THE SHARP FORM OF THE STRONG SZEGO
THEOREM

BARRY SIMON

In memoriam, Robert Brooks (1952-2002)

ABSTRACT. Let f be a function on the unit circle and D,,(f) be
the determinant of the (n + 1) x (n + 1) matrix with elements
{cj—i}to<i,j<n Where ¢,, = fm = fe’""ef(@)%. The sharp form
of the strong Szegd theorem says that for any real-valued L on the
unit circle with L, e’ in L'(22), we have

oo
lim D, (el)e”("+DLlo — exp < Z k|f,k|2)
n—oo
k=1
where the right side may be finite or infinite. We focus on two
issues here: a new proof when e? — L(f) is analytic and known
simple arguments that go from the analytic case to the general case.
We add background material to make this article self-contained.

1. INTRODUCTION

Let {cn}oo__ be a two-sided sequence of complex numbers. A
Toeplitz matriz is a finite matrix constant along diagonals:

Co €1 C2 Cn
C_1 Co Ct ... Cp—1

Tn+1 = . . (11)
C.n C_pit1 . Co

It turns out that the natural way to label T is in terms of the Fourier
transform of ¢, that is,

FO)= Y cme™ (1.2)
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on D (D = {z | |2] < 1}, 0D ={z | |2| = 1}). f is called the symbol
of the Toeplitz matrix.

One can define a symbol as a distribution so long as |c,,| is poly-
nomially bounded in m, but we will discuss the case where there is a
signed measure, du, so that

Cp = /e‘me du(8) = i, (1.3)

As usual, for f € L'(OD, %), we define f, to be the Fourier coefficients
of the measure f %. We will most often discuss the case where du is
absolutely continuous, that is, du = w(@)% and where w > 0 or even
that w = el.

D, (dpu) is the determinant of T,,;. The strong Szeg6 theorem says
that if L,el € L' with L real, then

e B
log D, <eL 2_) ~(n+1)Lo+ Y |k[|Lil (1.4)
k=1

™

There are a number of remarkable aspects of (1.4). The first term
was found in 1915 and the second in 1952. Despite the 37-year break,
they were both found by Szeg6 — the twenty-year old in 1915 [29] and
the 57-year old in 1952 [33]! You might wonder about whether (1.4)
is the leading term in a systematic 1/n series. In fact, if L is real-
valued and if € + L(0) is analytic in the neighborhood of 9D, then
the error in (1.4) is O(e~P") — there are no more terms in the series
(this follows from (2.21) and (5.17) below). Lest you be shocked by
this, we note that for many models in statistical mechanics, the free
energy has a volume term, a surface term, and then, if the interaction
is short-range, exponentially small errors.

A second remarkable aspect is the subtlety. Why should log w enter
at all, and then in both linear and quadratic terms? There is a fascina-
tion with this subject among mathematicians who have extended the
result both in the context of function algebras [37, 15, 22] and in the
context of pseudodifferential operators on manifolds [38, 14] (see [28]
for literally dozens of papers on each aspect).

A third aspect is that there are a remarkable number of applications
of this result. Szeg6 returned to find the second term because of a
question raised by Onsager who ran into Toeplitz determinants in his
work on the Ising model (see [23, 5] for a discussion of this). They
enter in the study of some Coulomb gases [20, 21, 10] and in electrical
engineering applications [18, 3]. And they have had a surge of interest
recently because of their role in random matrix theory [24].
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When Szeg6 [33] proved (1.4), he assumed L was C'¢. There were
many papers on this subject which improved this incrementally until
Ibragimov [16], fifteen years later, proved the following sharp form:

Theorem 1.1 ([16, 12]). Let L be a real-valued function on 0D so that
L.e € L'(0D, £). Then

df ; - N
lim D, (eL %) e~ (Lo — exp ( ; k| yLkP) (1.5)
Thus, (1.4) holds whenever the right side makes sense, that is, L in

H'/? | the Sobolev space of order % This should be supplemented with
a result of Golinskii-Ibragimov [12]:

Theorem 1.2. If du = eLg + dps with dus singular is a positive
measure on OD and lim,, o D, (dp)e” "0 < oo, then dus = 0.

The combination of these two theorems has a spectral theory con-
sequence that links it up to the theme of the conference and to Bob
Brooks’ interests. As we will see in Section 2, probability measures on
0D have associated parameters {o,(dp)}o2, called Verblunsky coeffi-
cients. It can be shown using Theorems 1.1, 1.2, and 2.4 that

Theorem 1.3. Let du be a probability measure on 0D and {o, (dp) 22,
its Verblunsky coefficients. Then the following are equivalent:

(1) >onzq nlam|* <00

(i) dps = 0 and dp = e* L where 357 | k| Ly|?* < co.

This is one of those gems of spectral theory that give necessary and
sufficient conditions relating properties of a measure and its inverse
spectral parameters.

We have two main themes in this article. First, we wish to note
that despite it taking fifteen years to go from L € C'*¢ to L € H'/?,
there is an elegant and simple argument to do this jump. This combines
arguments of Golinskii-Ibragimov [12] and Johansson [17] whose proofs
have “easy” halves that handle opposite sides of the extension. It
does not appear to be widely appreciated that their arguments can be
combined in this way. In fact, these results reduce (1.4) to the case
where the L; decay exponentially, that is, e — L(#) is real analytic
on OD.

Second, we have a new proof of (1.4) in this real analytic case that
is perhaps less mysterious than the elaborate calculation in Szeg6 [33].
From our point of view, the two terms in (1.4) come from two terms in

the Christoffel-Darboux formula for z = e?.
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While the arguments of [12, 17] are simple, they depend on consid-
erable general machinery relating Toeplitz determinants to orthogonal
polynomials on the unit circle (OPUC) on the one hand, and to the sta-
tistical mechanics of Coulomb gases on the other (both themes go back
to Szegd’s early work: [29] has the Coulomb gas representation and the
main point of [30, 31] is to discuss the connection to OPUC), so this
article, in attempting to be self-contained, provides this background.

Sections 2 and 3 discuss the basics of OPUC. In Section 4, we get the
leading term in (1.4), not only for its own sake, but to define in Section 5
the Szegd function which will play a critical role in many aspects of
the remainder. These preliminaries allow us to present the Golinskii-
Ibragimov half of the extension in Section 6. After proving the Coloumb
gas representation in Section 7, we can prove the Johansson half of the
extension in Section 8. The final three sections provide the proof of
(1.4) in the analytic case: Section 9 has a preliminary proving the
Christoffel-Darboux formula, and the last two sections finish the proof.

I have written a comprehensive book on OPUC [28] and everything
in this paper appears there, but it seemed sensible, given the fact that
the material is spread through a long book, to pull out exactly what is
needed to prove Ibragimov’s theorem.

While (1.4) is sharp in one sense, it is not the end of the story by
any means. First, there is a simple argument of Johansson [17] that
drops the requirement of reality from L: if e/, L € L' and L € H'/?,
then an extension (1.4) holds in the sense that

il do s s
e ( +1)L0Dn(€L %) —>exp(2|k|LkL_k)

k=1

There are also subtleties in extending (1.4) to allow matrix-valued sym-
bols, to allow complex w’s with nonzero winding number, and to deter-
mine the leading behavior when L ¢ L'. The reader can consult [28]
for references on all these issues.

Over the course of studying asymptotics of Toeplitz determinants, I
have learned a lot in discussions with Percy Deift, Rowan Killip, and
Irina Nenciu, and I would like to thank them for their insights.

Bob Brooks was a substantial mathematician and wonderful person.
We lost him too soon. I'm glad to dedicate this article to his memory.
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2. VERBLUNSKY COEFFICIENTS AND TOEPLITZ MATRICES

If ¢, are the moments of a measure, p, it is natural to form the monic
orthogonal polynomials, ®,,(z; du), defined by

®,(z) = 2" + lower order (2.1)
(z7,®,), =0 ifj=0,1,...,n—1 (2.2)
where

o) = [ T gte) duo) (23)

is the L?(OD, du) inner product. In order to form ®,, for all n, we need
the measures du to be nontrivial, that is, not supported on a finite set
of points.

The matrix elements ¢y, = [ e du = (2%, 2%),, so D,(dp) is a
Gram determinant. Such determinants allow change of basis, that is, if
P.(z) = 2% + lower order, det(( Py, Pr))o<ki<n = Dn(dp). We can take
P, = @y, in which case, (P, Py) is a diagonal matrix (!), and so,

Theorem 2.1.
Dy(dp) = [T ll®;113, (2.4)
=0
®, is the orthogonal projection in L? of z7 onto the orthogonal com-
plement of [1,..., 2771, the span of {1,...,2/7'}. Since multiplication
by z is unitary, 2®; is the projection of 2/*! onto [z,...,2’]* while
@, is the projection of 2/t onto [1,.. ., 27]*, so
@)1l < 12® = [|%;]] (2.5)
Thus, ||®;|| is decreasing in j. It follows that
Theorem 2.2.
a lim D, (du Untl — i =22 — im o, |17 2.6
() (dn) ) e (20
Dn-‘rl Dn
b < 2.7
) Dot D (2.7

These ideas all go back to Szeg6 [30, 31]. The next idea, which is a
set of recursion relations of the ®,,, was first written down by Szeg6 [32],
but the basic parameters occurred in a related context in Verblunsky
135, 36]. To state them, we need to define the reversed polynomials

o7 (2) = 2" B (1/7) (2.8)
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Theorem 2.3. For any nontrivial measure, du, there exists a sequence
of numbers {a, }>2, so that

D,11(2) = 29, (2) — @, P (2) (2.9)
Moreover, a, € D and
[nra]® = (1 = |l [ @al® (2.10)

and

|@n|* = H L — o) (2.11)
7=0

Remarks. 1. In the next section, we will see that p — {a,}52, is
one-one for p’s which are normalized.

2. There is a converse going back to Verblunsky [35] (see [28] for
many other proofs) that the map from probability measures to X D
by p— {a,}22, is onto.

3. The a,, are called the Verblunsky coefficients for du.

4. Applying Q*(z) = 2" Q(1/2) to (2.9) yields

@5,1(2) = D4(=) — 2, (2) (2.12)

5. The proof below is a variant of one of Atkinson [1]. Szegd’s proof
first proves the Christoffel-Darboux formula (see Section 9) and uses
that to prove (2.9).

Proof. Let V,,g = 2"g on L?(dp). V,, is anti-unitary, maps P,, the poly-
nomials of degree n, to themselves, and maps ®,, to . Since ®,, is the
unique element (up to constants) of P, orthogonal to {1,z,..., 2"}
and V,, is anti-unitary, ®; is the unique element of P, orthogonal to
{Vol,.. ., V2"t = {2m, 27 Lo 2]

Now, for j =1,...,n,

(2, 20,) = (71 ®,) =0
and clearly, (27, ®, ) = 0. Thus,
(2, @1 — 28,) =0

for y =1,...,n. Since ®,, and ®,,,, are monic, ®,,.1 — 2P, € P,,. So,
by the first part of the proof, (2.9) holds for a suitable constant a,.
Thus

an, =—,.1(0) (2.13)
Since ¢ L &,,.;, we have

19l = |2®@0* = [|®rs1 + G|
= [[@nsa ]l + low[*|@n
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which implies (2.10). (2.10) in turn implies |o,| < 1. (2.11) follows by
induction and ||®g||? = ||1]]* = co(dp). O

This leads to
Theorem 2.4. Suppose [dp=1. We have

- Dn+1(d:u) - = 2
F(dp) = lim Doldp) ]1;[0 (1 —Jay[%) (2.14)

where the product always converges although the limit may be zero.
If F(du) > 0, then

D,
G, = Tt (2.15)
obeys
Gni1 > Gy, (2.16)
The limit always ezists (but may be infinite) and is given by
G(dp) = lim Gy(dp) =[] (1 = [oy) 7 (2.17)
j=0
Remarks. 1. In particular,
F>06) |of’ <oo (2.18)
n=0
G<ooe Y (n+1)ay| < oo (2.19)
n=0

2. (2.14) in a sense goes back to Verblunsky [36]. (2.17) seems to
have only been noted by Baxter [4] many years later.

3. If co # 1, Fdp) = co [[;24(1 — |ay[*) while G(dp) is still given by
(2.17). Indeed, G, (du) = Go(dp/ [ dp).

4. (2.7) says log D,, is concave in n. The monotonicity of G, is a
standard fact about concave functions with finite asymptotics.
Proof. By (2.4) and then (2.11),

Dn 1

5 = 1wl =[] = lay) (2.20)
n =0

(if |®1]]* = co = 1). From this and || < 1, (2.14) is immediate. If F'

is nonzero,

n

[e.e]

n+1 H 1 _ ‘OéJ’

n
:TL
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so that
_%
=% 1;[ [Dk 1 F}
H (1 — |oyy|?)~ minCn)—1 (2.21)
=0
from which G,;1 > G,, and (2.17) are immediate. O

3. BERNSTEIN-SZEGO APPROXIMATIONS

Given a nontrivial probability measure, du, with Verblunsky coeffi-
cients {a,}22,, we will identify the measures, du™), with

(dy) j=0,1,....N—1
(dpy = L SRR 3.1
0 () {0 0 3.1)

and see du™) — du weakly. In many ways, the general proof of the
strong Szegd theorem will play off this approximation and the distinct
approximation obtained by truncating the Fourier series for L in eL de
As a preliminary, we need

Theorem 3.1. ®,(z) has all its zeros in D. ®;(z) has all its zeros in
C\D.
Remark. This proof is due to Landau [19]. See [28] for many other
proofs of this fact.
Proof. Let ®,(z9) = 0. Then 7,1 = ®,(2)/(2 — 20) is a polynomial of
degree n — 1, and so (m,_1, ®,) = 0. Since (z — z9)m,—1 = Dy,
17n-al® = el = 2071 + @ul?
— ol + 0
or
(1= [z Imn-1|* = 1 @al? (3.2)
from which we conclude |2o| < 1, that is, the zeros of ®, lie in D. Since
O (29) = 0 if and only if ®,(1/%)) = 0, the zeros of @} lie in C\D. O
Given u, define a measure, ™), by
df
dp™) = .
P e (e du)P

which can be defined since ®y(e) # 0 for all § by Theorem 3.1. We
have

(3.3)
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Lemma 3.2. For 5 > 0,

Oy (2 dp™N) = 2Dy (25 dp) (34)
Moreover,
ar(dp™) =0 (3.5)
for 0 > N.
Proof. Since
|[@x ()P = e ™MDy () Py (") (3.6)

we have for k € Z, k < N — 1 (includes k < 0),

/2ﬂe—ik9 Py (e?) d_‘g:i]{ N—k dz
o © TP 2m fnt me0)

=0

since N —k — 1 > 0 and ®%(z)~! is analytic in a neighborhood of D
by Theorem 3.1. This says
<Z£, qu)N>ﬁ(N) =0 (37)

for £ =0,1,...,N+j — 1. Since 27®y is monic, (3.4) holds.
By (2.13), if ®,41(0) = 0, then o = 0, so (3.4) implies
®n4;(0;dfi™) = 0, which in turn implies (3.5). O

Theorem 3.3 (Geronimus [11]). Let du, dv be two nontrivial measures
on 0D. Suppose that for some fixed N,

Oy (z;du) = Pn(z;dv) (3.8)
Then
Q;(z;dp) = (2 dv) j=0,1,...,N—1 (3.9)
a;(dp) = aj(dv) j=0,1,...,N—1 (3.10)
c;(d c;(dv
C[J)Ed’;; Jiw% j=0,1,...,N (3.11)
195115, = coldp)eo(dr) [ @5llG, — 5=0,1,....N (3.12)

Proof. (2.9) and (2.12) can be written in matrix form

D )) ( z —@j> (q’j(z))
" = " 3.13
(ij-l-l( ) —za; 1 P73 (z) (3:13)
The 2 x 2 matrix in (3.13) has an inverse z‘lpj_2 (O;z %) where

pj = (1 — |ay[*)'? (3.14)
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Thus (3.14) implies the inverse Szegd recursions:

[(I)JH( ) + O‘J(I);H]

®;(2) = p; .
®5(2) = 72 (07 (2) + 4 By01(2)] (3.16)
(3.8) implies
ay(dp) = =N (0;du) = =Py (0;dv) = ay(dv)

and thus, by (3.15) with j = N — 1, we have (3.9) for j = N — 1. By
iterating this argument, we conclude that (3.9) and (3.10) hold.

We need only prove (3.11) and (3.12), assuming co(dp) = co(dv) =
1 since with di = du/co(dp), we have ¢,(dp) = co(dp)e,(din) and
195117, = co(dp)||®;]|7;- (3.12) is immediate from (2.11).

We prove (3.11) when ¢o(du) = co(dv) by induction and noting

(1, ®;) = 0 yields a formula for ¢; in terms of the coefficients of @y
and cg,Cq,...,Cp_1. O

Remark. The last paragraph of the proof shows that the a’s deter-
mine the ¢’s and proves that the map of u to « is one-one.

To succinctly state this section’s final result, we introduce

o d
o (s dpy) = 2N (3.17)
]|
the orthonormal polynomials. By (2.11),
(z;dp) = H p;le 2 5 (25 dp) (3.18)
We define
(Hpj ) co(dp)) 2= H(I)n”_l (3.19)
and

Koo = lim [|@,| " (3.20)

which exists (but it may be +00) by p; < 1. The infinite product in
(3.19), and 80 Ko, is finite if and only if

Koo < 00 & Z o ]? < o0 (3.21)
=0
We also note the translation of (2.9)/(2.12) from & to ¢:
Pur1(2) = pp ' (20n(2) — G}, (2)) (3.22)
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Pr1(2) = (@ (2) — anzg)(2)) (3.23)

Theorem 3.4. Let du be a nontrivial probability measure on OD. De-

fine

w___ 4
2mlon(e?)[?

Then du'™) is a probability measure on OD for which (3.1) holds. As

N — oo, du™) — dp weakly.

du (3.24)

Remark. We call measures of the form (3.24) BS measures and du™)
the BS approzimation.

Proof. Since du™) is a multiple of di"), we have the bottom half of
(3.1) by (3.5). Since (3.4) holds for j = 0, Theorem 3.3 and (3.10)
imply the top half of (3.1).

Since Oy = ||Pn|| N, We clearly have

1exen = 2l

so, by (3.13), co(du™) = co(dy) = 1, that is, duy is a probability
measure.
By the above and (3.11), we have

e(dn™) = e;(dp)  j=0,1,...,N (3.25)

This and its complex conjugate implies that for any Laurent polyno-
mial, f (polynomial in z and 271),

N—o0

lim /f(ew) du(N):/f(ew) dp (3.26)

since the left side is equal to the right for N large. Since Laurent
polynomials are dense in C'(9D), (3.26) holds for all f, that is, we have
weak convergence. O

We note we have proven that

< N-—-1
o (dp™) =3 = 3.27
(@) {O oy 327

The ideas of this section go back to Geronimus [11] and were redis-
covered in [9] and [7]. In particular, the use of inverse recursion to
prove Geronimus’ theorem is taken from [7].
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4. SzEGO’S THEOREM
In this section, our main goal is to prove

Theorem 4.1. For any w € Ll(%);

.1 df
A}LH;O N log Dy (w) = /logw(e) Py (4.1)

Remarks. 1. Since log(z) < x — 1 and w(d) € L',
[ max(0,logw(z))% < oo, so the integral on the right side of (4.1)
is either convergent or diverges to —oo, in which case (4.1) says

D, (w)"/™ — 0.

2. This was conjectured by Pdélya [26] and proven by the twenty-
year old Szeg6 in 1915 [29]. Our proof here is essentially the one Szegd
presented in [30, 31].

3. The same result is true for the symbol du = w(0) 2 + dys, that
is, the limit is independent of djus. This extension was first proven by
Verblunsky [36]. We will not prove this more general result here ([28]
has four different proofs in Chapter 2) since it is peripheral to our main
result.

The first half of the theorem is a simple use of Jensen’s inequality:

Proposition 4.2. Let w = e* with w, L € L*. Then

0,1 > oo [ 2057 (12)

In particular,

D, (w) > exp < / (n + 1)L(0) de) (4.3)

21
Proof. (4.3) follows from (4.2) and (2.4). To prove (4.2), we write
12 ]1* = |95]* = /GXP(210g\‘I>n(€ O+ L) o

> exp [l2loglor )+ 2e9)]) 57 (0

by Jensen’s inequality.
By Theorem 3.1, log(®%(z)) is analytic in D, so

1oty 57 = ke [1og(@;e)
— log|®;(0)] = 0

since ®,, monic implies ®}(0) = 1. O

do

21
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The other half of the theorem depends on a variational principle
noted by Szeg6:

Proposition 4.3. We have for any w € L'(OD, £),

tim [, 0] = nt{ 17 Puie) 3 | 7 € 1) 10) = 1]
(4.5)

Remark. H*>(D) is the Hardy space of bounded analytic functions

on . By general principles [8, 27], for & % a.e. € € 9D, lim,; f(re?)

exists, and that is what we mean by f(e?) in (4.5).
Proof. Since || D || = ||P.||, by (2.6),
LHS of (4.5) = lim [®*|?

= inf ||®F|? (4.6)
by (2.5). By the argument at the start of the proof of Theorem 2.3,
¢ =m,1
where 7, is the projection in the space of polynomials, P,, of degree
n onto the orthogonal component of the span of z, 22,23, ..., 2". This
span is {P € P,, | P(0) = 0}, so by standard geometry,
|27, * = inf{|| P||* | P € Pu; P(0) = 1} (4.7)

proving again that ||®*||* is decreasing in n and proving (4.5) if H* is
replaced by the set of all polynomials.
To complete the proof, we need only show that for any f € H*> with

f(0) =1, there are polynomlals Pg ) so that P;(0) =1 and

[1paeyu) 57— [ 15 Pu (43)

If f is analytic in a Qelghborhood of D, the Taylor approximations
converge uniformly on D, so (4.8) holds. For general f, by the domi-
nated convergence theorem,

i [ |fre)u(0) 57 = [ 17

so, by a two-step approximation, we find P,’s so (4.8) holds. U

Proof of Theorem 4.1. We will prove that for any € > 0, there is an f
in H* with f(0) =1 and

| f () — < exp( [ log(w(f) + ¢) 40 (4.9)
/ (/ )
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so taking € | 0 yields the opposite inequality to (4.3).

Define
4(2) = exp (— / log (w(6) + s)(zz ! z) %) (4.10)

and f(2) = g(2)/g(0), so f(0) = 1. Moreover, |g(z)| < e~/2 by the
fact that the Poisson kernel
e —H“@
— reW
1.

is nonnegative and [ § deP 0,0) = By standard maximal function
arguments (see [27]), |g( 0] | (0) +¢|712, s0

[ 17t Pu

5. THE SzZEGO FUNCTION

When w(f) = "® with L € L', Szegé [30, 31] introduced a natural
function, D(z) on D, which will play a critical role in several places

below: D) — e (/(izz J_r z)L(Q) %) (5.1)

Do not confuse D,, and D(z). Both symbols are standard, but the
objects are very different.

Theorem 5.1. (a) If (2.18) holds, then for |z| < 1,

w|®~ !

< g(0)~% = RHS of (4.9)

D(z) = D(0) exp ( g ﬁkzk) (5.2)
D0 = (w32 )] " E[Ou o) (5.9

(b) D(2) lies in H*(D).
() lim,1; D(re?) = D(e?) exist for a.e. 6 and

|D(e”)[* = w(0) (5.4)
(d) D is nonvanishing on D.
Proof. (a) We get (5.2) and

D(0) = exp(2 L) (5.5)
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from (5.1) and

uniformly in € € 9D and z € {|z| < r}. (5.3) then follows from (2.14),
(4.1), and (5.5).
(b) Let DWM)(2) be given by (5.1) with L(#) replaced by
min(L(#), M). Then D™ € H> and |[D™)(¢)|? = min(w(f), e*M),
2T d@ 2 do
sup [ (D 5 = [ win(u(e). ) 5
0

0<r<1 271' 0 2m

2
< / wio) X
0 2m

Thus, taking M — oo, we see D € H?.

(c) is immediate from properties of boundary values of the Poisson
integral in (5.1).

(d) is trivial from (5.1). O

The following simple but powerful L? calculation goes back to Szegd
(30, 31] (it has a version when d,uS # 0; see [28]):

Theorem 5.2. Let du = w — where w = el L € L'. Then, as
n — 0o,

(i) / Dy (¢ — 1|2@ 0 (5.6)
(i) t/Mm%—D*WWWuHO (5.7)
(iii) or(z) — D(z)_1 (5.8)

uniformly on compact subsets of .

Proof. (i) By (5.4), [|D¢% 23—9

L = [les)*dp =1, so (5.6) is equivalent
to

Re/ *(eYD(e! )% — 1 (5.9)

Dey? is in H?, so the Cauchy integral formula applies, that is,
LHS of (5.9) = ¢ (0)D(0)
= Knk (5.10)

since @ (0) = 1, ¢, = £, P, and (5.3) and (3.19) imply D(0) = .
(5.10) implies (5.9).
(ii) is immediate from (5.6) and dyu = w2 = |D|*2£ by (5.4).
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(iii) (5.6) says D¢ — 1 in H? and so, a fortiori, uniformly on com-
pact subsets of . O

We need to extend this result to a neighborhood of D when L is real
analytic. As a preliminary, we note:

Lemma 5.3. Let du = w% be a probability measure with logw €
L' (%), Then

= —hi / B (@) D(e) ! dpu(0) (5.11)
Proof. We will prove for m > n + 1 that
o =t [ B @ 3, (c) d(6) (512)

from which (5.11) follows from (5.7).
©r, is orthogonal to {z}7,, so if P is any polynomial of degree at
most m with P(0) = 0,

[ P e dulo) = 0 (5.13)
(5.12) follows from (5.13) by taking
P(z) = Gl (2) + £mPri1(2)
which has P(0) = apkm + km(—ay,) = 0. O
The following is due to Nevai-Totik [25]; it is needed in Section 11:

Theorem 5.4. Suppose that dp = eLg and € +— L(0) is analytic in
a neighborhood of OD. Then X (z) — D(z)~' uniformly in a neighbor-
hood of D. Moreover, the Verblunsky coefficients obey |ov,| < Coe™4m/?
for some A > 0.

Proof. Analyticity says |ik| < Ce 4 for some A > 0. So, by (5.2),
D(z) is analytic and nonvanishing in a disk of radius e. In particular,
if

D(z)"' =) dj ¥’ (5.14)
j=0
then
|d; 1| < CreAW1/2 (5.15)

Plug (5.14) into (5.11) and note that

/ Bron () ™ du(6) = 0
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for k=0,1,...,n. Thus

o0

YRS ST} ko B
k=n+1
SHOO”(I)n+1H Z ’dk’ﬁl‘
k=n+1
< koo D |dia (5.16)
k=n+1
since ||®, 1] < 1. So, by (5.15),
|, | < Coe=Alnl/2 (5.17)

By (2.12) and |®%(e)| = |®,(e")], we have
sup [ @, (e ) < (1+ [en]) sup @7, (e”)]

H (1+ |ajl)
7=0
< exp(z |0zj|) =(Cy <0 (5.18)
=0

by iteration. Cy < oo follows from (5.17). Since @7 is analytic, we get
sup |®;,(2)] < Cy (5.19)

2€D
and thus, since ®*(z) = 2" ®,,(1/2), we get
2 € C\D = [D,(2)] < Cylz]" (5.20)
Returning to (2.12),

Z [@541(2) = @5(2)] < Yl [€0(2)

S 0402 Z ’ZQiA/2|n

n=0
showing @, and so ¢, converges uniformly in {z | |2| < e?/*}. Since
the limit is D! in D, it is D! in this larger disk. U

Finally, in terms of D, we want to rewrite the second term in the
Szegd asymptotic formula (1.4):
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Theorem 5.5. Let dp = e*@ % with L € L'. Let Ly, be given by (1.3).

Then
i 1
S HLE =1 [ @I
1 T Jlz<1

where both sides can be infinite.

2

D
DI o, (5.21)

0z

Proof. (5.21) follows by taking r 1 1 in

[e's) . 1 -
Skl =2 [ pE)
k=1

z|<r

2

DN . (5.22)

0z

(by using monotone convergence). To prove (5.22), note that by (5.2),
D(2) — k

= L
D<0>} 2 b

converges uniformly in |z| < R and that |D|2[22> = |L1log D(2)[>.
Thus (5.22) follows from

1
- Zk IZE 1d2Z:]€ 15]%7,2]47
|z|<r

log

™

and

6. EXTENDING THE STRONG SzZEGO THEOREM, PART I

With the Szegé function and Fatou’s lemma, we have the tools for
the Golinskii-Ibragimov [12] half of the extension theorem:

Theorem 6.1 ([12]). Suppose for any BS measure, du, we know that
G(dp) = eXp(Zk\f)kP) (6.1)
k=1

Then for any measure dy = eL% with L € L', we have

G(dp) > exp<§k|£k|2> (6.2)

Remark. In particular, G < oo = S k|L|? < co.
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Proof. Let du™) be the BS approximations to du. Let DW)(z) be the
D function for du®™) and let

M<N>:l/ D™ ()2
T Jz<1

and similarly for M and D.
By (2.17) and (3.27),

dDW) 2

2
S| &= (6.3)

N—
H (1—JoyH)="

so G(dp™)) is monotone increasing to G(du), that is,

G(dp) = lim G(du™) (6.4)

On the other hand, since @n.;(z,du™) = 2oyn(z,du®™),
Py (2, dp ™) = i (2, dp™)) = i (2, dp), s0 by (5.8),

DY(2) = pi(z, dp) ™" (6.5)

and thus, by (5.8) again,
DM (2) — D(z) (6.6)

uniformly on compacts. By analyticity, the same thing is true for
derivatives, so

D12 22 = i oo 222
Thus, by Fatou’s lemma,
M < liminf M®) (6.7)
By hypothesis,
G(du™) = exp(M™)) (6.8)

(6.8), (6.7), and (6.4) imply that
G(dp) > exp(M)

which is (6.2). O
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7. THE CoUuLOMB GAS REPRESENTATION

In this section, we will provide an integral formula for D,, that will
be critical in the next section. This formula appeared in Szegd’s first
paper [29] on asymptotics of Toeplitz determinants. He used it there
for a minor technical purpose — and for us, too, it plays a relatively
minor role. That said, it plays a central role in two proofs of the strong
Szego theorem and several applications.

While we will not pursue the Coulomb gas picture, if one uses |z; —
2| = exp(log|z;—z|), the formula we give for D,, says it is the partition
function of a two-dimensional gas, and this point of view is the basis
of Johansson’s proof [17]. It also explains some interest in Toeplitz
matrices in the physics literature [20, 21, 10].

Using Weyl’s relation that Haar measure restricted to the classes of
U(n+1), the group of nxn unitary matrices, is essentially (27) "~ [(n+
D7 Lo, e — 5[ dby . . . d6,, with {e}}_, the eigenvalues of U €
U(n + 1), one can use the formula below to rewrite D,, as an integral
over U(n+1). This is both the starting point of the Bump-Diaconis [6]
proof and of the many applications of Toeplitz matrices in the theory
of random matrices [24].

It is, of course, well-known that [[,_;(zx — z;) is a Vandermonde
determinant. Expanding two such products, we get

[T G- = > oy [[E75Y ()

0<k<j<n T,0€3n4+1 7=0

2

where 3,41 is the permutations of {0,...,n} to itself.
Setting z; = € and integrating du(fy) .. .du(6,), we get that

n

/|7T(Zk —z)Pdp(0o) .. dp(6,) = Y (D)= [[ eyt
T,0€80+1 7=0
(7.2)
where T}, are the matrix elements of the (n + 1) x (n + 1) Toeplitz
matrix. Now

n

H Tr()ot) = H Tion-1)()
=0

j=0

and (—=1)"(—=1)? = (=1)°" ". Thus, summing over o for 7 fixed and
then over 7, we see the right side of (7.2) is (n+1)!D,,(du). Specializing

to du = el %, we have proven
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Theorem 7.1 (Coulomb Gas Representation for D,,). Let e, L €
L'(OD, 2). Then with z, = e,

do o db;
L7 — -1 27— L(6;) '}
Dn (6 27r) [(n+ 1)1 /aDn+1 JHO 2m

8. EXTENDING THE STRONG SZEGO THEOREM, PART II

2

H (2 — 25)

0<k<j<n

The Coulomb representation and Fatou’s lemma are the tools for

Johansson’s half of the extension theorem. A measure of the form e’ 39
where L is a real Laurent polynomial (i.e., Y ,_ Lie* with L_;, =
Ly) is called a GI measure (after its early use in [12]). If du = el &
with L € L', we define the GI approzimations, djny, by

s a0\ dO df
dpny = exp( Z Lkezke) o = exp(L(n)(0)) —

SR CRY
|k|<N

Theorem 8.1 ([17]). Suppose for any GI measure, du, we know that

G(dp) = exp(gk\ﬁkﬁ) (8.2)

9 with L € L', we have

Cdu) < xp(fj P (83)

Then for any measure dy = e

Remark. Tn particular, if 3°5°, k| Lg|? < oo, then G(du) < oc.

Proof Without loss (since we can multiply du by a constant), suppose
Lo = 0. Given dp = eL d9 , let dpny be its GI approximations and let

m e d@
Cin 1 | | 2022050 Ly (05) | | —J (8.4
(N),m n+ /Dm+ Zk| o= 1 o ( )

O<]<k<m
so, of course, C(nym = D (dpny) by Theorem 7.1. Let C,, be the
integral with Ly) replaced by L.
There is nothing to prove in (8.3) if 3232, k| Lx|? = 00, so suppose the
sum is finite. Thus, L(x) — L in L?, and so, we can find a subsequence
L(n,) — L pointwise. By Fatou’s lemma, for each m,

Cp < liminf Ciyj)m (8.5)

j—oo
By Theorem 7.1, (2.16), Lo = 0, and the assumption for GI measures,
Conpym = Gldiyny))
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< G(dpw,))
N;j

—exp( SoHL)
k=1

< exp( D HILF)

k=1

By (8.5) and Lo = 0,

Ginld) = Co < exp (3 W)

k=1
Taking m — oo yields (8.3). O
Theorems 6.1 and 8.1 reduce the proof of the sharp form of the strong

Szegd theorem to proving the result for BS and GI measures. In both

cases, dy = e 2 with e — L(6) analytic in a neighborhood of OD. In

the last three sections, we will prove the strong Szegd theorem in that
case.

9. THE CD FORMULA

If uy, ug solve —uff +Vu; = A\ju; with u;(0) = 0, then (A=A ug =
(?7/1’&/2 — UQ@&)’, SO

(A1 = Ao) / 0@ w(@) d = m(ayuh(a) - T(au(a)  (91)

The Christoffel-Darboux formula is just the analog of this Wronskian
relation that many undergraduates learn!

Theorem 9.1 (CD Formula). Let

Ka(.0) =3 #i(Q) ¢4(2) (92)

Then

Ko(2,0) = Pn+1(C) SOZH(ZI)_—C?H(Q POnt1(2) (9.3)

_ 20 so;<c>1—_z§;on<<> #n(2) (9.4)
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Proof. By using (3.22)/(3.23) and their conjugates to write ¢, 11 and
@y 1 in terms of ¢, and ), we get

Pri1(Q) Pri1(2) = ena(Q) pnin(2) = ¢ (C) 5 (2) = 2C e (C) s%((g)@
where we used p,,%(1 — |a,|?) = 1, and that the ¢*p cross terms cancel.

First of all, (9.5) says that (9.3) is equivalent to (9.4). In addition,
if we let Q,(z,¢) be what we know is the common value of the right
sides of (9.3) and (9.4), then subtracting (9.3) for n — 1 from (9.4) for
n, we see that

Qn(2,() — Qn-1(2,¢) = (1 — 25) [%ﬁ%@}

= Ku(2,¢) — Kn1(2,C)

so we need only prove Qo(z,() = Ko(z,(). Since (9.4) forn = 01is 1
and that is Ko(z, (), (9.3) is proven. O

Corollary 9.2. For ¢ € 0D,

r=1

K, e?) = Z lp(e"))* = o O (re”) | +(nt1)] @k, (7))
=0
(9.6)

Proof. In (9.3), take z = ¢ = re and take r T 1. If we note
|1 (re®)? = r22|pr  (r7te®)|?, we get two terms: the one from
the —(r*"*2 — 1)/(1 — r?) gives the (n + 1)|p},1(e")]* term in (9.6),
and the other terms give the derivative in (9.6). O

The CD formula for OPUC is due to Szegé [32]. Our proof is taken
from Golinskii [13].

Remark. Integrating both sides of (9.6) yields

[ o eatreB| dute) =1 07

r=1

10. THE FEYNMAN-HELLMAN THEOREM FOR TOEPLITZ
DETERMINANTS

Here we want to begin with a simple but useful formula for
%H(I)nﬂfiw, where the measure du, depends smoothly on A. This ap-
peared in [28], strongly motivated by closely related ideas of Baik et
al. [2].
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Theorem 10.1. Let duy be a family of positive measures on 0D which
are C1 in X\ in the sense that X — c,(duy) is C' for each n. Then
190 (-, dpa)luy is C* and

d ; dp
7 log [[2xll5, /!wn 0 dpy)? == A( ) (10.1)

Proof. Since < log||®,[|> = (£[|®,[*)/[|®.]|?, it suffices to prove that

d i0 dpix(0)
_)\H@n”?u :/|¢n(€ 7dﬂ>\)|2T (10.2)
Since
H‘I’AHQ:/q’n(ew,dm)‘Pn(ew,dm)dm (10.3)

its derivative is a sum of three terms, of which one term is the right
side of (10.2) and the other two are

Y Dy, (e, dpiy) B, dpay) dpix (10.4)

and its conjugate.
But, for all A\, ®, is monic, so 8%@” is a polynomial of degree at

most n — 1 and so orthogonal to ®,,. It follows that the term in (10.4)
Is zero. U

Remark. Those familiar with the Feynman-Hellman theorem [34]
will see a metaphysical link to this proof.

We want to do two things with (10.1). First, we sum several logs
in log Dy, (dp) = > _olog || @[> (by (2.4)), and second, we make an
explicit choice of du,:

Theorem 10.2. Let w; be a family of L' functions, C* in t so logw,
is also C* int, and wy = 1. Then

do
g Dy (11 57 ) = (0 + 1)o@

—/1dt/ i(lo wy) 2‘ (e dpy) 2
. dt g wy ar Pnt1 ; Qb

Proof. We have that

d do w
dt Por T w

) dp ()
(10.5)

d
(log we) dpu

wy
d
. He = I
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Using this, (2.4), (10.1), and the definition (9.2) of K, we get

d dé d o
— log D, 1 K(e?, e, 10.
0w (w52 ) = [ 5 towwn| K ey 1009

Now use (9.6) to get two terms. If we integrate dt, the first term gives

the integral in (10.5). The second term can be integrated using (10.1)

to give the first term in (10.5). O
11. COMPLETION OF THE PROOF

We complete the proof, following [28], by showing:
Theorem 11.1. Let du(0) = e“ @2 where € +— L(0) is analytic in a

2m
neighborhood of OD. Then
lim [log D, (dp) — (n + 1)Lo] = Z/<;|L,€|2 (11.1)

Proof. Without loss, we suppose [du(f) = 1. We claim first that
(under the analyticity assumption)

lim (n 4 1)[log || ®,11]/> — Lo] = 0 (11.2)

For in terms of the Verblunsky coefficients,

n

1@asal® =TT (1 = lay)

=0
(by (2.11)), while (4.1) and (2.14) say that
elr =TI = o)
=0
Thus
|@iilPe = T (@ —layl)~"
j=n+1

=1+ O(e ")

by (5.17). This proves (11.2).
Thus, by (10.5), (11.1) is equivalent to there being a choice w; with

0
/ dt/(dt logwt) — | (re”; dpd) | dp(0 Zlek|2

(11.3)

r=1
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Define for 0 <t <1,

o] f 0] o

and
wy(0) = exp(tL(0) — c;) (11.5)
so [du; =1 also. Thus, the Szegd function for i is given by
log Dy(z) =tlog D(2) — 1 ¢, (11.6)
:tszﬁk+%tﬁo—%ct (11.7)

It follows that D,(z) is analytic in a t-independent disk, and then
the Verblunsky coefficients obey

| (dpus)| < Cem 472
uniformly in ¢ € [0, 1], and then, from the proof of Theorem 5.4, that
@5 (2, duy) — Dy(2)~! uniformly in ¢ € [0,1] and z in {z | |z| < eA/4}.
Thus, the 5. derivative in the integral on the left side of (11.3) converges

to a d derivative of D;.
We also write

o ) B
5 16l = 2P Re 1 toget) = 2P0 Re(t 5 tog D)

(11.8)
and we can use |D¢| "2 du; = dfr
By (11.5),
d d
pr logw; = L(0) — T (11.9)

Since the £¢; is f-independent and by using (9.7), we see the 2¢; can

be mtegrated to ¢ — g = 0. Thus, in (11.3) we can replace < logw,
by L(#). The result is that

do

1
LHS of (11.3) —>/ dt/QtL(H) Re [% logD] —
0

11.10
o (11.10)

The only t-dependence is the 2t and fol 2tdt =1, so

RHS of (11.10) /{ Z Ly “ﬂ@} Re(ZkL e““’) a0
2

k=—o00
. > . a0 dO
_ k0 1 k0
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=1 N kLl = KILif

k=—00 1

as claimed. ]

1]
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