S"a?2 < oo, the discrete Schridinger operator with potential V has purely
a.c. spectrum for (—2,2).
(2) If Y. a2 = oo, the operator has purely singular continuous spectrum on (—2,2).

In Sections 8 and 9, we discuss models with randomness and decay, first studied by
Simon [31] and then by Delyon, et al. [7], Delyon [6], and Kotani-Ushiroya [21]. Typical
of the models discussed in these sections is (g is positive constant)

V(n) =gn~“a,

where the a,, are independent, identically distributed random variables, uniformly dis-
tributed in [—1,1]. We prove
(i) If a > %, the spectrum is almost surely purely absolutely continuous in (—2,2).
(i) f0< a< %, the spectrum is almost surely dense pure point in (—2,2).
1

(iii) If o = 3, the spectrum is almost surely purely singular continuous in the region

|E| < (4— %¢%)1/? and dense pure point in the region (4 — $¢%)1/2 < |E| < 2 (if
g? > 12, interpret (4 — %92)1/2 as 0).

(iv) In case a = 3 and g? < 12, in the region |E| < (4 — $¢%)1/2, the spectrum has
fractional Hausdorff dimension with local dimension (4 — E? — %) /(4 — E?).

Section 8 handles the discrete case, and Section 9 the continuum case.

For sparse potentials, we give the details in the continuum case and sketch the discrete
case; while for random decaying potentials, we give details in the discrete case and sketch
the continuum case.
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§2. Modified Priifer and EFGP Transforms

We will be interested in solutions of

—u"(z) + V(z)u(r) = K*u(z). (2.1)

Change variables to
u'(x) = kR(x) cos(0(z)) (2.2a)
u(x) = R(z)sin(6(x)). (2.2b)

These are called modified Priifer variables. The 27 ambiguity in 6 is fixed by choosing
6(0) € [0,27) and demanding 6(z) be continuous in x.
Then a straightforward calculation shows (2.1) is equivalent to the pair of equations

do Viz) .,
i k— L sin (0(x)) (2.3)
d(logR)(z) 1 :

This change of variables is so very useful because if V' = 0, then 6(z) = 6y + kuz,
R(z) = Ry. We will be able to study V' as a perturbation about this solution.

As explained in the introduction, one needs to study the asymptotic behavior of the
norm of the transfer matrix T'(x,0). For any 6y in [0,7), let 6(x,60y) solve (2.3) with
initial condition 6(0) = 6y. Then let R(x,6p) solve (2.4) with R(0,6p) = 1. Then

Theorem 2.1. For any «, 8 € (0,00) and 01 # 02, there exists non-zero, finite constants
C1 and Cy (independent of x and V') so that

Crmax(R(z,61), R(x,02)) < ||T(x,0)|| < Cymax(R(z,0:1), R(x,02)) (2.5)

for all k € (o, B).

Proof. Define ||(a,b)||? = (ka)? + b*>. Then min(1,k)[/(a,b)|| < ||(a,d)|r < max(1,k)
|(a,b)||. So defining operator norms in terms of || - [|x, we see min(k, k=1)||T(x,0)||x <
|T(x,0)]] < max(k,k=1)||T(z,0)|x, so it suffices to prove (2.5) with || - || rather than
|- |- But

T (x,0)||r > max(R(z,61), R(x,02))

is trivial and

1T (2, 0)||x < {min[sin(% |61 — 62]), cos(3 |61 — 02])]} ! max(R(z, 1), R(x,62))
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by the lemma below. [
If |6, — 62| < 5 (which can be done by replacing ¢; by 7 + 0, if need be), then this
proof shows we can take
C1 = min(a, 371)
Cy = max(8, o 1)[sin(3 |61 — 62])] "
Lemma 2.2. Let A be a unimodular matriz. Let ug = (cos(6),sin(6)). Then if |61 —62] <

5, then
IA]l < sin(g 61 — O2]) ™" max([| Aug, |, [| Aue, ||)-

Proof. There exists 6y so that
| Augl|* = [|A]]* sin® (6 — o).

If 61 — 62| < %, for any 6y at least one of |sin(6p — 0;)| is larger than or equal to

]sin(%(@l —(92)’. O

Remark. One might worry that the lemma involves || - || and not || - ||z but ||Alx =

GG

For the discrete case, we are interested in solutions of (0 < k < )

and this product is also unimodular.

u(n+1)+u(n—1)+V(n)u(n) = 2cos(k)u(n). (2.6)
EFGP variables R(n), 8(n) are defined by

R(n)cos(f(n)) = u(n) — cos(k)u(n — 1) (2.7a)
R(n)sin(f(n)) = sin(k)u(n — 1).

A priori #(n) is only determined mod (27). We will fix this ambiguity later. Noticing
that
R(n)sin(k + 0(n)) = sin(k)u(n) (2.8)
u(n) sin(k + 6(n))

wn—1)  sin(0(n)) (29)

Similarly,
R(n)cos(k + 6(n)) = cos(k)u(n) —u(n — 1). (2.10)

Thus,
~cos(k)u(n) —u(n —1)
cot(k +0(n)) = sin(k)u(n)
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where by definition,

cos(k)u(n) —u(n +1)
sin(k)u(n)

—cot(f(n+1)) =

Thus, (2.6) is equivalent to

Vin)
sin(k)

cot(f(n + 1)) = cot(k + 6(n)) — (2.11)

Writing 6(n) = 6(n) + k, we see, using first (2.7) and then (2.8)/(2.9):
R(n +1)? = sin?(k)u(n)? + (u(n + 1) — cos(k)u(n))?

in?(k)u(n)? + (u(n — 1) — cos(k)u(n) + V(n)u(n))?

I
n

R(n)? sin’(

=
S

+
=
S

[\
VR

@)

o}
=
=
S

|

<)
B
=

@,
=X
=
S

N
[\

Vin) . g V(n)®

= R = m

We can summarize with the EFGP equations:

Vin)

sin(k) ’

cot(f(n + 1)) = cot(0(n)) + vi(n) (2.12Db)

R(n +1)?
R(n)?

vp(n) = — O(n) = 0(n) +k (2.12a)

= 14 vi(n)sin(20(n)) + vi(n)? sin*(0). (2.12¢)

We will fix the ambiguity in # by demanding 6(n + 1) — 0(n) € [-m, 7). (2.12) can be
regarded as analogs of modified Priifer equations in that if V' =0, R(n) = constant, and
f(n) = 0(0) + kn.

As noted in the introduction, Eggarter arrived at the first version of the EFGP trans-
form by looking at continuum models with é-function potential ((2.12b) is especially
transparent in this mode). But, one could have arrived at it by noting that when

V(n) = 0, the transfer matrix is powers of <Qcof(k) *01). This matrix has eigenval-
ues et and so it must be similar to < cos(k) Sin(k)). That similarity transformation

—sin(k) cos(k)
will make the powers simple. Indeed,

0 sin(k) 2cos(k) -1\ cos(k) sin(k) 0 sin(k)
1 —cos(k) 1 0 )  \ —sin(k) cos(k) 1 —cos(k)
so the transform (2.7) precisely realizes the similarity.

There is an analog of Theorem 2.1. Define R(n,#) by requiring R(1) =1, §(1) =6 in
[0, 7). Then
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Theorem 2.3. For any o € (0,%) and 01 # 02, there exists non-zero, finite constants
C1 and Cy (independent of x and V') so that for all k € (a, ™ — ),

C1max(R(n,01),R(n,02)) < [|[T(n—1,0)|| < Cymax(R(n,0;), R(n,0)). (2.13)

Because of the arccot, (2.12b) is somewhat awkward to deal with. Pastur-Figotin [26]
have noted an equivalent form of (2.12b) which is straightforward from

1 1
2ip — 14
c + 2 1+ icot(p)
viz.,
_ ; 2i0(n 2
e2i0(n+1) _ 2i0(n) | ivg(n) ( z(ye (n)( ) —._1) ) (2.14)
2 1 — kT(eQze(n) _ 1)
As an application of (2.14) we have
Proposition 2.4. If |vx(n)| < 1, then
0(n + 1) — 0(n)| < 7|vi(n)] (2.15)

Proof. If |vg(n)| < &, then (2.14) implies that

’62i9(n+1) _ 621'5(71)’ < lvi(n)|

5 = 4|vg(n)|.

TN

Since | — 1| > @, we get

6(n +1) = B(n)| < T 200D — 200

and so the claimed result. O

Note. Kiselev, Remling, and Simon [20] present a way of defining R, that makes the
analogy to the continuum case transparent, makes (2.14) transparent, improves (2.15),
and extends to more general hg.

§3. Conditional Integrals and A.C. Spectrum

It follows from [11, 16, 17] that for both continuum and discrete Schrodinger operators
on [0,00), we have (see also [33] for a quick proof):
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Proposition 3.1. If S is a set of reals so that for each X\ € S, sup, ||[Th(z,0)| < oo,
then H has purely a.c. spectrum on S in the sense that
(i) For any boundary condition 6 and any T C S with |T'| > 0, we have pj°(T) > 0.
(ii) For any boundary condition 0, py™*(S) = 0.

Thus, bounded transfer matrices have important spectral consequences. By Theo-
rems 2.1 and 2.3, if we can show R(-,0) remains bounded for two initial 6’s, we have
boundedness of T'. From this and (2.4), (2.12c), one easily obtains the well-known result
that if [ |V (z)|dz < oo, (resp. _ |V (n)| < co), then the spectrum is purely a.c. in (0, c0)
(resp. (—2,2)). Here is a result allowing more general decay, first in the continuum case.

Theorem 3.2. Fizx k # 0. Suppose that limg_, « ff V (y)e?* ¥ dy exists and that

Wite) = [ V) ay (3.

obeys
/]V(:L‘)Wk(:v)] dx < o0. (3.2)

Then
x@ | T (x,0)|| < oc. (3.3)

Remarks. 1. This result is not new; it is essentially due to Harris-Lutz [15]. This is a
new proof.

2. This result implies that if V(z) = ZWN@:1 am sin(kp) /2P, B> L1, and k # £1k,,
for any m, then (3.3) holds, and so by Proposition 3.1, the spectrum is purely a.c. except
for possible positive eigenvalues of {1k2 }.

3. In [19], Kiselev proved that if V(z) = O(z~37), then (3.2) holds off a set of

Lebesgue measure zero.

Proof. We will show for any 6y, R(x,6p) is bounded, and then one can appeal to Theo-
rem 2.1 to complete the proof of (3.3). Write 0(x) = kx + (), so by (2.3), ¢ obeys

dp . Viz) . 5
o = T sin (kx + ¢). (3.4)

By (2.4) (and R(0) = 1),

log R(x) = —1Im || — |e*'?
og R(z) /0 oF l( T )e } dx

1 : . 2 [* do
— I JR— 21()0($) — 2190 _ / 21()0 d
m {%[wk(;p)e Wi (0)e“"] o% J, Wk_d:l? e x
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if we integrate by parts. By hypothesis, Wy (z) is bdd so using (3.4),

1 x
log R(a)| < bdd+ 1 [ [Win)V()ldy

is bounded by (3.2). O

Remark. A similar argument proves that

1 €T
xlirgoe—kx—% i V(y)dy

exists. This in turn lets one prove there are complex solutions 74 (k, x) with

n+(k, z) exp((ﬂm(kx — % Ox V(y) dy)) —1

1 T
ny (k, ) exp (:Fz' (kx ~oF V(y) dy)) — ik.
0

Notice that if V € L?,

ke — o [ V)dy = / VRV () dy + Qo)
0 0

where lim, ., Q(x) exists. So if V € L?, this says that WKB-type solutions exist. This
is also what the Harris-Lutz method gives [19].

We are heading toward a proof of
Theorem 3.3. Fiz k # 0, 7. Suppose V(n) is a discrete potential with

B

Blirn V (m)e* ™ = Wy(n)
exists and that -
> IV (R)Wi(n)] + |V (n)Wi(n + 1)] < cc. (3.5)
n=1

Then L
lim ||T(n,0)| < oo.

Given a function f on {1,2,...}, define (6f)(n) = f(n + 1) — f(n) and note that
summation by parts takes the form

b b
> gm)(0f)(m) == f(m+1)(S9)(m) + (f9)(b+ 1) — (fg)(a)-

m=a m=a
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Lemma 3.4. If (3.5) holds for some k, then > >~ |V (n)* < co.

Proof. Since W exists, V. — 0 at oo and so V is bounded. Thus, writing V(n) =
—e~ 2+ (§W})(n), and summing by parts,

B B+1
Y V(n)? =bdd+ > V(n)Wi(n)e >*" Z V(n)Wi(n + 1)e” 2"
n=1 n=2

is bounded by (3.5). O

Lemma 3.5. Suppose that {a,}52 is a real sequence so that

an — 0 as n — oo (3.6)
and
Zan is bounded. (3.7)
n=1

Then HnNzl(l + ay) is bounded.

Proof. By (3.6), |an| — 0, so without loss we can suppose that |a,| < 1. Then |1+ a,| <
1+ a, < e and (3.7) implies the result. O

Proof of Theorem 3.3. By (2.12c), Lemma 3.4, and Lemma 3.5, it suffices to prove that

n)egié(”) = G(N) (3.8)

M=
~

n=1

is bounded. Define
o(n) =0(n) —k(n —1) = 0(n) — kn.

Proposition 2.4 and Lemma 3.4 imply that for n large
[(00)(n)] < mlvi(n)]. (3.9)

By the definition (3.8),

Zde (sink) —1g2ip(n)

N
= bdd + (sink) ™" > Wi(n + 1)d(e**)(n).

n=1
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But [6(e*?)| < 2|6¢|, so by (3.9)

N
[G(N) —bdd| < Cy Y [Wi(n + 1)vk(n)]
N

<Cy lz Wi (n)ve(n)] + |ve(n)?| < oo. O

n=1

Sometimes it is better to use slightly different Priifer variables. For example, if R, 6
are defined by

u'(x) = \/E — V(x) R(x) cos(0(z))
u(z) = R(x)sin(0(x)),
then
dlog(R) 10V

Lov o
dr 20z (6()),

from which we see if V() — 0 at infinity and %—Z € L', then solutions are bounded.

(This is essentially the proof of Weidmann’s theorem [37] in [33].) If one tries out an
integration by parts argument, one needs both %—Z € L'and V € L2

§4. Bound States for O(z~!) Potentials

If |V(x)| = o(x™!), Eastham-Kalf [8] show that —dd—; + V(x) has no positive eigen-
values; more generally, if limz|V (z)| = C < oo, they show any eigenvalue A must obey
A< C2

On the other hand, Naboko [24] and Simon [34] have constructed V (z) decaying arbi-
trarily slower than x~! with eigenvalues dense in [0, 00). In fact, Simon [34] constructed
V(x) with V(z) = O(z™1) so that there are infinitely many eigenvalues with \; — 0 as
long as >~ v/A; < co. In this section, we will handle the borderline case and improve
Eastham-Kalf [8] by showing:

Theorem 4.1. Let V(z) obey C = lim, .00 2|V ()| < 0o0. Then there are at most
countably many positive eigenvalues \,, for which there are solutions u,, of

—up 4+ V(2)un = Ay,

and u,, € L?. Moreover,

2
d A< % (4.1)

Remarks. 1. We do not specify boundary conditions on V| that is, (4.1) is a bound on
all possible boundary conditions at once.
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2. There are A, so that (4.1)holds, but > /A, = < (e.g., A\ 26;122) so there is
a gap between Simon’s examples and what our bounds allow. We beheve the optimal
result would be to prove that Zn Vi <C.

Without loss of generality by slightly increasing C' and looking at [z,00), we can
suppose that

V(@) <CA+ )~ (4.2)

which we henceforth do.
The following is standard (see, e.g., Eastham-Kalf [8]):

Lemma 4.2. If V is bounded and u solves —u” +Vu = \u and u € L?, then u' € L?.
In particular, R(x,0) € L? for that 6y with (u(0),u'(0)) = (Rgsin(fy), kRo cos(fp)).

Proof.
N
/ lu'|? dz = u'u
0

=u'u

N N
— / u'udx
0 0

N N
+/ (A= V)u?dx
0

0

so if limy 00 N2 de = 00, then lim y_, o0 #'u = 00, but that implies u?(IN) = u(0)?+
0

2 fON w'udr — oo, contradicting the fact that w € L2. O
Lemma 4.3. Let f and g be C! functions on [1,00) so that

g fl +|f'| € L.

Then fo ’(’“‘*9(“")) dx is bounded as N — oo for any k # 0.

Proof. Write e“‘“” = dd ik

1k and integrate by parts to see that

N
ptsaed gl < R DL 2071415 o

Noting that |f(N)| = |f(1)| + f1 |f'(y)| dy, we see that the integral is bounded. [

Remark. If f(x) — 0 at infinity, this argument shows that limy o f1 f(x)ettket9(@) gy
exists.

Lemma 4.4. Let {e;}X| be a set of unit vectors in a Hilbert space H so that
a = Nsup(e;,e;) < 1. (4.3)
i#k

Then
N

> Hg.el? < (1+a)llgl? (4.4)

=1



MODIFIED PRUFER AND EFGP TRANSFORMS 17

for any g € 'H.

Proof. Let A be the n x n matrix with a;; = (e;,e;). Note that the Hilbert-Schmidt
norm of A — 1 is bounded by (3, (e, e;)?)'/? < a so (4.3) says that A is invertible. If
B is its inverse, then

fi=>_ Bie, (4.5)
obeys (fi,ej) = d;j, and thus

Z(g, ei)fj = Proj of g to the span of the e’s

and so
2

lgl? > Hz<g,ei>fz-

By (4.5), (fis f;) = Biy and since (h, A~ h)cn > A= (h, h)ce, we see that

Y lgiedP < NAID (g€ (i fi)(g,€5)
< Al llgl?

which is (4.4). O

Proof of Theorem 4.1. It obviously suffices to show for each fixed N < oo that

N CQ

Define R, (x) to be the R corresponding to the L? solution u(z, \,,). Normalize u so

R, (0) = 1. By Lemma 4.2, N

> |Ru(x))? € L'

n=1

SO

N
lima Y R (@) =0
n=1

(for if not, eventually S~ |R,(z)]2 > Cz~' is not L'). Thus, we can find B; — 0o 50
that forn=1,..., N,

R.(Bj) < B;'*
or

/Bjd(l R, (y))dy < 1lnB
o dx & vy 2 J
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so by (2.4),
/0 " V() sin(20, (y)) dy < —/An log B;. (4.6)
Now consider the Hilbert spaces
H; = L*((0, B)), (1 + z) dx).

In H;, we have

IV, g/OBj C2(1+ |2))2(1 + 2) dz = Clog(B;) + O(1). (47)
et G sin@0,(y) 1
e (y) = 0+ W) \/WX[O,BJ-](ZJ%
where

- 57 sin® (26, (y))
Né]) :/ Mdy.
0 (1+ [y])

Notice that 40,,(y) — 4v/ A\, and 2(0,, & 0.,,) — 2(v/ A £/ Ai) have derivatives that are
O(z~1) by (2.3). Thus by Lemma 4.3,

/BJ' sin(26,,(y)) sin(20,, (y)) — %(5nm p
Y
0 (14 [yl)
are bounded. We conclude that
N9 = Ilog B; + O(1) (4.8)
P ey = 0((log By)™Y) i #k. (4.9)
(4.6) and (4.8) imply that
(V, ey, < —v/2), (log Bj)Y? 4+ 0(1). (4.10)

Since the number N of eigenfunctions is fixed, but B; — oo for j large, Lemma 4.4
applies and

N
Do IVie? ) P < (1+0((log By) ™IV, (4.11)

But (4.10) and (4.7) then say that

(ZA )log ) < C?log(B;) 4+ O(1),
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SO

N
o
Z§7

n=1

85. Sparse Potentials: The Continuum, Absolutely Continuous Case

Our goal in this section is to prove assertion (1) in Theorem 1.6 and Theorem 1.6'.
The idea will be to control | T(x)||* and then use Theorem 1.3. As explained in Section 1,
the key is oscillations in sin(26(z)) for 0(x) ~ kx,4+1 for x near x,41. We will realize
this using an integration by parts so we need a priori control on objects like W.

Fix a Pearson potential; a, is assumed to obey a,, — 0 and z,4+1 > =, + 2A. Fix
6y and solve the modified Priifer equations for each k € (0,00) to get functions 6(z, k)
and R(z,k) (with initial conditions #(z = 0,k) = 6y, R(x = 0,k) = 1). Fix A so
supp(W) C [-A, Al

We need two propositions to prepare for bounds in an integration by parts:

Proposition 5.1. Suppose that limxz,1/x, > 1. For each a,b > 0, there exists a
constant C' so that for each k € (a,b),

00 Tn + A)| < Cxyp 5.1
ok

and 920
2 (xn + A)‘ < Oz, (5.2)

Moreover, uniformly for k € (a,b),

Proof. Let

B =inf 2*L 5 (5.5)
n Iy

by hypothesis.
As a preliminary, note that if h, g, f are functions on [a, b], h is C! and

h'(z) = f(z) + g(z)h(x). (5.6)

Then
h(B)] < (Ih(a)] + (b— a)|| flloo)e "~ Mol (5.7)
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as follows from the exact solution of (5.6):

h(z) = h(;z;)ef{f 9(y) dy +/ f(y)ef; 9(2) dz dy.

a

Now let h(x) = 22 (z). From (2.3),

ok
Oh Viz) ., V(z) .
i 1+ 2 Sin (0(x)) — % sin(26(z))h. (5.8)
This means for z € (x,—1 + A, x, — A), we have that
oh
— =1. 5.9
5 (5.9)
By (5.7) and (5.8),
\h(zn + A)| < 2C19 18| n(2, — A)| + 2A + 2C]an|A] (5.10)
< 261l A | h(zy—1 + A)| + (20 — Tp_1) + 2C|an|A] (5.11)

where we used (5.9) to go from (5.10) to (5.11). In these equations, C' is a constant only
depending on (a,b). Throughout this proof, C' is such a constant whose value can vary
from one equation to the next.

Let 5 > 1 be given by (5.5). Pick ng so large that for n > ng:

B1e2lanlCA < La+87Y (5.12)

_ -1

Tn 2

Since # > 1 and a,, — 0, such an ng exists. Next, pick D > 2 so

and

|h(@ng—1+ A)| < Dapy_1. (5.14)
We claim inductively that for n > ng — 1, we have that
|h(zy, + A)| < Dzy, (5.15)

for by (5.14), this holds for n = ng — 1, and if it holds for n — 1, then by (5.11) and
Tn—1 S ﬁilxna

P20 + A)| < [Dp—1 + 2n — Tp—1 + 2C|a,|A]e>Clon1A
- 20|an’A:|eQC|an|A

Tn

<z, (D=1 +1+

< :(D _ ) (%) A+ Y +1+ (1 _fl)} (by (5.12)/(5.13))

=z, D—(D—z)(l_fl)] < Dz,




MODIFIED PRUFER AND EFGP TRANSFORMS 21

since D > 2. Thus, we’ve proven (5.15).
Next, let H(x) = h(x) — z, so (5.8) implies that

S| < Claal + 1) (5.16)

on (x, — A,z, +A). Using (5.7) and (5.15), we conclude (recall the constant C' changes
from one equation to the next!)

|H(xp + A) — H(zy, — A)| < Clay|zn.
Since H(zy—1 +A) = H(xz, — A), we have that for n > ny,

H(z, + A)
Ty + A '_xn+A m; e + A :z;n+A
C
—(n—m)
m=mngo

as n — oo since § > 1 and a,, — 0. From this and (5.16), we see that ]@] — 0 as
x — 00, which proves (5.1).

) To prove (5.2), let g = % = %. Then differentiating (5.8) with respect to k, we see
that

dg

B 0 on (rp—1+ Az, —A)(5.17a)
g—z = A(z) + B(z)h(z) + D(z)g(x) + E(z)h*(z) on (z, — A,z, +A) (5.17b)

where A, B, D, E are uniformly bounded by Ca, on this interval with C' uniformly
bounded as k runs through (a, b).
Now use (5.7) and (5.1) to see that

19(zn + A)| < 262 [g(x_1 + A) + Canz Al.
As above, if n is so large that
ﬁerQCanA S % (1 _}_ﬁfl) and (CanA)eQCanA S % (1 . ﬁfl)

then inductively,
g(xn +A) < Ox?

for n large. This is (5.2). Plugging this into (5.17b), we see that

g(xn + A) < C(l + Z amx%ﬂb), (5.17¢)
m=1

which yields lim;,,— o0 g(zn, + A)/22 = 0 from which (5.4) is immediate. [
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Proposition 5.2. For any a,b > 0, there is a C so that for all k € (a,b),

log R(zn +A) < C Y |am| (5.18)
m=1
Olog R -
n A < miLm |- .1
o )_CmZ:l]ax] (5.19)

Proof. By (2.4), log R(z) is constant for z € (x,,—1 + A, x, — A) and
|log R(z,, + A) —log R(z,, — A)| < 2k~ Yay| / W(y) dy,

so (5.18) holds with C' = 2min(k) ! [ W(y) dy.
¢ From (2.4), we have

% (,% (klog R) =V (z)cos(20(x)) %

so that the bound (5.1) implies (5.9). O
As a final preliminary, we note that
Lemma 5.3. Suppose that im x,,41/x, > 1. Then for a constant C,

oo

oo
Z Z | am| Z—m < CZ@%.
n=1

n=1m<n "

Proof. Let 3 = limx,41/x,. Pick 1 < v < B. Then for m < n, z,,/z, < Cy~Im="l
Thus, the lemma follows from Young’s inequality that

T(a), = Zy"m*mam

is bounded from ¢2 to /2 for any v > 1. O

Proof of Theorem 1.6'. Let g be a non-negative C'°°-function compactly supported on
(0,00). We will prove that

sup/g(k)R(k,:l:n +A)*dk < . (5.20)
Proving this for two values of 6y and appealing to Theorem 2.1 gets a uniform bound
on [ g(k)||T(0,z, + A)||*dk. Theorem 1.3 then proves pure absolute continuity of the
spectrum on (0, 00).
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Let B, = [ g(k)R(zn + A)* dk. Notice that by (2.4), R(zn—1 + A) = R(z, — A) and
R(x, + A)* = R(z, — A) exp(Qn), (5.21)

where

9 A
Qn = % /A an W (y) sin(20(z,, + y)) dy.

Since k! and a,, are bounded, Q,, is uniformly bounded in n, and so

exp(Qn) <1+ Qn +CQ7%

5.22
<1+4+Q,+Cal (5.22)
(where again C' is a constant that varies from formula to formula).
For y € (—A, A), we have by (2.3)
0(zn +y) — On(y)| < Ca,
where 3
On(y) = 0(xn—1 + A) + k(@n +y — 2n_1 — A),
so
2 (4 _
’Qn - E/ anW (y)sin(20,,(y)) dy| < Ca?. (5.23)
-A
By (5.21)~(5.23),
B, < B, 1(1+Cd?) + E, (5.24)

where

. A 2g(k) 4 <D
E, =a, /A dy/TR(:vnl + ALk)* W (y) sin(0,,(y)) dk.

Notice that we're implementing our basic strategy: We separate out the second-order
terms (which will present no problem since [~ (1 + CaZ) < o) and need to control
the first-order terms where we have an explicit highly oscillatory factor since 6,, ~ kx,,.

Now

00, . 00(xp_1 +A) _ 1
W(y)—l’nﬂLy—fL‘nq—AﬂL ok =5

Tn (5.25)

for n large by the bound (5.3).
Thus, we can write

and integrate by parts.
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After integration by parts, we have three terms

-1
Ele) coming from W
OR*
£(2) ino f -
n  coming from —
o (1
(3) ' i
E”  coming from % (g—é).
k

For the ES" term, we can bound R* as follows using (5.18) and
2y > COB". (5.26)

By (5.10), for n large,

=
=~
A
Q
@
>
o
VRS

oS )

m=1
n
< Cexp(g 1n(ﬁ))
since a, — 0. Thus, by (5.19) and (5.26),

EWM < copr/?g = o2, (5.27)

For the EY term, we use % = R4815%R, (5.19), and (5.25) to see that

E?) < CBp-1by,

where
n—1
Tm
b, = E AnQm —— -
Tn
m=1

Note now that by >~ a2 < oo and Lemma 5.3, we have
D by < oo (5.28)
n=1

For the ES term, we use (5.25) and (5.17¢) to see that

EY) < By 1cy
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where )
n—
1+ Zm:1 amx%@)

cn = Cay,

As in the proof of Lemma 5.3,

Z cn < 00. (5.29)
By (5.24) and the above estimates on Eg),
max(B,,1) < (1 + Ca2 + Cb, + Cec, + C/?)max(B,_1,1). (5.30)

By hypothesis, >~ a2 < oo, and by (5.28-5.29), Y b, + ¢, < co. Thus
N
[T+ Ca2 + Cby + Cep + CB72)
n=1

is bounded and consequently, so is B,,. [
It is easy to see that the methods of this section extend to prove:

Theorem 5.4. Suppose V(z) => W, (x — ) where
(i) Imz,/2rp4 <1
(ii) suppW,, C [-A, A] for some fized A
(i) 3, J [Waly)? dy < oo.

Then —j—; + V(x) has purely a.c. spectrum on (0, 00).

§6. Sparse Potentials: The Continuum, Singular Continuous Case

In this section, we will prove assertion (2) in Theorem 1.6. The idea will be to force
|T(k?, z,,)| to infinity for almost all k and suitable z,,. To do this, we will need to
isolate a strictly positive second-order term and show that these second-order terms then
dominate the first-order terms because of oscillations.

Here is a warm-up problem to show this cancellation mechanism. Let X,, be indepen-
dent, identically distributed random variables taking the values 4+1 with probability %
Let € > 0 and let a,, be a sequence going to zero as n — oco. Finally, let

n

Y, = Z (€a2, + amXom).

m=1

Suppose that > a2 = oco. We claim there exists a subsequence n(i) — oo, so with
probability 1,
lim Yn(z) = Q. (61)

1— 00
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The reason (6.1) holds is that by the central limit theorem Y _; a, X, is typically
not more negative than O( -V, a%) and, because of the square root, this is smaller

than e _ a2.
To make a proof, notice that since > . _ a2, — oo, we can choose n(i) so that

Zn( D g2 > 2. By a Tschbechev inequality,

m=1"m

n(i) n(i) n(i) 2
pmb(zamxmz Zam)_uz S Xl 41 4
1 1 (§ ) € 21 GTQTL et

> %2 < 00, so by the Borel-Cantelli lemma, with probability 1, eventually

n (i) n (i)
S o< 530l
1 1

N

l\DIm

and thus eventually,

l\DIm

n(i)
#3 2
diverges.

The usual Kolmogorov stopping argument that lets one prove things without subse-
quences isn’t obviously applicable here in a situation where we assume no regularity on
the a,,’s (see Section 8 for the case a,, = m~%). Since a subsequence suffices for our
application, we have not tried to push the argument through to get lim Y,, = oo, even in
the toy problem.

Notice that independence of the X,,’s was not needed; rather, it suffices to have enough
control of E(X,, X,,) to show that the first-order term is small compared to the second-
order term. In the case at hand, we will use integration by parts in £ as we did in the
last section to get this control.

We summarize the key to the above argument with

Lemma 6.1. Let P,,Q, be random wvariables so that

(i) Pn(z) > an > 0 for a.e. z and positive reals o,

(i) 3= on "Exp(|Qnl) < o0

(iii) limy— oo = 00.
Then P, (z) + Qn(x) — oo for a.e. x. If (ii) is replaced with
(ii") lim, o "Exp(|Qn]) =0,
then there exists a subsequence n(i) so that Pn;)(z) + Que)(z) — oo for a.e. x.
Proof. If (ii’) holds, we can find a subsequence so that (ii) holds. Thus, it suffices to
prove the result assuming (ii).

By (ii), > o }Qn(x)| < oo for a.e. z. In particular, . 'Qn(z) — 0 so P, + Qn >
an[l — 0y 1 Qu(2)]] — 00. O

We will also need the following lemma:
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Lemma 6.2. Suppose that B, ay,, 3, > 0 are real numbers and that

Bn < anl + 20477, V anl + ﬁn (TL > 1) (62)

Then,

(6.3)

Proof. We give a proof by induction. (6.2) holds for n = 0. Let ap, = > ,_; o, bp =
> p—1 Bk. By the induction hypothesis,

VBn-1 < VBo+ an-1+ \/bu1. (6.4)
(6.2) implies that
By < (VBasi +an) + B
So by (6.4),
B, < <¢§o+an+ bn1)2+ﬁn
< <¢§o+an)2+bn+2m<¢§o+an)

< (VBotan+VB)

proving (6.3) inductively. O

So fix a Pearson potential with >~ a2 = co. Fix fy and let R(z, k) be the solution of
(2.3/2.4). Let
Y, (k) =log R(z, + A k)

and
Y, (k) = You(k) — Yiu_1(k).

By (2.4),
A
Y, (k) = ‘2‘—; / W)sin20(a +y) dy (6.5)

As in Section 5, we write

On(y) = 0(xn—1+A)+k(zn+y—zn_1 —A).

But we expand 6 to the next order by letting

o) =5 [ Wsin® 6,0) dy (6.6
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Then by (2.3), )
0(xn +y) = On(y) + 0 (y) + O(a),

so by (6.5),
8V (k) = an XV + a2 S, +O0(a?) (6.72)
m_ 1 [° (26
X0 = o [ WisinGa, ) dy (6.7b)
(1)
/ W (y) cos(20, (y ))[9 a(y)]. (6.7¢)

In the formula for 97(11), use

sin (0 () = 3(1 — cos(26, (y)))-

The cos term from this formula when plugged into (6.7¢) gives

—kQ/ W () cos (20, ( (/ W (s cosze()))dy

- ( / AA W (y) cos (20, (y)) dy)2 (6.8)

We lump the contribution of the 1 term with the first-order term. Defining X(y) =
[? \W(s)ds, we find

N[

§Yon (k) = [a2 Z, (k) + an X, (k)] + O(a?), (6.9)

(/ W () cos(20,, (y ))dy)

%09 = g [ [ ~ DX o, )]

where

In (6.9), the O(a?) means an error bounded by Ca3 where C is a finite constant for
k € [a,b] any compact subinterval of (0, 00).

Define A
N / W (y)e*™ dy.
—A

Zuk) = 5 (W) + K (h), (6.10)

Then,
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where

Xu(k) = o5 [W(K)[? cos(4(8a(0, k) + o (k). (6.11)

2 (0) + ky. If W(k) = [W(k)|e2#®)  then

Zo (k) = i (Re / AA W (y) €20 0)+hv) dy)2
_ i W ()|? cos®(2(8, (0, k) + (k).

Proof of Theorem 1.6, Part (2). Let

Palk) = 5 WY a2,
Qulk) = Ya(k) = Pu(k): 5Qu(k) = Qu(k) — Quor (),

6Qn (k) = a2 X, (k) + an X (k) + O(ad).

Let g be a C°°-function compactly supported in {k € (0,00) | W (k) # 0}. Let
/ \ o

\/E/ i a2, — 0 (6.12)

as n — oo, and similarly for B,,. Since S _ad /> _ a2, — 0 (on account of a, — 0
and Y _ a2, — 00), (6.12) and the Schwartz inequality imply that

/( )|Qn (k ]dk/Za -0

so by Lemma 6.1 and infregupp ¢ % > 0 implies that there is a subsequence n(i) so

that Y, (;(k) — oo for a.e. k in supp g. By doing this for two values of 6y and using
Theorem 2.1 and Theorem 1.1, we conclude there is no a.c. spectrum on supp g.

2

2

We will prove that
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Since W is an entire function, it has isolated zeros and thus, this argument shows o,
is empty. By Theorem 1.4, opp N (0,00) is empty, and an elementary argument proves
that o(H) D [0,00). So the spectrum on (0,00) is purely singular continuous. It thus
suffices to prove (6.12) (the proof for B,, is essentially identical).

Let M,_1(k) = S""" 4, X,n (k). Then

m=1

B, < B+ '/g(k)Mnl(k)aan(k) + Ca?

for a suitable constant C'. Now X,, has cos(26,,(y)) and sin(26,(y)) terms. As in the last
section, we write those as a suitable [df,,(y, k)/dk] =14 [...] and integrate by parts and
get three terms:

One coming from W@k. Noting that |M, (k)] < Cn, we have that this is
bounded by %

One coming from %k(k). Using (5.1), this term is bounded by

n—1 T
m
C E An Oy —— .
T
m=1

One commg from L,, [ang 1/ [%f ]2. As in the last section, this L, is bounded by
C(Zm L am2))/x%. We can use the Schwartz inequality to control [ g(k)|M,, (k)| dk,

and so bound this term by C'v/B,,—1 an, 221;11 amx2, /22, The net result is the bound

B, < Bp_1+2ap\/Bn-1+ Bn, (6.13)
where
n—1 .CEQ
ay =C Z | am| x—g
m=1 n
and
now x
m
m=1
By the argument in Lemma 5.3 with 1 /2, — 0 and ) °_, a? — oo, we see that
n n
Zam/zagﬁo (6.14)
m=1 m=1
and that
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SO

n

> ﬁm/ > a2, —o0. (6.15)

m=1 m=1

Lemma 6.2 and (6.13-6.15) imply (6.12). O

One can modify this construction to make examples of decaying potentials for which
the associated Schrodinger operator has regions of a.c. spectrum and regions of s.c. spec-
trum. The idea is to arrange that W (k) vanishes in a whole interval so that even though
an ¢ {3, we have a.c. spectrum for those k. Of course, W (k) cannot vanish if W has com-
pact support, so we will take the bump functions of increasing support converging toward
a function whose Fourier transform vanishes in an interval. So, let S = [a,b] C (0, 00).
Let f be an even Schwartz class function that vanishes if k2 € S and is strictly positive
on [0,00)\S.

Let a, =n~/2, z, = (n)?, A, = n~1/12_ Notice that S a2 = oo. Define

pug
&
Il

| =
@
»
=
|
o
~.
=
B
=
=
L
=

and

We are heading toward:
Theorem 6.3. The half-axis Schrodinger operator —dd—; + V(x) has purely singular
spectrum on (0,00)\S and purely a.c. spectrum on S.

Lemma 6.4. For any m > 0, there exists a constant Cy, with

'f(k) —/egikan(:p) dz| < Cpn™™. (6.16)

Proof. Let fn(k) = [ e 2**W, (z)dz. Then

) = 5 [ S ) an

so the left side of (6.16) is

1

2

/ sin A (k — k)

S (£ — FOE]
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which has the form

'/g(y, k)sin Apy dy|,

where g(y, k) is Schwartz space in y with bounds (including bounds on derivatives) uni-
form in k. If we integrate by parts 12m times, we will get (6.16). O
Proposition 5.1 extends with no change. In the region where f(k) # 0, the analysis
earlier in this section shows that log R(z,,(;) + A, @)) — oo for a.e. k and a suitable
subsequence z,,(;), so we know the spectrum in (0,00)\S is purely singular continuous.
On the other hand, if g is C'"*° supported in S, we claim that

sup/g(k)R(k,:l:n + Ayt dEk < . (6.17)

n

The proof is similar to that in the last section. In place of (5.22), we need to use
exp(Qn) < 1+ Qn + 3 Q7 + O(a}).

As in this section, Q2 has a term a%]ﬁn(k)lg/SkQ and oscillatory terms that we can
integrate by parts. Noting that

n—1 n—1
Z _9 _ _ _
E U Uy —~ < 0" 2p 1/2 E m 1/2§Cn 2

n

m=1 m=1

is still summable and that " a2 ]Wn(k) |2 is summable by Lemma 6.4, we obtain (6.17). DI

§7. Sparse Potentials: The Discrete Case

In this section, we will sketch the proof of Theorem 1.7. The proof follows closely that
in the last two sections with (2.12) replacing (2.3/2.4). We will make use of (2.14), the
Pastur-Figotin form of (2.12b).

Fix a > 0 and pick k € (o, m — @) and then N so large that for all such k, |v(n)| < %
for n > Ny. (2.14) can then be effectively used to prove the analogs of (5.1/5.2), that is,

00 020

% (xn)| < Czyp, 52 (zn)| < C22. (7.1)
(2.12¢) can be rewritten
log R(n + 1) —log R(n) = 3 log(1 + vx(n) sin(20) + vx(n)? sin(9)). (7.2)
This implies the bound .
log R(zn) < C Y |aml- (7.3)

m=1
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Next notice that
1+ asin(20) + o?sin®(0) = (1 + 4 asin(20))? + o sin*(9).

This provides a uniform bound on the argument of the log(-) in (7.2), and so allows one
to prove

n
'— log R(zy,)| < C Z A Loy, - (7.4)
m=1
With these tools, the proof of assertion (1) of Theorem 1.6 is similar to that in Sec-
tion 5, only a little simpler since (2.12c) implies

R(n+1)* < R(n)*(1 + vk(n)sin(20(n)) + Cna?).

The same integration by parts used in Sections 5 and 6 shows that
/g(k)R(n, k)i (n)sin(20(n)) dk = C(bp + ¢n + B~™?) (1 + /g(k)R(n, k)* dk)

with b, = 22;11 UG, T /T, and ¢, is like b, with 22 /z2 replacing 2™ /z". As in
Section 5, this proves assertion (1) in Theorem 1.7.
To prove assertion (2), we must identify a strictly positive second-order term. We

write
log(1 + asin(20) + o?sin®(0)) = asin(20) + a?(sin®(9) — L sin*(26)) + O(a?) (7.5)
= asin(20) + 1 o? 008(40) — 1 a%cos(20) + L a® + O(c?).
(7.6)
This lets us write
log R(n+ 1) —log R(n) = 1 a2 + anXn

and, as in Section 6, use the integration by parts machine to prove

([(Sn) o) /St

and complete the proof as there. -
In this case, we don’t need to worry about zeros of W (k) since the analog of W here
is 0,0 and so W (k) = 1.

8. Random Decaying Potentials: The Discrete Case

In this section, we consider discrete situations where the V'(n) are independent random
variables of zero mean and decaying variance. The results that imply a.c. spectrum
require no regularity in E(V(n)?), while those for singular spectrum require some kind
of regular decay, as we will explain.

The results for a.c. spectrum are so general yet so simple to prove that they are a
paradigm of the usefulness of the EFGP transform.
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Theorem 8.1. Suppose V,,(n) are independent random variables with E(V,,(n)) = 0 and

ZE(Vw(n)Q) + B(V,,(n)*) < oo. (8.1)

Then for a.e. w, hy, has purely a.c. spectrum on (—2,2).

Remarks. 1. For E(V2)/? < Cn~° with V bounded and a > 1,
recovering results of Delyon, et al. [7].

2. If the V,(n) are uniformly bounded, then E(V,,(n)*) < CE(V,(n)?) and so (8.1)
becomes > E(V,(n)?) < oo; we state the general bound because unbounded V'’s are so
easy to accommodate.

3. The case E(V,,(n)?)'/2 = n=1/21og(n)~! is of some interest. This sequence is £2 so
if V' is bounded, the theorem proves a.c. spectrum. Kotani-Ushiroya [21] cannot handle
such borderline cases.

we get a.c. spectrum

Proof. Fix 6y. Then R,(n) and 6,(n) become random variables which are measurable
functions of {V,,(j)}j<n—1 and so independent of {V,,(j)};>n-
By (2.12¢),

R(n+1)* = R(n)* (1 - Vo) sin(20,, (n)) + O(V2 + Vj)).

sin k

Since V,,(n) is independent of 8(n) and R(n), we have

E(R,(n)*V,,(n)sin(20,(n))) = E(V,(n))E(R: (n)sin(20,(n))) = 0.
Using independence to bound E(R(n)*V7) by E(R(n)*)E(V?), we see that
E(Ry(n+1)") < [1+ CE(V(n) + V5 (n)) E(R (n)),

where C' is uniformly bounded for k in any (o, 7 — «) with a > 0. It follows that

E(/:a R, (n, k)* dk) < oo.

By Fatou’s lemma, for a.e. w,

lim/ Ro(n,k)*dk < oo,

and by Theorem 1.3, the spectrum is purely a.c. on (—2cos(«),2cos(a)). O

For the case where > >° | E(V(n)?) = oo, we need some regularity of the fall-off.
Rather than try to find complicated general conditions, we consider the case where

E(V(n)?) ~ n™2* with o < 3. The same method can handle a case like E(V(n)?) =
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[nlog(n + 1)]~! (which always has singular continuous spectrum of Hausdorff dimension
1) by the kind of arguments we will discuss in the case a = %; in this case for typical
energies ||7°(0,n)|| grows like log(n).

Explicitly, we suppose
(i) E(Vom))Y?=x" 0<a<i A>0
(ii) E(Vi(n)) =0
(iii) For some € > 0, sup,, |V,(n)] < Cn~ (2a/3)—e
) Ve

r
(iv) Vi (n) is independent of {V,,(j)};Z L

Remarks. 1. Think of the case discussed in [26, 7] where V,,(n) = n~*X,,(w) with X,
identically distributed bounded, independent random variables. If E(X) = 0 and X is
bounded, then (i)-(iv) hold.

2. With some extra effort, we could allow unbounded distributions, and only require
that lim, ., nT*E(V, (n)2)1/2 exists and be non-zero.

Theorem 8.2. Suppose (i)-(iv) hold. Fizk in (0,7) with k # T, 28 3% Then for a.e. w,

m lOgHTQCos(k)(nvo)H o A?
n—so (37 j20) 8sin?(k)

Remark. In case o < %, this says ||T(n,0)|| ~ exp(Cn'~®) with C' = W;sin%' If
= 1, this says ||T|| ~ n® with C = TR

Proof. By Theorem 2.3, we need only prove this result with R(n) replacing T' for each
0o. So fix k and 6y, and let 0,,(n), R, (n) solve (2.12). By (2.12¢c),

log R(n + 1) —log R(n) = 2 log(1 + vi(n)sin(20(n)) + vi(n)? sin®(0(n))). (8.2)

Since sup, vx(n) — 0 as n — 00, we can use

2

log(1l +2) = 2 — ‘% +O®2%). (8.3)

We also use
sin® 0 — 1 sin®(20) = 1 — 3 cos(20) + 1 cos(49).

The net result is

~ E(V(n)?)

_ I EVu(n))
8 = in?(k)

lOgR = +Cl+02+03+04
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where the corrections have the form

C = ZV sin(26,,(4))

" 2sin(k) sm

ZE 57§ coso ) - cos<49w<j>>}

281n
Cy= ZO(%@)S + V()Y

The theorem follows if we prove that for each ¢ = 1,2,3,4 and a.e. w,

_ C (
Jj=

(8.4) for ¢ =4 is an immediate consequence of hypothesis (iii).

C1, Cs clearly have zero expectation values and variances that decay properly for us
to hope (8.4) holds; the key to the proof will be a Martingale inequality. C'5 will depend
on the fact that cos() has zero average and the slow variation of E(V,,(n)?).

We break the proof to present some needed lemmas. For the first two of these lemmas,

let Xo, X1,..., XN be independent random variables where Xy can be vector valued.
Suppose that for j =1,..., N

Y

Zj :Xjfj(le---anfl;XO) (85)
with f; a measurable function, and that
E(X;)=0. (8.6)

The following is a variant of a standard Martingale inequality; we provide a proof for the
reader’s convenience:

Lemma 8.3.

N
1 2
E(n:fgpN |24t Zn] 2 T) = ﬁE(ZZg‘) (8.7)

Proof. Define
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and let
Aj = {w ’ ’Yﬂ §T7’Y2’ ST,...,’Y}" >7“}.
Then x.,,, the characteristic function of A,, is a function only of Xy, X1,..., X, and thus,
if K >n,
E(ZkYnXAn) = E(Xk)E(fk(Xl, e 7Xk717X0)YnXAn) = 0.
Thus,

E(xnY,) < E(xn(Yn + Qn)?)

since the cross term has zero expectation when we expand the square. Thus,

2y BG) £ 3 B0GY) < 3D E(GYR) < B(R)

j=1 j=1

which is (8.7). O

Lemma 8.4. Suppose E(Z2) < On~2%. Then for a.e. w:
(1) Ifa < % and 8> 1(1 - 2a), then

lim |y~ Z;|n"? =0.
(2) Ifa=1 and B> %, then
lim E Zi|(logn)=" = 0.
1
3) ffa> 3,

lim i Z; = Yo

exists, and for any 0 < o — %,

lim nt” sz' =0.
n—o00 et
Remark. Naively, fluctuations should behave as (Z?Zl §722)1/2, This lemma shows they

are not much worse. Since we only need that they are small compared to Z?Zl g2

the lemma suffices.
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Proof. (1) Pick 1 so > (1 > %(1 — 2a). By Lemma 8.3,
2n—1+j

>, %

k=2n—141

2 271,6’1) S 027271,6’12(7171)272(7171)(1

E sup
(j=1,~.,2"—1 (8.8)

<C 27(7171)(204+2ﬁ171)

is summable in n by the choice of 3;. Therefore, by the Borel-Cantelli lemma, for a.e. w,
there is an ng(wp) so that the sup inside (8.8) is less than 2"t if n > ng. Let j be larger
than 270! and pick n so that 2"~! 4+ 1 < j < 2". Then

n
|Zy+ o 4 Z| < |2y 4 Zano| 2

k=1
Qnﬁl
S ’21+"'+22noy+m
2/31 )
< ’Z1+~--+22no]+2ﬂ1_1]ﬁ1.

Thus, lim j=1|Z; + - - - + Z;| < co. Since 8 > B, the limit for 3 is 0.
(2) Pick g1 with 8> (1 > % and define

Kn:{w

su Z;
JmLomzn mzzl ’
Then by Lemma 8.3,
2"
E(K,) <n™ % Z < n7%(1 4 nlog2) < Cn'™2
J
1

since Z]f % <1+logk.
Pick an integer m so m(26; — 1) > 1. Then

n=1

So by the Borel-Cantelli lemma, for a.e. w, there is ng(w) so if n > ng, then w ¢ Kym. If
j > 2™ pick n so that
2(n=D™ 5 < on™,

Then

Zi4-F Z5) < ()7 <277 (= 1) < 27 (log 2) 7 (log )
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(3) Pick 1 so 3 < 1 < a — 3. Then

2n—1+j
E( sup ' Z Zy,
j=1,...,2n—1

k=2n—141

> 271,6’1) < 0272nﬁ12n71272(n71)a

is summable. Thus, for a.e. w, there is an ng(w) so that for n > ng(w), the sup is bounded
by 27781, Thus, if j; > jo > 272~1 > 2no—1

J2

S

k=371

oo
< Z 2701 5 ()

n=ns

as ng — 00. So the sum is convergent (i.e., the partial sums are Cauchy). Moreover, if
j >2m0~1 and n is picked so 2"~ < j < 27, then

> %
k=j

oo .
zinﬁl jiﬁl
-mpr _
SZQ 1_1_27ﬁ1§1_27ﬁ1
=n

and thus, if we multiply by j°, the limit is 0. O

Lemma 8.5. Suppose that k € R is not in Zw. Then there exist integers qp — o0 so
that for any O, ...,0,

qe
<14+ 10— 00 — kjl.

=1

a
Z cos(6;)
j=1

Remark. In essence, we show | 3_7_, cos(fp +kj)| < 1 a stronger result than the ergodic
theory result that ]% > 5—1co8(fo + kj)| — 0. The weaker ergodic theory result suffices
for our application, but the proof of this lemma is easy so we give it.

Proof. By general number theory considerations [14], we can find py, g¢ so that

1

k__
a7

qe

<

' P (8.8)

and py/qe ¢ 7 if k ¢ Zm. For any p/q ¢ Z and any 6,

Z cos (00 + W) (8.9)
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Thus
a a o a -
ZCOS(QJ) = ZCOS(Gj) — cos(@o + ‘&) ' < Z (Hj — 6y — ‘&) '
j=1 j=1 qe = qe
a a .
<Y e, —eo—kjyjuz‘j‘k—ﬂ
j=1 j=1 e
qelae+1) | <
27 +3 16— 60— kjl. O
j=1

Conclusion of the Proof of Theorem 8.2. We need to verify (8.4) for ¢ = 1,2,3. V,,(n)
sin(20,,(n)) = Z, has the form (8.5) and E(Z2) < Cn~2*, so by Lemma 8.4, for a.e. w,

Cyw)] = (;y)

[Vio(n)2—E(V,,(n)?)][sin* () — 1 sin?(26)] also has the form of (8.4) since E(V2—E(V2)) =
0. Since V is bounded,
E((V? - E(V?)*) < CE(V?).

Thus, for a.e. w,

also.
Finally, we will show

n

D 572 cos(48,( —O(Zj )

Jj=1

which proves (8.4) for ¢ = 3. By hypothesis on k, 4k ¢ Zx so Lemma 8.5 applies. Let g
be as in that lemma. Note next that by hypothesis (iii) and Proposition 2.4 for j large,

10,0 +1) = 0u(j) — k| < Coj 7>/, (8.10)

Pick ng so
ng > q? (8.11)

and
4Cong > "® < ;2. (8.12)
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Suppose N = ng + Kqy. Then

qe
Z 372 cos(40,,( ' ‘ Z Z(no + mqe 4 5) 72 cos(40, (maqe + §))| = A1 + Ay

Jj=no+1

m=0 j=1

where A; is what we get by replacing (ng + kqe + 7) 2% by (no + kqe) 2% and A, is the
difference. By Lemma 8.5, (8.10), and (8.12),

K
<Y (no + kae) 21+ 1]
k=0

while using
[(no + kge + 7) %% = (no + kae) %] < (no + kae) > jing !
and (8.11),

K K
Z (no + kqe) 2“gZng* Z (no + kqe)™
k=0 k=0

Thus for any N,
N

N
357 cos(10,(3)| < 347 3

1 j=1

and so
N

Z] 2 cos (46, ( ))'g?,qe“

~1
—
B ()
uniformly in w. Since we can take ¢ — oo by Lemma 8.5, the lim is 0. O
Theorem 8.6. Suppose that (i)-(iv) hold with o < 1 but we consider V(1) as a contin-

uous parameter. Then for a.e. w:

(1) For a dense Gs of values of V(1), H,, has purely singular continuous spectrum
n (—2,2).

(2) For Lebesgue a.e. value of V(1), H, has dense pure point spectrum in (—2,2)
and the eigenfunctions obey H,u = 2 cos(ky,)u with

o og(lu(n)® +u(n + 1)2V2) (1 - 20)N?
lim — =—— .
n—00 ]n]l 2a 8 sin (km)

(8..13)

If we consider a whole-line problem with independent V,(n) where both {V,,(n)}>2 |}
and V,(n) = V,(—n), n = 1,2,... obey hypotheses (i)~(iv) and V,,(0) has a purely
a.c. density, then for a.e. w, H, has dense pure point spectrum in (—2,2) and
(8.13) holds as |n| — oo.
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Remark. This strengthens the result originally proven in [31] and improved in [7] in two
ways. First, we get the explicit constant in (8.13). Second, we only require one V,,(-) to
have an a.e. distribution.

Proof. By Theorem 8.2 and Fubini’s theorem for a.e. w, we have for a.e. k € (0,7),

I T 1—-2 2
i EIT] _ (1= 2003
n—oo plT2e 8sin” (k)

Thus by Theorem 8.3 of [22], there is an L2-solution obeying (8.13). The theorem follows
from general principles on rank one perturbations [12, 4, 5, 28]. [

The case a = % has an extra subtlety we will need to deal with, using an argument
modeled on Kotani-Ushiroya [21]. The following replaces an explicit but complex formula
they use for the projection onto a decaying solution (and fills in a gap in their argument):

Lemma 8.7. Let ug = (cos ,sin @) in R2. For any unimodular matriz A with ||Al| > 1,
let O(A) be the unique § € (=5, 5] with || Aug|| = | A||~'. Define p(A) = || Auol|/|| Ay 2.
Let A,, be a sequence of unimodular matrices with || A, || — oo and || Ap+1 A/ Anll | An+1 ||l

— 0 as n — oo. Let p, = p(Ay), 0, = 60(A,,). Then:
(1) 0, has a limit O if and only if limy, o0 pr. = poo €Tists (poo = 00 is allowed, but
then we only have |0, — T).
(ii) Suppose O has a limit O # 0,5 (equivalently, poc # 0,00). Then

. log || Anuco||
lim —olinfoell g (8.14
A Tog AL )
if and only if
T l n — Moo
i (08l —pool o (8.15)

n—oo  log|[An

Remark. Consider . ( cosh(n) (=" Sinh(n))
n (—1)"sinh(n) cosh(n) .

Then p(A,) =1 and ||A, || — oo but 6, = (—1)"*1(Z) does not have a limit. This shows
that the condition || 4,114, ||/||Anll||Ans1]] — O is required. Indeed, in this case that
limit is 1. Kotani-Ushiroya miss this issue.

Proof. (i) Note first that
| Anug|® = || An||*sin®(0 — 6,,) + || An || =2 cos? (0 — 6,,). (8.16)

Thus,
~ tan®(0n) + [|An ]!
P AL tan2(8,)

(8.17)
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It follows that p, has a finite limit po if tan?(6,,) has a finite limit. By writing

1 cot?(6,) + | An]l 7!
P T A cot2(6,)

this is true also for p, — oo and tan®(6,,) — oco.
Pick n € [0, %] so tan®(0,) — tan®(n). If n = 0, then 6, — 0, and if n — Z, then

0| — % because of the continuity of tan() on [—Z,F]. If 0 < n < %, we only have

|0,,]| — 1 and have to worry about the sign (see the remark above).
In (8.16), take 8 = 6,41 and see that

sin (On1 — 0n) < [ Anl 721 An Ay Ly 12 Ansauo = [ AnlI 7| Ansa |72 [ Anrr AP

n—+1 H2

since A, A}, is unimodular, and thus ||A, A, ¢ || = [|An414;,t]|. Thus by hypothesis,
sin2(9n+1 —6,) — 0.

This, together with |0,| — n € (0, §), implies that 6,, has a limit.
(ii) By (8.16), we have that (8.14) holds if and only if

l n — Yoo
lim —ng fcc|

9, (8.18
A = og 1] )

Since 6., # 0, m, this is true if and only if

2 tan2
lim log | tan®(6,,) — tan® (0 )|

-2.
n—oo log || Ax|

By (8.17) and 0 # m,
|[tan®(0,) — tan®(0oo)| — |pn — poo|| < C[|An]| ™
Thus, (8.18) holds if and only if (8.15) holds. [
Lemma 8.8. Suppose the hypotheses of Theorem 8.2 hold with o = % and k # T, 2% 37

2 4044
is fized. Then for a.e. w, there exists an initial condition ug(.) so that

- 10g HTQ cos(k) (TL, O)UG(W)H — _ A2
n—00 log(n) 8sin?(k)

Remark. Asnoted in [22] (and gotten incorrectly in [21]), Ruelle’s deterministic argument
doesn’t ever suffice in this ||T']| ~ n? case. If A, is a sequence of unimodular matrices

with lim, o log || A4,/ log(n) = =, then [22] has explicit examples (even coming from

deterministic Schrédinger operators) for each v > % where the decaying solution only
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obeys limy o0 10g || Aptoo||/log(n) = — + 1. It also appears one needs v > 3 to be sure
of the existence of decaying solutions. But following [21], the probabilistic argument here
can replace Ruelle’s argument.

Proof. Let = ﬁz(k). Let R1(n) and Ra(n) be the R’s associated to =0 and 6 = 1.
By the proof of Theorem 8.2 for a.e. w,

. log||[Ri(n)]| _
nlL»Héo ogn) g. (8.19)
Let 6;(n) be the corresponding EFGP angles. By (2.7),

Ri(n)Ra(n)sin(f1(n) — 62(n)) = sin(k)[ui(n)uz(n — 1) —ui(n — 1uz(n)] = —1

(by the initial conditions R1(1) = R2(1) =0, 61(1) = 0, 62(1) = %) and constancy of the
Wronskian. Thus by (8.19) for a.e. w,
log |61 (1) — 02(n)|

lim loa () = —28. (8.20)

Let p, = g;—gzg. Then by (2.12¢),

Ly(n) = [log p(n + 1) —log p(n)] = log(1 + A1(n)) — log(1 + Aa(n)),

where

Define
F(a,0) = log(1 — asin(26) + a? sin*(#)).

By a finite Taylor expansion,
J—1
F(a,0) =Y a’P;(0) + O(a”)
j=1
with P;(f) = sin(26) and the P’s, C* in 6. Fix € > 0 so for n large, use (8.20) to see

that |1 — 2] = o(n=2°+€). Choosing J so n=7/3 = o(n=2°~1), we see that

Ly(n) = - Z‘; ((Z) [sin(261 (n)) — sin(20s(n))] + O(n=2F~1F¢),

~—

Since 6;(n) depend only on {V,,(k)}r<n—1, we can apply part (3) of Lemma 8.4 (with
200 =1+ 20 — ¢€) to see that for a.e. w,

lim L, (n) (8.21)

N—oo
1
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exists and

< C,N—%0e, (8.22)

'2 Lo(n)

By (8.21), lim g;—gzg = poo exists and is different from 0 and co. Moreover, by (8.22),

— log |p(n) — p(c0)|
lim log () < —2p4.

Lemma 8.7 completes the proof. [J

Theorem 8.9. Suppose (i)-(iv) hold with o = 1. Then,
(1) For a.e. w, the essential spectrum of H, is [—2,2] and the absolutely continuous
spectrum of H,, is empty.
(2) If |\| > 2 and V,(1) has an absolutely continuous distribution, then for a.e. w,
H,, has dense point spectrum and only dense point spectrum in (—2,2).
(3) If |A\| < 2 and V,(1) has an absolutely continuous distribution, then for a.e. w,
H,, has purely singular continuous spectrum in {E | |E| < (4 — A\2)'/2} and only
dense pure point spectrum in {E | (4 — A% < |B| < 2}.
In either case (2) or (3), in the region of point spectrum, there are almost surely
eigenvectors of power decay n=" with

)\2

B = Py (8.23)

Remark. This theorem extends results of Delyon, et al. [7], Delyon [6], and Kotani-
Ushiroya [21]. In particular, [7] conjectured that there is a region of point spectrum near
E = +£2 no matter how small A is.

Proof. By Theorem 8.2, lim,,_,« ||7.,(0,n)|| = oo for a.e. E for a.e w, so by Theorem 1.1,
we conclude (3). By Lemma 8.8, for a.e. pairs (w, F), there is a unique decaying solution
)\2
8—2EZ"
spectrum. If 8 < %, there is no £2 solution. The general theory of rank one perturbations

([32, 5]) then yields (2) and (3). O

with rate of decay n=? with 8 = If g > %, this is £? and we have potential point

We can compute the precise Hausdorff dimension of the singular continuous spectral
measures in this case:

Theorem 8.10. Fiz A < 2 and a model obeying (i)—(iv) with a = In the region

|E| < (4= X)Y2, define

1
-

4— F?— )2
BN = ——F7

Suppose V,,(1) has an absolutely continuous density. Then for a.e. w, the spectral mea-
sure, p, has dimension d(E,\) at E in the sense that for any €, there is a § so that



46 A. KISELEV, Y. LAST, AND B. SIMON

w(A) =0 if A is a subset of (E — 0, E + §) of Hausdorff dimenion less than (d — €), and
there is a subset B of Hausdorff dimension less than (d+€), so u((E — 6, E+9)\B) = 0.

Proof. Let ||ul|r = (Zle u(j)?)*/2. By the general theory of rank one perturbations,
Theorem 8.2, Lemma 8.8, and the assumption of V(1) for a.e. w, p is supported on the
set of energies where most solutions grow as n® and one decays as n=? where B(E, \) is
given by (8.23). The hypothesis for singular spectrum is precisely 5 < %

Since B8 < %, ||lu1||L ~ L~PLY? while |jus||, ~ LPLY/? where a ~ b is shorthand for

lim llgi((‘;)) = 1. The Jitomirskaya-Last version [16, 17] of the Gilbert-Pearson [11] theory

says that the Borel transform of the spectral measure is supported on the set of E’s
where

[KZZ1[P2
luall

Im(E + i€)| ~ (8.26)

and E is given by
1
lurllzlluzll = o (8.27)

(the ~ in (8.26) holds in the strong sense that the ratio lies in the interval (5 — /24,5 +
v/24)). Thus, e ~ L™ and (8.26) says that

|m(E + ie)| ~ e 2P,

Since (3 is continuous, the theory in [3] then says that the local dimension is given by
1 — 20 as claimed. [

§9. Random Decaying Potentials: The Continuum Case

Having done the discrete random case, we will only sketch the continuum case. We will
specialize to a situation where {V (2)}n<z<n+1 are independent for different n’s. Using
ideas from [21], one can presumably use Martingale methods to control asymptotically
independent situations.

Theorem 9.1. Let {V,,(2)}o<z<co be a family of random variables and let

n+1
an(w) = / Vi (y) dy. 9.1)

Suppose
(i) E(Vy(z)) =0 for each x
(ii) 3, E(a2e“) < oo for all C > 0
(iii) {V(z)}n<z<n+1 are independent for different n’s.
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Then for a.e. w, —dd—; + Vu(z) on L*(0,00) has purely absolutely continuous spectrum
on (0,00) for any boundary condition.

Remarks. 1. Our methods imply for all E > 0 and a.e. w, Tg(n) is bounded, and that
implies — j—; +V,(x) is limit point at infinity, so we need not worry about self-adjointness
issues.

2. A simple example where (ii) holds is if sup,, , [V, (2)| < 0o and E([;° V(y)? dy) <
0.

Proof. By (2.4),

R*(n+1) = R*(n)exp(B,(w)), (9.2)
where -
Bo(w) = % /n V() sin (20, (x)) dz. (9.3)
By (2.3),
0u(2) — Bun) — K(z — )| < 7 0 (o). (9.4)
Using

e —1—2x| < %xQex,

we obtain from (9.2)-(9.4),

R*(n+1) < R*(n)(1+ Cd2e“"") 4+ Q, (9.5a)

n+1
R*(n) / V() sin(20,,(n) + 2k(z — n)) dx (9.5b)

2
Qn—E

for some constant C' uniformly bounded for k£ in any compact of (0, c0).
Since V,,(z) is independent of {V,,(y)}y<n, it is independent of R(n) and 6, (n), and

so E(Q,) =0.
Moreover, a,, is independent of R(n), so (9.5) implies that

E(R*(n+1)) < E(R*n))E(1 + Ca2ef).
By condition (ii), we see that

lim E(R*(n)) < oo
with bounds uniform in k& on compacts of (0,00). Thus by Fatou’s lemma, for a.e. w,

lim fab R (n,k)dk < oo and so the spectrum is purely absolutely continuous by Theo-
rem 1.3. [



48 A. KISELEV, Y. LAST, AND B. SIMON

Theorem 9.2. Let f be supported on (0,1) and let

=Y (n+1)"* X, (w)f(x —n),
n=0

where {X,,(w)} are independent, identically distributed bounded variables of mean zero
and 0 < o < % Then for 4k ¢ Zm,

1 T _BEX

Remarks. 1. This implies pure point spectrum for a.e. w if a < %

2. If a = 5, we get singula,r continuous spectrum for large F and pure point spectrum
for small £ (a,ssumlng fo y)dy # 0 or fo yf(y)dy # 0) and no a.c. spectrum.
Sketch. Define 0,,(y) = 0(n) + ky and

y
38,() = ~(n+ 17X, [ 1(0)sin*(0u(v))dy. (97)
0
By (2.3),
100 (1 +y) — 0 (y) — 60, (y)| = O(n™2)

for y € (0,1).

Plugging this into (2.4), we find that
log R(n +1) —logR(n) =Y,V + Y& 4 O(n=2%),

where
(n+1)~

VA / f(y)sin(26,,(y)) dy

and
v(? =

<n+1)2]:Xn<w> /0 21(y) cos (20, (1)) (86,) () dy.

By using Lemmas 8.2 and 8.3, one sees that

ol

(;u + 1)2“) j; ;

for a.e. w. The same lemmas let us replace X,,(w)? by E(X2(w)) in Y. So if we let =
indicate equal up to o(3_7_o(j + 1)729) terms, we see that

n—1
log R(n) =Y (Y, + YY),

J=0
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where we use sin®(6,,(y)) = 3 — 2 cos(20,,(y)) and let Y* indicate the —1 cos(26) terms

and Yn(4) the % terms. By an argument analogous to the one in the proof of Theorem 9.2

that used Lemma, 8.5, ZYn(4) = 0 because k ¢ Z.
As in (6.5), we get

log R(n éij“ QaE (/f cosQ@())dy).
7=0

As in the proof of Lemma 6.2, this last square is

)eiky

plus a term that has cos(46;(y)), which we can handle using Lemma 8.5. [
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