MONOTONE JACOBI PARAMETERS AND
NON-SZEGO WEIGHTS

YURY KREIMER!, YORAM LAST!?, AND BARRY SIMON?:3

ABSTRACT. We relate asymptotics of Jacobi parameters to asymp-
totics of the spectral weights near the edges. Typical of our re-

sults is that for a, = 1, b, = -Cn™% (0 < 8 < %), one has
du(r) = w(x)dr on (—2,2), and near x = 2, w(x) = e 2@®@
where
L, TONG - 5@ -0t
=g oy 222 1+0((2 -
Q) = 10

1. INTRODUCTION

Since the earliest days of the general theory of orthogonal polyno-
mials on the real line (OPRL), it has been known that a key role is
played by the Szeg6 condition [38] that if

du(z) = w(z) dr + dys (1.1)

where w is supported on [—2, 2] (we follow the spectral theorists’ con-
vention related to a, — 1, b, — 0 rather than the [—1, 1] tradition in
the OP literature), then

/log(w(x))(4 — :)32)_% dx > —00 (1.2)

In this paper, we will examine asymptotics of log(w(z)) for typical
cases where (1.2) fails. Recall [39, 5, 2, 31, 34] that, given u, one
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can define monic orthogonal and orthonormal polynomials P, (z, dpu),
pn(x,dp) and Jacobi parameters {a,, b, }>> | by (b, real, a,, > 0)

flfpn(!lﬁ') = an+1pn+1($) + bn—l—lpn(I) + a'npn—l(x) (13)
and
| Pl = ay - - ay, (1.4)
Favard’s theorem (see, e.g., [31, 34]) asserts a one-one correspondence
between u’s of compact but infinite support and bounded sets of a,’s
and b,’s. Moreover, by Weyl’s theorem, if a, — 1, b, — 0, then the
essential support of du is [—2, 2.

Roughly speaking, the boundary for (1.2) to hold is a,, — 1, b, de-
caying faster than O(n~1). Explicitly, Killip and Simon [11] proved
a conjecture of Nevai [24] that Y > (|a, — 1| + |by]) < 00 = (1.2),
and there are examples of Pollaczek [25, 26, 27] where (1.2) fails be-
cause log(w(z)) ~ (4 — :)32)_% near + = +2 and b, = 0, a, =
1—-Cn7'+0(n2).

Killip-Simon [11] discovered a relevant weaker condition than (1.2)
they called the quasi-Szeg6 condition:

/log(w(aj))(4 — )2 dr > —o0 (1.5)

and they proved that

15+ > (al-2)F <o Y an— 12+ b < 00 (1.6)
wesupp(p)\[—2,2] n=1

Our cases will include situations where (1.5) and (1.6) fail.

It is known (see [10, 20, 21, 22, 29, 40]) that when > > |a, — 1|* +
|b,|? = 0o, du can stop having an a.c. component, so we will need an
additional condition. What we will use is

Theorem 1.1. Ifa, — 1, b, — 0, and

D ans1 = | + [bosr — ba| < 00 (1.7)
n=1
then (1.1) holds where w(x) is continuous on (—2,2) and strictly posi-
tive there. Moreover, djus is supported on R\ (—2,2).

The continuum Schrodinger analog of this is a theorem of Weidmann
[41]; for OPRL, it is due to Dombrowski-Nevai [4] (see also [12, 8, 32]).
Most references do not discuss continuity of w but it holds; for example,
it follows immediately from Theorem 1 of [4], since w can be obtained
as a uniform limit of continuous functions on any closed subinterval of
(—2,2).
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In fact, we will focus on cases where {a,} and {b,} are monotone,
so (1.7) is automatic. Typical is

=1 by=-Cn" (1.8)

where, roughly speaking, we will prove w(x) is singular at z = 2 (i.e.,
the integral in (1.5) diverges there) with

w(z) = e 2@ (1.9)
Qz) ~ C1(2 —2)2 77 (1.10)

Indeed, in Section 5, we will obtain for (1.8) an asymptotic series for
Q(z) near x = 2 up to terms of O(log(2 — z)); see (5.32).

Our interest in these problems was stimulated by a recent paper
of Levin-Lubinsky [18] and their related earlier works on non-Szegé
weights [16, 17]. They study the problem inverse to ours, namely,
going from w (or Q) to a,,b, (which they call A,, B,). Unfortunately,
they do not obtain even leading order asymptotics for a,,b, if Q(zx)
has the form (1.10) but instead require

Q(x) ~ expy (1 —2*)™° (1.11)

with exp,(x) = exp(exp,_;(z)) and exp,(z) = e*. We will obtain
inverse results to theirs in Section 5. We note that [16] does have
asymptotics on the Rakhmanov-Mhaskar—Saff numbers when (1.10)
holds and that their asymptotics should be connected to asymptotics
of a,,b,.

It is hard to imagine strict if and only if results on Q(x) to a,,b,
since there will typically be side conditions (a,, b, monotone and/or
convex in n or Q(x) convex) that may not strictly carry over, but it
is comforting (even with side conditions) to get results in both direc-
tions. It would be interesting to show that (1.9) and (1.10) (with extra
conditions) lead to estimates on a,, b, with |a, — 1| + |b,] = O(n™").
We suspect, with analyticity assumptions on ), that this might be
accessible with Riemann—Hilbert techniques.

Our key to going from (a,,b,) to (w, Q) is Carmona’s formula that
relates dyu to the growth of p,(x), namely,

Theorem 1.2. If p, are the orthonormal polynomials for a measure
du, a measure with finite moments for which the moment problem s
determinate, then dv™ - du where

dx

v (z) = .
W) = @@ + (@) (1.12)




4 Y. KREIMER, Y. LAST, AND B. SIMON

The continuum analog of this result is due to Carmona [1]. This
theorem when a,, = 1 is stated without proof in Last-Simon [14] and
later (with proof) in Krutikov—Remling [13] and Simon [33]. It implies:

Corollary 1.3. Suppose uniformly on some interval [cv, 5], we have for
strictly positive continuous functions fi(x) that

7 o (2) < liminf(a2pn(2)? + pu_i(2)?)

1.13
< twsup(apa(ef + poa@) <7 L) )
Then du is purely absolutely continuous on («, 3) and
1 1
<w(xr) < 1.14
fw =" —

there. In particular, if (1.13) holds for each compact interval [, (] in
(LL’(), 2))
fe(z) = exp(2(g(x) £ h(z))) (1.15)
then (1.9) holds with
Q) — g(x)] < h(z) (1.16)

Proof. By Theorem 1.1, for any positive continuous function, n(x), on
[a, 3] supported on («, [3), we have

() n(x)
/7Tf+(:c) dzé/”(ff)du(ff) S/ﬁf_(@ dx (1.17)

from which absolute continuity of i | (a, 3) and (1.14) are immediate.
This in turn implies (1.15) and (1.16). O

Thus, we need to show a2p? + p?_; is bounded as n — oo, but with

bounds that diverge as x T 2. The difference equation is

( Prt1 ) 1 (SL’ — bns1 —1) ( Pn )
= 9 0
Ap+1Pn Ap+y1 an+1 ApPn—1

EAnH(:c)( Pn ) (1.18)

AnPn—1

Here
det(A4,) =1 tr(A,) = x — b, (1.19)
In a case like (1.8) where b, is negative and monotone increasing, a
fundamental object is the turning point, the integer, N(x), with

x—by, > 2 if n < N(x) (1.20)
xr—b, <2 if n > N(x) (1.21)

If 7, (x) is defined by 7, > 0 and
x — by, = 2 cosh(y,(x)) (n < N(x)) (1.22)
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then one expects some kind of exponential growth as exp(}_7_, 7;(z)),
and we will prove that

exp(éyj(:c)) <pn(x) < (N+1) exp(iyj(x)) (1.23)

j=1

As one expects, there is an intermediate region N(xz) < n < Ni(x)
and an oscillatory region n > Ni(x). We will see that so long as one
is willing to accept O((byyo — byy1)™") errors (and they will typically
be very small compared to eXp(Zj.V:l v;(2))), one can actually take
Ny = N+2(!) and use the method of proof for Theorem 1.1 to control
the region n > Nj. Thus, the key will be (1.23) and we will get (1.16)
where

o) = 3" 74() (124

and
h(z) = O(max(log(N),log((by12 — by41) ™)) (1.25)

The discussion of turning points sounds like WKB—and the reader
might wonder if one can’t obtain our result via standard WKB tech-
niques. There is some literature on discrete WKB [6, 35, 36, 37], but
we have not seen how to apply them to this situation (for a different
application to OPRL, see [7]) or, because of a double n — oo, x — 2
limit, how to use the continuum WKB theory (on which there is much
more extensive literature) to the continuum analog of our problem here.
That said, the current paper should be regarded as a WKB-like anal-
ysis.

In Section 2, we discuss the case a,, = 1, b,, < b1 < 0. In Section 3,
we discuss b, =0, a,, < a,+1 < 1. It is likely one could handle mixed
ay, b, cases with more effort. In Section 4, we discuss some Schrodinger
operators. Finally, in Section 5, we discuss examples including (1.8)
and (1.11).

It is a pleasure to thank Fritz Gesztesy, Uri Kaluzhny, and Doron Lu-
binsky for useful discussions. We would also like to thank Mira Shamis
and the referees for pointing out several corrections to the original man-
uscript. B. S. would like to thank Ehud de Shalit for the hospitality of
the Einstein Institute of Mathematics at the Hebrew University where
some of this work was done. Y. L. would like to thank Matthias Flach
for the hospitality of the Department of Mathematics at Caltech where
some of this work was done.
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2. MONOTONE b,
In this section, we will prove:

Theorem 2.1. Let dp be the spectral measure associated with a Jacobi
matrix having a, =1 and

by < bpy1 <0 b, — 0 asn — oo

Define N(z) for z in (0,2) and near 2 by (1.20)/(1.21) and ~,(z)
by (1.22). Then du is purely absolutely continuous on (—2,2), where

w =% s continuous and nonvanishing on (—2,2),
Ci(z+2) <w() < Co(x+2)7" forx e (—2,0] (2.1)
and on (0,2),
w(z) = e 2@ (2.2)
where
Q(z) — g(x)| < h(z) (2.3)
where

N(x)
ola) = 32 2.0

and h(z) is given by
"™ = CN(2)(by@yr2 — bvw1) (2 — 2)? (2.5)
for an explicit constant C' (dependent on suplb,| but not on x).

Remark. Typically, h is much smaller than g. For example, if b, is
1 1
given by (1.8), g(z) = O((2—2)2"7) and "®) = O(N(z)**F(2—x)2) =
1 2
O((2 —z)" %9, so h(z) = O(log(2 — z)7Y).

As we explained in the introduction, we need to study the asymp-
totics of p,(x) as T 2 with some uniformity in n. Given that a, =1,

Pot1(x) = (€7 + e )py(2) — P () (2.6)
p_1(z) =0 po(z) =1 (2.7)
which suggests we define for n < N(z),
Yo () = €= 201, (x) (2.8)
so 1, obeys
Ypsr(z) = (1 + 6_2%“)1% _ 6_(7n+7n+1)¢n_1 (2.9)

oa(z) =0 o(x) =1 (2.10)
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Lemma 2.2. For 0 <n < N(x),
¢n+1 Z wn (211>

In particular,

Yn(r) > 1 (2.12)

Proof. As a preliminary, we note that b, < b,,; implies z — b, >
x — bpy1, SO

0 < Yn41 < M (2.13)
By (2.9),

(,lvbn-i-l - wn) = 6_27”“?% - 6_(’\/n+’yn+1)¢n—l

— 6_27”“(%1 _ ¢n_1) + e—’Yn+1(e_'Yn+1 _ e—%)wn_l
(2.14)

Forn =0, 1, —¢,-1 =1>0and ¢, ; = 0> 0. By (2.14) and (2.13)
(which implies e~ "+t —e™" > 0), we see inductively that ¢, 1—, > 0,

and so, 1,11 > ¥, > 0, proving (2.11). O
Lemma 2.3. Define forn=0,1,2,..., N(z) — 1,
W, = g, — e ey (2.15)
Then
W, < Mt (2.16)

Proof. Wy = ™ < eM, starting an inductive proof of (2.16). By (2.9),
Y1 = e W, + 6_2“’"“1%
S0
Wit = e(vn+2—vn+1)(Wn + et g),) — e,
= eOmt2= I+ 4 e—%+1(e('yn+z—%+1) — 1)y, (2.17)
< 2=+ ) (2.18)

since (2.13) implies e™+2 < e+ and v, > 0, (™2~ — 1)1h, < 0.
Thus, W,, < e’ implies W, 11 < e’+2 and (2.16) holds inductively.
]

Lemma 2.4. Forn=0,1,2,...,N(z) — 2,
Yni1 < 141, (2.19)
So, in particular, for 0 < n < N(z),
b <+ 1 (2.20)
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Proof. By (2.15),

Yns1 = 2 W, 00 + e—(Vn+1+’Yn+2)wn

<149,

since e +2W,,,; < 1 by (2.16) and 7; > 0 implies e~ (n+1+7m+2) < 1,
This proves (2.19), which inductively implies (2.20). O

We summarize with:

Proposition 2.5. For any n with 1 <n < N(z),

Xm0 < () < (n 4 1)eTia ) (2.21)
In particular, if
(1) = pu-1(2)” + pa(2)? (2.22)
then
T < (2) < 2n+ 1)22Tia v (2.23)
Proof. (2.21) is an immediate consequence of (2.8), (2.12) and (2.20).
O

Suppose = € (0,2). For n > N(x), define x,(x) by 0 <, < 7 and
x — by, = 2c08 Ky (7) (2.24)
so 0 > b,41 > b, implies
0<kp < Knt

and b, — 0 implies

Ky — Koo = cos™ (%) (2.25)
For later reference, we note
sin(keo) = (1 — (£)%)2 = 3 (4 —2%)2 (2.26)
Soasx T2,
Foo = (2—1)2 + O((2 — 2)7) (2.27)

We first present a matrix method following Kooman [12] to control
the region [N(z) + 2,00). At the end, we will discuss an alternate
method using scalar Priifer-like variables.

By (1.18), for n > N, A, has eigenvalues e*". In fact,

2cosk —1 1 i [ 1
() () e

Y(k) = (6_11-% 1n) (2.29)

so if
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and

V(k) = (60 9) (2.30)

Ap(z) =Y (5)V (k)Y () (2.31)
Next, notice that

Vit = (T (2.32)

then

2isink \—€

Following Kooman [12], we write for n > ¢ > N(z),

T.(z) = An- - Arq (2.33)
= Y(’in)vny(’inrly(’fn—l)Vn—l - 'Y(WH)_I
and since ||V, (k)] =1,
n—1
ITull < 1Y ()Y (es) M TT 1Y () ™Y () (2.34)
j=0+1

This prepares us for two critical estimates:

Lemma 2.6. We have

|€ilﬁj+1 _ e’il‘{j|

Y (ki) Y (k)| <1 2.35
I (50) ™ ) < 14 (2:35)
so, in particular,
Yk ) Wk <1 M 2 36
I (500) Y )l < 14 S (2:36)
Proof. By (2.29) and (2.32),
1 e—il{j+1 _ 6—il€j 6il€j+1 _ 6il-€j
Y(H]-l-l) Y(’%J) 1 2sin(/~€j+1) (e—mj — TRt iRy _ iRt
(2.37)

If A= (a;)is a2 x 2 matrix,

(0, Ap)| < max(lai;])([o1] + lpal) ([91] + [)2])
< 2max(Jay)(le1?) + [al)2 ([t + o)
since (|| + [y]) < v2(ja]* + [y[?)2, so

Y (k. —1Y N1l < Kjt1 _ pikj
IV (ryo0) ™Y (05 = 1) € s e = ]
which implies (2.35).

(2.35) implies (2.36) since T > 41 > #; implies sin(#;41) > sin(k;).
U



10 Y. KREIMER, Y. LAST, AND B. SIMON

Remark. That (2.36) holds with a 1 in front of |k;+1 — K;|/sin(k;)
is critical. Lest it seem a miracle of Kooman’s method, we give an
alternate calculation at the end of this section.

Lemma 2.7. We have that

I1 <1+ '“J’“‘“J") < B2 oxplhme(he))  (2.38)
Ret1

iZin sin(k;)

where

=g (1) (239

e(y)= sup | —— — - :

Y 0<:BIS)y sin(z) @
Remark. Since sin(x) = = — %3 + O(z%), Sinl(x) =2 +24+0(z*) and
since sin(x) < x, we see e(y) is finite and

ely) = O(F)  asyl0 (2.40)
Proof. We have

1 1
< = + (ko) (2.41)

S0, SInce Kjy1 > Ky,

|Fjr1 = A5l _ Ky
1 < 1 — K oo 2.42
HEE ) ST (i — i)el) (2.42)
< Tt (= Rp)elre))  (243)
J
< P exp((jan — mpe(kos)  (244)
Kj
from which (2.38) is immediate if we note that Ko, — Ky < Koo- O

Proof of Theorem 2.1. By (2.34) and Lemmas 2.6 and 2.7, if Ty(z) is
the transfer matrix from N(x) + 2 to k > N(z) + 2, then uniformly in
k,

Reo

I Tl < 2(sin(kwaye2)) exp(Koo€(Kiss)) (2.45)

KN (z)+2
where we also used |Y(xy)| < 2 and [[Y(kn@42) '] <
2/2sin(Kn(z)+2)-
As 7 12, Koo — 0. Indeed, by (2.27), koo = (2 — 2)2 + O((2 — 2)2).
Moreover, by the definition of N(z),
z — by <2 (2.46)

while
T —byio = 2cos(Kni2) (2.47)
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S0
2(1 — COS(/{N+2)) > bN+2 — bN—i—l (248)

Since N(x) — 00, by(g)+2 — 0 50 Kny2(x) — 0 and (2.48) implies
I{N+2(l’)2 > (1 + 0(1))(bN+2 — bN+1) (249)

Thus, in (2.45), [En(@)+2sin(kyi2)] " < (14 0(1))(by+2 — by+1) and
(2.45) becomes

sup || Tol| < C(2—2)7 (byya — byyr) " = A(x) (2.50)
n>N(z)+2

where now T}, transfers from N — 1 to n and we use the boundedness
from N —1 to N + 2. Using

1Tl =2 (P * + [pal®) < Ipwl* + lon-al? < 1T P(nsal® + paf?)
(2.51)
and (2.23), we obtain for all n > N,

CLA®) 2= < (|paf + [pua) < CA@)N(a)*e? =
(2.52)
which, given Corollary 1.3, implies (2.2)—(2.5).
In going from (2.51) to (2.52), we used

det(Ty) = 1= |T7Y| = | T

We also need to control the region x > —2 with 2 — x small. By
replacing by —z (and p,(z) by (=1)"p,(—z)), this is the same as
looking at x + b,, with still b, < b,,11 < 0. We define 6,,(x) by

2cos(0,(z)) =z + b, (2.53)
S0
020> >0 =k =(2-2)2 +0((2-2)2)  (2.54)
As above, we have (2.35), so
0,01 — 0]
Y (600) Y (8] < 14 12 =0l 2.
IV (50 1Y ()] < 1+ L2 (2.55)
but since 6;1; < 8;, we have
O =0l O+ (0 = 0j1) G (2.56)
1041 0j+1 0j+1

and we find that, with 7;, being the transfer matrix from 1 to n,

01 2 C 1
T <=2 < —<C2—-2)2(1 1 2.
Tl < g 25y < g SC@-0H1 o) (257)

This bound on the transfer matrix and Corollary 1.3 yield (2.1). O
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Remark. Tt might be surprising that (2.1) has (z + 2), (z +2)~! rather
than (+2)2, (z+2)"2 (because Carmona’s formula (1.12) relates w(x)

to || 73, ||? and sup | T,,|| goes like (2—2)2). Even in the free case, bounds
from Carmona’s formula give the wrong behavior: sin?(n#) + sin?((n +
1)0) have oscillations that cause the actual square root behavior in the
free case, and bounds based only on ||T},|| lose that.

That completes the proof of Theorem 2.1, the main result of this
paper. Here is an alternate approach to controlling p, for n > N,
using the complex quantities:

q>n = Pn — 6_mnpn—l (258)
so, since p; is real,

sin(kn)|pn_1| = [Im(—®y,)
< | @, (2.59)

By (2.24), we have
Pn+1 = (€m”+1 + e‘mnﬂ )pn — Pn—1 (260)
SO

_ _iKn41 —iRKnt1
q>n+1 =e"t [pn —€ mt pn—l]

— eanrl(I)n + eiﬂnﬂ(e—iﬁn _ e—mnﬂ)pn_l (2.61)
Using (2.59),
|/€n_"€n+1|
Pusa] < 10] + S [0 (262)
and similarly,
|/€n — "in+1|
CI)n > CI)n _— CI)n 2.63
[Pusa] 2 ] = i [0 (263)

These replace (2.36) and imply, via Lemma 2.7 and the analysis in
(2.46), that

Cr(2— ) H(byra — bya) < A2 b < 0@ — )} (byss — b))
| x|
Since
@) < [pnl? + Ipna |’
and

2|1, |* > sin®(#ns1) (Ipal* + [Pa-1]?)

we can go from this to Theorem 2.1.
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3. MONOTONE a,,

In this section, we will consider
b, =0 py1 < ap, <1 a, — 1 (3.1)
The weight will be symmetric, the measure purely absolutely continu-

ous (i.e., no eigenvalues outside [—2,2]), and so for non-Szegd weights,
the integral will diverge at both ends. Here is the main result:

Theorem 3.1. Let du(z) = w(x)dx be the measure associated with
Jacobi parameters obeying (3.1). For any x € (—2,2), define N(x) by
2a, < |x| forn < N(x) 2a, > |x| forn > N(x) (3.2)
and v, (z) forn < N(x) by
? = 2 cosh(y,(x)) (3.3)
Then
w(z) = e 2@ (3.4)

where

|Q(x) — g(x)| < h(z)
N(z)
oa) = Y (o)

and h(x) is given by
@) = CN(x) (aN(w)+2 — aN(x)H)_l (3.5)

The proof will closely mimic the proof of Theorem 2.1, so we will
only indicate the changes. By symmetry, without loss, we can suppose
x > 0. The recursion relation becomes

P () = (1) 7 O () —

pn—l(z) (3'6)

(p41
where we note, by (3.3), that

a_ coh(n (@)
an+1 COSh(Vn(l’))
Define 1, (x) by (2.8), so (2.9) becomes

(o) = (L4 e D000y, (z) = o=@t @y, (7) (3.8)
(2.10) still holds.

(p41
Lemma 3.2. ¢, .1 > 1y, so ¥,(x) > 1 forn > 0.

(3.7)
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Proof. We still have (2.13), and (2.14) becomes

a
¢n+1 - wn = 6_2’yn+1 (’an - 'lvbn—l) +e (6_7n+1 . n
Qn41
Since ap < any1, 2= <1, and so
Qn,

6_'Yn S 6_'Yn S 6_'Yn+1

An41
Thus, by (3.9), V41 — ¥, > 0 and 1,41 > 0 inductively.

Lemma 3.3.
e’yn+2 < e’yn+1 COSh (7”4‘2)
- cosh(Yn11)

Proof. This is equivalent to
eIt TIntl 4 oTnt2 = Tnt1 < eIttt oY1=t

SO t0 Yna2 — Ynr1 < 0, so to (2.13).
Lemma 3.4. Define
W, = 6ﬂyn+1¢n -

Qn

6_’% wn—l

Qp+1
Then
Wn < ghn+1

_'Yn) wn—l

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

Proof. (3.13) holds for n = 0 by (3.12) for n = 0, so we can try an

inductive proof. The analog of (2.17) is

Wn+1 — 6('yn+2—’yn+1)Wn _I_ 6_'Yn+1 (e(7n+2_'}’n+1 o an+1)¢n (314)

Ap+2

By (3.7) and (3.10),

e(’Yn+2—'Yn+1) _ a"'H <0
an+2
o (3.14) says
W1 < e(vn+2—vn+1)Wn < 2

by induction.
Lemma 3.5. 9,1 < 14, so inductively, 1, <n + 1.
Proof. By (3.12) and (3.13),

_ Qpy1 _
wn_ﬂ —e “/n+2Wn+1 + e Tn+2 %H@Dn
An4-2

<1+,

since ”f <1.
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If now
M (z) = pn—l(x)2 + aipn(x)2 (3.15)
then we have proven (2.23) for large n.
To control the region n > N(x) + 2, we use the scalar variable
technique from the end of Section 2. Define x,, for n > N(z) + 1 by
(recall x > 0)

ai = 2 cos(kn(z)) (3.16)
SO Qpi1 > Gy implies

Fn(T) < Kpya () (3.17)
Define

P, =p, —e Frp,_y (3.18)
Then
Lemma 3.6. (i)
P
n—1| < = 1
[pn-al < sin(ky,) (3.19)

(i)

| D1 len cos(ky) — €™+ cos(kpi1)|
<1 3.20
|, — i cos(ky) sin(ky,) (3:20)
‘Hn—l—l - "in‘
<1+ - 3.21
=i 5 sin(2k,) (3:21)
Proof. (i) This comes from |Im ®,,| = sin(k,)(pPp-1)-
(ii) From
3 —1Kn+1 Qn
Pnt1 = (emn+1 +e )pn - Prn—1
(p41
we obtain
@y — 51D, | = el — A gk Pn_1 (3.22)
An41
By (3.16),
an cos(Kn11) (3.23)
i1 cos(ky,) ’
so (3.22) and (3.19) imply (3.20). This in turn implies (3.21) since
e cos(y) — € cos(Rpyr) = g (€2 — €*) (3.24)
U

With this formula, we can mimic the proof of Theorem 2.1 to com-
plete the proof of Theorem 3.1.
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4. SCHRODINGER OPERATORS

In this section, we consider Schrodinger operators H = —% +V(x)
on L?([0,00)) where one places u(0) = 0 boundary conditions. H is
unitarily equivalent to multiplication by £ on L*(R, du(FE)), where du
is the conventional spectral measure (see [3, 19, 23]). If u(z, F) obeys

—u" +Vu=FEu u(0,E) =0, «'(0,F) =1 (4.1)
then Carmona’s formula [1] takes the form
“YdE w
” s du(E) (4.2)

(lu(z, E)]? + [v/(z, E)?)

In particular, if uniformly in compact subsets of E € (0, 00),
exp(2(g(E) — h(E))) < liminf (ju(z, B)]* + |u'(z, E)|*)
< limsup (Ju(z, B)|* + [« (z, E)[?)

T— 00

< exp(2(9(E) + h(E))) (4.3)

then dy is purely absolutely continuous on (0, 00), du(E) = e 29E) dE,
and
Q(E) — g(E)| < h(E) (4.4)
We want to assume the following conditions on V:
(a) Vis C! on [0, 00).
(b) V is positive and strictly monotone decreasing on [0, 00). Indeed,

V'(z) <0 (4.5)
()
:(}Lrgo V(z)=0 (4.6)
Of course, the canonical example is
V(z) = (x4 z0)" (4.7)

Our main result in this section is:

Theorem 4.1. Let V obey (a), (b), (c) so du(E) = e 2%F) dE. Define
for E < V(0),

SO

For x < N(E), define
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Then (4.4) holds where for E < V(0),

N(E)
o(B) = /0 +(z, E) dx (4.10)

and for E < V(0),
¢"E) = CN(E) (V(N(E)) — V(N(E) + 1)) ' E2 (4.11)

This proof will illuminate the proofs of the previous two sections.
We begin with an analysis of the region x < N(FE). We define

¥(z) = u(z, B) exp(— [ e dy) (1.12)

and are heading towards

0< 4/ (z) <1 (4.13)
Lemma 4.2. For 0 < E < V(0) and x < N(E), we have
(a) u'(z) >1 (4.14)
(b) u(z) >z (4.15)
Proof. u" = ~*u, so v > 0. This implies u/(x) > u/(0) = 1, and then
u(z) = [ u'(y) dy > . O
Lemma 4.3. For E <V(0) and x < N(E),
'(z) >0 (4.16)
Proof. Let
fz) = u'(z) = y(z)u(z) (4.17)
SO
@) = e~ [ E)dy) (419

and (4.16) is equivalent to f > 0. Note that
FHaf=u" —yu' —yutyu —~+u

= —'u (4.19)
since (4.1) says
u" =~y (4.20)
(4.5) implies
7(y) <0 (4.21)

so (4.19) says

(f exp (/:v(y) dy)), >0 (4.22)

which, given f(0) =1, implies f > 0 and so ¢’ > 0. O
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Lemma 4.4. Let

W(z) = ¢'(x) + 2v(z)¥(z) (4.23)
Then W'(x) <0 and so
P'(x) <1 (4.24)
Proof. By (4.18),
W+ 2y(2) = (W + y(@)u)e oW (4.25)
S0
W' (z) = (" +yu' +~'u— yu' —y*u)e”Jo W)
= Aue” Jo 1) dy (4.26)
<0
by (4.21). But W(z =0) =¢'(0) =1, so
Wiz) <1 (4.27)
and thus
P=W -2y <1 (4.28)
U

Proposition 4.5. If E is such that N(E) > 1, then
e VORI W < u(N(B)P 4+ (N(E))* < (N(B)+1)e? 5710
(4.29)
Proof. Since v(N(E)) =0,
W (N(E)) = u/ (N(E))e e " d

so 0 < ¢/ <1 and ¢(0) = 0 yield the upper bound in (4.29).
For the lower bound, (4.15) implies u(1) > 1. So, since y(y) <
7(0) < V(0),

P(1) > e VO (4.30)
which, given that ¢/ > 0 and N(FE) > 1, implies
w(N(E)) > eV Oek* 1w dy ]

In the region [N(E), N(E) + 1], we note that since

¢

the matrix form of the Schrédinger equation implies that if C(x) =
u(x)[* + [u/(2)]?, then

e 2BV O3l () < C(z) < 2IHERVOl—vl o (y)

<14 |E|+|V(0)]
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giving a constant term in e"®) in (4.11).
Finally, in the region [N (E)+1, co), we use the method of Appendix 2
of Simon [30] (see also Hinton—Shaw [9]). Define for x > N(E),

k(z,E) =+/E —V(x) (4.31)
and define i
ug(x) = exp (:tz /N(E) k(y) dy) (4.32)
If |
Flz) = 5 V'(@)(E = V()3 (4.33)
and if a(z), b(x) are defined by
u(z) = a(x)us(x) + b(x)u_(x) (4.34)
u'(z) = a(z)ul,(x) + b(x)u’(z) (4.35)
then u” = —k?u is equivalent to (see Problem 98 on p. 395 of [28])
() =) (439
where
- (2 )
with
w(z) = v (r)u_(z) — u’(z)us(z)
= 2ik(x) (4.38)
Proposition 4.6. Let M(x) be given by (4.37). Then
[ vl g 2B ) s
N(E)+1 K(N(E)+ 1, E)

Proof. Since |uy| =1,

1M ()] < Jw()| ™!

CN@IW@DH
F(2)| |F(x)

= 2[w(@)| | F ()]

= =3 V/(@)(E - V()

= & log((E — V(x))?) (4.40)
from which (4.39) follows. O
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Proof of Theorem 4.1. Let
Y(z) = (“+(5’3) “-(93)) (4.41)

dyla) ol (2)
Let T'(x,y) be the (5,) transfer matrix from z to y and T'(z,y) be the
(3) transfer matrix. For y > N(E) 4 1, we have just seen

IT(N(E) +L,y)|| < exp </OO [M ()] dx)

N(E)+1
Kk(oo, B
- K(N((E) + 1>,E) (442)
On the other hand,
Y (@) <1+x<2 (4.43)
for k small while
1Y ()~ = |det (V) Y]] < w(y)~" (4.44)
and
T(w,y) =Y ()T (z,y)Y (x)"
SO
TN () + Lyl < ]\f&fﬁf’) 7 (4.45)
Since E = V(N(E)),
K(N(E)+1,E)*=V(N(E)) = V(N(E)+1) (4.46)
and we have the bound (4.4) with the error built from e~V N(E),
(4.39), and (4.45). 0

It is interesting that the differential equation methods of this section
lead to terms that are identical to what we found in the discrete case.

5. EXAMPLES
We start with the continuum case.
Example 5.1.
V(z)=Coz™ pB<2 Cy>0 (5.1)

Technically this does not fit into Theorem 4.1 since V(0) = oo, but
when (< 2, it is easy to extend the analysis. The spectral measure is
e 2@E) dF where (4.4) holds.

N(E) = (5) E (5.2)
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V(N(E)) = V(N(E) +1) ~ VI(N(E))
~ N(E)"'V(N(E))
=EN(E)™! (5.3)
so h(E) = O(log(N(E)?E~2)) = O(log(E)). On the other hand, let-
ting y = 2/N(E),

N(E) 1
g(F) = /0 (V(z)— E)2dx (5.4)

— N(B)E} / (v — 1)} dy (5.5)

INEAI N
— E:N(E)3! (2) 1(5 2) (5.6)
I'(3+1)
using a u = y” change of variables. Thus,
I PETE - 1)
E)=cCPE2" 5 _pl_ 22 27 5.7
g( ) 1 0 C1 /8 F(%"—l) ( )

Since f < 2, g(E) — oo and is much larger than the log(E) error.
B =1, the Coulomb case, has g(F) = CocrE~2 and 3 = %, the quasi-
Szeg8 borderline, has g(E) = C2¢;E~%. We emphasize that g occurs
in an exponential, so w is very small near £ = 0. U

Example 5.2.
V(z) =Colzr+mz)™" B<2 (5.8)

We claim that the changes from Example 5.1 are small compared to
log(E) errors in h; explicitly,

g(E) = c,CYEZ 5 + 0(1) + O(E?) (5.9)
For in this case,
-3
N(E) = 5) . (5.10)
Co

and one changes variables to y = (z+z0)/(N(E)+xo), so (5.5) becomes
1

o(B) = N(E)EE [ L7 i (5.11)
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where .
E)=y(zr=0)= ———r 12
() = 3l = 0) = g (5.12)
Then
1 s(E) B
N@E)EE [ - DEdy = NE)ERO(s(5) )
0
=0(1) (5.13)
by (5.10) and (5.12), so
9(E) = elN(E)E? +0(1)
= ,CYE* 5 + 0(1) + O(E?) (5.14)
as claimed. ]
Now we turn to the discrete case.
Example 5.3 (= (1.8)).
=1 b,=-Cn" (5.15)
Define
d=2—=x bp=CnP -4 (5.16)
S0
z— by =2+, (5.17)
We have (with [y] = maximal integer < y)
N(z) = [(C™'6) 7] (5.18)

We have by — byy1 = O(N7P71), so the RHS of (2.5) is of order
CN(z)5+262 = 0(5_%_%) and thus, h(z) = O(log(2 — z)) and we need
to compute g(z) = Z;V:(“f) v;(z) up to O(logd) terms.

We will suppose below that C' < 1 and explain at the end what to
change if C' > 1.

Define ¢, to be the Taylor coefficients in

cosh™ (1+2) =2z Z o2’ (5.19)
=0
so, courtesy of Mathematica,
0 P24 P a0 T 7168

and, for example,

co0 = 34,461,632,205/12, 391, 489, 651, 049, 749, 040, 738, 304
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(assuming that we managed to copy it without a typo). Thus,

Zcz Z P (5.20)

Notice that since d > 0,
5, <CjP (5.21)

Z—I—z

so, if (¢ + %) > 1, a crude é-independent bound of ZN(w can

be summed independently of N(z). Moreover, if F' is the functlon in

(5.19), then
1
2z — = 5.22
= (522
so the ¢, power series has radius of convergence 4 and so > |cs| < 0.
Thus, if

by = [% — %] +1 (5.23)
then

o

ZW‘ Z < (il%\) i Alto1) (5.24)

= fo 0 :
(since C'<1) so

N N
Y= Y Y 5 o0 (5.25)
j=1 =1

ogzgé—%
If ¢ = % % occurs, then
i g
Zéy - Zéy
7j=1 7j=1
N 1
k-0
j=1
L
< Z
= O(lo N) (5.26)

On the other hand, if ¢ < % — %, then

Z 5“’2 _ Z CiP 5)(4—%

7j=1
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=N (L - )01

j=1

N
_ o+ Z]—ﬁ(@r%)(l _ (%)ﬁ)é‘i‘i +0(1)

j=1

1 N 1

— bt / o B(é+2)(1 _ (%)5)“5 +0(1) (5.27)

1

s
I(5+1)

In the above, (5.27) comes from the fact that the function in the
integrand is monotone decreasing, and if f(z) is monotone, then

3 1 1
b G370 ey oy

0z | "y = G+

S0z [ =310
and " N -
/1 fly) dy — Zf(j)) < f(1) (5.30)

(5.28) is the change of variables u = (%)”. Finally, (5.29) comes from

the same cancellation that occurred in (5.13).
Since [N — C367 7| <land 0<1—(£+1)8 <1,
NP — (O g75) =8 4 o(1) (5.31)
Thus, we find
L+ -1 —¢
o =5t Y e 2)<1(fi i) Lt 4 0fogo)
B
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If C' > 1, we should not expand the power series of cosh™ for small
J (actually, as noted, the power series has radius of convergence 4 so
we need only worry if C' > 4). Instead, we do not expand for those
j with C577 > 1. That is only finitely many terms, so it adds O(1)
errors to 3.0 v;(x). We add back these small j terms to (5.25), again
making O(1) errors. The final result does not change. O

Finally, we will explore examples that lead to Q’s roughly of the type
(1.11) to link to work of Levin-Lubinsky [18]. We suppose

a, =1— f(log(n+ 1)) (5.33)
where the f’s we have in mind are typically
fle)=(142z)"" (5.34)
or
f(z) =logg(z + 1) (5.35)

an iterated log (where ¢ is chosen to keep all log’s that enter positive).
We will need

Proposition 5.4. Let f be defined and C? on [log2,00) and obey
(i) f(z) >0, f'(z)<0, f'(z)>0 (5.36)

(ii) nhi& f(n)=0 (5.37)
(i) lim N*(- Flog N))2 = oo (5.38)
. . —f((A=9)k)) _
(iv) lallnoa (hgisolip T(k)) =1 (5.39)
Let
Sw =2 V/f(logj) = f(log N) (5.40)
Then -
S _ VT (5.41)

lim - =
N=co N(—f'(logN))z 2

Remark. Tt is easy to see that if f(z) = e™*® (ie., f(log(n + 1)) ~
(n 4+ 1)7%), then (5.41) fails. In this case, both (5.38) and (5.39) fail,
but they hold for the f’s of (5.34) and (5.35).

Proof. Since (—f') < 0 and if z < y,

@) -1 = [ ")) ds (5.42)
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we have,

(y—2)(=f'() < fla) = fly) < (y — 2)(=f(2)) (5.43)
We thus get a lower bound

fllogj) = f(log N) > (—f'(log N))(~log(§)) ~ (5.44)
SO
1 N - 1
Sy = N(—f(log M)} 3 4(~ log()} (5.45)
j=2
As N — oo, the sum converges to fol(— log(z))z da = ¥ (courtesy of

Mathematica). Thus,

lim inf(LHS of (5.41)) > (5.46)

|5

For the upper bound, fix ¢ > 0 and break Sy = S](\}) + S](\?) where
S](\P has 7 < N'=¢ and S](V2) has j > N'=¢. Clearly,
SV < fllog2)N'—= (5.47)

so, by hypothesis (5.38), it contributes 0 to the ratio in (5.41) as N —
0.
For S](\?), we use the upper bound when j > N'~¢

f(logj) — flog N) < —f'((1 =€) log N)(—log (%))
which yields (since the Riemann sum still converges to the integral)
1 — W
lim sup(LHS of (5.41)) < i lim sup (M)
2 k—o0 _f,(k)

Since ¢ is arbitrary, we can use (5.39) to complete the proof of (5.41).
U

Example 5.5. Let a, have the form (5.33) where f obeys all the
hypotheses of Proposition 5.4. By (3.2) and (3.3), N(z) roughly solves

I~ oM+ 1) (5.48)
namely,
N(z) = lexp(f7'(1 - %)) -1 (5.49)
For example, if f is (5.34), then
N(z) =[exp((1—-3)"=1)] -1 (5.50)

Next, define z by 5= = 1+ 5, namely,
z=2_9 (5.51)
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where 2 > 2. Writing x =2 —¢d and a = 1 — f, we see
z=—0+2f +O(f*) + O(f9) (5.52)
Taking into account that N(x) is such that
2f(log(N +2)) <6 <2f(log(N +1))
and that (5.19) says
cosh™(£) = vz + O(2?)
we see that
7(x) = v/2f (log(j + 1)) = 3+ O(f%) + O(f)
and thus

N(x)
ola) = 3 2

is asymptotically the same as /2 Sy. Thus,
Q) — g(x)] < h(x) (5.53)

where
T 1
o) = /3 NG FUos N +o) (654)
and
h(z) = O(log N(z)) + O(log(1 — 2))

N(z) is huge, so while log N(z) ~ (1 — §)™ in case (5.34), it is still
small relative to g(z).

The reader may be puzzled in comparing our results with those of
Levin-Lubinsky [18]. They have no /% and their relations (after mak-
ing the modifications from [—1, 1] to [-2,2]) suggest

1—a, = (logn)"2(1 + o(1)) (5.55)

should correspond to

Qz) = exp((1 - 5)7) (5.56)

so there is no sign of (—f/(log N(z)))2 either.

The mystery is solved by the fact that multiple ()’s lead to the same
leading asymptotics for a,. In their scheme, after corrections to move
to [—2,2], leading asymptotics for f are given by

n=Q1—2(f(n)(1+o0(1)))) (5.57)
If
Q(x) =e/17%) (5.58)
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then
n = exp((f(n))™") (5.59)
solved by
f(n) = ggm (L +0(1)) (5.60)

Changing (5.58) to

Q(z) = 5(1—§)exp((1 - §)7)

is solved by

f(n) =1/(log(%log n) + O(loglogn))

Since
2 2
log = logn = logn + log, n + log( =)
(5.60) still holds! O
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