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ABSTRACT. We discuss results where the discrete spectrum (or partial information on the
discrete spectrum) and partial information on the potential ¢ of a one-dimensional Schrédinger

operator H = —di—z + g determine the potential completely. Included are theorems for finite
intervals and for the whole line. In particular, we pose and solve a new type of inverse spectral
problem involving fractions of the eigenvalues of H on a finite interval and knowledge of ¢
over a corresponding fraction of the interval. The methods employed rest on Weyl m-function
techniques and densities of zeros of a class of entire functions.

§1. Introduction

In 1978, Hochstadt-Lieberman [14] proved the following remarkable theorem:

Theorem 1.1. Let hg € R, hy € RU{oo} and assume qi, g2 € L*((0,1)) to be real-valued.
Consider the Schrédinger operators Hy, Hy in L*((0,1)) given by

d? .
—+QJ7 ]:1727

with the boundary conditions

) (1.1a)
(1.1b)

Let o(Hj) = {\jn} be the (necessarily simple) spectra of H;,j = 1,2. Suppose that
q1 = ¢2 (a.e.) on [0, 3] and that A1, = Ao, for all n. Then q; = g» (a.e.) on [0,1].

Here, in obvious notation, h; = oo in (1.1b) singles out the Dirichlet boundary condition
u(1) = 0.
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For each € > 0, there are simple examples where q; = g2 on [0,3 — ¢] and o(H;) =
o(Hz) but q1 # g. (Choose hg = —hi, qi(z) = 0 for z € (0,1 — ] U[3,1] and nonzero on
(2 —e, 1), and g2(z) = ¢1(1 — ). See also Theorem I’ in the appendix of [35].)

Later refinements of Theorem 1.1 in [11, 35] (see also the summary in [33]) showed
that the boundary condition for H; and Hs at x = 1 need not be assumed a priori to be
the same, and that if ¢ is continuous, then one only needs A1, = Ag p(n) for all values
of n but one. ([35] claims the result does not require continuity of ¢, but we will see in
Section 3 that this assertion is false.) The same boundary condition for H; and Hs at
x = 0, however, is crucial for Theorem 1.1 to hold (see [11, 31]).

Moreover, analogs of Theorem 1.1 for certain Schrédinger operators are considered in
[17] and the interval [0, 3] replaced by different subsets of [0,1] was studied in [16] (see
also [29], Ch. 4). Reconstruction techniques for ¢(x) in this context are discussed in [32].

Our purpose in this paper is to provide a new approach to Theorem 1.1 that we feel is
more transparent and, moreover, capable of vast generalizations. To state our generaliza-
tions, we will introduce a shorthand notation to paraphrase Theorem 1.1 by saying “q on
[0, %] and the eigenvalues of H uniquely determine ¢.” This is just a shorthand notation
for saying q1 = ¢o if the obvious conditions hold.

Unless explicitly stated otherwise, all potentials ¢, g1, and g2 will be real-valued and in
L'((0,1)) for the remainder of this paper. Moreover, to avoid too many case distinctions
in the proofs below, we shall assume ho, h; € R in (1.1) throughout the main body of this
paper. In particular, for hg,h; € R we index the corresponding eigenvalues \,, of H by
n € Ng = N U {0}. The case of Dirichlet boundary conditions, where hy = oo and/or
hy = oo will be dealt with in Appendix A.

Here are some of the generalizations we will prove for Schrédinger operators on [0, 1]:

Theorem 1.2. Let H = —j—;—kq in L?((0,1)) with boundary conditions (1.1) and ho, hy €
R. Suppose q is C**((3 —¢,3 +¢€)) for some k = 0,1,... and for some ¢ > 0. Then q on
[0, %], ho, and all the eigenvalues of H except for (k + 1) uniquely determine hy and q on

all of [0, 1].

Remarks. 1. The case k = 0 in Theorem 1.2 is due to Hald [11].

2. In the non-shorthand form of this theorem, we mean that both ¢; and g, are C?*
near r = %

3. One need not know which eigenvalues are missing. Since the eigenvalues asymptoti-

cally satisfy
1
A = ()% + 2(h1 — ho) +/ dx q(x) + o(1) as n — 0o, (1.2)
0

given a set of candidates for the spectrum, one can tell how many are missing.
4. For the sake of completeness we mention the precise definition of H in L?((0,1)) for
real-valued ¢ € L((0,1)) and boundary condition parameters ho, h; € R U {oo} in (1.1):

2

H=—

D(H) ={g € L*((0,1))| 9,9’ € AC([0,1]); (—¢" +ag) € L*((0,1));
9'(0) + hog(0) =0, g'(1) + hag(1) = 0}, (1.3)
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where AC([0,1]) denotes the set of absolutely continuous functions on [0, 1] and h,, = co
represents the Dirichlet boundary condition g(xg) = 0 for zy € {0,1} in (1.3).
In Section 3, we discuss examples which show that Theorem 1.2 is optimal in the sense
1

that if ¢ is only assumed to be C?*~! near = = 5 for some £ > 1, then it is not uniquely

determined by ¢ [0, 1] and all the eigenvalues but (k + 1).
Theorem 1.2 works because the condition that ¢ is C?* near z = % gives us partial

1

information about ¢ on [%, 1]; namely, we know q(%), 73),---, q(%)(%) computed on [%, 1]
1

29
since we can compute them on [0, ]. This suggests that knowing ¢ on more than [0, 1]
should let one dispense with a finite density of eigenvalues. That this is indeed the case is

the content of the following theorem:

Theorem 1.3. Let H = —j—;—kq in L?((0,1)) with boundary conditions (1.1) and hg, hy €
R. Then g on [0, 3+ %] for some a € (0,1), ho, and a subset S C o(H) of all the eigenvalues
o(H) of H satisfying

HNES| A< Ao} > (1— a)#{A € o(H) [ A< Ao} + & (1.4)

for all sufficiently large Ao € R, uniquely determine h; and q on all of [0, 1].

Remarks. 1. As a typical example, knowing slightly more than half the eigenvalues and
knowing ¢ on [0, %] determines ¢ uniquely on all of [0,1]. To the best of our knowledge,
Theorem 1.3 solves a new type of inverse spectral problem. In particular, we are not aware
of any inverse spectral result involving fractions of the set of eigenvalues as in (1.4).

2. As in the case @ = 0, we have an extension of the same type as Theorem 1.2.

Explicitly, if ¢ is assumed to be C?* near x = % + 5, we only need
#FAES | A 21 —-a)#F{AcoH) | A< b+ 5 —(k+1) (1.5)

instead of (1.4).
We can also derive results about problems on all of R. In Section 5, we will prove

Theorem 1.4. Suppose that ¢ € L. (R) obeys

loc

(i) q(x) > Clxz|*T¢ — D for some C,e,D > 0, and that

(ii) ¢(=2) > q(z) z>0.
Then q on [0,00) and the spectrum of H = —dd—; +q in L?(R) uniquely determine q on all
of R.

In Section 5, we will also present further conjectures and explain how condition (i) is
related to the class of entire functions of type less than one.

All these results are related to two other papers we have written. In [10], we consider,
among other topics, analogs of Theorems 1.1 and 1.3 for finite tridiagonal (Jacobi) matrices
extending a result in [13]. The approach there is very similar to the current one except
that the somewhat subtle theorems on zeros of entire functions in this paper are replaced
by the elementary fact that a polynomial of degree at most N with N + 1 zeros must be
identically zero. In [9], we consider results related to Theorem 1.4 in that for Schrédinger
operators on (—oo,00), “spectral” information plus the potential on one of the half-lines
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determine the potential on all of (—oo0,00). In that paper, we consider situations where
there are scattering states for some set of energies and the “spectral” data are given by a
reflection coefficient on a set of positive Lebesgue measure in the a.c. spectrum of H. The
approach is not as close to this paper as is [10], but m-function techniques (see also [8])
are critical in all three papers.

Hochstadt-Lieberman [14] use the details of the inverse spectral theory in their proof.
In a sense, we only use the main uniqueness theorem of that theory due to Marchenko [26],
which we now describe. For ¢ € L!((a,b)) real-valued, —co < a < b < oo, consider

—u" + qu = zu (1.6)

with the boundary condition
u'(b) + hpu(b) =0 (1.7)

at © = b. Let u4(z, ) denote the solution of this equation, normalized, say, by u(z,b) = 1.
The m4-function is then defined by

B u! (2,a)
m4(z,a) = wi(ea) (1.8)

Similarly, given a boundary condition at z = a,
u'(a) + hqu(a) =0, (1.9)
we define the solution u_(z,z) of (1.6) normalized by u_(z,a) = 1 and then define

u’_(z,b) .

u_(z,

m_(z,b) = — (1.10)

The differing signs in (1.8) and (1.10) are picked so that both m4 and m_ are Herglotz
functions, that is, m4 : C4 — C4 are analytic (in our present context where —oo < a <
b < oo, my are even meromorphic on C), Cy4 the open complex upper half-plane. In
particular,

Im(z) > 0= Im(m_(z,0)) >0, Im(my(z,a))>0. (1.11)

Marchenko’s [26] fundamental uniqueness theorem of inverse spectral theory then reads
as follows:

Theorem 1.5. m(z,a) uniquely determines h;, as well as q (a.e.) on |a,b].

loc
at infinity, one can still define a unique m4 (z,a) function but now for Im (z) # 0 rather

than all z € C. For such z, there is a unique function uy(z, -) which is L? at infinity
(unique up to an overall scale factor which drops out of m4 (2, a) defined by (1.8)). Again,
one has the following uniqueness result independently proved by Borg [3] and Marchenko
[26]

If g € L ([a,0)) is real-valued (with |a| < co) and —j—; + ¢ is in the limit point case
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Theorem 1.6. m(z,a) uniquely determines q (a.e.) on [a, c0).

It is useful to have m_(z,b) because of the following basic fact:

Theorem 1.7. Let H = —dd—; + q be a Schrédinger operator in L?((a,b)) with boundary
conditions (1.7), (1.9) and let G(z,x,y) be the integral kernel of (H — z)~'. Suppose
¢ € (a,b) and let m4(z,c) be the corresponding m-function for [c,b] and m_(z,c) the
m_-function for [a,c]. Then

1

Glzec) = Cma(z,0) Fm_(z,0)

(1.12)

Theorems 1.5 and 1.6 are deep facts; Theorem 1.7 is an elementary calculation from the
explicit formula for the integral kernel of (H — z)~1,

U_ (Z, min(:c, y))U+ (Zv max(:c, y))
W(u—(2),uy(2)) () ’
where W (-, -) is the Wronskian defined by

W(f,9)(@) = f'(2)g(x) - f(2)g' (z).

An analog of Theorem 1.7 holds in case [a, b] is replaced by (—o0, 00).

We can now describe the strategy of our proofs of Theorems 1.1-1.4. G(z, ¢, ¢) has poles
at the eigenvalues of H (this is not quite true; see below), so by (1.12), at eigenvalues A,
of H:

G(z,x,y) =

M4 (An,c) = —m_(\p, c). (1.13)

If we know ¢ on a left partial interval [a,c] and we know some eigenvalue \,, then we
know m_(z,¢c) exactly; so by (1.13), we know the value of m4(A,,c) at the point A,.
In Appendix B we discuss when knowing the values of f(\,) of an analytic function of
the type of the m-functions uniquely determines f(z). If m4(z,c) is determined, then by
Theorem 1.5, ¢ is determined on [a, b] and so is hp.

So the logic of the argument for a theorem like Theorem 1.1 is the following:

(i) g on [0, 1] and ho determine m_(z, 3) by direct spectral theory.
(ii) The A, and (1.13) determine m. (A, 3), and then by suitable theorems in complex
analysis, m4(z, %) is uniquely determined for all z.

(iii) m4(z, ) uniquely determines ¢ (a.e.) on [3,

It is clear from this approach why hg is required and h; is free in the context of Theo-
rem 1.1 (see [31] for examples where h; and ¢ [0, %] do not determine ¢); without hy we

1] and hy by inverse spectral theory.

cannot compute m_(z, %) and so start the process.

As indicated before (1.13), G(z, ¢, c) may not have a pole at an eigenvalue \,, of H. It
will if u,(c) # 0, but if u,(c) = 0, then G(z, ¢, c) = 0 rather than co. Here u,, denotes the
eigenfunction of H associated with the (necessarily simple) eigenvalue \,,. Nevertheless,
(1.13) holds at points where u,(c) = 0 since then u_(c) = uy(c) = 0, and so both sides
of (1.13) are infinite. (In spite of (1.13), m4 + m_ is also infinite at z = A, and so

G(An,c,c) =0.) We summarize this discussion in the following
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Theorem 1.8. For any ¢ € (a,b), (1.13) holds at any eigenvalue \,, of H, (with the
possibility of both sides of (1.13) being infinite).

An alternative way of proving (1.13) is that A, is an eigenvalue if and only if the
Wronskian of w4 and u_ is zero, which is precisely (1.13).

Here is a sketch of the contents of this paper. In Section 2 we present our proofs of
Theorems 1.1 and 1.2. In Section 3 we discuss an example that delimits Theorem 1.2
and shows that Theorem 1.2 is optimal with respect to smoothness conditions on ¢. In
Section 4 we prove Theorem 1.3, and in Section 5 we prove Theorem 1.4. Appendix A is
devoted to the case of Dirichlet boundary conditions, and Appendix B presents some facts
on entire functions that are necessary to prove our principal results.

§2. Theorems for a Half Interval

In this section, we will prove the original Hochstadt-Lieberman theorem (Theorem 1.1)
and our extension of it (Theorem 1.2) for hg,h; € R. Consider a problem on [0, 1] with
boundary condition (1.2) at x = 1. Let uy(z,z) be defined by —u’ + quy = zu4 and

u (z,1) = —h1, us(z,1)=1. (2.1)

Then w4 is known to have the following properties:
(1) For each z € [0,1], uy(2,x),u/ (2,x) are entire functions of z. (This follows from
the fact that uy(z,1) = 1 and v/, (z,1) = —hy are independent of z, see, e.g., [4],
Theorem 1.8.4, Problem 1.7, and p. 226.)

(2)

o (VE) (1)
uy(z,z) =cos (vVz(1l—x)) + O(T), (2.2)
W (z,x) = vz sin (VZz (1 —2)) + O (e (V2 (1)) (2.3)

as |z| — oo for all z € [0,1], where 1/ is the square root branch with Im(y/z) >0
(see, e.g., [27], Sect. 1.4).

(3) The zeros of uy(-,z) and u/ (-,z) are all real for any x € [0, 1] and they all lie
in some A-interval [¢, 00) (this is because these zeros are eigenvalues of self-adjoint
boundary value problems for Schrédinger operators in L?((0,1)) bounded from
below).

The final pair of preliminary results we need concerns the high-energy asymptotics of
the m_-function,
u (z,x
my (z,1) = M
uy (2, 1)

(4) Tt is known [1, 6] that under the general hypothesis ¢ € L((0,1)),

my(z,0) " = —i(Vz) T (L +o(z71?)) (2.4)
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uniformly in z € [0,1 — 6], § > 0 as |z| — oo in any sector € < Arg(z) < 2w — &,
e > 0.

(5) If q is C?* near 9 € (0,1), k = 0,1,2,..., then m(z,20) and m (z,79)"! are
known to have asymptotic expansions of the form [5],

2k+2

m4(z,20) = z(\/z)( Z Co(zo)z™? + o(z_k_l)), Co(zo) =1, (2.5)
=0

2k+2

my(z,x0)" " = —i(\/g)_l( Z Dy(z0)z" "% + O(Z_k_l)), Dyo(xo) =1, (2.6)
=0

as |z| — oo in any sector £ < Arg(z) < 2w — e, € > 0, where Cy(xo) and Dy(z0)
are universal functions of g(xo),...,q*"?(xg). In fact, C¢(z) and Dy(xo) have a
well-known connection to the conserved densities of the KAV hierarchy [7] and they
can be computed recursively as follows. Consider the Riccati-type equations for

m+(z, ':E) and m+<27 ':E)_lv

m, (z,x) + my(z,2)* = q(z) — z, (2.7)
[m4(z,2) 7]+ mo(2,2) 2[a(e) — 2] = 1. (2.8)

Inserting the asymptotic expansions (2.5) and (2.6) into (2.7) and (2.8) then yields
the recursion relations

Co(z) =1, Ci(z) =0, Cs(z)=—1q(z),

Cila) = 0, (0) =1 3 Culw)Cyalw), G723, 29)
=1
Do(z) =1, Di(z) =0, Da(z)=1q(z),
D) = § Dy () + @) S Du)Dyr2(@) — 13 Do) Dy o(a), >3
=0 =1 (2.10)

With these preliminaries out of the way, let ¢ be given (a.e.) on [0, %] and let g1, ¢2 be

two candidates for ¢ extended to all of [0,1]. Let o(H1) = {A\1 n}5%, be the set of all the
eigenvalues of H; = —dd—; + q1. Define for j =1, 2,

Pj(’z) = uj,-l-(’zv %)7 2.11)

Qj(2) = uj 4 (2, 3), 2.12)
(2 _PJ'(Z)_m‘ 21_1

f]( )_ Qj(z) - ],+< 72) 9 (213)

g(Z) :ull,—l—('zvo) +h0u1,+<270)7 (214)
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so that {1 ,}22, are precisely the zeros of ¢g(z). (Note in this context that uj (2, )
satisfies (1.1b) at = 1 for all z € C. Thus, if and only if g(A) = 0, us () ) also
satisfies (1.1a) at = = 0 and hence A € o(H;).) Here u; + are the corresponding solutions
of —u” 4+ gju = zu used in (1.8) and (1.10). By adding a sufficiently large constant to ¢
and ¢z, we can suppose all the zeros of Pj,Q;, and g are in [1, 00).

By (1)—(5) above, we infer:

(a) Pj,Q;, and g are all of the form (see, e.g., [19], Ch. I; [28], Sect. 11.48)

c ﬁ (1 - ﬁ) (2.15)

for suitable {z,,}52, C [1,00) (which a priori could differ for the five functions).
(b) Pj,Q,, and g are all bounded by C; exp(Ca|z|*/?) for some Cy,Cy > 0.

() [f1(iy) — fa(iy)l = o(ly|™") as y (real) — doo.
(d) If ¢; € C?* near z = 1, then as y (real) — o0,

| f1(iy) — fa(iy)| = ofJy|~ZF+3)/2).

(e) 1Q; (i)l = 5lyl'/ | exp(3Im (Vi) [y['/?)[(1 + o(1)) as y (real) — oc.
() lg(iy)l = |y|1/2|exp(1m(\f) V) (1 + ( L)) a as Y (real) — oo.
(g) Forn sufﬁciently large, infge(o 241 |9((m(n + 3))2€)| > mn + O(1).
Part (d) holds by (2. 6) and (2.10) because q( )( ) = ( ) for all 0 < ¢ < 2k by the

regularity of ¢ near x = 3 and hence the terms Dy (zy), . D2k+2(:c0) in (2.6) in connection
with g1 and g2 will cancel when inserted into [fi(iy) — f2 (zy)] (g) follows from (2.3) since
by (2.15), the infimum is taken at 6 = 0.

Proof of Theorem 1.1 (for ho,h1 € R). Define

F(Z) _ [P1<Z)Q2<Z)g<_z)P2<Z)Q1 (Z)] ) (2.16)

By Theorem 1.8, (1.13) holds at the points A;,. Hence %11((5)) = %’((j)) at z = A p.
Moreover, at points where both sides are infinite, one infers P, = P> = 0. Thus, the cross
ratio P1Q)2 — P»()1 vanishes at each point where g vanishes, and since g necessarily has
simple zeros (H; has simple spectrum), F' is an entire function.

In addition, by (b) and (g), F'(z) satisfies
|F(2)| < Cyexp(Calz]'/?) (2.17)

since (2.17) first holds when |z| = (m(n + 3))? for n sufficiently large (by (f)) and then
by the maximum modulus principle for all z. By Proposition B.6 (a Phragmén-Lindelf
argument) and (2.17), if we show that |F(iy)| — 0 as y — oo (y real), then F' = 0.

But

Fz) = % A1) — fa(2), (2.18)
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so by (c), (e), and (f),
|F(iy)| = 5 y" [o(lyl)I(1 + o(1)) = o(ly|™'/?) as y (real) — oo, (2.19)

goes to zero as required.

Once F' = 0, we can multiply by % (which has isolated zeros and poles) to

conclude that f; = f2, and so by Theorem 1.5, g1 = ¢2 (a.e.).

Remark. There is a (patchable) gap in the paper of Hochstadt-Lieberman [14]. They

consider an entire function ¢ (z) = f((j)) where they show |H(z)| < M exp(Im (1/|z|)) and

w(z) = Cy/z sin(y/z) + O(e"™ (V2)) and then claim |¢(z)| = O(\/L'_') without comment.

Because of the zeros of sin( - ), this is not evident and one needs a Phragmén-Lindel6f-type
argument to complete their proof.

Proof of Theorem 1.2. Let {\}}=] be the k + 1 eigenvalues of —j—; + q in L2((0,1))

which a priori are not assumed to be the same for the two potentials. Now define F (2) by

k+1

Fz) = [P1(Z)Q2(ZLZZ)132(Z)Q1(Z)] [1¢:- ) (2.20)
=1

instead of (2.16).
(2.17) still holds, and as in (2.18) and (2.19), one now infers from (d), (e), and (f),

[F i)l = Oyl Dyl [o(lyl~#+2))(1 + (1)) = o(1)  as y (real) — oc.

Thus m (2, 1) determines hy (cf. Theorem 1.5) and ¢; = ¢ (a.e.) follows as in the previous
proof.

§3. An Example

Our goal in this section is to construct, for each k, a function ¢ on [0,1] with the

following properties:
(1) gis C*> on [0, %] and [1,1]; ¢ is C?*~1 on [0, 1].
2 jz—';g is discontinuous at z =

(2)
(3) ¢g=00n [0,1].
(4)

1
5

12
4) For a suitable boundary condition parameter h; € R, the eigenvalues of — j—; +qin
L2((0,1)) with «/(0) = 0, u/(1) + hyu(1) = 0 boundary conditions agree with those
for —j—; in L2((0,1)) with u/(0) = u/(1) = 0 boundary conditions with precisely
(k 4+ 1) exceptions.

For k = 0, (2) means that ¢ is discontinuous at z = 3.

This example shows that in Theorem 1.2, one cannot weaken the continuity requirement
on ¢. In particular, it provides a counterexample to the claim in Suzuki [35] that his
Theorem I in his Appendix only requires ¢ € L*((0,1)). Continuity of q at = = % is critical
for his result to hold.

Our results depend on the following well-known fact:
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Proposition 3.1. Suppose that xo < yo < z1 < y1 < --- are given so that for n
sufficiently large,

= [2n)7]?,  y. = [(2n + 1)7)2 (3.1)

Then, there exists (a unique) hy and a C* function q on [3,1] so that

d2

—o5ta i L*((3,1)); w'(3) =0, u/(1) 4+ hiu(l) =0 (3.2)

has eigenvalues {x, }22 , and

2

— g ()l

0, u'(1) + hyu(l) = 0 (3.3)

DO
~—
I

has eigenvalues {y, }5%,. (By (1.2) and (A.5c), by = —1 f11/2 dzq(z).)

This is just a special case of the construction of Levitan and Gasymov [23]. Historically,
this classical two-spectra inverse problem goes back to Borg’s seminal paper [2]. Subse-
quently, Levinson [20] found considerable simplifications of Borg’s uniqueness arguments,
and Krein [18] developed his own solution of these inverse spectral problems. This circle
of ideas was further developed in [12], [21], [22], Ch. 3, [23], [24], Sect. 6.11 and continues
to generate interest (see, e.g., [15], [25], [34]).

We also need the elementary:

Lemma 3.2. Suppose that hg, hy, and q are given, and for some 5\ there exists an hy /o
(with the Dirichlet boundary condition hl/g = o0 at x = % allowed; u/(3) + hyjpu(3) =0

is then interpreted as u(3) = 0) so that A is an e1genva]ue of both

d? .

—o5+q in L2((0,1)); u'(0) + hou(0) = 0, u'(3) + hijppu(3) =0
and )

) +q in L*((,1); u'(3) 4 hijpu(3) =0, w/'(1) + hyu(l) = 0.

Then ) is also an eigenvalue of

2

5+ in L*((0,1)); u'(0) + hou(0) = 0, /(1) + hyu(1) = 0.

Proof. One can match the solutions in the two halves so that they and their first derivatives

become absolutely continuous near x = %

Let 2 = [(2n)7])? and y( ) = =[(2n+1)7]%, n = 0,1, ... be the eigenvalues that lead to
qg=0on[1,1] (and hg ) = 0) in Proposition 3.1. To construct our example, we will take
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Ty = :c%) for all n =0,1,... and y,, = y&o) for n = 0,1... with k£ + 1 exceptions, say,
Yno 7 yno yUn, F yg)l), ey Yng F ygl). Make the choice so that for £ =1,2,... k,

k k
> vn, =D 1" (3-4)
j=0 j=0

Choices satisfying (3.4) can certainly be made. For example, we can take y,, = yﬁfﬂ}

with € small, and solve the k equations, (3.4), for y,,,...,yn, using the fact that the
Jacobian determinant that needs to be non-zero to apply the inverse function theorem is

essentially just a k x k Vandermonde determinant, det(a), with a;, = K(yg;))g L

Let mg\??Jr(z, )= —ﬁ cot(3+/z), the Neumann m-function on [1,1] for ¢ = 0 (and
hgo) = 0). Let mny,+(2) be the corresponding Neumann m.-function on [3,1] for the ¢

constructed in Proposition 3.1 (whose poles and zeros are given by the eigenvalues x,, and
Yn,n =0,1... of (3.2) and (3.3)). We claim that

vt =TI (2 U i b 35)

j=0 \% — Yn

Indeed, the two sides have the same zeros and poles and both are ratios of functions of order
%; thus they are constant multiples of each other. Since both sides behave asymptotically
like ~ —|z| /2 as z — —oo0, the constant multiple must be 1.

Because of (3.4),

ln(flo(i i) =Rl ) (- ) e

Jj=1

Since mg\??Jr(z, 5) = ——=(14o(z X)) for all K consistent with ¢ = 0 in (2.10), (3.5) and
(3.6) imply that

ﬂ

m () = == (14 0()

Thus in (2.6), De(3) =0 for £ =1,2,...,2k+ 1. But by (2.10) and induction, this implies
that
¢™3)=0 form=0,1,2,...,2k - 1. (3.7)

Next, let ¢(z) be defined a.e. on [0, 1] by

q(x) =0, 0<z<j

= constructed ¢ (%, 1), % <x <1

By (3.7), ¢ is C** ' at z = ;. By Lemma 3.2, —& & 4 qin L?((0,1)), with «/(0) = 0, v/(1)+

hiu(1) = 0 boundary conditions, has {:cn )}n o U {y(o) n0.mAngn,...n, &S eigenvalues, so
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at most (k + 1) eigenvalues differ from the free Neumann case (i.e., ¢ = 0 on [0,1], hg =
hi = 0). If fewer than k + 1 eigenvalues differed, then by Theorem 1.2, ¢ = 0 and h; = 0.
Since the y,, are not yg:), this cannot be true. Thus, exactly k + 1 eigenvalues differ. If
q(%)(%) were zero, then by Theorem 1.2, again ¢ = 0 and h; = 0, so ¢ is not C?¥,

There remains an interesting open question: Can one replace information on the missing
eigenvalue by knowledge of the boundary condition h;?

84. The Case of Partially Known Spectra

Our goal in this section is to prove Theorem 1.3. Define

50 =T (1-2) san@=T1(1-2) sSotm =ik,

An €S n=0

By the hypothesis (1.4) on S and o(H) in Theorem 1.3 and the method of proof of Theo-
rem B.4 (see the critical equality (B.16)), we infer

In(|gs(iy)]) > (1 = @) n(|go (e (i)]) + § (1 + ) + Co. (4.1)

Since o(H) is a complete set of eigenvalues for a self-adjoint problem on [0, 1], we know
that asymptotically

1/2 | Im (V) |y|1/2}

9o () (iY)] ~ % Y }6 as y (real) — oo.

Thus by (4.1), there exists a constant C' > 0 such that
g5(iy)| > Cly|*/? [ /DU=T] (42)
for |y| sufficiently large.

Let Pj(2) = uj+(2, 5 +
potentials. Then, since 1 — (

), Qi(z) = u97+(z,% + %), j = 1,2 for the two candidate
+5) = % 1 — «), we use (2.3) to infer asymptotically

/(=N e

1Q; (iy)| ~ & [y[/2|em VD /DA-a)WlZ| a5y (real) — oo. (4.3)

With (4.2), (4.3), the arguments in Section 2 extend to prove Theorem 1.3.

§5. Theorems for the Whole Real Line

Our main goal in this section is to prove Theorem 1.4. So we suppose that ¢; (), g2 (z)
are two potentials on R satisfying

qj(x) > Clz|*T®+1, j=1,2 (5.1)
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for some C,e > 0. (The condition in Theorem 1.4 has —D in place of 1. Just add D + 1
to initial g;’s to get (5.1) if need be.) Thus for any z € C, there exist solutions u; +(z, z)
of —u”(x) + q;(z)u(x) = zu(z) which are L? near +oo and

s (2) 1= 1= 02)

SE S =12
u£(0,2) 777

are meromorphic functions of z. Let {\,}>°_; be the eigenvalues of —dd—; + q1(z) on
(—o0, 00) and denote by {/1j,m }35_; the eigenvalues of —-L; +q]( ) on (—o0, 0] with Dirich-
let (i.e., u(0) = 0) boundary conditions at x = 0. We claim:

Proposition 5.1. (i) Let po =1 — Then for all p > po, j = 1,2,

_&__
(442e)"
oo

> NS < oo, (5.2)

m=1

> " (jm) ™" < 0. (5.3)

(i)

Hjom = Aom , M EN. (54)

Proof. Let a,, be the m'™ eigenvalue of ——2 + C2?¢ on (—o00,0). The large m asymp-
totics of auy, is given by a classical phase space argument (see, e.g., Theorem XIII.81 in [32],
or Section 7.1 in [36]) that is, for an explicit constant K € (0, 00), limy, oo @ /m!/? = K.
Thus, Y ,.cn O < oo if p > po, and so (5.2) holds since Ay, > @,. Let 3., be the m*™®
eigenvalue of _d$2 + gj(—]z|) on (—o0,00). By the hypothesis ¢;(—|z|) > ¢;(x), we infer
that 3, > Ap. But by Dirichlet-Neumann alternation, pt;., = B2m for m = 1,2,...
proving (5.4). (5.3) then follows from (5.4).

Define

ke 1,
9(z) = ﬁ (1 - Ai)
m=1 m
Proposition 5.2. For ally € R,
Q:()Q2 ()| _ - (5.5)
l9(iy)]

Proof. |1 — zy| =1+ )1/2 for y,w real, is monotone decreasing in w, so by (5.4),

1y 1y 1y
1— 1— — 1— )
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It follows that

oo . o0 .

- Yy Y
@l < [ n-~——I<J[ - ,
|Q]( y)| — ] | )\Qm — ] | )\Qm—l |

so (5.5) holds.

Now let
Pi(z) =m; - (2)Q;(2), j=1,2,

which are entire functions, and

fi(z) =m;—(2), j=12.

v PU()Q2(2) ~ QUAPI(E) _ Qi(2)@s(2)

z2)QQ2(2) — Qi1(2) (2 1(2)2(z
F(z) = — = (f1(z) = f2(2)). (5.6)

( 9 ()
Proof of Theorem 1.4. At z = X, the eigenfunctions on the left half-line for both ¢; and ¢
must match to the common eigenfunctions on the right, so Py (Ar)Q2(Ax)—Po(Ak) Q1 (M) =
0, that is, F'(z) is an entire function.

By (5.2), g(2) is a function of m-type as defined in Appendix B. Thus by Proposition B.5,
there exists a sequence Ry — 00 so that sup{w | |2| = Ri} < C1exp(+C2RY) for some

p < 1. By (5.3) and a similar estimate for the Dirichlet eigenvalues, P;,Q; are functions
of m-type. It follows by Proposition B.6 that if

lim |F(iy)| =0, (5.7)

ly|—o0

then F' = 0. If we prove that, then m; _(z) = ma,_(z), and thus ¢; = g2 a.e. on (—o0,0]
and hence on R. Thus, we need only prove (5.7).

By (2.4), which holds for half-line m-functions [1, 6], |f1(iy) — f2(iy)| = o(1). Thus,
Proposition 5.2 and (5.6) show that (5.7) holds.

Several questions remain open. We do not believe that hypothesis (i) is needed in
Theorem 1.4:

Conjecture 5.3. Theorem 1.4 remains true if (i) is replaced by lim|,|_,o q(x) = oo.

This will require dealing with entire functions of type larger than 1.
We also believe:

Conjecture 5.4. Suppose limy_, L5%) = 0o and limy,|_, ., ¢(x) = co. Then g near +0c0

and a finite density subset of eigenvalues for —j—; + q(x) uniquely determine q on R.
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Appendix A: Dirichlet Boundary Conditions

In this appendix we provide some details in the remaining cases, which involve Dirichlet
boundary conditions at = 0 and/or z = 1. We need to distinguish three cases (cf. (1.1)):

(I) H has a Dirichlet boundary condition at z = 0 and = = 1, that is,
u(l) = 0. (A.1b)

(II) H has a non-Dirichlet boundary condition at z = 0 and a Dirichlet boundary
condition at x = 1, that is,

u’(O) + hou(O) =0, ho€R, (A.Qa)
u(l) = 0. (A.2b)

(III) H has a Dirichlet boundary condition at z = 0 and a non-Dirichlet boundary
condition at x = 1, that is,

u(0) =0, (A.3a)
u'(1) + hqu(l) =0, hy €R. (A.3b)
Since later on, ¢ is supposed to be known on [O,% + €] for some 0 < € < %, cases II

and III represent inequivalent situations and need to be treated separately in connection
with Theorems A.1-A.3. Depending on the case at hand, we index the corresponding
eigenvalues \,, of H by

{2, incasel and {A,}52, in casesII and IIIL. (A.4)

The asymptotic expansion (1.2) then becomes as n — oo,

1
Ap = (mn)? +/ dx q(x) + o(1) in case I, (A.5a)
0
1
An = (m(n+ 3))* = 2ho + / dx q(z) + o(1l) in case II, (A.5b)
0
1
An = (m(n+1))% +2hy + / dx q(z) + o(1) in case III. (A.5¢c)
0

Let ui(z,2) be defined by —u/[ + quy = zuy subject to the boundary conditions and
normalizations

u (2,1) =1, uy(z,1) =0  in cases I and II, (A.6a)
v (2,1) = —h1, uq(z,1)=1  in case IIL (A.6b)
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Next we note that items (1) and (3)—(5) of Section 2 remain valid in the present cases
I-III, whereas item (2) becomes

sin (v/z (1 — x) elm (vz) (1-z)
us(z,x) = — ( 7 ) +O( . , (A.7)
, . (R0 N
u', (z,2) = cos (Vz (1 —z)) + (T) (A.8)
in cases I and II, and

et O elm (Vz) (1-x) A9
uq(z,2) =cos (vVz(1—x)) + (T), (A.9)
u, (z,2) = Vz sin (Vz (1 — ) + O (e (V2 (1-2) (A.10)

in case III, as |z| — oo for all z € [0, 1].

Introducing Pj, Q;, fj, j = 1,2 as in (2.11)—(2.13), and g by

g(z) = u1,4+(2,0) in cases I and III, (A.11a)
9(2) = uj ,(2,0) 4+ hou1,4(2,0) in case II, (A.11b)

one infers again that {\; ,}52; in case I and {\; ,}5% in cases II and III are precisely the
zeros of g(z). The corresponding properties (a)—(g) listed in Section 2, suitably adapted
to the present cases I-1II, then read as follows:

(') Item (a) remains valid except that n in (2.15) runs through N in case I and through
Ny in cases II and III.
(b’-d’) Ttems (b), (c¢), and (d) remain valid.
(e') As y (real) — oo,

1Q;(iy)| = 2 |exp(2 Im (V) |y[*/?)|(1 + o(1)) in cases I and II,
1Q; (i)l = 5 |yl |exp(§Im (Vi) [y*/*)|(1 + o(1)) in case IIL.

(f') As y (real) — oo,

5 ly|~Y/2 [exp(Im (Vi) |y|Y/?)| (1 +0(1)) in case I,
= % | exp(Im (\/’Z) |y|1/2)| (1+0(1)) in cases II and III.

l9(iy)
l9(1y

(iy)

(g') For n sufficiently large, one obtains,

0€i[g,f27r] lg((m(n+ 3))%e”)| > L +O(%) incasel,

. i[nf | lg((m(n+1))%e")| > 1+ O(2) in cases II and III.
€(0,27
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Introducing F'(z) as in (2.16) and (2.18), one verifies, using (b’) and (g’), that (2.17)
remains valid. Items (c¢), (¢/), and (f'), however, yield the following modification of (2.19)
as y (real) — oo,

[F (i)l = 31y oyl "I +o(1) = o(|y|~*/?)  in case I, (A.12a)
[F(iy)| = zlo(lyl ™) +o(1)) = o(ly| ™) in case IT, (A.12b)
[Fiy)| = 3 lyllo(ly|H)](1 +o(1)) = o(1) in case IIL. (A.12¢)

Following the arguments in (2.16)—(2.19) step-by-step and taking into account the eigen-
value asymptotics in (A.5), the remaining Dirichlet cases in Theorem 1.1 then read as
follows.

Theorem A.1. Let H = —j—; + ¢ in L?((0,1)) with boundary conditions (A.1), (A.2),
or (A.3) according to cases I, II, or III. Then q on [0, 1], together with the knowledge of
ho = 0o or hg € R, and all the eigenvalues of H, uniquely determine h; (i.e., hy = oo in
cases I and II and hy € R in case III) and q (a.e.) on all of [0, 1].

Remark. Case I for ¢ € L?((0,1)) appears to be due to Péschel and Trubowitz [29], Ch. 4.
Much to our surprise, the extension of case I to ¢ € L'((0,1)) in Theorem A.1 seems to be
new. Case II is originally due to Hochstadt and Lieberman [14] as recorded in Theorem 1.1.
To the best of our knowledge, case III is a new result.

The analog of Theorem 1.2 is now obtained as follows. Replace the definition of F' in
(2.20) by

F(z) = P1(2)Qa(2) ~ Po(2)@1(2)] +1(z — A¢) in cases I and II, (A.13a)
9(2) P

F(z) = [Pl(Z)Q2<ZLZZ)]D2(Z)Q1(Z)] ﬁ(z — X¢) in case IIL (A.13b)
=1

Here {\,}5*! in cases T and IT, and {\,}%_, in case IIT represent eigenvalues of H; and Ho
which are not a priori assumed to be equal.
The asymptotic behavior of |F'(iy)| as y (real) — oo,

|F(iy)| = o(1) in case I, (A.14a)
|F(iy)| = o(|ly|~*/?) in cases IT and III, (A.14b)

then yields the following new result.

Theorem A.2. Let H = —j—; +q in L?((0,1)) with boundary conditions (A.1), (A.2), or
(A.3) according to cases I, 11, or III. Suppose q is C**((3 —¢, 3 +¢)), k= 0,1,... for some
e > 0. Then q on [0, 2] together with the knowledge of hg = oo or hg € R, and all the
eigenvalues of H except for (k + 1) in cases I and Il and k in case 111, umquely determine
hi (i.e., hy = oo in cases I and II and hy € R in case III) and ¢ on all of [0, 1].

Finally, we consider the analog of Theorem 1.3 in the Dirichlet context.
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Theorem A.3. Let H = —j—; +q in L?((0,1)) with boundary conditions (A.1), (A.2), or
(A.3). Then g on [0, 3 + %] for some a € (0,1), ho = 00 or hg € R, and a subset S C o(H)
of all the eigenvalues o(H) of H satisfying

#FANES|I AN} > A —a)#H{AcoH) [ A< o} + § (A.15)
for all sufficiently large Ao € R, uniquely determine hy (i.e., hy = oo in cases I and II and
hi € R in case III) and q on all of [0, 1].

Proof. Following the arguments employed in Section 4, we introduce again

gs() = 11 (1—Ai), S C o(H),

n

An€S
Jo(m)(2) = ﬁ 1- = in case I
n=1 )\n ’
s z
= 11—+ ' IT and IIT
Jo(m)(2) nl:[g( )\n) in cases Il an ,

where
o(H)={\n};>; incasel and o(H)={\,},—y in cases II and III.
Then (A.15) and the method of proof of Theorem B.4 yield
In(lgs(iy)]) > (1 — @) In(|go(m)(iy)]) + ¢ (1 4+ y?) + Co. (A.16)

Since asymptotically (cf. (f')) for |y| large enough,

9000 (i)| ~ 3y /2] DPIE] in case T,
19021 (1Y)] ~ 5 }elm(ﬂ) |y|1/2} in cases IT and III,
one infers from (A.16) that for some C' > 0
lgs(iy)| > C|y|_1/2}elm(ﬂ)(l_o‘)|y|l/2} in case I, (A.17a)
lgs(iy)| > C}elm(ﬂ)(l_o‘)|y|l/2} in cases IT and III (A.17Db)

for |y| sufficiently large.

Introducing again Pj(z) = uj4(z,5 + %), Q;(2) = v} (2,5 + %), j = 1,2 for the
two candidate potentials, noticing 1 — (3 + ¢) = 1(1 — «), we infer asymptotically as
y (real) — oo,

1Q;(iy)| ~ 3 }elm(ﬂ) (1/2)(1_0‘”1/'1/2} in cases I and II, (A.18a)
1Q;(iy)| ~ Ly /2 [m VD /D=0l |y cage TIT. (A.18Db)
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Given (A.17) and (A.18), one can now finish the proof of Theorem A.3 in the same way
as that of Theorem 1.3 in Section 4.

Remark. As in the case a = 0, we have an extension of the same type as Theorem A.2.
Explicitly, if ¢ is assumed to be C?* near x = % + 5, we only need

#FANeS A< N} > 1 —-a)f{Acao(H)| A< o} +5 — N(k) (A.19)
instead of (A.15), where N(k) = k + 1 in cases I and II and N (k) = k in case III.

Appendix B: Zeros of Entire Functions

In discussing extensions of Hochstadt’s discrete (finite matrix) version [13] of the
Hochstadt-Lieberman theorem in [10], we made use of the following simple lemma which
is an elementary consequence of the fact that any polynomial of degree d with d + 1 zeros
must be the zero polynomial:

Lemma B.1. Suppose fi = % and fo = % are two rational fractions where the

polynomials satisfy deg(P;) = deg(P») and deg(Q1) = deg(Q2). Suppose that d =
deg(Py) + deg(Q1) and that fi(z,) = fa(zn) for d + 1 distinct points {z,}%t € ¢. Then
fi=fa.

Our main goal in this appendix is to prove an analogous theorem for a class of entire
functions. The theorem is sharp in the sense that it includes Lemma B.1 (at least the case
of Lemma B.1 where the zeros of the entire functions involved and the z,, are all positive).

We will be interested here in entire functions of the form

flz) = Cﬁ()(l . %) (B.1)

where 0 < g < 17 < --- is a suitable sequence of positive numbers which are the zeros of
f and C' is some complex constant.
Given a sequence {x, }22 , of positive reals, define

N(t)=#{neNU{0} |z, < t}. (B.2)
Recall the following basic theorem (see, e.g., [19], Ch. I; [28], Sects. I1.48 and I1.49):

Theorem B.2. Fix 0 < pg < 1. Then:
(i) If {x,}22, is a sequence of positive reals with

ng” < 00 for all p > po (B.3)
n=0

then the product in (B.1) defines an entire function f with
|f(2)] < Crexp(Ca|z|?) for all p > po. (B.4)

(ii) Conversely, if f is an entire function satisfying (B.4) with all its (complex) zeros
on (0,00), then its zeros {x,}>° , satisfy (B.3), and f has the canonical product
expansion (B.1).
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Moreover, (B.3) holds if and only if
N(t) < C|t|P for all p > po. (B.5)

Given this theorem, we single out:

Definition B.3. A function f is called of m-type if and only if f is an entire function
satisfying (B.4) (of type 0 < p < 1 in the usual definition) with all the zeros of f on (0, c0).

Our choice of “m-type” in Definition B.3 comes from the fact that in many cases we
discuss in this paper, the m-function is a ratio of functions of m-type. By Theorem B.2,
f in Definition B.3 has the form (B.1) and N(¢), which we will denote as N¢(t), satisfies
(B.5). We are heading toward a proof of

Theorem B.4. Let fi, fo, g be three functions of m-type so that:

(i) fi(z) = fa(2) at any point z with g(z) = 0.
(ii) For all sufficiently large t,

max(Ny, (t), Ny, (1)) < Ny(t) — 1.

Then, f1 = f2.

Proposition B.5. Let f be a function of m-type. Then there exists a 0 < p < 1 and a
sequence {Ry}72,, Ri, — oo as k — oo, so that

inf{|f(2)| | |2 = R} = Crexp(=CaRy).

Proof. By hypothesis, for some 0 < p’ < 1,
N#(t) < Ct*'. (B.6)

This implies

If for all n > ny,
|$n - wn—1| S 27

then
T < Ty + 2(n — no),

which contradicts (B.7). Thus for an infinite sequence {n(k)}7>,, n(k) — oo as k — oo,
we necessarily must have
Tn(k) — Tn(k)—1 = 2- (B.8)

We will pick
Ri = 5 (k) + Tn(r)—1)- (B.9)
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For any o > 0, |1 — ae?|?2 =1 + a2 — 2a.cos(f) takes its minimum value at § = 0, so

inf{|f(2)] | 2 = Ri} = [f(Rx)]- (B.10)
By Theorem B.2, f has the form (B.1). We will write

In(|f(Rr)|) = A1 + As, (B.11)

)

We estimate A; by writing the sum as a Stieltjes integral, integrating by parts, and using

(B.6):
A :/ ln(l - @) AN (8)
2T (k) ¢

_ _/2°° ( _1&) % NG (t) = Ny ()] di

Tn (k) t

where

A1: Z ln('l—%

| Ty >2T 5, (1)

), A= ) ln('l—%

n|xn <224, (1)

*© 9Rp ,
> - kot dt = —CR? (B.12)
t2 k
2Ry

where we have used C' to represent a positive constant that varies from formula to formula.
For As, we write,

ln('l — &
Tn

where (B.13) follows from (B.8) and (B.9), and (B.14) follows from

)zmmm—Rm—hm%Dz—mmm> (B.13)

> —In(4Ry), (B.14)

|Tn| < 225 < 2(2Rg).
Thus by (B.6),
Ay > —Ny(2z, ) In(4Ry,) > —CRY In(4Ry,) > —CRY’ (B.15)
for some 1 > p” > p’ and suitable positive constants C. (B.10), (B.11), (B.12), and (B.15)

prove the proposition.

Proposition B.6. Let F' be an entire function that satisfies

(i) sup|,=g, [F'(2)] < Crexp(CaRy) for some 0 < p < 1, C1,Cy > 0, and some
sequence Ry — 0o as k — oo.
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Then F = 0.

Proof. A standard Phragmén-Lindeldf estimate separately applied to Re(z) > 0 and
Re(z) < 0 (i.e., to an angle of opening m; see, e.g., [28], Sect. I1.34) shows that F' is
bounded. Liouville’s theorem implies that F' is constant, and then the fact that |F'(iz)| — 0
as ¢ — oo (x real), shows that F' = 0.

Proof of Theorem B.4. By hypothesis (i), W Q(z) is an entire function. By
(B.4) (applied to f; and f2) and Proposition B.5 (applied to g), there is a sequence Ry, — o0

as k — oo so that Q(z) satisfies condition (i) of Proposition B.6. Thus, it suffices to prove
f1(ix) f2(iz)
g(iz) g(iz)
fact, our proof will show that J;((Zf)) = O(x71) as |z| — oo. Without loss of generality, we
will assume that fi, g satisfy (B.1) with C = 1, that is, that f;(0) = g(0) = 1. We will also
suppose that Ny, (t) = Ny(t) =0 if ¢t < 1, which can be arranged by appropriate scaling.

Notice first that
72
_2
n=0 T
2
_2

T
e o

o0 1 2
_1 /0 Ny () dt

limg 4o = lim, 4o = 0. We will prove the f; result for definiteness. In

In(1f1 iz)]) = Z% a1+

1 + $2 t3
(e%e] .CCQ

The boundary term at ¢ = 0 in the integration by parts step vanishes since Ny, (0) = 0
and the one at ¢ = oo vanishes by the estimate (B.5) and the fact that for x fixed,

In(1+ f—;) =0(t™2) as t — oo.
By hypothesis (ii) of the theorem, there are tyo > 1 and C' > 0 such that

Np (t) < Ng(t) =1,  t=>to (B.17a)

N,(t)+C,  t<to. (B.17b)

to 2 0 12
<(C+1 —— dt — dt
)—( * )/1 3+ ta? /1 3+ ta?
< (C+1)In(ty) — 3 In(1 + 2?),

Hence, by (B.16),
ln(

2 2 .
B = —4[1In(1 + %)]. Thus, as claimed,

f1(iz)
g(ix)

f1(iz)
g(ix)

since

= 0(@™)
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as |z| — oo.

One can replace (B.17a) by the following pair of conditions for t >ty > 1, to sufficiently
large:

Ny, (t) < Ny(t) + D for some D > —1, (B.18)
Tim = (PH0 7 s € [to, 1] | Np, (5) > N(s) = 13 =0, (B.19)
where | - | abbreviates Lebesgue measure. Indeed, denoting by

7(t) = [{s € [to, t] | Ny, (5) > Nyg(s) — 1}

the Lebesgue measure of the set in (B.19), the method of proof in Theorem B.4, together
with (B.18) and (B.19), imply

f1(2$) B o0 2
ln( g('hf) ) _/0 13 1 t2 [Nf1<t) _Ng<t)] dt
o g2 o 2
Sc/l mm/% 1 gz VA (1) — No(t)] dt

to ZCQ ZCQ
:c/ 7dt+/ T ING (1) — N, ()] di
1 3+t {t€[to,00) N, () <N, (1)1} 1° + 122 ! g

- /{ [N (8) — N ()] dt

t€[to,00)| Ny, (£)>Ng(t)—1} 3 + ta?

to 2 oo 2
gc/ Ldt—/ R
L 3 ta2 W 1+ ta?

+(D+1)/

{t€lto,00)| Ny, (t)>Ny(t)—1} 3+ ta2
< (C+1)In(to) — 3 In(1 +2?)
+(D+1)/ 7dt+(D+1)/ R
e B {te[1,]|Ny, ()>Ng(t)—1} t3 + ta?
< (C +1)In(to) — £ In(1 + z?) + (D +1)In(2)

o)+l 2
+ (D +1) / ——dt
1

.CEQ

3 + tx?
y(z)+1
< (C+1)n(to) — 2 In(1 +2*) + (D + 1) In(2) + (D + 1)/ " %
< —1mn(1+2%) + 3(D +1)[In(2) + In((1 +v(2))*)] + (C + 1) In(to).
(B.20)

In particular, (B.19) is precisely the result needed in (B.20) to ensure that the limit |z| — oo
of | f1(iz)

) | is zero. In (B.20) we used the obvious inequality [tg,_”f_i;g] < (%) for t > 0 and the
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fact that

/Qf(t) dt < /1|Q|+1 f(t)dt

whenever 2 C [1, 00) has finite Lebesgue measure, || < oo, and f is monotone decreasing

on

10.

11.

12.

13.

[1,00).
An interesting case is D = 0 in (B.18)—(B.20).
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