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1 Introduction

In this paper, we want to discuss a new set of equations that let us relate
solutions of

—u" + (V+Vo)u= Eu (1)
to solutions of
—¢" + Vo = Ep. (2)

These equations will be particularly useful in regions where all solutions of (2)
remain bounded as x — co. We will also discuss the discrete analogs,

u(n+1) +u(n—1) + (V 4+ Vo) (n)u(n) = Eu(n) (3)
p(n+1)+¢n—1)+ Vo(n)p(n) = Ep(n). (4)

If V is in L, virtually any perturbation technique allows one to control u
(and, in fact, to show that all solutions of (1) are bounded as x — o0). We
are interested in cases where V is not L' but is small at infinity in some sense.
We want to generalize what has turned out to be a powerful set of tools in
case Vy = 0, namely, the use of modified Priifer equations and their discrete
analogs, which were dubbed EFGP equations in [6] on account of contributions
of [4, 5, 11].

Explicitly, in the continuum case when Vy =0 and E = k2 > 0, one defines
R(x),0(x) by

u(z) = R(x)sin(f(x)) (5
u'(x) = kR(z) cos(0(x)) (6
and finds that R, 6 obey
d _ V(x) |
e In R(x) = ok sin(26(z)) (7)
O _ VO o). (8)

dr k
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In the discrete case when Vp = 0 and E = 2cos(k) € (—2,2), we define
R(n),0(n) by

— Rin sin(6(n))
u(n —1) = R( )7sin~(k:) (9)
B sin(f(n))
u(n) =R S k) (10)
(n) = 0(n) + k (11)

(in earlier references, the equivalent formula with (10), (11) replaced by R(n) cos(8(n)) =
u(n) — cos(k)u(n — 1) is used; also what we denote 6 is called 8, but since there

will be complex conjugates below, we use ~ in place of ~ to avoid confusion) and
find that

R(n+1)? = R(n)?[1+ U(n)sin(20(n)) + U(n)? sin*((n))] (12)
0

cot(8(n + 1)) = cot(f(n)) + U(n) (13)
__ V)
U(n) = snk) (14)

These equations are useful in studying spectral properties [6] and tunneling
[8]. One of our main goals is to extend them to situations with Vj # 0.

An important ingredient in our extension is the realization that R and 6
should be viewed as pieces of a single complex valued function. As a bonus of
this point of view, we have a rewriting of (7), (8) and (12), (13) that makes the
fact that they are analogs totally transparent and, moreover, is a more tractable
version of (13) or its equivalent form noted by Figotin-Pastur:

(2i0(n+1) _ 2i0(n) | iU(n) ( (£210() _~1)2 >
2 1 %(eme(n) —1)

Namely, in the continuum case, define
p(.]?) _ R(x)ei(e(x)—kx).

Then (7), (8) are equivalent to

9 _ p(a) A im0, (15)
In the discrete case, define
p(n) = R(n)el@m)—kn), (16)
Then (12), (13) are equivalent to
p(n+1) = p(n) = p(m)U (n) sin(@(n))e~ 7). (17)



It is clear that (17) is the discrete analog of (15); this is not so clear from
the form (7), (8) and (12), (13).

In applications, the critical feature of the (R, ) variables is that R(x) ~
(u' ()% + u(x)?)M2 (resp. (u(n)? + u(n — 1)?)/2) in the sense that for some C
independent of V' (but dependent on k),

C7'R(z)* <u/(2)? + u(z)? < CR(z)%.

Our variables when Vp # 0 will not be quite as simple as (5), (6) and (9),
(10), (11) when expressed in that format, but will yield an R, 6 with R ~
(u? 4 (u)?)'/? and will obey

V(x)

d .
- InR(x) = 27 (2) sin(26(x))
& =) - T o)

where 7/ is no longer a constant k& and now obeys 0 < a < 7/(z) < 8 < oo for

suitable «, 5. In the discrete case, (12), (13) will hold but U(n) will no longer be

a constant multiple of V(n); rather for suitable a, 5: 0 < @ < — Egﬁ; < < o0.

We will discuss two different applications of these equations in this paper.
First, we’ll study embedded eigenvalues. We will show that it’s possible to
generate bound states by perturbations of order V(z) = O(1/x). Then we
will generalize Naboko’s construction [9] to the case of a periodic background
potential.

As our second application, we will show that sufficiently regular ac spectrum
can be turned into sc spectrum by a perturbation that tends to zero. This V will
be a sparse potential of Pearson type (cf. [12]). We will also prove an auxiliary
result on the asymptotic distribution of the function (z, E) from above which
seems to be of independent interest.

As for the applications, there are few differences between the continuous and
discrete case. We'll discuss embedded eigenvalues in the continuous case and
Pearson potentials in the discrete case, but we might as well have done it the
other way around.

The tools we develop here were also used in [14] to generalize a result on
stability of ac spectrum to situations with general background potentials. For
a different (in fact, earlier) approach to this problem, see [2].

Research of A.K. done at MSRI was supported in part by NSF grant DMS
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of this work was done. He would also like to thank the Deutsche Forschungsge-
meinschaft for financial support.



2 Basic Variables and Equations in the Contin-
uum Case

Let Vj be a real valued LllOC function on [0, 00). Then, as usual for any E, we
define a transfer matrix Ty(x, E) by

a ¢'()
we () = ()
") = o)
where ¢ is the unique solution of (2) with ¢’(0) = a, ¢(0) = b. We will suppose
E € R and that

K = sup | To(z, B)|| < oc.
>0

As usual, define the Wronskian W(f, g) of the C! functions f, g by

W(f,9)(x) = f(z)g'(z) — g(x) f'(2).
If f"(z) = A(z) f(x) and ¢’ (z) = B(x)g(x), then

W'(f,9)(x) = (B(x) — A()) f(z)g(z). (18)

In particular, if f, g both solve (2), then W is constant.
Fix E € R and ¢, a complex solution of (2). Then W (@, ) is constant and

W (@, ¢) = 2iIm( ()¢’ (x)).

If ¢ is essentially complex, then W (g, ¢) # 0. By interchanging ¢ and @, we
can suppose Im W (p, ¢) > 0. Thus,

W(@, ¢)(z) = iw; w = constant > 0.

We could normalize ¢ so that w = 1 but do not do so to allow the standard

choice p(x) = e'** (corresponding to w = 2k) in case Vy = 0. For definiteness,
you can think about the solution with (i(((?))) = (i), but in the periodic case, it
will be useful to take a Floquet solution instead.

We'll define two phases y(z), §(x) by
() = |p(@)]e™) (19)
¢ (x) = il¢/ (x)]e). (20)
~ will play a central role; § will not.
Proposition 2.1 (a) 2|p(z)||¢ ()] cos(y(x) — §(z)) = w
(b) ¥ (z) = 2|¢2Jx)|2 >0
(¢) Let o = (|(0)[* + [/ (0)[*)'/. Then

w

2K(p0
w

2K(p0

< [e(@)| < Koo

< |¢'(@)] < Ko



K2 2
(@) gz <7 (@) < =52

2w

Proof. (a) This is just evaluating the Wronskian.
(b) 7 =Tm(£) = ¢| *In(@y) = 72
(¢) By definition of K, |p(z)| < Kgo and |¢'(z)| < K¢o. On the other hand,
by (a), [¢(x)||¢'(x)] > %. Thus, the upper bounds imply the lower bounds.
(d) follows from (b), (c). O

Remark. ¢’ will not be non-negative in general; indeed,

/!

V(%) = Im(%) — (Vo(w) - B) Im(§>

so if Vo(z) — E > 0, then §' < 0; and if Vyp(x) — E < 0, then ¢’ > 0. In case
Vo =0, & > 0 but if there are regions with Vo(z) — E > 0, then there are
regions with &’ < 0. But y(z) > ~(0) + ﬁ, and |6 — ~| is bounded because
of Proposition 2.1(a), so ¢’ is “mainly” positive.

Given a reference complex solution ¢ to (2) and a real valued solution u of
(1), we define p(z) € C by

(i) =z () 7 (%) (21)
=t ot (7)) (22

(‘fp') and‘ (:’;’) are 1ine?rly indepenc}ent since w # 0 and so (7;’) = a(i) + 6(‘2).
The reality of w implies that g = a.

That p is a reasonable perturbation parameter follows from the fact that if
V =0, then p is a constant.

We now define R(x),n(x) and 6(x) by

R(z) = [p(x)] (23)
n(x) = Arg(p(z)) (24
0(x) = ~(x) +n(x). (25

7 can be normalized by 7(0) € (—m, 7] and 7 continuous. By (19), (20), (22)-
(25), we have

u(z) = R(x)|p(x)| sin(6(x)) (26)
u'(z) = R(z)|¢(z)] cos(6(x) + 6(x) — v(z)). (27)
Example. If V5 = 0 and p(z) = ¢** with E = k2, then |p(x)] =

L,
|’ ()] = k, and y(x) = §(z) = kx so v — 6 = 0. Thus, (26), (27) become (5),
(6) and our R, 8 reduce to the standard ones.



One can invert (21) by using Wronskians. Take the Wronskian of both sides

with @ using W (@, @) = 0 to see that & = %é:g; or

p=2W(p.u) (28)

Thus,
R = S W(p.u)W(p,u)
0 = Arg(W(%, u)).
By (22) and (28), R(z)? is comparable to |u(z)|? + |u'(x)|*:
Proposition 2.2

(u(@)]® + ] (' (=)[H)"?
Ko

< R(2) < = KaolJu(e)? + o' (@)

Proof. By (22), (Ju/'(x)]* + [u/(2)[*)'/? < |p(x)| (le(2)]? + |¢(2)[)'/? <
KopoR(z), yielding the lower bound. By (28),

R< 2 W)l < 2 (e + 10 @) 2 u@)? + o @))

O

Theorem 2.3
@ )=o) L v (e (29)
(b)  [mR@) = 23(2) sin(20(x) (30)
© 6 =) - 5 sn(6a). (31)

Proof. By (18) and (28),
o = 2V(@) ol ulw)

Now by (26), u(z) = p(a)e~"® | o(2)] sin(6(x)) and F(@) = [p(z)le~® 50 (a)
follows from n 4+ v = 6.

p'p~t = (InR+in) so (b) is just the real part of (29) and 2':’5'2 =(y)!
(by Proposition 2.1(b)), and (c) is just the imaginary part. O




3 The Discrete Case

The approach is similar to the continuum case. The transfer matrix Ty(n, F) is

defined so that N foln 1)
To(n, E) <b> :< p(n) >

if ¢ obeys (4) with ¢(1) = a, p(0) = b. We will suppose that £ € R and

K =sup ||To(n, E)|| < oo.
n>0

The Wronskian of two functions f, g on Z* is defined by
W(f,9)(n) = f(m)g(n + 1) — f(n + Dg(n).
It f(n+ 1)+ f(n — 1) = A(n) f(n), g(n +1) + g(n — 1) = B(n)g(n), then
W(f,9)(n) — W(f,g)(n—1) = (B~ A)(n)f(n)g(n). (32)
Fix ¢, a complex valued solution of (4), so that
W (@, 9)(n) = 20 Im(p(n + 1) p(n) ) = iw

with w = constant > 0. The free case (Vy = 0) is £ = 2cos(k), p(n) = e,
w = 2sin(k). We define v(n) by

p(n) = lp(n)]e™. (33)

By constancy of the Wronskian,

2[e(n)]le(n+1)[sin(y(n +1) =7(n)) =w (34)
so we can fix non-uniqueness in v by requiring v(0) € [0,27), y(n) —y(n—1) €
(0, 7). With this choice, v(n) = kn in the free case.

Arcsin ( or

w
Proposition 3.1 (a) y(n+1) —~v(n) = N 2!<p(n)||<p(n4;1)|),
7 — Aresin (g
(5) Let wo = (p(0)]2 + lp(1)[)/2. Then

< < Kg.
s <l < Koo

(c) Arcsin(ﬁ) <~v(n+1)—~n) <7-— Arcsin(ﬂf—z,%).

Proof. (a) follows from (34) if we note that if § € (0, ), then either § =
Arcsin(sin(f)) or § = m — Arcsin(sin(#)). To prove (b), note that |¢o(n)| < K¢q
is trivial and then (34), which implies 2|@(n)||o(n + 1)| > w, yields the lower
bound. (c) follows from (a), (b) and monotonicity of Arcsin. O



Given a complex reference solution ¢ to (4) and a real valued solution u to
(3), define p(n) € C by

(o) =3l (i) 7 (o)) e

= ot (") )

p(n) = R(n)e™ (37)
6(n) = n(n) +~(n —1) (38)
6(n) = n(n) +~(n) (39)

with 1 normalized by n(0) € (-7, 7] and n(n + 1) — n(n) € (-7, n]. (We will
soon see if |[V(n)| — 0, then |n(n + 1) —n(n)] — 0 also.)
By (33), (36), and (38), (39),
u(n) = R(n)|p(n)|sin(6(n)) (40)
u(n —1) = R(n)[p(n — 1)[sin(0(n))

which in the free case, where |p(n)| = 1 and y(n) = kn, is essentially (9), (10).
Our 6, 0 are the same as the EFGP 6’s. Our R differs from theirs by a constant
sin(k). We could have made the definitions agree (by using pxew = “§*) but chose
to make the normalization in the continuum and discrete cases identical. Since a
constant factor (%) is involved, no difference equations change and Proposition
3.1 changes in an elementary way.

We can use Wronskians to invert (35) to get

p(n) = = W@ u)(n — 1), (@)

The strange fact that n appears on one side of (41) and (n—1) on the other is a
consequence of our reconciling the standard definition of W (involving n,n+ 1)
and the EFGP definition (involving n,n — 1). As in the continuum case, (36),
(41) immediately imply:

Proposition 3.2

(u(n)? + un — 1)*)'/
Ko

< Bn) < 2 Kofuln)? + u(n —1)%)'/2

Now we can apply (32) to get the evolution equations for p, 6, R.

Theorem 3.3 Let




44)

(@) p(n+1) = p(n) = U(n)p(n)sin(f(n))e """ (43)
(b)  IfIUm)| <1, then |n(n+1) = n(n)| = §(n + 1) = (n)| < g|U(n)|

(
(c) R(n+1)? = R(n)*[1 4+ U(n)sin(20(n)) + U(n)?sin®(6(n))] (45)
(d) cot(B(n + 1)) = cot(d(n)) + U(n). (

46)

Remarks 1. (45), (46) are, of course, just (12), (13), so this generalizes the
free case.

2. As noted in the introduction, from the usual form of the free equations in
the continuum and discrete cases ((7), (8) vs. (12), (13)), the analogy appears
vaguer, but the complex form of the equations (29) vs. (43) are clearly analogs!

3. (b) strengthens slightly the result in [6] that if [U(n)| < 1, then (44)
holds with 7 replaced by .

Proof. (a) (3), (4), (32), and (41) imply that

2

pln +1) = p(n) = ==V (n)u(n)p(n)

2 ~ .
=== V(n)R(n)sin(0(n))|p(n)[*e™
by (40). Given (42), (37), and (39), this is precisely (43).
(b) The distance of zp = 1 from the line Arg(z) = 6 or 6 + 7 is |sin(§)|.
Thus, if |z — 1| < 1, we have that

|Arg(2)] < 3 | sin(Arg(2)] < 7|2 — 11, (47)
But (43) implies
pin+1) "
- <o
and Arg(%) =n(n+1) —n(n), so (47) is just (44).
(c) By (43),

R(n+1)% = R(n)*|1 + U(n) sin(@(n))e =",

Since |1+ a|?> =1+ |a]> + 2Rea, we get (45).
(d) Multiply (43) by e to see that

R(n +1)e™+) = R(n) [eié(") + U(n) sin(B(n))]. (48)

The real part of (48) divided by its imaginary part is precisely (46). O



4 Embedded eigenvalues

As a warm-up, we show how to use the basic equations (30), (31) to construct
a potential of Wigner-von Neumann type.

Theorem 4.1 Suppose that K = sup,~ ||To(z, E)|| < oco. Then for every
boundary condition at x = 0, we can find a potential V of order |V (z)| <
C(1 + 2)~ Y, such that the equation (1) has an Lo solution that satisfies the
prescribed boundary condition.

Proof. Fix a reference solution ¢ and consider the differential equation

P (x) =+ (z) + sin 21 sin? 1, (49)

v (x)(1+ )
where C' > 0 will be chosen later. By Proposition 2.1(d), there are positive
constants Cy, Cy so that C7 < +/(z) < Cy. Hence the right-hand side of (49)
satisfies a global Lipschitz condition with respect to v, and thus (49) has a
unique global solution satisfying the initial condition ¥ (0) = g (see, e.g., [3]).
Now set

Vi(x) = sin 2¢(x).

14z
Then, by uniqueness, the generalized Priifer angle § with the initial value 8(0) =
o is just ¢(z). Thus the equation (30) for R becomes

(InR)' = sin? 2¢p(z). (50)

2(1+ )y (x)
By (49), ¥/(z) is also bounded away from zero and infinity for large enough z,
so (50) implies

InR(z) < —ACInzx

(z sufficiently large) with some constant A > 0 that depends on Cy,Csy. If we
now take C big enough, then R is in Lo. By Proposition 2.2, this also holds for
the solution u corresponding to the Priifer variables R, 6. By adjusting v, we
can achieve that u satisfies any given boundary condition. [J

Next, we study embedded point spectrum for perturbed periodic operators.
So, let Vy(z) be a periodic function of period 1 (say). Then the spectrum of
Hy = —A+V; (on the whole axis) is purely absolutely continuous and has band
structure

o(Ho) = 0ac(Ho) = | [an, b)-

Theorem 4.2 Let F(x) be a positive, increasing function with lim, . F(x) =
00. Then there is a potential V satisfying |V (z)| < F(|z])/(1 + |z|) so that
opp(Ho + V) D o(Ho).

10



Proof. Clearly it suffices to consider the case where F(z) < z” for some § > 0
(otherwise let F(x) = min(F(z), 2%) and construct a potential V for F, it will
also work for the original F'). We will use the generalized Priifer equations (30),
(31), where we take a Bloch solution as reference solution ¢. So

o(z, E) = p(x, B)e* B, (51)

where p is periodic with period 1. Since the quasimomentum k(FE) is monotone
in every band [a,, b,], we can find a countable set of energies E,, € o'"(Hp) so
that {E,} is dense in o(Hy) and the numbers {m, k(E,)} are rationally inde-
pendent.

It suffices to consider the half-line problem. Namely, we will prove that given
F as above and a set of boundary conditions {a,,}, there is a potential V' on
(0, 00) satisfying |V (x)| < F(zx)/(1+x), such that for every n, (1) with £ = E,
has an L2 (0, 00) solution, and this solution satisfies the boundary condition cv,.

On intervals with V' = 0, (31) says that 8/ = +’. Since p is periodic, (51)
implies that

0(z+1,E)—0(z,E)=~v(x+ 1,E) —y(z, E) = k(E)(mod27).

By construction, the {k(E,)} are rationally independent. Given this observa-
tion, the argument proceeds similarly to the original Naboko paper [9] (see also
[10]). For the sake of completeness we provide a sketch of the argument. Fix a
sector T,

T. = {a]|la+ %| <}
The value of € needs to be chosen sufficiently small; we will assume e < 5.
Let ng = 1 and consider the first Ny values of energies from our set: {Ej}j\[:‘)1
We suppose that the ordering in our sequence is fixed once and for all in some
arbitrary way. The choice of Ny is also arbitrary. We define V' to be zero on
the interval (ng,n1), where nq is chosen to be such that 6(nq, E;), j =1,... Ny
all lie in T'¢. This is possible because the rotation on the torus given by

(91,... ,QN)»—>(91+I<:(E1),... ,6N+I<:(EN)) (mod 7T)

is an ergodic map. Moreover, there is an a priori estimate on n; — ng which
is independent of the initial values 6(ng, E,,). We denote the maximal possible
value of ny —ng by D(N(ng), €). Similarly, we will denote D(M, ¢) the maximal
distance needed to bring all values 6(x, E;), j = 1,... M into T'. (for any initial
data). Set

12
hyv = ?SUPxeR+,j:1,...M{|’Y/($a Ej)|,1}. (52)

Let x(z) be a characteristic function of the interval (0,1). On the interval
(n1,n1 + 1) we define V' as follows:

-2

X (ho (2 = 1)) -

11



We continue the construction inductively. V is set to be zero on the intervals
(n; + 1,my41) and is defined by

F(m)

V(z) = I

(hN1—1 (.23 —m)) . (53)

on the intervals (n;, n;+1). The formula (53) is devised in a way that the angles
0(z, E;), 5 =1,...N;_1 do not change much in the region where V # 0, staying
close to the phase which guarantees the fastest decay of R(z, E;). It may seem
that we forget the second term in (31) influencing the change of 6(z, E;), but
this term becomes arbitrary small at large distances and we can safely ignore
it.

We need to gradually add solutions at every energy E; to our consideration,
but to do it carefully and slowly enough so that we can control the L? norm
of every solution u(z, E;) and make sure that they are square integrable. The
following simple algorithm works well. Suppose that we have constructed V up
to and on the interval (n;, n;+1). We check whether the following two conditions
hold true:

F(m)hy? ) > F2 () (54)

D(N_1 +1,6)+1< Fi(n). (55)

Here N;_; is the number of solutions that we took into account on the interval
(ni—1 + 1,my). If both conditions are verified, we add one more solution to our
consideration in the interval (n; + 1,m;41), so that Ny = N;_; + 1. If any of
the conditions fails, we do not add any new solutions in the next step so that
Ny = N;_1.

It is clear that the potential we construct satisfies the decay condition. It
remains to show two things: that IV; eventually goes to infinity , so that we take
into account every Ej;, and that it yields L? solutions. The first is immediate
from (54), (55) since the function F' tends to infinity as n; grows. We now
indicate how to verify the second claim. Consider any of the solutions u(x, E})
(satisfying the right boundary condition at zero). Then we can find n; such that
the following estimate holds by (30), (31) (52), (53), (54):

(@, B3 2(ny41.00) < CR2(u, Ej) > exp (—Cl > M) (D(N (), €) +1).
m=l

i=l

Employing (55), we find

(oo} m
1 2+mn; 1
(s B 1,00y < C Y 050 (—01 > Fno) log (—;)) ().

m=l i=l

This sum is obviously finite for any growing function F’ bounded by some power.
O

12



5 Asymptotic Distribution of y(n, E)

In these final two sections, we will work in the discrete setting. So, we consider
the operators H) acting on I3(N) as

(Hay)(n) = {y@) + (Vo(1) + Ny(1) .

y(n = 1) +y(n +1)+ Vo(n)y(n) n>2"

%

The parameter A\ plays the role of a boundary condition. If A = 0, then the
corresponding index will usually be dropped.

We need some notation and some elementary facts. Let u(n, E),v(n, E) b
the solutions of (4) with the initial values u(0) = v(1) = 1,u(l) = v(0) = 0
Write

ma(z) = (01, (Hx — 2)~'61),

where §;1(n) = 01,. Although my(2) is defined originally only off the spectrum
of Hy, the limit my(E) = lime_ oy m)(E + ic) exists almost everywhere. In
regions where m(FE) does exist and, moreover, Im m(E) > 0, a natural choice
for the complex solution ¢ from Section 3 is

¢(n, B) = u(n, E) — m(E)v(n, E) (56)

(the complex conjugation being necessary to have w > 0). Note that for non-
real E, @ would be the Iy solution of (4). Our goal in this section is to show
that the y(n, E) gotten from (56) is approximately uniformly distributed as a
function of F for large n.

We need some more preliminaries. Denote by H iv the operator restricted to
Io({1,...,N}) = CV with Dirichlet boundary condition at N. More precisely,
define H iv by

NoVn) — (Hxy)(n) n<N-1
(H)'y)( >_{y(N—1)+VQ(N)y(N) e N .

Correspondingly set m{ (2) = (61, (HY — z)7141). The functions m¥ () are
meromorphic with precisely N simple poles on the real axis, and if E is not one
of these poles, then Im mﬁ\v (E) = 0. Also, it’s not hard to see that the solution
In(n, 2) = uln, z) — mY (2)v(n, 2) satisfies fx (N + 1,2) =0, and thus

u(N +1,z)

G T e

(57)

So, if we write m(z) = a(z) + ib(z) (similar notations will be used for the other
m-functions introduced above), then (56), (57) yield
mN(E)  a(E)

b(E)  b(E)

coty(N+1,E) = (58)
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The m-functions obey the following well-known transformation formula (see,
e.g., [15]): mx =m/(1 + Am). In particular,

b(z)

&) = TR ¥ )

(59)

Of course, analogous formulae hold for m®, mﬁ\v .

Finally, denote by dpy, dpY the corresponding spectral measures, i.e. dp(t) =
d||E(t)61]|? etc., where E(t) is the spectral resolution of H. Recall that dpl
converges weakly (i.e., when integrated against continuous functions of compact
support) to dpy as N — oo. Moreover, dpy can also be obtained as the weak
limit wdpy(F) = lime_o4 bx(E + i€) dE.

Theorem 5.1 Suppose that m(E) = a(E) + ib(E) exists on I = [Ey, Ea, is
continuous, and b(E) > 0. Then

1
Jin (B € 7 57(N.B) € S (mod )| - 151

7)
where J, S are subintervals of I and T' = [0, 7), respectively.

Remark. Some elements of the following proof are related to the spectral av-
eraging formula from the general theory of rank one perturbations (cf. [15]).
Results of a flavor similar to our Theorem 5.1 have been obtained in [13].

The proof uses the following elementary fact.

Lemma 5.2 Suppose that A(e) = Ag + Are + O(€?), B(e) = Bie + O(e?) with
Bi1 > 0. Then

1 d B(G) 0 AO ¢ [C, d]

1y _ it exists])

— lim i dt (= A0+ B0 €(0,1) A € {c,d}(the limit exists!)
AO € (C, d)

Proof. Evaluate the integral. [J
Proof of Theorem 5.1. We first consider the case when S = [vy1, 2] with
7; #Z 0 (mod ). By (58), the Lemma, and the properties of m” (z), we get

T{EeJ:y(N+1,E)e€ S} =

c1(E)+6 N ;
/ dE lim lim dt b7(E +ic) —
g =0+ e=0+ oo py_s  (t—aV(E 4i€)? + (0N (E 4 ie))?

where ¢;(F) = a(F) + b(E) cot ;. The basic idea is to change the order of
integration, then let N — oo, and finally go back to the original order. In

14



practice, things are a little messy, unfortunately; here are the details.

7{E € J:y(N+1,E) € S}

e1(H) WM (E + ie)
> [ dE 1 dt
= /J 0t Joymy  (E—al (B +ie))? + (0N (B + ic) 2
iy, [ ap /01<E> DN (E + ie)
= 1m
e—0+ o) (t—aN(E +ie€))? + (bV (E + ie))?

e1(E) dt
= lim dE/ — b, 1 (E +ie)
C

E—*O-’r 2(Ew)
N, (E + ie
= lim d(E,t) M
e—0+ M t2

We used dominated convergence in the second line and (59) in the third line.
The region of integration M C R? is given by

M={(E,t): E€ Jc(F)<t<c(E)}.

Since ¢; /2 (E) are continuous, we can find an increasing sequence of sets M,,, such
that every M, is a finite, disjoint union of open rectangles, and s, (E,t) —
xum(E,t) as n — oo for almost every pair (E,t) € R%
Now, applying Fatou’s Lemma and using the properties of the sets M,,, we
get
WY, (E + ie)
t2

= hmmf/ dr / dEOY, .\ (E + ie)
O In(t)

>/t_2 1ir£égf/l © dEOY, 1 (E + ie)

/—Q,otl (t)).

Here, the sets I,,(t) C J are finite, disjoint unions of open intervals (this follows
from the construction of the sets M,,). We can let N — oo to obtain

T{E € Jiy(N +1, E)eS}|>hm1nf/ d(E, 1)

dt
Wl}\?iioréfl{E eJ:y(N,E) e S} > 7T/t—2 1}\§rlioréfp]jt—1(ln(t))

[ G o)

dt/
= _— dEb_ —1 E
/ 7 ) e

:/ a(E, =)
My,

t2

15



Finally, let also n — oo (using monotone convergence) and reverse the steps
from above:

rliminf |[{E € J : y(N, E) € S}| >/ d(E, t)b_t;#

@  (t—a(E)? + 0 (E)
cot’yl
dE J —v1).
/ |t =)

Now it’s easy to see that the proven statement on liminf|{vy € S}| actually
implies the full claim. Namely, assume that on the contrary

1 S
lim m|{E€ J:v(Ng, E) € S} = |7T—|—|—5

for some S, Ny, — oo and & > 0. Pick a closed interval S’ C T' \ S with length
> —|S| — (7d)/2. Then, by what has already been shown,

By g1 -
™

hm mf

{E€J:vy(Ny,E)e SUS'}| > %—6 g

il

an obvious contradiction. OJ

In the next section, we will use the following easy consequence of Theorem
6.1.

Corollary 5.3 Suppose that g : T' — C is continuous. Then, under the as-
sumptions of Theorem 5.1, we also have that

. 1 b2 e
ngnoom/& g(v(N, E))dE = ;/O g(7) dr.

Proof. Let € > 0 be given. Pick § > 0 so that |g(y) —g(?)| < €/3if |y —+'| < 4.
We may also assume that 7/§ € N. Let

1.(N) = {E € [By, B : 7(N, B) € [(n — )5, n0)}.
By Theorem 5.1, we can find an Ny so that forn=1,...,7/§

) 0e(Fo — FE
(By — Ey)| < M
3w max|g|

[ 1n(N)| = - (60)
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if N > Ny. Now for N > Ny, we get (with error terms |n;| < €/3)

x/6
1 = 1
—— | 9N E)dE = —— / 9(+(N, E))dE
E_E/E BB =3 [ g E)
) x/6
=5 _E, ZQ(WS)Un(NN tm
n=1
x/6
Z;ZQ(WSH-??H-W
n=1

1

_/ g(y) dy +n1 +n2 + 3.
™ Jo

O

6 Sparse Perturbations

In this section, we want to show that absolutely continuous spectrum can be
transformed to singular continuous spectrum by a perturbation that tends to
zero. We need a number of technical assumptions. First of all, we assume that
m(FE) satisfies the hypotheses of Theorem 5.1 on some interval [Ey, Fa]. Then,
as usual, we suppose that

To(n, E .
Sup WA [ To(n, E)|| < oo

As in the preceding section, let p(n, E) = u(n, E) — m(E)v(n, E). We further
assume that |¢| is equicontinuous, i.e., for every € > 0 there is a § > 0 so that
for all n € N we have that

lp(n, B)| —|o(n, E")|| < e if |[E—E'| <.
Note that ¢ has these properties if Vy = 0 or if Vj is periodic.

Theorem 6.1 Under the above assumptions, there is a perturbation V(n) — 0,
so that Ho + V' has purely singular continuous spectrum on (Eq, E3).

Sketch of the proof. V will be a Pearson type potential (this name refers to [12],
of course). We can take, say,

Vin)=> k264,
k=1

with z to be chosen later. The critical features are that the weights k—1/2

not square summable and that the zj increase sufficiently rapidly.
The argument follows closely [6, Proof of Theorem 1.6(2)], with Corollary
5.3 as important additional ingredient. We use the generalized Priifer equations

are
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(45), (46) with reference solution ¢ as above (so w(F) = 2b(E)). Clearly, R is

constant on every interval {zy_1+1,...,2zx} and
0 (E) = 0(ax, E) = (1, E) + Y1 (E) (61)
where 1 (F) = ~(xk_1 +1,E)—~v(zrk_1+ 1, E). Write Ri(F) = R(xg, E),
_ _ ey, E)P?
Uk(E)_U(xkaE)_ kl/Qb(E) :
A Taylor expansion shows
E k
1
MRE A (B) = ) (X (E) + Ym(E)) + § D Un(B)+0(1) (k— o0),
m=1 m=1
where
X (E) = Up (E) sin 26, (E)
1 1 ~ ~
Y (E) = §U31(E) (5 cos460,,(E) — cos 29m(E)> .

The remainder O(1) is uniformly bounded. This follows from the definition of U,
the usual bound on |¢| (see Proposition 3.1(b)), and the fact that minb(E) > 0.

By [7, Theorem 1.2], in order to show 4. N (E1, E2) = 0, it suffices to
find a subsequence y, — oo so that lim, . R(yn, E) = oo for almost every
E € (FE1, E3). In the case at hand, we already have a diverging term: Obviously,
251=1 U2 (E) > ¢(E)Ink. So it’s sufficient to prove that Zﬁqzl Xm(E), Y (E)
are of order o(Ink) (at least, on a suitable subsequence) for almost every E €
(E1, E»).

Write S (E) = Zk Xm(E). An elementary probabilistic argument (com-

m=1 “*m

pare [6, Sect. 6]) shows that if

Es
/ S2(E)dE = o(lnk) (k — oo), (62)
By
then, as desired, Sk,(E) = o(lnk,) on a certain subsequence for almost all

E € (E1, E2), and similarly for Y Y,,.
In order to prove (62), we note that

Es Es Eo
/ S2(E) dE < / 2 (E)dE+ |  X2(E)dE+2
Eq Eq Eq

Es
/ Si_1(E)X(E) dE| .

By

(63)

By (61) and the complex representation of the sine, the last term of (63) is a
sum of four contributions of the form

B, k-1
/ 3 U (BYUR(B)e2iCEbm (Bt (B n(am ) 4207 @) g
B =1
Es
= f(E, xk)eiQi'Y(’”’“’E) dE.
By
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For fixed x1,...,2z5—1, the family {f(-,zx) : zx € N} is equicontinuous and
uniformly bounded. This is easily inferred from the corresponding properties of
|| and the continuity of m, v, .

Now Corollary 5.3 implies that

E>
lim f(B, xp)et? @B g — .

ZTp—00 Eq

This is shown as follows. Given any € > 0, pick § > 0 so that

€
sup sup |[f(e,x) = f(¢/,2)| < 57—~
2N |e—e/|<6 2(Ey — Ey)

Then (assuming N = (Ey — F1)d~! € N)

Es ) N FE14+nd )
f(E, xk)ein’y(ﬁck,E) dE = Z f(El + 1, xk)/ et2iv(zrE) g p +,
n=1

Eq E1+(n—1)6

where || < €/2. By Corollary 5.3, the integrals [ e*217(E) ¢dF tend to zero
as x — 00, and | f(E,z)| < C for all z, E, so the claim follows.

So the last term of (63) can be made arbitrarily small by taking xj large
enough, and the second one can obviously be estimated by Ck~!, so (62) indeed
holds (in fact, [ Sz = O(Ink)). The proof for Y Y,, is similar.

Finally, non-existence of Iy solutions follows easily by also taking xj suffi-
ciently large. [J
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