ASYMPTOTICS OF THE L? NORM OF DERIVATIVES
OF OPUC

ANDREI MARTINEZ-FINKELSHTEIN! AND BARRY SIMON?

ABSTRACT. We show that for many families of OPUC, one has
¢l ll2/n — 1, a condition we call normal behavior. We prove that
this implies |ov,| — 0 and that it holds if >~ oy, | < oco. We also
prove it is true for many sparse sequences. On the other hand, it
is often destroyed by the insertion of a mass point.

1. INTRODUCTION

While there is a considerable literature on asymptotics of or-
thogonal polynomials (see [10, 11, 25, 26, 30, 34]) including recent
works, issues of behavior of derivatives are much less studied (but see
6, 7, 12, 13, 15, 18, 21, 22, 24, 36]). In many of these papers, higher
derivatives automatically obey analogs of the first derivative result.
That is not clear in our context. Here, we will focus on one question
about orthogonal polynomials on the unit circle (OPUC). Let ®,,, ¢,
be the monic and normalized orthogonal polynomials for a nontriv-
ial probability measure dyp on 0D = {z € C | |z] = 1} and {a,}22,
its Verblunsky coefficients—here and below, we follow the notation of
[25, 26]. As usual, if P, is a polynomial of degree n, P is the reflected
polynomial

Pr(2) = 2" P (1/%) (1.1)

The key notion we study in this paper is:
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2 A. MARTINEZ-FINKELSHTEIN AND B. SIMON

Definition. Let p be a nontrivial probability measure on dD. We say u
has normal L*-derivative behavior (is normal, for short) if and only if

@ (e 2
2 (/%du(e) 1 (1.2)
as n — oo. || - || will always be used for L?(0D, du) norm.

We note at the start that

Proposition 1.1. One always has

112 *\ /7 [[2
Pul” gy | ) (1.3)
n n
In particular, normality is equivalent to
%\ |2
tim || 22| (1.4)
n—oo n
and it 1s always true that
Cn
i >1 1.5
2| > (15)

Remarks. 1. This relation on L? norms should be compared with the
opposite bound on L*(9D), which is Bernstein’s inequality (discussed
further in Section 2),

P/

n

< [[Pall (1.6)

e}

for any polynomial of degree n.
2. By (1.10) below, we also have

' (n)’
Proof. Let P, be a general degree n polynomial

P,(z) = chzj (1.8)

/
_ 'Zﬁ_%
n

We claim that
nb(z) = 2P, (2) + ()T (2) (1.9)
where the outer * on the last term is the one suitable for degree n — 1

polynomials.
Accepting (1.9) for the moment, we apply it to ¢, to get

2@, = npn — [(¢5)']" (1.10)
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Since the last term is of degree n — 1, it is orthogonal to ¢, so

25 l1* = llnenll® + 1[(€) 1112 (1.11)

Since multiplication by z and * on degree n — 1 polynomials preserve
norms, and since ||@,|| =1, (1.11) says

lehll? = n* + [1(e})'|I? (1.12)

which is (1.3).
To prove (1.9), we note that

2P(z) = je;? (1.13)
j=0
while .
Pr=> ¢z (1.14)
j=0
SO

(Br) = (n—j)ez D7 (1.15)
=0
which applying the * for degree n — 1 polynomials becomes

n

(B)) =) (n—j)e;? (1.16)

=0
(1.13) plus (1.16) imply (1.9) (which also follows by suitable manipu-
lation of ¢%(z) = 2" ¢, (1/2)). O

This result shows the naturalness of the normality condition.

One motivation for our study comes from the theory of Sobolev poly-
nomials [2, 3]. Recall that, given a measure dyu, one fixes A > 0 and
considers the Sobolev inner products

(F9)sn = [ T gl aut6) + 2 [ FEmg (@) aute) (117)
with ' = d/dz on polynomials. One defines
o = min{||Pl[sn | P(2) = 2"+ -}
and S,, is the unique minimizer. Clearly, by the minimum properties
of ®, and S,
1Dalf* + M@ [I* < 072 < ([l (1.18)

Proposition 1.2. Suppose that
(a) p has normal derivative behavior.
(b) w is in the Szegd class.
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2

o,
lim =1+A (1.19)
n—oo [|@,?

lim |5, — @, |5, =0 (1.20)

(iii) On compact subsets of C\ D,
(% 1 (1.21)
uniformly.
Proof. (i) Since p is in the Szegé class, ||®,-1]|/||Pn| — 1. Moreover,
normal derivative behavior implies

@/ /
nl|[@nll - nllenll
o (1.18) says
o2 o2
1+ A <liminf —— <limsup —= <1+ A
(112 ||2 1 |2
proving (i).
(ii) Since S, minimizes || - ||s.n, in ( , )sn inner product, S, L @, —
Sy, SO
1215 = 1Sall5n + 150 — Pulls (1.23)
By (1.22),
120l
||CI) ||2 —1+A (1.24)
so, by (1.19),
cbn 2 Sn 2
1218, ~ ISal .

[ |2
Since the Szegd condition implies ||®,]|? has a nonzero limit, we get
(1.20) from (1.23).

(iii) (1.20) implies ||S, — ®,]|> — 0. Thus, ||S: — D7 '||* — 0 (where
D is the Szeg6 function), so DS} — 1in H 2(d‘g) and so uniformly on
compact subsets of D, 7 — D~ 1 Since &% — D™ we get SF/®F — 1,
which implies (1.21) uniformly on compact Subsets of C\ D. O

Remark. Our proof of (1.19) relied only on normal derivatives and
la,| — 0, as does (1.25).
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While this was an initial motivation, we will study normality for its
own sake and not mention this motivation again. Here is a summary
of the remainder of this paper. In Section 2, we recall some relevant
background and state some general results. In Sections 3-6, we re-
late normality to asymptotics of Verblunsky coefficients and of the a.c.
weight. Section 3 provides a necessary condition by proving that nor-
mality implies «,, — 0. Sufficient conditions appear in Sections 4—6.
Section 4 shows

D o < o0 (1.26)
n=0
implies normality. Section 5 proves if dyu = w¥ (i.e., dus = 0), w obeys

a Szegd condition, and for a nonzero constant,
w(@) <r (1.27)

then one has normality. This result, of course, shows that (1.26) im-
plies normality, but in Section 4, we will prove much more than L?
convergence of (¢*)"/n to zero.

Sections 6-8 provide illuminating examples. In particular, Section 6
discusses some examples with sparse Verblunsky coefficients and pro-
vides examples of normal derivative behavior where the corresponding
measure is purely singular continuous, and so, non-Szegd. Sections 7
and 8 provide many examples where inserting a mass point destroys
normality and one where it does not. Section 8 analyzes a “canonical”
weight with algebraic singularities on the circle. This analysis is ex-
tended further in Sections 9-10, even when the weight is unbounded.
Section 11 explores ||(¢})'/n||2 when du has an isolated mass point—we
will show it diverges exponentially!

A. M.-F. would like to thank M. Flach, T. Tombrello, B. T. Soifer,
and the Department of Mathematics for the hospitality of the California
Institute of Technology where much of this work was done. We would
like to thank Vilmos Totik and Leonid Golinskii for their interest and
useful comments.

2. GENERALITIES

In this section, we begin with a brief discussion regarding some well-
known facts about derivatives of orthogonal polynomials that illumi-
nate the issues central to this paper and then discuss two equivalent
conditions for normality.
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As already noted, Bernstein [8] has an L*>°(0D) inequality in the
opposite direction of our inequality L? in (1.5) (but our L? inequality
is only for ¢,; Bernstein’s is for all polynomials).

Theorem 2.1 (Bernstein’s inequality). For any polynomials, P,, of
degree n, we have for all € € OD

[Py ()] <n s%%an(Z)l (2.1)
zE

Remarks. 1. P,(z) = 2" provides an example with equality.
2. Szeg6 has a proof of a few lines, found, for example, in [25, 34].
We can say more if we know something about the zeros of P,. The

following has been called Lucas’s theorem, the Gauss—Lucas theorem,
and Grace’s theorem:

Theorem 2.2. The zeros of P, lie in the convex hull of the zeros of
P, and—unless the zeros of P, lie in a line—all zeros of P! not at
degenerate zeros of P, lie in the interior of that convex hull.

Theorem 2.3 (Turdn’s inequality [35]; see also [6]). Let P, have degree
n with all zeros in D. Then for all € € OD,

[P(e)] 2 5 | Pale”)] (2:2)

Proofs. The proofs are closely related and rely on the fact that if P,
has zeros at {z;}"_,, then for z ¢ {2;}7_,,

Pi(2) _ z": 1 (2.3)

Z—Zj

=1

Suppose first that all zeros of P, lie in {w | Rew < 0} and Rezg > 0
with 2 € {2;}7_;. Then, by (2.3),

RG{P,;(ZO)] -y (Rezy — Rez)) 2.4

Py (20) |20 — z;[?

This is strictly positive if either Rezy, > 0 or at least one Rez; < 0.
This shows the zeros of P’ not among the {z;}7_; lie in {Rew < 0} and
in {Rew < 0} if some z; has Rez; < 0. This plus Euclidean motions
imply Theorem 2.2.

As for Theorem 2.3, we note that if |w| < 1, then

Re( 1 ) 1 —Rew - 1 —Rew _1 (2.5)

1—w :1+|w|2—2Rew_2—2Rew_2
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Thus, by (2.3), if all z; € D,

ZGP/
Re 629 ZRell_ezez}

by (2.5), proving (2.2). O

l\DIB

(2.3) is also the key to:

Theorem 2.4. Let du be a nontrivial probability measure on 0D and
let {C;")}?zl be the zeros of pn(z;du). Then

n

S 1
T n2? ) ~n
n 'k—ll—C()C()

//1_Z vy (2) dvy (w) (2.8)

gpl

- (2.7)

=1+ Z /zﬂ vy (z (2.9)
where dv, is the zero counting measure, that is,
dvyy = znjd (2.10)
]/n = — n .
n i ¢

Proof. By the Bernstein-Szegé approximation (see [25, Thm. 1.7.8]),

2 /12
Pn L [l
1 de
== Z / o (2.12)
=172 etd 7 — Ck 2
by (2.3).
For a,b € D,

1 1 do 1 1 1 dz 1
| B QL 2.1
/e"e—aew—b%r 27ri§1§%—az—bz 1—ab (2.13)

since (1 — az)~(z — b)~! has a pole only at z = b.

Plugging (2.13) into (2.12) proves (2.7). (2.8) is a rewriting of (2.7),
and since dv, is supported on a compact subset of D, we can expand
(1 —2w)~" = 3772 #w’, proving (2.9). O

Remark. (2.13) was used by Szegé [33]; see [25, eq. (2.1.30)].
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Notice that (2.9) provides another proof that ||%"|| > 1 and shows
that if dp has normal derivative behavior, then dv,, converges to a mea-
sure with zero positive moments (which also follows from Theorem 3.1
below), but fast enough to have all the moments in ¢!, so that the
series in the right-hand side of (2.9) converges for each n. Since the
right-hand side of (2.7) is greater than or equal to =45 >)'_| W, we

k

see that if u has normal behavior, zeros of ¢,, cannot approach the unit
circle too fast, at least, not faster than n=2.
As a final formula for |[£2[, we define

1 Kn 1(2
fu(2) =
n lea(2)]?
where, as usual, K is the CD kernel (see [25, Sect. 3.2]) or Simon [28]),

=3 los(a)P (215

By the Bernstein—Szeg6 approximation for 7 <n,

/ 2 de
¥n

27r
/ fule™) % =1 (2.17)

Our f,, is very close to the function, I,,, of Golinskii-Khrushchev [14]
defined by

(2.14)

=1 (2.16)

SO

= 7[("('2) = nf,(z
L) = g = L nh(?) (2.18)
If for w € D, ,
Pu(z) = ‘1Z__|Z}2 (2.19)

is the Poisson kernel, then Golinskii-Khrushchev [14] prove that
nfu(z ZP(n) (2.20)

(We note that nf,(z) is the welght of K,_1(2)dji, where fi, is the
Bernstein—Szegé approximation, so (2.20) is related to ideas of Simon
[29].)

Theorem 2.5. We have that

2
o 1 1 9, i\ 40

=l ==+= — 2.21
Hn 2+2/f"(6)27r ( )
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In particular, normality is equivalent to

lim [ f(e") — b _ (2.22)

n—o0 n 2

Proof. By (2.20),

/ [nfae” |2 Z / (o (¢7) P (e )% (2.23)

Since

Py(e") = (6i9(1_;)|(al| ie;ew) (2.24)

we have that

/Pa(ei€>Pb(ei9) ﬁ — L yg( (1 — |a|_ )(1 - |b| )Z _ dz

2 2mi z—a)(1—az)(z—0)(1—bz)
(2.25)
1 1
=-1 = 2.2

+1—db+1—ab (2.26)
by residue calculus.
Thus, by (2.24),

2 i0y 2 40 1
0 [ |fu(e)))? = = —n? + 2 Z S (2.27)
J,k=1 ] Ck
= —n’ + 2|, ||” (2.28)
by (2.7). (2.28) is equivalent to (2.21). O

Golinskii-Khrushchev [14] prove (their Proposition 6.6) if du has an
everywhere nonzero weight

|fo = 1|z (a8/2m) — 0 (2.29)

We see normality is equivalent to || || L2(q0/2r) — 1.
We also note that if

©n(2)
b,(z) = 2.30
&= (230
is the Blaschke product of zeros and 7,,(0) is defined by
by (e?) = e (®) (2.31)
then, as shown in [14],
d
w(e” n (0 2.32
M) = L 0) (2.32)

In connection with these formulae, we note that there has been con-
siderable literature on asymptotics of K, (e?) (see the review in [28])
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and that |¢,(e?)[?/ K, () has also been studied (see [9] and references
therein).
Finally, we note that (2.17) shows [ f2(e")22 > 1, so (2.22) provides
yet another proof of (1.5).
3. NORMALITY IMPLIES NEVAI CLASS

In this section, we prove that

Theorem 3.1. If p is a probability measure on 0D with normal deriv-
ative behavior, then p is in Nevai class, that is,

a, — 0 (3.1)
asn — oo.

Proof. By Szegd recursion (4.5) with p, = (1 — |, |?)"/?,

pn(¢;+1)/ = (90:)/ - QpPp — Oénw/n (3'2)
s0, using |an| < 1, [pn| <1,
/ *\/ £\
Ll lonl | 1)1, )] s
n n n n

By Proposition 1.1, the right-hand side of (3.3) — 0 if we have normal
derivative behavior. Since we also have ||¢]|/n — 1, (3.3) implies
(3.1). O

This shows in particular that any measure with normal derivative be-
havior must be supported on the whole circle. The converse is certainly
not true; see Section 7 below. However, one does have the following,
which is of interest because of the examples in Section 11.

Theorem 3.2. If i is a reqular measure on 0D, then

lim |7 13" = lim [l 1y = 1 (3.4)
Remark. Regularity means lim(p; ... p,)"™ = 1 and supp(du) = 9ID.
There are many equivalent forms (see [27, 32]).

Proof. Regularity implies (see [17, 27, 32]) that

lpalls — 1 (3.5)
Thus, by Bernstein’s inequality (Theorem 2.1) and n'/" — 1, we have

lim sup |y, [|5)" < 1 (3.6)
Since du is a probability measure,

lenllz < ll@nlls (3.7)
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By (1.5),
liminf||¢/ |l > 1 (3.8)

(3.6)—(3.8) imply (3.4). O

Remark. We will see, however, that under the assumptions of Theo-
rem 3.2, ||¢) || can grow faster than any positive power of n.

4. BAXTER WEIGHTS

Recall that Baxter’s theorem (see [25, Ch. 6]) says that (1.26) holds
if and only if dus = 0, inf w > 0, and the Fourier coefficients of w lie
in ¢*. Here we will deal directly only with (1.26). Recall || ||» is the
L>=(0D, £) norm.

Theorem 4.1. If (1.26) holds, then as n — oo,

'«o;z)/ i m

n

[e.e]

In particular, i has normal derivative behavior.
We will actually prove a stronger result:

Theorem 4.2. Suppose that i1 is a probability measure on 0D and that

(a)

sup [|¢n[eo < 00 (4.2)
(b)
1 n—1
lim — )+ 1)|a;| =0 4.3
Jim, 2320+ Do (43)

(¢) The Szegd condition holds, that is,
D oyl < o0 (4.4)
=0

Then (4.1) holds and u is normal.
Remark. One might guess that (4.3) implies (4.4), but it does not. If

G+ n=2"j=12,...
ap = . ‘
0 n#£2° any j=1,2,...

then (4.3) holds but (4.4) does not. The corresponding measure has
normal behavior; see Theorem 6.1.
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Proof of Theorem 4.1 given Theorem 4.2. By Szegé recursion,

Qr L 1(2) = D) (2) — 2z, Pp(2) (4.5)
so using || Py |leo = || P ]| 00, We see
1@l < (14 [an])[[@nfloo < el @] (4.6)
Thus,
sup ||y [|oo < eXrm0ll < 00 (4.7)

By (1.26), inf||®,|l2 > 0, so (4.2) holds. Fix J > 0. Then

—_

J

. 1 . -
(J+ Dloy| < EZ(J + )]sl +2) oyl

j=0 J+1

n—

S|

<
Il
o

So

n—1

1 o
li — 1) o] <2 ; 4.
m sup o Z(J + Dley| < Z o (4.8)

j=0 J+1

goes to zero as J — oo, proving (4.3).
As is well known, (1.26) implies (4.4) since

J J 2
>kt < (o) (1.9)
j=0 J=0

Thus, Theorem 4.2 implies Theorem 4.1. U

Proof of Theorem 4.1. By Bernstein’s inequality (see Theorem 2.1),
(4.2) implies that

@/
=

sup <sup || Ppllec = A < 0 (4.10)

since [[Pnlloo = [[®nll2ll@nlloc < [l@nlloc. Thus, by (4.5),

[(@711) = (@) loo < laj| [ lloe + 1®5]o0] < |yl (5 +1)A  (4.11)
SO
1 N 1 e,
- (@) || oo SAEZ(JHN%W (4.12)
j=0

goes to zero by (4.3).
Since [[(£}) lsc = [[(®7,)lloc/[|Pnll and inf[|®, [} > 0 by (4.4), (4.12)
implies (4.1). O
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5. BOUNDED SZEGO WEIGHTS

We say a measure p is weakly equivalent to Lebesgue measure if the
Szegd condition, [ log(w(6))£ > —oo, holds and there exist 0 < r < oo
so that

do
du <r— 5.1
pET o (5.1)
equivalently, dus = 0 and w obeys (1.27); equivalently, with ||| =
L?(dp) norm and || ||y = L*(£) norm,
LI < 7l £IIf) (5.2)

In this section, we prove the following result, which is not only simple
but whose proof illuminates why normality is sometimes true and also
how it might fail.

Theorem 5.1. Ifdu obeys the Szegd condition and (5.1), it has normal
derivative behavior.

Proof. Since dyu obeys the Szegd condition, (1.4) is equivalent to

o) 2
lim H—( n)

n—~o0

ol =0 (5.3)

On the other hand, since dyus = 0, by Theorem 2.4.6 of [25], we have
that in |- ||0),

or — D (5.4)
Thus, if
P () = ch-n)eije (5.5)
=0

then, for suitable d; with
> |dy? < o0 (5.6)
5=0

as n — 00, we have that

" — d; (5.7)
Then ) ) )
P* / P* / n .
H( n) ST ( n) :TE :(l) |C§n)|2 (58)
n n (0) —0 n
J

Let P.; be the projection in L?(9D, £) onto the span of {9} ;0.
Then

1P5s®} ]l 0) < I1P>sD~ o) + 1 P> (P — D7)]l(0)
< || PssD Moy + 195, — Do) (5.9)
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S0
Jlim limsup || P~ P}y = 0 (5.10)

n—oo

Fix J and note that for n > J,

IN' | )y ~ e
LHS of (5.8)§r<g) Z|cj | +7"Z ;|
]:O ]:J-‘rl
so, for any J,
2
<7 lim || P.

n—~o0

@* /
lim sup H (@,
n

Taking J — oo and using (5.1) implies (5.3). O

Remark. As a consequence of Theorem 5.1, we can conclude that
bounded Jacobi-type weights also exhibit the normal behavior of
derivatives. These are weights of the form

k
w(z) =g(z) [[lz— a1, lajl =1, a;>0, j=1,..k
7j=1

where ¢ is a bounded, and bounded away from 0, integrable function
on JD. For further results on such weights, see Theorem 10.1.

6. SPARSE VERBLUNSKY COEFFICIENTS

On the basis of what we’ve seen so far, one might guess that normal
derivative behavior implies a Szegé condition or at least lots of a.c.
spectrum. Here we’ll see that there are examples with normal derivative
and with non-Szegd behavior and purely singular continuous spectrum.

Definition. Let 0 < Ny < Ny < ... and {3;}52, € D*. The associated
sparse sequence is the Verblunsky coefficients

ﬂk lfj:Nk—lfOl"]{?:l,2,
oy = . (61)
0  otherwise
Our main result in this section is:
Theorem 6.1. Suppose
lim sup <1, lim 3; =0 (6.2)
k—o00 k+1 J—0o0

Then the corresponding measure for the associated Verblunsky coeffi-
cients has normal L?-derivative behavior.
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Example 6.2. Let N; = jl. If 3; € (2, du has purely a.c. spectrum,
and if §; — 0 but §; ¢ {5, then du has purely s.c. spectrum (see |26,
Sect. 12.5]). In particular, if 3; = (j + 1)~'/2, then du is non-Szegé,
purely singular continuous, and normal. U

Lemma 6.3. Let {z;}32, be a sequence of nonnegative real numbers.
Suppose, for v; > 0 and 8; > 0, we have

Ij+1 S ’}/j -+ Hjl'j (63)
(a) If
supbl; =0 < 1, supy; =y < +00 (6.4)
then
limsupz; < (1 —6)"'y (6.5)
(b) If
limsupf; <1, limvy; =0 (6.6)
then
limz; =0 (6.7)

Proof. (a) Define y; by
Y1 =1, Yjr1 =7 + 0y, (6.8)

By induction, z; < y;, so

limsup z; < limsup y; (6.9)
By (6.8), if z; = y; — (1 — )", then

so z; — 0 and y; — (1 — )~'. Thus, (6.9) implies (6.5).

(b) Fix Ny so sup;sy, 0 = 0 < 1. By using (a) for {j | j > N > Ny},
we see that for N > Np, limsupz; < (1—6)"'sup;s ;. Solim~y; =0
implies (6.7). O

Proof of Theorem 6.1. Let

1i(2) = @, (2) (6.11)
and let o; = (1 — |3;|?)/2. By Szeg recursion, for k < Nj,1 — Nj,
PNk = N (6.12)

so by Szeg0 recursion,

(Nj+1—Nj)

oj+1n+1(2) = nj(2) — B2 n;(2) (6.13)

and
il | < 05l 18552l (N — Nj) + 18554011 (05)'|] (6.14)
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Since 1+ ||(¢%) /n||* < (1 +|(¢%) /nl)?, (1.3) implies that

1) < NG + [l (6.15)
o (6.14) becomes
Tjetllmiall < 15l + 18j1I Nyjsa + 1Bl I (6.16)
Letting
! 1 . N, .
= 17l 6= + 1B+l N; = |8j+1] (6.17)
Ny oji+s1 Njn Tjt1
(6.16) becomes
Tiy1 < + 0,7, (6.18)
By the lemma, z; — 0. By (6.12),
*\/
Nj§n<Nj+1 n
so x; — 0 implies (1.4), which is normality. O

Remark. One can also approach Theorem 6.1 through the function f,
of (2.14), Theorem 2.5, and

|Oé 1| 1 1‘|‘|Oé 1|
_ZHI_HQJ < fulz SE;EI_mj nk ze€T

which follows from the bounds

1+ ||
11— |O‘n|’

1 — |y < ‘ ©n(2)
L+ [an] = [pnti(2)

7. ADDITION OF MASS POINTS

Our goal here is to prove that if ;4 has a reasonable a.c. weight at a
point in JD and we add a mass point at that point, then the resulting
measure is nonnormal. By rotation covariance, we can suppose the
point is 1 € O]D The discussion below was motivated by considera-
tion of (1 — )% + 44y, where everything is explicit (see [25, Exam-
ple 1.6.3]), and a direct calculation (from [25, eqn. (1.6.6)]) shows that
(@) || /n — $4*2(1 — ~4)~'/2, which is not zero, so (1.4) fails.

Given a probablhty measure i on 0, we define for ¢ > 0,

v = (1+8)"(pu+1t6) (7.1)
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Let ®,(z;t), wn(z;t), an(t) be the monic and normalized OPs and
Verblunsky coefficient for v; (for ¢ > 0) and its CD kernel

(z,w;t) th] 2 t) pj(w;t) (7.2)

It is a result of Geronimus [11] (see [28] for a proof and a list of redis-
coverers!) that

D, (2;t) = D, (2;0) — t D, (1;¢) K,—1(2, 1;0) (7.3)
,(1;0)

®,(1;¢
(L;#) = 1+tK, 1(1,1;0)

(7.4)

Lemma 7 1. If {x,}52, are strictly positive and z,/x,1 — 1, then
Tn/ Z =1 x] — 0.

Proof.
lims p( Tn ) < lims < T )
HSUP | =p=r — | = Hsup S
Zj:l Ly > ket Tn—k
, ( 1 ) 1
TSIV SR e | TR
Zk:l xnk K
Since K is arbitrary, the limit is 0. U

Proposition 7.2. Let ||-||; be the L?(dv;) norm in the framework of
mass point perturbations. Then

P, (- ;t)]? 1 1+tK,(1,1;t =0) (75)
1@, (-5t =0)|2, 1+¢t[1+tK, 1(1,1;¢t=0) '
If a,(t =0) — 0, then
1
lim LHS of (7.5) = —— 7.6
Tim of (7.5) o7 (7.6)

Proof. Since K,_1(z,1;0) is a polynomial of degree n — 1 in z, it is
p-orthogonal to ®,,(z;0). Since [|K,_1(z,1;0)|*dp = K,—1(1,1;0) by
the reproducing property, we conclude, by (7.3), that

12n (-5 )llEmo = [@a( -5 0)[[Fog + | Pn (L5 8) P Knr (1, 1;0)
Thus, by (7.1),
12a(s)IF = [[@n( -5 0)llizg + t1Pa (L) *[1 + tK,—1(1, 15 0)]

tlpn(1;t = 0)[?
1+ tK, (L, 1;0)

by (7.4) and ¢, = ®,,/||®,||. This proves (7.5).

= [[@n( -5 0)llizo |1+ (7.7)
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By Szeg6 recursion,

* 0
Spn-l-l('ee ) _ 1‘ S |an|
¥ (e?)
so, if a, — 0, [pn(e?)|/|pns1(€?)] — 1, and so Lemma 7.1 implies
(1+tK,)/(1+tK,_1) — 1, showing (7.6). O

The following will provide many examples of v;’s which are not nor-
mal.

Theorem 7.3. Suppose p obeys:
(a) p is Nevai, that is,

Tim_a, (0) = 0 (7.8)
(b) For some C1,Cy > 0 and all n,
C1 < [en(1;0)] < G (7.9)
(¢)
Tim () (1:0)] =0 (7.10)
Then

3

VIFTEL < limint S (g2 (10)
20, © nme (7.11)

< limsup L (03 V(18] < VITTZ2
im sup — ; —=
= P W) AT = 203
and, in particular, for all t > 0, v; does not have normal behavior of
derivatives.

Moreover, if

(d)
n—oo n
then
If, in addition to (a)—(d),
(e)
lim |, (1;0)] = C %0 (7.14)
then

.1 o C
Jim — () ()l = 5 VE (7.15)
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Proof. Write

[Pn (-5 2)le
[P (-5t =0)l[i=0
Then (7.3) and (7.4) imply
I (7,) (211) = Gun(231) + Gon(231) + Gan(231) (7.17)
where
Cua(z:t) = (¢7)'(2;0) (7.18)
ton(1;0) o~ . ,
n(2;t) = — " (1;0) (@) (20 7.19
Canl2:1) 1 +tK,1(1,1;0) jzoz 2illi0)(;) (= 0) - (7.19)
n—1
tspn(la 0) . —7—1
n(2:1) = = — )27 i(10)@5 (%
S e RPN
(7.20)
where we used (with ()*, the * appropriate for degree n polynomials)
(052 0))5, = 2" ¢5(2; 0) (7.21)
and the Leibniz rule to get (3, and (3,
By (7.10),
1
LGain) -0 (7.22)
as n — oo. By (7.9),
tCy tlen(1;0)] tCy
< < 7.23
1+nC2t — 1+tK,_1(1,1;0) = 1+ nC? (7.23)
Thus,
1 G, ., ()10
(L) < ——2__N" oy 7.24
by (7.10).
At z =1, the sum, S, in (7.20) is bounded by
n—1 n—1
1
Y-8 <y =" 7
j=0 Jj=0
(7.6), (7.17), (7.22), and (7.24) imply
1 1
lim sup - (o) (L;t)] < V14t limsup - |CG3n(1;8)] (7.26)

and similarly for liminfs (with < replaced by >), (7.20), (7.25), and
(7.23) then imply (7.11).
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Since
imin © . \/ imin ® : )
n " A=A +t n " ’

(7.11) implies nonnormality.
Now suppose (7.12) holds. Then

(- Dllco — 0 (7.28)
By (7.9), (7.19), and (7.23),

1 03— (1) (-50)ll=o
— G258 lli=0 = <=5 . 2
- [G2n (-5 1)[le=0 w07 2 J ; — 0 (7.29)
by (7.12).
In the same way, since z77¢%(2;0) = ¢;(2;0) on 0D are orthogonal,
1 G (e, 2\
LGBl < o5 (=) —0 @3

=0
proving (7.13).

Finally, if (e) also holds, we note first that, by (7.13), one has equality
in (7.27) with liminf replaced by inf. And the existence of the limit if
(7.14) yields

1 C
lim - (o) (L;t) =vV1+t 5 (7.31)
by the arguments that led to (7.11). O

Example 7.4. If u obeys Baxter’s condition, (a)—(d) of Theorem 7.3
hold, since (a) is trivial, (b) is Baxter’s theorem, (c) and (d) follow
from (4.2). Thus, whenever Baxter’s condition holds for u, all v, are
nonnormal. In many cases, (e) holds also. O

There are also local conditions on the weight that imply (b) and (c),
following ideas of Freud [10], Badkov [5], B. Golinskii [13], and Nevai
[22]:

Theorem 7.5. Let i obey the Szegd condition so that for some e > 0,
us({e? ] 10| < €}) = 0, and with weight, w, obeys
(i) For some § >0, § < w(e?) <571 if 0] < e.
w(0) — w(yp)

(ii)
sup/
lpl<e J|0)<e 60—

Then (a)—(c) of Theorem 7.3 holds and every v; associated to p via
(7.1) is nonnormal.

2
df < oo (7.32)
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Remark. (7.32) is Freud’s condition [10]. (b) has been proven under a
weaker and close-to-optimal condition by Badkov [5], namely,

1
/ [ sup |w(f) — w(<p)\} /5 dd < oo (7.33)
0 LO,pe(—e,e)
|0—¢|<d
see also Simon [31]. It is possible that by combining Badkov [5] with
Nevai [22], one can also prove (c¢) under this condition.

Proof. (a) follows from the fact that p obeys the Szegé condition. (b)
is from Freud. (c) follows from Nevai [22] who proves, under these
conditions, that

I, (1) = pn(1)] = o(1) (7.34)

From this, it is easy to see that
() (D] = [nen(1) — ¢, (1)) (7.35)
O

8. CIRCULAR JACOBI MEASURES AND THEIR PERTURBATIONS

The circular Jacobi measure and polynomials are the measure defined
for a real with a > —% by

2
O w@ =D e s

I'(2a+1)
and the normalized polynomials

(@)

dpa(0) = wa(0)

W(zdy) = ——2% _ F(—na+1l—n+1—az 8.2

©n(2; dpta) TR 1 ( ) (82)
(a+1),

(z;dpy) = ———oFi(—n,a;—n —a; z 8.3

o (25 dpg) CTER 1 ( ) (8.3)

where, as usual, (s), = s(s+1)...(s +n — 1) is the Pochhammer
symbol and F; the hypergeometric function. These are due to Witte—
Forrester [37] and appear as Example 8.2.5 of Ismail [16]. As in the
last section,

ditg + o
vy = “1 - ! (8.4)
Here we will discuss three facts:
1 * a

(1) — (@) (L dvay) ~n® (8.5)

*\/( .. 2 2
(2> H (Qpn) ( adlua) _ a (8.6)

n L2(dpa) (2a 4+ 1)n
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(£5)" (s dva,)

(3) lim

n

~0 (8.7)

L?(dpa)

These have the following consequences:

(a) [|[(¢%)]|/n can grow as any power n® for measures in the Nevai
class.

(b) du, is normal for any a (for a > 0, this follows from Theorem 3.1
but is new for —1 < a < 0).

(¢) For =3 < a < 0, dv,, is normal, showing that inserting a mass
point at a singular point for the weight may not destroy normality.

Facts (1)—(3) are consequences of explicit calculations that follow.

Proposition 8.1. For k € Z,
m do I?(a+1)
_ iko k
= a H - = _1
Ye(a) /0 Twa(0) 50 = (1) Tk+a+1)D(—k+a+1)

Proof. We begin by noting that v_j(a) = Y(a) since w,(0) is even
under § — —6. (8.8) clearly holds for £ = 0 since w,(#) is a unit

(8.8)

weight.
Since )
Wa+1 0 a+1 1
- y P .
0o (0) 2@a+1)< : z) (8.9)
where z = €?| we get
(041) = 5o s (94(a) () —ala)) (810)
Yk = 220 + 1) Yk Vk+1 Vk-1 .
For k = 0, this implies, using v; = v_1,
a+1
1= )=——(2-2 A1
proving (8.8) for k = 1. From (8.10), by
2(2a + 1
ale) = 23(@) ~r(@) — 2 D o) (812
and induction, we get (8.8) in general. O

Thus, for any real polynomial, P(2) = >_7_d;27, we get
do
1P = [ IPEPwa) 5
) n (_1)k+1
=T 1 didy,
(a+1) Z Tk —=m4a+1DT(m—k+a+1)

7,m=0
(8.13)
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The polynomials that we are most interested in are o F1(—n,a+1; —n—
a; z) since

(a+1), an
n!(2a + 1), a+n

(0n) (2 dpta) = oFi(-n+1a+1;-n—a+1;z)

(8.14)
So we note that
Qn(z) =2Fi(—n,a+1;—n —a;2) = chzk (8.15)
k=0
where, by the definition of o F [4],
(—n)i(a+ 1)k
— T RS Uk 1
* (—n — a)ik! (8.16)
Proposition 8.2. Forn >0 and k=0,1,...,n,
- c
1™ m
(&) 2;() F'k—m+a+1)I'(m—k+a+1)
|
= (=1)* i 8.17
( )F(a—l—l)f‘(n—l—a+1) (8.17)
a mc
b —-1H" i
(b) mﬂ() F'k—m+a+1)I'(m—k+a+1)
k+ (2k —n)a)n!
— (cpprd 1
( )Ha+wwn+a+m (8.18)
As a consequence, for @, in (8.15),
2 . n'
1QnllT2(apa) = @t 1, Qn(1) (8.19)

Proof. Formulas (8.17) and (8.18) can be directly verified by a com-
puter algebra system, such as Mathematica. They can also be proved
using Zeilberger’s algorithm [38, 39], implemented as a Mathematica
package [23], which establishes recurrence relations for the left-hand
side of each identity. For instance, [23] finds the following relations for

(_1>mcm
(a+k—m+1I'(a—k+m+1)

F(n,m,k):P

that can be verified by dividing both sides by F'(n,m, k) and checking
the resulting rational equation: if A,, is the forward difference operator
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in m, then
—(n+1)2a+n+2)(—k+n+1)F(n,m,k)
+ (a+n+1)(—2ak + 3an + 4a — 2kn — 4k + 20> + Tn + 6)F(n + 1,m, k)
—(a+n+D(a+n+2)(a—k+n+2)F(n+2,m,k)
= Ap (F(n,m, k)Ri(n,m, k))

(8.20)
and
—(k+1)(a—k+n)F(n,m,k)
+ (—an + 2k* — 2kn + 4k — 3n +2)F(n,m, k + 1) (8.21)
+(a+k+2)(k—n+1)F(n,mk+2) ’
= A (F(n,m, k)Ry(n,m, k))
with

am(n+1)(a—k+m)(a—m+n+1)
(—m+n+1)(—-m+n+2)
(2a+1)m(a—k+m)(a—m+n+1)
(—a—k+m—-2)(-a—k+m—1)
Summing (8.20) over m from 0 to n + 2, and (8.21) over m from 0 to
n we conclude that

Ri(n,m, k) =

Ry(n,m, k) =

Yn ks = Z F(n,m,k)

m=0
satisfies the following recurrence relations:

(m+1)2a+n+2)(—k+n+1)y,x
— (@ +n+1)(—=2ak + 3an + 4a — 2kn — 4k + 2n* + Tn + 6) Yn114

+@+n+)(a+n+2)(a—k+n+2) Yy, =0 (8.22)
and
(1+k)(a—k+n)ypr — (2+ 4k +2k* — 3n — an — 2kn) Yppi1
—2+a+k)(14+k—n)Yppia=0 (8.23)
with initial conditions
1 1
Yo,0 = IEICEk Yi0= Y11= NCESHACES) (8.24)

It is straightforward to check that the right-hand side in (8.17),
n!

a+ I'(a+n+1)

also verifies (8.22)—(8.24). This yields (8.17).

Sn,k = (—1)kr(
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Finally, by (8.13) and (8.17),

1Qull T2 ) & - c
I2(a+1) 2 )Ckn;o( ) T(k—m+a+1)D(m—k+a+1)

k=0
n! "
= C.
Fla+DI(n+a+1) =
which proves (8.19). O

From (8.14), (8.15), and the well-known formula for the hypergeo-
metric function with the unit argument (see [1, eqn. (15.1.20)]), we
obtain

Theorem 8.3.

2 ag
= (8.25)

H (3) (2 dpa)
(2a + Dn

n

L?(dpa)

1

In particular, all dpg, a > —3, are normal.

Next, we turn to the v,,. By (8.2) and (8.14), we see that

1 , a
Z (Y (1:duy) = W(Ldp, 2
n(wn)(,u) 2a+1<ﬂ( [a) (8.26)

and that, in the sense of the ratio approaching a fixed nonzero, a-
dependent constant,

on(1; dptg) ~ n (8.27)
so that
Kn_1(1,1;dp,) ~ n** (8.28)
By (7.3) and (8.26), we obtain
a n+1 K, 1(1,1;du,)

20+1  2n 1+tK, ((1,1;du,)
(8.29)

1
— O (1;dvas) = $n(1; dpg)
n

So, by (8.28),
1
n
In particular, [|(¢}) (- ; dvey) /1., > O(n®), proving at least arbitrary
power growth for suitable a.
Finally, we turn to estimating |[(v})"(-; V)|l £2(dp,)- By (7.3) and
(7.4) with ¢> — 1/(1 +t), we have

(@) (1; dvgy) ~ 0 (8.30)

tipn (15 dpta)
1+ tKn—l(la ]-a d,ua)

Kn—l(lu <5 d,ua)
(8.31)

Qngpn(@ dVa,t) = Spn(z; d,ua) -
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By the CD formula,

; Z;d a) — ¥n Z;d a
s (1,31 ) = (1 | P50 Z 0BT
a+1),
= 75]](1 —)Z) (2F1(_n7a; —n —a Z)
a
— Fi(— 1;—n — 1; 8.33
CL—|—’/L2 1( n,a+1—n-—a+ ,Z)) ( )
a+1 n 1
- P,(z) — = 2P, 34
S me -t (8:34)
where
P.(z) =2Fi(—n,a+1;—n—a+1;2) (8.35)

In the above, (8.33) comes from (8.32), (8.2), and (8.3); and (8.28)
from relations on o Fj.
Using this and letting

C 2a+1 tK,_1(1,1;du,)
a1+ tK,_ (1,1 du,)

On (8.36)

(so 9, — (2a + 1)/a), we obtain
, o ©n(2; dita) ,
Qn¢n(zu dVa,t) - gon(z, d,ua) + 6n < f - QOn(Z, d,ua) (837>

This plus (1.10) yields

(en) (21 dvis) _ () (22 dpa) (1_5_“) BPRCHECLITINTE

n

n n n n?

By the proven normality of dy, (Theorem 8.3), the first term in the
right-hand side of (8.38) has an L?(du,) norm going to zero, so we
focus on the second. By the explicit formula for ¢} (z; 11,),

a+1

((p;kz)”(z; d,ua) =a m V n(n — 1) Qpn—2(z; d,ua-i-l) (839)

Thus, we need

Proposition 8.4.

ln (23 dptar) | Z2apn) = (8.40)

+20L+3
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Proof. By (8.2),

a+1),
(pn(z; d:ua—i-l) = # Pn(z)
n! (2a +3),
. (8.41)
Py(2) = oFi(—n,a+2;—n —a;2) = Y 2"
k=0
where
 (—n)p(a+2) k
* (—n — a)ik! * a+r1)* (842)
with ¢; given in (8.16). Thus, from (8.13) it follows that
1Pl Z2 () = T*(a + 1)(S1 + S + S5) (8.43)
where
e (=D mere,,
S = 8.44
T (k—mta+ Dl(m—k+a+1) (844)
2 = — (=D ke e
S, = 8.45
? a+1kzoéf(k—m%—a%—l)l“(m—kﬁta%—l) (8.45)
1 e (=™ Ekcmep,
S3=——— 8.46
ST a+1)2 ;%F(l{—m+a+l)T(m—k+a+l) (8.46)

The first sum has been computed in Proposition 8.2 and Theorem 8.3:

1 10,11 . (2a+2),
2(a+1) " L2(dpa) — M2(n+a+1)

where @), is defined in (8.15). On the other hand, by (8.18),

!

S =

2 & " (=)™ e
= —1)k
5 a—l—lz( ) kckﬂ;oF(k—m+a+1)F(m—k+a+l)

B 2(n!) " B 2(n!) ,
" Ta+2T'(n+a+1) kZ:O bow = L(a+2)T(n+a+ 1)Q"(1)

Using the formula for the derivatives of the hypergeometric function,

(a+1)n
a+n

o @ D@t a1
Qn( ) <a+n><a+n_1) 2F1( +27 +3a +2a )
(8.48)

Q(z) = oFi(—n+1l,a+2,—n—a+1;2) (8.47)
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and [1, eqn. (15.1.20)], we conclude that

" Ta+1(n+a+1)n+a (a+ 1)y
Analogously,
1 (=)™ mecy,
S3 = Ml
ST (a+1)? k:O Ckz Nk—m+a+1D)I'(m—k+a+1)

n! -

“(a+1)T(a+ )T (n+a+1) ]; ker(k + (2k —n)a)

n! " n
:(a+1)2T(a+1)F(n+a+1) ((2a+1);k Ck—nakz:%kck)

e (0 DGR (W) - Q1)

n!
“(a+1)T(a+ DI(n+a+1)

((2a 4+ 1)@n(1) + (20 + 1 — na)Q;, (1))

Using (8.47)—(8.48), we obtain

n(2n 4+ 2a + 1)I'(n + 2a + 2)(n!)

S =
s I'2a+ 42 n+a+1)
Hence,
_ (2n+2a+3)['(n+2a+3)(n!)
S1 52+ 5 = F2a+ 492 n+a+1)
(8.40) now follows from (8.41) and (8.43). O

By (8.39) and (8.40), we obtain

o dpa)" || , atl nn—1)(  2n-4
en(-1dua)” .
n? L2 (dpa) 2(2a+1) nt 2a + 3

“of1) e

Theorem 8.5. Fora > —1, ||¢s(+; dvay) /1| 12(du.) — 0. In particu-
lar, for —% < a <0, dv,; is normal (and for a > 0, it is not normal).

SO
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9. MULTIPLICATIVE PERTURBATIONS OF THE WEIGHT

In the preceding section, we saw that the circular Jacobi weight, even
in the unbounded case, where —% < a < 0, is normal. In this section
and the next, we extend this to other cases. A key tool will be (2.21).
Here we will prove a general result about perturbations of weights:

Theorem 9.1. Let du be a measure on 0D satisfying the Nevai con-
dition (3.1), and g is a Lipschitz continuous, strictly positive function
on OD. Then normality of du implies normality of g du.

The proof depends on a preliminary result.

Proposition 9.2. Let du be a measure on JD satisfying the Nevai
condition (3.1), and g is a continuous and nonvanishing function on
0D so that gdu also obeys (3.1). Then

K, 1(z,z;9dp) 1

lim = 91
n—oo n—l(zv <3 dlu’) g(Z) ( )

uniformly on OD.

Proof. Under the assumption of Nevai’s condition, uniformly on 0D for
any fixed m € N,
lim Kn+m—1('z> 2 d:u)
w2 Ko (2, 2 dp)
by Corollary 9.4.3 of [26].

If g(2) = |P(2)|? then by the extremal properties of the CD kernel
where deg(P) = m,

=1

K 1(z,2z;9dp)
Kn—l—m—l(za <5 d:“)

g(z) <1

so that

, K, 1(z, 2z, 9du) 1
lim sup o <
n—oo Kn_l(Z,Z;dM) g(z)
Using the monotonicity of the kernel and the ||-||,-density of {|P(z)|*}
in the nonnegative functions, we can extend this inequality to any

continuous and nonvanishing function g. Finally, reversing the role of
dp and g dpu, we obtain (9.1). O

Proof of Theorem 9.1. By Theorem 2 of [20],
: 2

lim M —1 (9.2)
oo |pn(z; dp)|



30 A. MARTINEZ-FINKELSHTEIN AND B. SIMON

uniformly on dD. By Lemma 9.3 below, gdu also obeys the Nevai
condition, so Proposition 9.2 is applicable. Thus, using (9.2),

- falz9dp)
lim ——————~ =1 9.3
w2 f (o dp) (5:3)
By (2.21), g dp is normal if and only if du is. O

Lemma 9.3. If a,, (1) — 0 and (9.2) holds, then o, (gdu) — 0.
Proof. By the Szego recursion formula, for any measure, v,
n1(zd n(2;d
(pn-i-l(z V) —1:—an(dy)(’0 (Z V) (94)
o (2 dv) on(z;dv)
Since ¢, /! is a nontrivial Blaschke product, there are points zy € 0D
so that the right side is positive and equal to |, |. Thus,

0741 (25 dv)|

ap(dv)| = sup —— — 1 9.5
i e o
(9.2) plus (9.5) completes the proof. O

10. ALGEBRAIC SINGULARITIES

In this section, we prove

Theorem 10.1. Let wy be the weight
wo(z) = [ 1z — Gl (10.1)
k=1

where (1,...,(n € 0D are distinct and each aj > —%. Let g be a
nonvanishing Lipschitz continuous function on OD. Then gwg(e®) %
s a normal measure on OD.

Proposition 10.2. Let F,(x) = min{n? |1 — cosz| '}, x € (-7, 7).
Then for k = 1,...,m and for a sufficiently small 6 > 0, there ex-
ists C € (0,1), not depending on n or k, such that for ¢,(z) =

on(2; wo(2)|dz]),
|on(Gre™)I* _ A
C<+t—— = <

Proof. Obviously, it is sufficient to establish an analogous bound for

the monic orthogonal polynomials ®,,. Fix k € {1,...,m}, By L {z €

C| |z — G| <8} For z = (pe™®, —§ < x < 6, define t,(2) = nz/2 € R.
From Theorem 1.4 of [19], it follows that

B, () = = T ()" (1 + 0(1)) (10.3)

2 |z — Gl n

i<z <9 (10.2)




NORMAL DERIVATIVE BEHAVIOR 31

where the O(1/n) term is uniform in (=6, d). H, analytic in a punctured
neighborhood of the origin, is defined by

H(a; 1) def e 2mia t1/2(Ua+1/2 (t) + Jo—1y2(t))  if t is in the second quadrant
’ Y2 (i dar12(t) + Jaz1/2(1)) otherwise
(10.4)

and J, is the Bessel function of the first kind. In particular,

| @, (Cre™)” =
w o (T2 o(ltal) + T2 a(tal) (1 . O(l)) Sex<s

21+ax (1 — cosx)% n

Since the zeros of J3+1/2 and J3_1/2, a > —%, interlace, we have
J21ya(t) + J2 (1) >0, for t > 0 (10.5)

On the other hand, from the asymptotic formula [1, eqn. (9.2.1)], we

obtain that

2
. 2 2 —
tEeroot(JaH/g(t) + Jo1(t) = o

and we conclude that for d; > 0, there exists C; = Cy(a,0;) € (0,1)
such that

Ci < t(J3+1/2(t) + J3—1/2(t)) <Cr, for ¢ € (01, +00)

In particular, for

Ia (:L’) _ tn(‘]sk+1/2(tn) + Jgk—l/z(tn)) T nx
" (1 — cosx)a ’ T2
we have
o o 26,
Tl R < —L > 2 10.6
(1 —cosx)® — (z) < (1 — cosx)e 7 (106)

On the other hand, for z € [0, 26, /n],
. p2aK91—4ay, t, 2
Fn(llf) = n2 k m ((5) G§k+1/2(tn) + Gik—1/2(t"))

where G,(z) = (2/2)* J,(2) — 0 when z — 0. Taking into account
(10.5), we conclude that there exists Cy = Co(3,91) € (0,1) such that

261]

Con® < Fo(x) <Cy'n®,  we [0, — (10.7)
n

Combining (10.6) and (10.7), we obtain (10.2). O
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Corollary 10.3. For the weight given in (10.1), the sequence f, is
uniformly bounded on OD. In particular,

1 27 )
li;n o ), A do =1

so that the generalized circular Jacobi measure, w(]%, 18 normal.

Remark. Observe that normality of this measure for ap > 0 follows

from Theorem 5.1. So this result is new for the negative values of ay,
when the weight is unbounded.

Proof. That the measure is Nevai class follows from Rakhmanov’s the-
orem. The first assertion follows from (10.2) and the fact that for
a>—1,

1 X Filw)

n  Fo(x)
is uniformly bounded on R. The second assertion is a consequence of
(2.29) and Theorem 2.5. O

Thus, Theorem 10.1 follows from Theorem 9.1.

11. ISOLATED MASS POINTS

In this section, we will consider a situation where p has a gap in
its essential spectrum containing an isolated mass point at zy € JD.
Of course, since a,, — 0 implies supp(du) = 0D (see [25, Thm. 4.3.5]),
Theorem 3.1 implies p is not normal. What we want to show is that, in
fact, ||¢),|| always grows exponentially in this setting. The intuition is:
Since ¢, (20) decreases exponentially while ¢, (z) grows exponentially
for z near zp, ¢! (z9) must be very large. The only surprise is that the
result is very general and the proof simple. Here are the results:

Theorem 11.1. Let o have a gap in its essential spectrum and zy a
mass point in this gap. Then for some A,C > 0,

| (20)] > Ae™ (11.1)

In particular,
LIl > Ap({z0})" 2" (11.2)

Theorem 11.2. Let p have a gap in its essential spectrum, e, and
20 & ¢ a mass point. Suppose i is reqular. Then

lim |’ (20)|Y™ = exp(Ge(20)) (11.3)
where G, is the logarithmic potential of e. In particular,
lim inf ||} ||*™ > exp(G.(20)) (11.4)
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Remarks. 1. Regularity was defined by Stahl-Totik [32] (see [27]) and
means
lim (po ... pa_1)/™ = Cle) (11.5)

where C(e) is the logarithmic capacity. It holds, for example, if the
equilibrium measure for ¢ is 27T 9 absolutely continuous and dy = wd9 +
dus with {6 | w(f) > 0} = e up to sets of measure zero (see [32, 27])

2. These results on ||¢,||*/™ should be compared with Theorem 3.2.

We will prove both of these theorems from the following elegant
formula:

Theorem 11.3. Let p have a gap in its essential spectrum with zy an
1solated point of p. Let 1, be the second kind polynomials. Then there
is an (? sequence, 1,, so that

n(z0) = (2200({20})) " ¥n(20) + 7 (11.6)

Proof. Let dv be the measure for which ), are the first kind polyno-
mials and ¢, the second kind polynomials (i.e., ay,(dv) = —a,(dp)).
Then (see [25, Prop. 3.2.8]) for z € D,

e’ + 2

on(e) = [0nle) = wn(e) |

e — 2

} dv(6) (11.7)

By analyticity, since zy ¢ supp(du) this holds for z in a neighbor-
hood of zy. Using Fy,(z) = Fy.(2)!, we conclude

1 (2) = @n(2) + F(2) ' (2) /wn g [629+z} dv(f)  (11.8)

—Z

Thus, n,(z) € f3 and is analytic near zy, so 7, = n,(2) € {3 by a
Cauchy estimate.

Near zq,
Pz = 2o | o) (11.9)
20 — R
SO
d
Fle)=0  TFE)| = -Qanl{)? (1110
z=20
which leads to (11.6). O
Proof of Theorem 11.1. By [26, Thm. 10.14.2],
l@n(z0)]| < Age™" (11.11)

for some Ay, C. By [25, (3.2.33)],
ln(2)]] = A'e ™ (11.12)
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Thus, (11.6) implies (11.1). O

Proof of Theorem 11.2. Let dv be the measure for which v, are the first
kind OPUC. Then dv is regular and zy ¢ supp(dv). It follows, since
then zp is also not in the convex hull of supp(dv), that (see [32, 27])

lim |[th, (20)]|/™ = eC0) (11.13)
(11.6) completes the proof. O
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