Some harmonic analysis questions suggested by
Anderson-Bernoulli models

Carol Shubin and Ramin Vakilian
Department of Mathematics
California State University
Northridge, Ca 91330

Thomas Wolff
Department of Mathematics
253-37 Caltech
Pasadena, Ca 91125

The purpose of this paper is to prove some new variants on the harmonic analyst’s
uncertainty principle, i.e. interplay between the support of a function and its Fourier
transform, and to apply them to some questions in spectral theory. These results were
suggested by work on the one dimensional Anderson model due to Campanino-Klein and
others.

The paper consists of two parts, sections 2-3 and 4-5. Both parts depend on some
preliminary lemmas about characteristic functions of probability distributions, which are
proved in section 1.

The results in sections 2-3 are related to the approach to the Anderson model origi-
nating in [2] and [17], based on analyzing the formulas arising from the supersymmetric
replica method, and they lead to improvements of the estimates in these papers. In partic-
ular, this makes the method from [2] and [17] applicable also to questions about Bernoulli
type models such as Holder continuity of the density of states.

We now describe these results from the analysis point of view. Let

%) 1)

and make the following definition: a set £ C R" is e-thin if

p(x) = min(1,

[E N D(z, p(x))| < €|D(z, p(x))|

for all x € R™, where D(z,r) is the disc centered at = with radius  and | - | is Lebesgue
measure. We also let £ be the complement of the set E.

Theorem 2.1 There are € > 0 and C < oo such that if E and F' are e-thin sets in R" then
for any f € L?

£l < CUF I e2geey + 11f2cee) (2)



Here (&) & S f(x)e 2™ dx is the Fourier transform of f. Theorem 2.1 is evidently
a version of the uncertainty principle - the fact that f and f cannot both be concentrated
on small sets. There are numerous related results in the literature, e.g. Logvinenko and
Sereda [20] gave sharp conditions on F' under which (2) holds if £ = D(0, 1), and Amrein
and Berthier [1] showed that (2) holds if both £ and F have finite volume. Further results
may be found in the survey article [9] and the book [15]. The form of Theorem 2.1 is
dictated by the application we want to make. However, Theorem 2.1 is also sharp in a
certain sense - see the remark after the proof.

Let G be a function on R™ with |G|l = 1 and define an operator Tg : L? — L? via

Tef =Gf

Clearly ||T¢|| = 1 and in practice, one sometimes needs to bound the spectral radius of
T away from 1. We will use Theorem 2.1 to prove the following:

Theorem 2.3 Suppose that p and v are probability measures on the line, neither of which
is a unit point mass and that (), Q@ are nondegenerate quadratic forms! in R". Let G
and H be functions on R"™ such that

|G ()] < [a(@i(2))]

|H(z)] < [0(Q2(x))]
Then
\TuTe||r2—r2 < p

where p < 1 depends only on p, v, Q; and @Qs. Indeed, we can take p = 1 —C~1\?y where
C' > 0 depends only on @); and @s; here v and A are any numbers in (0, 1) such that

px p({(z,y) ERXR: [z —yl>A}) >~ (3)

vxv({(z,y) eERxR:jz—y|>A}) >~

Of course, any measure other than a unit point mass will satisfy (3) for some A € (0,1)
and v € (0,1).

We prove Theorems 2.1 and 2.3 in section 2 and in section 3 we apply Theorem 2.3
to the Anderson model. We give an alternate proof of Le Page’s theorem on Holder
continuity of the density of states using ideas from [2] and extend the proof of localization
in [17] to the case of Bernoulli models. See Propositions 3.3 and 3.6 below.

In the second part of the paper (sections 4 and 5) we prove quantitative results on
nonexistence of almost invariant vectors. First suppose that v is a probability measure
on R" satisfying the condition analogous to (3):

v xv({(e.y) ER" xRtz — y| > A}) = 7 (4)

!By this we mean that Q(z) =< Ax,r > with A an invertible real symmetric matrix.
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Let Z be the unitary operator on L*(R") associated with reflection in the unit sphere, i.e.
Tf(z) = |z["f(z7) (5)

where x* = e The following result is a special case of Theorem 4.1 below.

Theorem 4.1.0 Let T'f = v+ Zf. Then ||T?||2_.2 < 1 — C~*A* where C' depends on
n and .

In addition to Theorem 4.1 we prove a similar result for general representations of
SL(2,R), Theorem 4.5. We then use this (via the equation for Furstenburg’s invariant
measure) to refine some of the known results on the Anderson model, e.g. we prove a
quantitative result for the Liapunov exponent (Corollary 4.7) and a refinement of LePage’s
theorem (Proposition 4.8) asserting that inside the spectrum of the Laplacian the bounds
are independent of the disorder as the disorder goes to zero.

In section 5 we prove an analogous result (Theorem 5.1) for the action of suitable
symplectic matrices on the lagrangian grassmannian instead of projective space. Analyt-
ically this means that we prove an analogue of Theorem 4.1.0 on the space of symmetric
matrices, with inversion of matrices replacing the euclidean inversion x — x*.

We now explain briefly why the results in the two parts of the paper are related.
Namely, the operators f — p* Zf and the operators of type Tj.q which arise from the
supersymmetric replica method are related by the metaplectic representation. For exam-
ple, if one takes n = 1 in Theorem 4.1.0 and makes some minor changes in the definitions
(defines Zf(z) to be 27 f(=}) instead of || (1)) then the resulting statement is an
immediate corollary of Theorem 2.3, since the operator f — pu*Z f has a realization where
it is of the form Tj.g. See e.g. [12], or the proof of Theorem 4.5 for the discrete series
given below. This type of argument is also implicit in papers on the Anderson model such
as [2] and [18], where similar formulas are used without the group theoretic framework.

Added 10/18/97: in an appendix, we also give a different (perhaps more straightfor-
ward) approach to the results in section 4 about almost invariant vectors and prove a
more general statement, Theorem A.1.

Acknowledgments The starting point for this paper was a seminar at California State
University, Northridge on references [2],[16],[17] during the summer and fall of 1995. The
third author is grateful to the CSUN mathematics department and Professors David Klein
and William Watkins for office space. We thank Abel Klein for pointing out reference [3]
(see section 4) . The first and third authors were partly supported by NSF.

1. Some lemmas on characteristic functions
The purpose of this section is to obtain a certain thinness property of the set where
the characteristic function of a probability distribution is close to its maximal possible




value 1, which will be used in all the subsequent arguments.

Lemma 1.1 Let o be a probability measure on R™ which is not a single Dirac mass and
let s = {& € R* : |a(§)] > 1 —3d}. Then for every € > 0 there is § > 0 such that
sup,.r" |D(a, 1)NEs| < e. In fact, if (4) holds (with A € (0,1)) we can take § = C~1yA%?
where C' depends on n only.

Proof We use the following fact about the cosine function, which holds (uniformly over
k € R" and «) since the image of the set in question under the map £ — & - W is a union

of intervals of length ~ |k|~*\/a centered at integer multiples of |k|™!.

sup |{¢€ € D(a,1) : cos(2mk - &) > 1 — a}| < Ca'?max(1, |k| ) (6)
acR"
Fix a and let E§ = Eg N D(a,1). We clearly have
(1-29)\B31< [ 16 (7
J

On the other hand

/Eg |u(€)|2de = /R" /Rn/gcos(zﬂf'(m_y))dfdu(x)du(y)

Let o satisfy Caz = %]Eg[)\, with C' as in (6). Then

/a00827r§~(x—y)d§ < |BEO{E cos2mE - (z—y) > 1—al]
+(1 = a)|Ef N{€:cos(2mE - (v —y)) < 1—a}] (8

If |z —y| > A, then (6) implies

1
[E5 N {E scos(2m - (x —y)) > 1—a}| < §!E§!/\ma><(1,!$—y!_l)

IN

1
]
since A < 1. By (8),
(6%
[ costeme (o - e < (1= Sl
S

when |z — y| > A\. Hence,

[ 1P < - DiBgh+ B -
0
= (1-)IE)



Combining this with (7) we conclude that § > <. By choice of a this means that
§ > C~'y\?|E¢|2. This is equivalent to the lemma. O

The next lemma and corollary are variants on Lemma 1.1 which will only be needed
in section 5.

Lemma 1.2 Let 1 be a probability measure on R" and assume that for certain constants
~v and A with v > 0, and for a certain A <1,

px p({(z,y) €R" X R" : |z —y[ = AN}) < (9)

N [=2

If e is a unit vector in R" then

px p({(z,y) € R X R |(z —y)-e[ 2 A}) > v (10)

Then, for a suitable constant C' depending on v, A and n the set

B {eeR": |i(e) 2 1- 71N

satisfies the estimate
{teR:t=uxz-efor somex € END(a,1)} <e

for all @ € R™ and all unit vectors e € R".

Remarks (1) Condition (10) is the natural analogue here for the assumption in Lemma
1.1. However, (10) by itself does not imply the conclusion of the lemma. This may be
seen (say when n = 2) by taking u to be the direct product of two copies of the measure
%((5_ ~N +dn), e with irrational slope and using Dirichlet’s theorem on approximation of
irrationals by rationals. The conclusion will not hold uniformly in N as N — oc.

(2) Any fixed probability measure on R" which is not supported on a hyperplane will
satisfy the hypotheses of Lemma 1.2 for some choice of v, any large A and some A. In
fact, the hypotheses hold uniformly over any set of probability measures which is weaks
compact and contains no measure supported on a hyperplane. This may be proved by
a suitable compactness argument. Furthemore, the assumptions are dilation invariant in
the following sense. If y is a measure and ¢ € R then we let ; be the t-dilation of y, i.e.

ne(B) < p(tE) (11)

If p satisfies the hypotheses with A = \g, then u; will satisfy the hypotheses with the
same values of A and v and with A\ = t),.



Proof of Lemma 1.2 Define

A={x1,.. . T y1,. .., yn € (RM)?™: ly; — ;] < AXVj and [det({y; — x;}7-)] > A"}

Claim 1
on times

wx . oox p(A) >0t

Proof We consider the set of all 2n-tuples x;,y; (j < n) which can be obtained by the
following recursive process: 1 and y; are arbitrary points of R" such that A < |y; — 24| <
AN If 2 <k <nand if z; and y; have been chosen for j < k, then denote the orthogonal
projection of R™ on the orthogonal complement of sp({z; — y;};<x) by P, and let x) and
yr be any points of R" such that |P(zr — yx)| > A and |z, — yi| < AX. The assumptions
imply that the p x p measure of the allowable pairs (xy,yx) is bounded below by I at
each stage. Accordingly, the p x ... X p-measure of the set of 2n- tuples obtained this
way is bounded below by (3)". On the other hand, some simple linear algebra implies
that |det(y; — z;)| > A" for any such 2n-tuple, so Claim 1 is proved.

Claim 2 below will play the same role as did (6) in the proof of Lemma 1.1.

Claim 2 Let a € R" with radius 1, assume (21, -+, Zn, Y1, "+, Yn) € A and define
¥ ={¢ € D(a,1) : j_ cos(2m(z; —y;) - &) > 1 = p?\*}

Then Y is contained in the union of C discs of radius p. In particular, if e is any unit
vector in R" then
{t e R:t=uxz-efor somexz € X} <Cp

where C' depends on n and 7.

Proof First consider the case where x; — y; = Aej, where ¢; is the jth standard basis
vector. Then the set in question is contained in a Cp-neighborhood of (2\)7!Z", so the
claim is obvious (recall that A < 1). The general case then follows since by definition of
A, there is a linear map T' € GL(n) with T'(\e;) = z; — y; and such that ||T|| and |7}
are bounded by constants.

In proving the lemma we may of course assume that e = e,. We will denote variables
in R" by &€ = £ + te with £ € R™ x {0} and t € R. We fix a € R" and, for t € R,
we let V(t) = sup(|a(¢)| : € € D(a,1),&, = t). Fix a number 6 and consider the set

Yy et {teR: V(t) >1—0} and the quantity

/ V(t)*dt (12)
)



which is evidently > (1 — §)**|Ys|. On the other hand, (12) is

< / sup |fi(a + te, + &)|*"dt
5 1€

= [ (s [ s cos(zn(ant te, + 8) - (o ) duon) . dite o) |

5 \Ig<1
< [ [ s T cosn(a +te, + €) - (o — yp)du(o)dn(on) . dite ()it (13
I€1<1
We will denote the measure '
2n tlmes
——~~
/’l/ X o o X /’l/

by m. We subdivide the integral with respect to m in (13) into the contributions from A
and A°. Of course

/ [ 50 T cos(2rm(attes 48)-(ay=5) o)) - diGe ) )t < [Vl ()
€<t

On the other hand, if (z1,...,2n,y1,...,Yn) € A then for any €, Claim 2 implies

sup I17_; cos(2m(a + te, + &) (;—1y)) <1—C7teN?
€l<1

for all £ € I except a set of measure €. Accordingly, if |Ys| > € then

/ [ 500 Ly cos((k 1+ €) - (a5 = g5t .. diCo ) )
€<t
< mA)[(¥g = (1 = C7EN) +

So |Ys| > € implies

(1=0)>"Ys] < m(AY)|Ygl+m(A)[(|Ys] —e)(1 = C7'eN%) + ]
= V5| — C'm(A)(|Ys] — )N’

If |Yg| > 2¢ then it follows that (1 — §)*" < 1 — C~'m(A)e2A°. Since m(A) > C~* by
Claim 1 this means that ¢ > €2)\?, finishing the proof of the lemma. OJ

The following corollary is what will actually be used below. If p is a measure in R"
then define

%(p) = span({z —y : @,y € supp(u)}) (14)
In other words, we take the smallest affine plane containing the support of ;1 and translate
it to the origin.



Corollary 1.3 For any given probability measure ;1 on R" there is a constant C' = C), such
that the following holds for all A € [0,1], all € > 0, all unit vectors e € 3(u) and all
a € R". Define

By ={E € R" 1 iy (9)] = 1— C~ X%}

Then
{teR:t=ux-efor somex € E\ND(a, 1)} <e

The constant C' may be taken uniform over any compact set of probability measures with
a given X(u).

Proof If ¥(x) = R" this is the content of Remark (2) after the statement of Lemma
1.2. The general case follows since |fi| is constant in directions perpendicular to 3 (u). O

2. Proof of Theorems 2.1 and 2.3

We fix a radial, real-valued Schwartz function ¢ : R — R with 0 < ¢2 <1, suppé C
D(0,2) and ¢ = 1 on D(0,1). For j € Z* U {0} we let ¢;(z) = 2"¢(2z). Thus
16511 = ¢, and ¢;(€) = #(277€) so that suppp; C D(0,27*1), ¢; = 1 on D(0,27).

Let ¢o = ¢, and when j € Z* let 1); = ¢;j—¢;_1. Thus suppy; € D(0, 271\ D(0,29-1)
when j > 1, and 3 7% ¢); = 1. Define now

N
St = > v (6 f)
=0

N
Tnf = > Wi (f—¢f)
j=0

Since the {¢;} form an approximate identity and > ¢, = 1 with no more than three
terms being simultaneously nonzero, we may conclude that if f € S then Sy f and Tx f
converge in the topology of S. We denote the limit operators by S and T'. Clearly S + T
is the identity operator. One can think of Sf and T'f as f microlocalized to the regions
€] < |z| and |£] > |x| respectively.

The proof of Theorem 2.1 will be based on making appropriate L? estimates for the
operators S and T. The estimates will follow by applying Schur’s test to the integral
kernels of the operators. The following lemma contains the necessary calculations.

Lemma 2.2 Define



N

By(&m) = D (& —n)(1—d;(n)

J=0

Then, for a suitable constant C' which is independent of N,

(i) [ |AN(z,y)|dy < C for all z.
(ii) [ |An(z,y)|dz < C for all y.
(iii) [ |Bn(& m)dn < C for all €.
(iv) [ [Bn (& m)de < C for all 7.

Furthermore, if £ and F' are e-thin then

(V) [y lANn(z,y)|dy < Ce for all z.
(vi) [ |Bn(&,n)|dE < Ce for all 7.

We will first complete the proof of Theorem 2.1 assuming Lemma 2..2 and will then
prove Lemma 2.2.

Proof of Theorem 2.1 Note that

Swf(z) = / An(,y) f(y)dy

and

TF(e) = / B (& n)f (n)dn

Consequently, by (i)-(iv) of Lemma 2.2 and Schur’s test, the operators S and T extend
to bounded operators on L? satisfying S + T =identity. Furthermore, if we let y denote
the indicator function of the set £, then using (ii) and (v) (respectively (iii) and (vi)) and
Schur’s test, we have

1SOcefll < Cez||fl2 (15)
IxFT flla < Cez|[fll2 (16)
Suppose now that f is given, with ||f|l2 = 1. Then

—

f=8e) +S0xef) + xrTf +xrTf
and therefore, using (15),(16),
If = S(xeef) = xpTfll2 < Ce2
If || f|| z2(pe) < o, say, then we conclude that

1fllzzey < IF = xpT flla
C(Oz—i—e%)

IN

IN
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provided € and « have been chosen small. So || f]| [2(Fe) > % and the proof is complete.

Proof of Lemma 2.2

(i) For fixed z there are at most three values of j for which v;(z) # 0. Furthermore
|1¥jllc <1 for any j, and ||¢,||1 = [|¢]|1 for any j. We conclude that the integral in (i) is
< 34l

(i) Fix y and let ) _ denote the sum over all j € {0, ..., N} such that dist(y, supp ;) >
1. There are at most three values of j with dist(y, supp ;) < 1, and since ¢ € S we have
| (x —y)| < C2"(1 + 27|z — y|)~3", say. Hence
[1Axplds < sleli+ [ S l0s(e)se -yt
< 3ol + € [ S st (1 + 2o - yl) s
< 3ol +C Y 274y

= 3ol +C D 27" ¢]s
< C

as claimed.

(iii) and (iv). We rewrite the definition of By as follows:

By(&n) = Z%(é —1) Zwi(n)

7=0 i>]
00 min(i—1,N) X
= > vl D> -
i=1 =0
= Ziﬂi(ﬂ)@*(f ), (17)
i=1

where we have set i, = min(i — 1, V). Note the similarity between (17) and the definition
of An(n,&). We may therefore prove (iv) by repeating the proof of (i). For (iii), we further
rewrite (17) as

By(&m) = Y timéia(€—m)+ 3 vilmen(&—m)

i>N

= D win)dia (€ =) + (1= on(m)on(€ )
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We have J [(1— o (n))on (€ —n)ldn < [ |én(€—m)ldn = ol = 6], and the estimate
[ISSN, wi(n) i1 (€ —n)|dn < C follows by repeating the proof of (ii). This proves (iii).

(v) and (vi). We will only prove (v), since (vi) once again follows by the same argument
in view of (17).
Fix = and let j be such that ¢;(z) # 0. We claim that

/E 65z — y)ldy < Ce (18)

If we can prove this we are done as in the proof of (i), since there are only three possible
values for j and the 1;’s are uniformly bounded.

To prove the claim, we use the following simple geometric property of the discs
D(z,p(z)): if t > p(x), then D(z,t) can be covered by discs of the form D(xzy, p(xy))
in such a way that

> D (@, plxi))| < C|D(, )]
k
This is true since
ly — 2| < pla) = C7'p(x) < ply) < Cp(2) (19)

See for example [29]. The argument is as follows. Property (19) is easily verified. Now
choose a maximal set of points {x;} C D(x,t) such that |z — x;| > min(p(z;), p(zk))
for all j and k. By maximality, the discs D(xy, p(x)) cover D(x,t). On the other
hand, (19) implies that for a suitable constant Cy the discs D(x, Cy'p(zy)) are disjoint
and contained in D(z,Cpt),and therefore S, |D(x, p(z))| < S, | D@k, C5 ' p(ar))] <
| D(x, Cot)| < | D, 1)

It follows that

D@z, t) N E| <Y |D(ax, p(ax)) N E| < € ) | Dy, plax))] < Ce|D(w, )] (20)

for any x and ¢t > p(z). Next, if ¢;(x) # 0 then 27 is comparable to p(z)~!. Since ¢ € S,
we therefore have |¢;(z —y)| < Cp(x)™™(1+ %)_2”, so we may estimate the integral in
(18) by

/E b —y)ldy S 3272 p(a) " D(x, 2 p(a)) N B

k>0

S D27 p(a) (2 p(a)”

k>0

AN

€

where we used (20). O
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Remark Theorem 2.1 is sharp in the sense that the rate function p(x) cannot be replaced
by one which decays more slowly at co. We give the counterexamples in the case n = 1.
Let ¢ be a fixed C§° function and consider the functions

on(e) < 30 G(N(@ - )

Then
br(6) = DaEONI()

i 1
where Dy (§) = w is the Dirichlet kernel. Let Ey = UMY v (j — 4.7+ 4) and
let F'{ be the complement of E4. Then it is not hard to see the following: for any 7 > 0

there is A < oo such that for any large N, we have
1PN 2(ra) + 1 Pn [l L2(pay < 0l Pl

Namely, ®y will vanish on F§{} due to the support property of ¢, and ]CE]\V]Q will have most
of its mass on E4 since |Dy|? is concentrated near integers and é(%) dies out rapidly
when |¢| is large compared with N.

On the other hand, if p is positive and continuous and |z|p(z) — oo as |z| — oo, then
for any € and A, we will have |D(z, p(z)) N E4| < €|D(x, p(x))| for all  provided N is
sufficiently large. This shows that the rate function in Theorem 2.1 is the optimal one,
as claimed.

However, we do not know whether Theorem 2.1 remains true if “There are ¢ > 0 and
C < 00...” is replaced by “For all € < 1 thereis C' < c0...”.

Proof of Theorem 2.3 Basically, Theorem 2.3 follows by combining Theorem 2.1 and
Lemma 1.1.
Any nondegenerate quadratic form () has the following property: ) maps each disc
D(z, p(z)) onto an interval I, with |I| € [C~!, C]. Furthermore, if E C I, then
Q™ EN Dz,
|D(x, p(x)
This holds essentially because when |z| is large, [VQ(z)| is comparable to p(z)~*. We

leave details to the reader.
We conclude by Lemma 1.1 that for any given € if 6 = C~'yA%€? then the sets

{z e R": [4(Qu(x))| > 1 -6}

{€eR" : [9(Q2(8))| > 1 -0}
are /e—thin. Here C' depends on Q1 and Q2 only. Consequently by Theorem 2.1, we can
choose 3> 0 and 1 > 0 depending on @Q; and Qs so that, with § = Sy\? and

E={z:|G)|>1-5}

12



F={¢: [H(©)] > 1- )
every function f must satisfy either
1 llz2e) = nllf1l2

or )
I fllc2crey = 0l f1]2

To finish the proof of the lemma, fix f and consider two cases:

() [ Fllz2(mey = [l F]]2-
) fllz2mey < nllfll2-

In case (i) we have

IGFl3 = NGFI2 ey + 1G22 )
< (=022 ey + 122
< (L=68 7+ 1—m)|fl>

112 = (20 = 8%)m*|I£113

so that | HGF|3 < |GFI3 < (1— a)[| ]} with o = (20 = 6)n”
In case (ii) we have also

IGf 2oy < nllGS2
since sup . |G| < infg |G|. Therefore

G Fllz2pey = nll G Fll2

Then the argument for case (i) shows that

IHGF|2 < (1 —a)||GF|2

with « as above. So HHC:*;‘H% < (1—a)||f||3 and the proof is complete, since a ~ yA*. [

Remarks 1. We will need a slight variant on Theorem 2.3 where the definition of Ty is

modified as follows dof =
Tof(z) = Gf(Ux)

with U being a fixed orthogonal map of R". This version can be obtained by applying
Theorem 2.3 as stated with f and ), replaced by foU and Q;oU.

2. A generalization of Theorem 2.3 is possible where one of the two measures p or v
is allowed to be a unit point mass at a point a € R provided a # 0. Namely, if we assume
that p is not a unit point mass and that v is not a unit point mass at the origin, then
| L0901 o0y T 00, | 22— 12 < 1. We sketch the proof. Assume that v is a unit point mass at
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a point a # 0 - this is no loss of generality by Theorem 2.3. Then 7 o () is an imaginary

Gaussian, which implies that the operator f — Toq, f may be rewritten in the following
way:

L —
N —

Tooq,f = c(I'2)((I'1 f) o L)
where I'y and I'; are imaginary Gaussians, L is a linear change of variable and ¢ is a
constant with |¢| = |det L|z. Let L = (L™)*. We will also let Ff = f and will use a lot
of parentheses in order to clarify the order of operations, e.g. in the preceding formula
c(I'y)((T'1 f) o L) means ¢ times I'y times the composition of (I'y f) with L. Then

Toa Tooqo Tioqu f = ¢F ((fio Q1) (T2)(F(T'i(fio Q1) f) o L))
= @'F (0 Q(I)(F (L1 0 L)(jio Quo L)(f o L)
= ¢ MTeTy(fol)

where G = (Ty)(f10 Q1) and H = (I'y o L)(ji o Q10 L). We now apply Theorem 2.3
with both measures equal to p and with QQo = @1 o L. It follows that for an appropriate
constant p < 1,

1T 500) Tooqe Troau I < plel =1 o LIl = pll £]

as claimed.

3. Consequences of the supersymmetric formalism

We will first summarize some things to be found for example in [2], with some slight
modifications since we are using a different normalization of the Fourier transform and
also want to work directly with two dimensional Euclidean Fourier transforms instead of
using Hankel transforms as is done there. We refer to [2], [17] for further details.

If f is a (nice enough) function on the half line R* then let us define

Df =~

™

We may consider f(|z|?), a radial function on R?. Its two dimensional (Euclidean) Fourier
transform is another radial function, hence of the form g(|¢[?). We denote g by T'f.
Furthermore, we denote the operator T'D (i.e. D followed by T) by S. Then we have the
following fact. (cf. [16] for example)

Lemma 3.1 DS =T.
Now consider an interval A = {—[,... [} C Z and a Schrodinger operator on A, i.e.

an operator H = A+V where Au(n) = (u(n+1)+u(n—1)) and V is multiplication by
a function V' (n), with Dirichlet boundary conditions. If im(z) > 0, and m,n € A, then we
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let Ga(m,n, z) be the Green’s function, i.e., the matrix Gx(m,n, z)meﬁ which is inverse
ne

to H — z - identity. The basic formula (cf. [2]) is as follows.

Let 3;(r) = e72™(Vi=2)" and also let 3; be the operator on functions defined by mul-
tiplication by the function ;. Then, when m < n (and imz > 0), Gx(m,n, z) is equal
to

22'”‘_”“/((H?‘__lzsﬁj)1)(!33!2))((H?_S”_lTﬁn—j)(Hé_’é_lsﬁz—j)l)(!wIQ)ﬁm(!ﬂQ)dw (21)

Here, if O; are (noncommuting) operators, then we use II7_,0; to denote the operator
0,01 ...0q, etc. Thus for example the expression ((H;":__llSﬁj)l)(]xP) means start
with the constant function 1, apply the operator 3_;, then S, then $_;; and so forth and
evaluate the resulting expression at |z|%. In the case of the Anderson model with single
site distribution v, taking expectations in the above formula for G(0,0, z) leads [2] to

E(G(0.0,2)) =2 [ (SD1(Jaf)T(Ja)do 22)
where we have let T'(r) = 2(r)e*™* and have also used I' to denote the operator of
multiplication by I'. An analogous formula for the expectation of |G(m,n, z)|*> may be
obtained in the same way, cf. [17] and (34) below.

Consider functions on R™ of the form
ye(r) = ™" where im¢ > 0 (23)
It is easy to check that
Syg = yl_gl (24)

In particular, the class of such functions is closed under S. Note that it is also closed
under forming products. An important consequence is that (ST)"1 in (22), and other
similar expressions to be considered below, have L> norm < 1, since they are averages of
functions of the form y, with respect to a probability distribution.

Now let g;(2) = £(G(0,0, 2)), where G is the Green’s function for the Anderson model
on {—I,...,l} with single site distribution v. We assume that

[ 1slavtz) < o0 (25)

We denote z = F +in, E/;n € R and will always assume that n > 0. We will prove the
following:

Proposition 3.3 For any ¢, > 0 there are ¢; > 0 and C' < oo, depending on v, ¢, and a
bound for |E|, so that if n < 1 and [ > ¢ log% then |g(2)| < Cp~ (=€),

15



An immediate corollary is Holder continuity of the integrated density of states for the
Anderson model on Z with single site distribution satisfying (25). Namely, by letting
[ — oo in Proposition 3.3 we obtain the bound

lg(z)| < O~

for all z = E+in with 0 < n < 1. Since g(z) is the z-derivative of the harmonic extension
of the integrated density of states, this bound is equivalent to Holder continuity (cf. [27],
ch. 5). One can also obtain an estimate of the finite volume density of states directly from
Proposition 3.3 using that the expected number of states in the interval (E' —n, E+n) is
< Cln img,(E + ).

Remarks The assumption on [ in Proposition 3.3 is easily seen to be best possible. This
argument is in [26]. Namely, if v is Bernoulli, then there are only 2%*! possible choices
for H on {—I,...,1}, hence (being generous) at most (2] + 1)2%+! possible eigenvalues.
So ¢g; is the Borel transform of a measure with < (21 + 1)22lel mass points and then it
follows that sup img,(E +in) = ((21 +1)2%*+1n)~!, which is large compared with 5~(1=¢)
for fixed € if [ is small compared with log%.

LePage’s theorem is adapted to finite volume in [4], Theorem 4.1, where a result closely
related to Proposition 3.3 is proved. However, it may be of interest that one can argue
directly in finite volume.

We note also that the proof of Proposition 3.3 does not really use stationarity. With
minor changes (mainly in the form of (22)) it works for independent, non-identically
distributed V;’s provided (say) that one assumes a uniform bound in (26) and uniform
lower bound on the disorder, i.e. on A and ~ in (4).

We now prove Proposition 3.3. This argument is related to the proof of Lipschitz
continuity of the integrated density of states given in [2], except that by using Theorem
2.3 we can make the relevant estimates without assuming decay of o.

Following [2] we work from formula (22) and define Hilbert spaces Hy and H; on the

half line as follows
2 ]f(]x]Q)] 2
pr— _— d
1o = [ (L e

£l = /RQ |f(2 ) + | Df(|2]?))2d

Furthermore we define an operator R as follows: given a (nice) function f on the half

line, consider the function on R?
x

2 —_—
o) oo

Its Fourier transform is again of the form
x

g(@ﬁ)w
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and we define Rf = ig. The following lemma is from [2].

Lemma 3.4 Sf = f(0) + Rf. In particular, if f vanishes at 0 then so does Sf, and Rf
and S f coincide.

Iterating the lemma, it follows that (ST)'1 = ZéZO(RF)j 1. Furthermore, by the
Plancherel theorem, R is an isometry on H° and (using Lemma 3.1) S is an isometry
on H'. By Theorem 2.3 applied to the functions #f(]xﬁ) with the quadratic form

Q(x) = |z]?, we also have

ICBTY fllzo < o7 || fll o (26)

for j > 2, where p < 1 depends on v only. Furthermore, since (25) implies that 2/ is
bounded, it is easily checked that

ST Al < Allfll e (27)

where A depends on a bound for |E].

In order to exploit (26) and (27), we let ¢ be a C§° function which is equal to 1 in a
neighborhood of the origin. We define ¢;(x) = ¢(t~*x). We also fix an index k > 2 and
may then express (ST)!1 for [ > k in the following form:

(ST)'L = (RUY1+ (ST)¢ + (RD)¥(1 — ¢) (28)

j=k

In view of (27), the second term satisfies the following estimate:

1(ST) gl s < CA® (29)
For the remaining estimates we use the fact that
D) < e (30)
and therefore also ]
11 = @)L o < 0(108;5)E (31)

provided ¢t > n, say. Taking ¢t = 1 and using (26), we get the following bound for the third
term in (28):
1.1
I(RT)*(1 = ¢)[| o < p*(log 5)2 (32)

Next, we have the following lemma:

Lemma 3.5 [|(RT)*1|| 0 < C(log 1)z
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Proof We have ||(RT)%(1 — ¢,)T||zo < ||[1 — ¢yllgo < C(log%)%. On the other hand,
define g : R® — R via g(z) = #(%F)(!x?). Then HgHLl(Rz) < Cnz. Consequently,

9]0 < Cn7 or equivalently
[(RTgy)(r*)] < Cper

It follows by (30) that
((TRT$,)(r*)| < Cyzre>™"

and therefore that -
ITRT ¢y || o < C(/ 776_4”77r27"dr)%
0

which is bounded independently of 7. The lemma follows, since R is an isometry. 0

We conclude that the summands in the first term of (28) satisfy
, , 1.1
IED) Lo < €' (log )2 (33)

Combining (28),(29),(32),(33) we conclude that for any k > 2 and [ > k, (ST)'1 = f+g¢
with
Ifllzr < CAF

1.1
lg|lzo < Cp(log 5)2

We now set k equal to ¢ log% with € a small positive constant. Then (ST)!1 = f + g,
where || f[|2, < O~z and ||g||%, < Cp€. From (22) and (30), we have

9:(2)] < CUF I3 + gl sup(r?e™>™))

< 07761—1

completing the proof of Proposition 3.3. O

Further remarks 1. Theorem 2.3 can also be used to refine the main estimate in [17] and
extend it to Bernoulli distributions. Given Theorem 2.3, this argument is identical to the
corresponding argument in [17], so we will omit details. If we start from formula (21),
multiply it by its complex conjugate and take expectations, then we obtain the following,
where Gj(m,n, z) is the Green’s function on —I,...., [ (cf. [17]):

E(|Gi(m,n, 2)|?) :4/R2><R

Here T is the R? x R? Fourier transform defined via

L(ID)" "Dy ) (2, y) P (0, y)T (2, y)dady (34)

Tf(&n) = / , 26_2m(5'm_77'y)d3:dy
R*xR
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7 miE(|lz|2—|y|2)  —27mn(|z|? 2
T(z,y) = 0(|z|? — |y[?)e2m U=l o =2l +y1*)

and we also use I' to denote multiplication by the function I'. Also ®,, and ®,, are
functions with L norm < 1 (see the discussion in the paragraph before (25)), and
therefore also HTF@TLHLQ(RQXRQ) < H€_27”7(|m|2+|y|2)®nHLQ(RQXRQ) < Cn! and similarly

HFCIDWHLQ(RQXRQ) < On~'. Theorem 2.3 with the quadratic form Q(z,y) = |z|* — |y|?

implies the estimate ||(TT)?||z2_z2 < p, where p < 1 depends on v only.? Applying this
estimate &~ |m — n| times to the function TT'®,,(z,y), we readily obtain

Proposition 3.6 If v satisfies (3) then there is an estimate

E(G(m, n, 2)|?) < Ce=C A iy2

for the Green’s function on {—(, ..., [}, uniformly in l and m,n € {—1,..., I} with |m| < L
and |n| > é and z = F + in with 0 < n < 1. Here C' is a positive constant depending on
v only.

The usual “multiscale” arguments lead from this and Proposition 3.3 to a proof of
localization, see the end of [17] and [8], Theorem 2.3.

2. More generally, the considerations in remark 1 can be applied on any tree with subex-
ponential growth. One can show for example that the spectrum of the Anderson model
is pure point provided the single site distribution is absolutely continuous with bounded
density, since the analogue of Proposition 3.6 can be proved as before using a suitable
generalization of (21) (essentially derived in [16]), and localization then follows using
the Wegner estimate and the theory of rank one perturbations. We omit the proofs.
Molchanov has previously obtained some results of this nature.

4. Inversion operators
If x € R" then in the introduction we defined
. T
SN

and we defined a unitary operator Z : L*(R") — L*(R") via Zf(x) = || f(z*).

Let O(n) be the orthogonal group. If V' € O(n) then we let Zy f = Z(f o V71). We
note that Zy is unitary and interchanges functions supported on the unit disc and its
complement.

Theorem 4.1 Assume that p; and ps are probability measures on R" satisfying (4). Define
T,:L* = L?viaT,f = u*Zyf. Then | T, Ty, llr2—z2 <1 — C~')\? where C depends on
~ and n.

2The R? x R? Fourier transform differs from the R* Fourier transform by an orthogonal change of
variable, so Theorem 2.3 is applicable by remark 1 at the end of section 2.
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The proof is quite simple. In particular, it is based on a standard version of the
uncertainty principle, namely the s = 0 case of the following lemma. Let L2 be the

weighted L? space with weight w, i.e. ||f[|72 g = [p |[f(2)[*w(z)dr, and L, def L2 (R™).
Also let [a] be the greatest integer < o and {a} = a — [04]

Lemma 4.2 Assume

sup |[END(a,1)| <e (35)
acR"
Fix s € R* U {0}. Then for a certain k = k, > 0 and C, < 0o, suppf C D(0,1) implies
17l ) < Coel ez, (36)
If s < n then we can take k, = (1 — ), and the constant C, may also be taken uniform

over s € [0, a]foranyﬁxeda<n If s > n we can take kg = +(1 — {£52}).

Proof Fix a Schwarz function ¢ with ¢ = 1 on D(0,1). Then f = ¢ x f. Consider
convolution with ¢ as an operator from L(1+| s tO L(1+| )-s(E). By Schur’s test its
operator norm is bounded by VA1 Ay where Ay = sup,cp [ |o(z —y)| 50 (+la)? ~dy and Ay =

(1+ly)2
Sup,  R” [zlo(x —y)| gi:x: dzx. Using the rapid decay of ¢ it is not hard to show that

A; $1and Ay S e. We conclude that (36) holds with £ = £ if s = 0, and also for any s
provided the weight |z|~* is replaced by (1 + |z|)~*. Hence

HfHL2 (END(0,1)¢ < \/_HfHL2

|| =* || =*

On the other hand, if suppf € D(0,1) and ||f|l;2= = 1 (say) then f must vanish to

|z =
order k at 0, where k = [*5*] 4+ 1if s > n and k = 0 if s < n. Furthermore, when |z| <1
the kth derivatives of f are bounded by constants, since

Do) = / F()Dé(x — y)dy
_ / 9% £ ()|l D — y)dy
< Wl 1+ )5 D)

|z| =
Accordingly |z| < 1 implies | f(z)| < |z[*, and then [y, 271 * < Joapen 27 S

e “ and one can check that r, in the statement of the lemma is equal to

O

% ( 2k_7—f+n ) )

The next two lemmas are from elementary functional analysis; we include proofs for
the reader’s convenience. (Lemmas like 4.4 are often used in related contexts - see [6],(23])

20



Lemma 4.3 Let X, be a measure space, H a closed subspace of L?(X, ), Py the or-
thogonal projection on H and U a unitary operator on L?. Assume that for a certain
A>1

1F1? < A1 PufI? + || PaU£11?) (37)

for all f € L? Let Gy, G2 be functions on X with |G|l < 1, and define T : L? — L?
via Tf = GoU(G:1f). Fix p > 0 and let E; = {z € X : |G,(z)] > 1 — p}. Assume the
following condition: if h € H, then ||h| 12z, < 75llhl2, 7 = 1,2

Then ||T||p2—r2 <1 — C~'p, where C depends on A only.

Proof Let @ = 7. we note for future reference that 2v/2Aa = ? and 1—(2A42+42)a? >

> ‘/75 Now fix a function f. If

SN

1flle2ceg) = el fll2 (38)

then ||G1f]13 < (1—a?p)||f]|3, as in the proof of Theorem 2.3. Consequently it suffices to
show that either f satisfies (38) or Fe U(Gf) satisfies

1fllz2es) > allfl: (39)

We first prove the following:

Claim Assume that g and h are orthogonal in L? and ||g + hl|r2pe) < allg + A2,
1]l r2(m) < cl|hl2. Then (unless g = h = 0) [|g]|3 > 2A%||A[]3.

Proof Assume the opposite. Then h # 0 and

2<9,h > 1250 lg + Pl Z2 ey = 1Bl ee)
o’llg + hllz — (1 — a)[|A[l3
a?|lgllz — (1 —20%)|[Al]3

—(1— (247 + 2)a”) |2 ])3

IA A

IN

whence
2 < g,h>pm> (1 - (24% +2)a?)| b3

and then by the Schwartz inequality

2 22 A

2||h|| 12 < h2< h||
(2A2+2)&2HgHL H HL(E)— 1_(2A2+2)QQH H2 H H2

hl2 <
1] < —
which is a contradiction.

Suppose now that f does not satisfy (38). Then, as in the proof of Theorem 2.3,
G1f also does not satisfy (38). Accordingly, the claim with g = Py (G1f),h = Pu(G1f)
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implies that || PuG1f|? < 53||G1f]|?. Likewise, if f does not satisfy (39), then the claim
implies || Py f||2 < 555 f||* which is equivalent to || PyU(G1 f)|?> < 5% [|G1f|2 Thus

IGLfI* < A(|PuGLEIP + [PaUGLAIP) < G fI?

and we have a contradiction. O

Remarks 1. Note that (37) will hold with A = 1 if U maps H onto its orthogonal
complement.

2. Lemma 4.3 remains valid for Hilbert space valued functions. Namely, replace
L*(X, ;1) in the statement by L*(X,u, V), the L? functions on X taking values in the
Hilbert space V. The lemma is still valid, with exactly the same proof.

Lemma 4.4 Assume that v is a probability measure on a space X and that {Ug}gex is
a (measurable) family of unitary operators on a Hilbert space H. Let T' = f Updv(E).
Then for f € H

(L=l

l\’)l»—t

[ 10es - rian(e) =

Proof Fix f € H with ||f|| = 1. Then
1—||T? < 1—re(T?f, f)
- / 1 — re(UpUrf, f)dv(E)dv(F)

— 5 [ 10sUef - fPav(E)av(F)
< [ 10es - fPaE)nE) + [ UeUss ~ £)PdEYi(F)
= 2 [ 1Uss - f1Pau(e)
OJ

Proof of Theorem 4.1 Let H be the functions whose Fourier transforms are supported
in D(0,1), let G; = fi; and p = C~'\?, where C is a large constant. Define E; = {x €
R" : |Gj(x)] > 1 — p, as in Lemma 4.3. If ¢ > 0 is given, then by choosing C' = C¢
large enough, we can guarantee that |E'N D(a,1)| < € for all @ € R", uniformly in A -
this follows from Lemma 1.1. If € is small enough then we conclude by Lemma 4.2 that
1 fllz2e) < 31| f|l2 for all f € H. The conclusion now follows from Lemma 4.3, since Zy is
unitary and interchanges functions supported on D(0,1) and D(0, 1)°. O

When n = 1, Vax = —x the operator Zy is an element of the principal series represen-
tation P (cf. [19], p.36) of SL(2,R). We now prove the analogous result for the other
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irreducible unitary representations. We let
0 —1
=(4 )
(1 0
ETZ\E 1

Theorem 4.5 Let p be any irreducible unitary representation of SL(2,R) except for the
trivial one dimensional representation. If ;1 and v are probability measures on R satisfying
(3) and if p(u) = [ p(spT)du(E), then ||p(1)p(v)|| < 1 — C~1A\*. Here C depends on 7y
and on the representation p. The dependence on p is as follows: if € > 0 is given then C'
may be taken independent of p provided (in the notation of [19], section 2.5) p is not a
complementary series representation C* with u > 1 — €.

and for £ € R we let

Remarks 1. The estimate in Theorem 4.5 generalizes in an obvious way to represen-
tations p such that for some € the direct integral decomposition of p does not contain the
trivial representation or the representations C*, u > 1 — €.

2. The assumption that p not contain C* for u > 1 — € is needed. Essentially this
follows from the fact that SL(2,R) does not have property 7. For example, [6] (ch. 3,
proofs of Theorem 4 and Proposition 6(i)) gives examples of representations of SL(2,R)
whose restrictions to the subgroup generated by J and 7» have almost invariant vectors
but no invariant vectors.

3. An analogous result is valid for SL(2,C) and in fact is a bit easier, since there are
no discrete series representations. In the next section, we also prove a result like Theorem
4.1 for the real symplectic group, although at present we don’t have a result for general
representations in that case.

Proof of Theorem 4.5 We will follow the terminology in [19]. We have to discuss the
principal, discrete and complementary series. We let Z = p(J) and 75 = p(sg).

As has already been mentioned the case of the principal series representation P+ is
simply the one dimensional case of Theorem 4.1. The other principal series representations
differ from this one only in that the definition of Z is multiplied by a unimodular factor.
The operators in Theorem 4.1 are positive (in the pointwise sense), hence multiplying
7 by a unimodular factor can only decrease the norm of p(u)p(v), so in the case of the
principal series nothing needs to be done.

The complementary series representation C* acts on the Sobolev spaces W™z,

o 1
- ( A ’f,(;,j’ d€>

where in this case 0 < u < 1. The operators 75 are translations, 75 f(z) = f(x — E). The
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operator Z, which we will now denote by Z,, is given by

T, f(z) = a0 f ()

T

and p(u) : f — p=ZI,f. Consider the weighted L? space L? =

L|2x|—u(R)' Let H={f €
L2 suppf C [—2,2]}. Define U via (7?7[ = 7, f and note that UH = {felL?: suppf C
R\(~1,1).

If f € W2, then f = g+ h with suppg C [—2,2], supph C R\(—3,1) and lgllyy-4 +
1Al -3 < Aol fll,,~%; Ao is independent of u € [0,a] for a < 1. It follows by basic
Hilbert space theory that (37) is valid for an appropriate constant A depending on A
only. Now define E; = {z € R : |i;(z)| > 1 — C~'A*} for an appropriate C. Lemma 1.1
and the n = 1,s < 1 case of Lemma 4.2 imply that if C' is large enough (depending on

a lower bound for 1 — u and on 7) and if h € H, then ||hll2 5y < Fxllhllz2 . The

‘x‘—u ‘x‘—u

result now follows from Lemma 4.3.

The preceding argument could also be used in the case of the discrete series, but would
not show that the bounds are independent of the representation. Accordingly we will give
a different proof® based on the metaplectic representation and Theorem 2.3. Consider
the tensor product of two copies of the metaplectic representation of SL(2,R); this gives
a representation on L?(R?). The discrete series representations are subrepresentations
of this one or its conjugate (one reference for this is [12] where an analogous result is
proved for the holomorphic discrete series representations of the symplectic group; other
references are in [10], p.216), and Theorem 2.3 can be applied to the resulting realizations
of the operators p(u) on L?*(R?).

Details are as follows. We consider the holomorphic m € Z*; the antiholomorphic
ones are entirely analogous. The argument is elementary so we will avoid quoting results
from the representation theory literature; however the following unitary equivalence is
essentially the one in [12]. Let H,, be the Hilbert space for D}, i.e., the elements
f € W% such that f (€) vanishes when & < 0. Also let F be the R? Fourier transform.
Define V,, : H™ — L*(R?) via

A

(=) (40)

Vi f (2 :

- 2 [2m

where we use complex notation for points of R%. Then V,, is a scalar multiple of an
isometry and has the following intertwining properties

Viref = e ™Y f (42)

(Proofs: the isometry property follows from the definition of the norm in W~% using
calculus. The formula (42) is obvious. One elementary way to prove (41) is to verify it

3 Actually, it would also be possible to reduce the discrete series case to the case of P™° using the
“principe de majoration”.
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by hand for functions of the form f,(z) = (x +ia)~("*1), a > 0; linear combinations of
such functions are dense in H,,. The verification may be reduced to the case a = 1 using
dilations, and on the other hand Z,, f; = i~V f;, and also V,, f1 is a scalar multiple of the
function z™e~ " whence FV,, fi = i~"V,, f1 by the Hecke identity) Hence V,,, intertwines
the operator p(p) : f — p* I, f with the operator on L*(R?), f — —i(f10 Q)F f, where
Q(z) = L|z]?. The product of two operators of the latter type has norm < 1 — C~'\? by

2
Theorem 2.3 and the result follows. [l

Remark Theorems 4.1 and 4.5 assert the existence of a “spectral gap” and have the

usual corollaries associated to such results. See [23] and references there.

For example, let I" be a lattice in PSL(2,R), let M = PSL(2,R)/T" and let p be the

representation of PSL(2,R) on L3(M) Yirer2m: Jis [ = 0} resulting from the left

action of PSL(2,R) on M. We will assume I is cocompact in order to have a convenient
reference (namely [13], p. 47) for the fact that a complementary series representation
C" can occur in the direct integral decomposition of p only if 1_4“2 is an eigenvalue of
the Laplacian on the corresponding hyperbolic surface H/T". It follows that p satisfies
the hypothesis in remark 1 after the statement of Theorem 4.5. Fix a1, as € R and let
gi = Sa;J, j = 1,2. Let {v; 32; be all words of length n in g; and go. Then we have an

estimate

2”1
127D p() flle < e flla, f € LE(M)
j=1

uniformly in n > 2, and the resulting mixing properties. Here C' depends on a lower bound
for the first eigenvalue of the Laplacian on H/I". This follows by applying Theorem 4.5
with p = £(da, + 0a,) and expanding out the definition of 777

Next let G be the conformal group in R", i.e. the group generated by translations,
conformal linear maps and the inversion z — z*; G acts on L*(R") via

Uyr: f— |det(Dy)|7for, y€G

Let I' be a finitely generated subgroup of GG with generators {~;}7_,. Assume (i) I contains
a parabolic element (i.e. an element which is conjugate to a translation) and (ii) there is
no point of R" U {oo} which is fixed by all elements of I'. Then there is ¢y > 0 such that

VieL3je{l,....n}: |If = Uy fllz = el £l

Namely, by appropriate conjugations we may assume that I' contains a translation 7,
and an element v mapping oo to 0 and furthermore (conjugate « by a dilation if necessary)
that v has the form

z— (Vz—=0b)"

with V' € O(n). But then 7 o 7, is another element of the same form with the same V'
and a different b so the result follows in a standard way from Theorem 4.1.
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We now consider applications of Theorem 4.5 to the Anderson model; this is related
e.g. to considerations in [7] and [18]. We would like to consider the strip so we will
now prove a result like Theorem 4.1 which is applicable to the equation for the invariant
measure on projective space.

We will denote points of R* by (z,%), 2,y € R", or by (T, Zn, 7, yn), T,7 € R" 1. We
define P?*~! in the usual way, i.e. as the lines through the origin in R*", and will use
the coordinate system obtained by normalizing ,, i.e. the line ¢ € P?*~! has coordinates
T, T,y if (T,2,,7,1) € L.

By viewing the action of Sp(n,R) on P?"~! in these coordinates, we get a unitary
representation on L*(R*"~'). Thus, if we denote the action of the element g € Sp(n,R)
on ¢ € P*"~! by g/, then the element of the representation corresponding to g € Sp(n,R)
maps f to f o g~ ! times an appropriate Jacobian factor. We let Z be the element of this
representation corresponding to the matrix

(1 70)

Also, we let M(n) be the n x n symmetric matrices, and if m € M(n) we let 7, be the
representation element corresponding to the matrix

o def I m
™o\ 0 I

i@ ) = L)

t’t
(A
=

with A an (n — 1) x (n — 1) symmetric matrix, b € R", ¢ € R, then

Explicitly,

and if

Tmf(fatag) = f(f—A@—b,t—l%@—c,@)
If v is a measure on M (n), then we define 7, by integrating the representation, i.e
T, f(T,t,7) = /rmf(f,t,y)dy(m)
We also let 7 be the measure on symplectic matrices of the form
m —1
I 0
determined by the measure v on M(n). Explicitly, we set g,, = $;,,JJ and let 7 be the push

forward of v by the map m — g,,.
We will work with the following property of v:
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Condition Cy: for some k, the conditional measures obtained by freezing all but the
(k, k) entry satisfy (3) with probability at least (.

Explicitly, this means that if we identify M (n) with
continuous compactly supported f

[ $myivtom) = [ 16 ) oz (o dotam) (43)

i<; then for

n(n+1)
~!1 and

where 70 means {m; }i<;j i.j)£(k k), and where p is a probability measure on R
o7y is a probability measure on R for each 7 and p({m : o satisfies (3)}) > 3.

Note this condition is satisfied if the distribution of My, is independent of the other
entries and satisfies (3), e.g. by the Anderson model with disorder parameter A, even if one
randomizes only at one site. Note also that the condition is invariant under translation
of v so in the Anderson model case the resulting estimates are uniform in the energy F.
Corollary 4.7 below is known (in stronger form) if say n = 1 and the single site distribution

is sufficiently smooth, cf. [22] and [3].

Theorem 4.6 Assume that vy, 15 satisfy condition C' \+ Then
HTVlITV2 HLQ(RQn—l)_)LQ(RQn—l) S 1-— C_l)\2
where C' depends on 7 and f3.

Corollary 4.7 Assume that v satisfies condition C'y. Then the largest Liapunov expo-
2
nent of the measure 7 (in the sense of [5]) is > C_l)‘?; C' depends on «y and S.

Proof of Theorem 4.6 This is similar to the proof of Theorem 4.1, except that we work
with vector valued functions. Note first that we can assume k£ = n, since the statement
is invariant under the natural changes of coordinates on projective space. Next, we claim
that it suffices to prove the result in the special case where o, and o9 are two probability
measures on R satisfying (3) and v; = dp x o, where g is the d-mass at the origin in

For if this is proved, then for any vy and v, we express as in (43)

dvj(m) = dajm(mnn)dpj ()

Using that 8,87 = Spmime for any symmetric matrices m and m’, we have

Tl = W | o mspuns Trsynea e ()07 5) -
mq meo
< Voo Trspucs N )
mq meo
< (1-CP (- )
< 1-C07'N
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Now let S be the “slab” {(Z,z,,7) : —1 < z, < 1} and let H = {f € L*(R*"") :
suppf C S}. Then Z interchanges H and H*. Let E be a set in R with sup, g [N
D(a,1)| <e. If f € H then, by the n = 1, m = 0 case of Lemma 4.2 applied to the partial
Fourier transform,

[ 1€ gmPds, S [ 1FE GumPde,

for any &,7. Hence also

. < el fII?
With v; = 0 X 0; we have

Ty]f(€ fna ) OCJ(&n)f(ga €n7ﬁ>

Since o satisfies (3) the result now follows using Lemma 1.1 and the vector valued version
of Lemma 4.3. O

Proof of Corollary 4.7 We will follow the original proof of positivity of the Liapunov
exponent due to Furstenburg [11], incorporating Theorem 4.6 in order to make the result
quantitative. We first reformulate Theorem 4.6 as follows: if v satisfies C'y then

/ ()™ = I, g i) = O 22 (44)

This follows immediately from Theorem 4.6 and Lemma 4.4.

Because of the upper semicontinuity of the Liapunov exponent under weak conver-
gence, we can assume that v is absolutely continuous to Lebesgue measure with a C§°
density provided we obtain estimates which are independent of this assumption.

Claim: if v is absolutely continuous with a C§° density then 7 has a unique invariant
measure and it is absolutely continuous with respect to the Cauchy measure (i.e. rotation

invariant measure) on P?"~! with a continuous density.

Here by invariant measure, we mean of course the invariant measure in the sense of
[11],[5]. Thus an invariant measure for 7 is a measure pu on P**~! such that

/M . /P  Flgme)dp(2)dv(m) = /P dy (45)

for continuous functions f on P?"~!. The claim is certainly known but we could not find
a reference where it is proved (except when n = 1 [26]) and a very simple argument is
available so we give the argument.
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Namely, any invariant measure with respect to r is also invariant with respect to any
convolution power of 7 on the symplectic group, so by [11], Lemma 8.5 it suffices to show
that some such convolution power is absolutely continuous (to Haar measure on Sp(n, R))
with a continuous density. The matrices of the form

(¥ 7o)

generate Sp(n,R) as a Lie group. So by a general lemma of Ricci and Stein (see [28],
p. 209), a suitable convolution power ) is absolutely continuous with a density p
satisfying an L' Holder estimate, i.e. in local coordinates di'® (z) = p(z)dx with [ |p(z +
h) — p(x)|dx < |h|€. Tt follows that p € LP for some p > 1. Hence, by Young’s inequality
on Sp(n,R), a high convolution power of p will be continuous.

We also note the following fact. Suppose that f and g are positive L? functions on
a measure space X,dz, [ f*dz = [g¢*dz =1 and [(f — g)’dx = . Then f?log, 4 % i
integrable and
p

/f2 log gdw <-3 (46)

Namely, the integrability follows since f2 log, 4 < f2§ = fg € L'. Also

as claimed.
The Liapunov exponent can be expressed as

1 dglo
- 1 m
A Qn/ 0g— - (x)du(x)dv(m)

where ¢ is the Cauchy measure. See [5], propositions IV.6.2 and 1V.6.4. If ¢ : P>"~! —

(0, 00) is continuous, and if we let do = ¢do, then we have log <% dgm 7 — log ¢°9m +log *% dgim’ 2
By the invariance property of p,

A= —5- [ log = 7 (@) du(x)dv(m) (47)

We would like to replace ¢ by p here. The Radon-Nikodym derivative f = d—g is a
continuous nonnegative function on P?"~! by the claim. We haven’t shown that it is
nonzero, but we have [ |log d“]d,u = [ f|log f|do < oo. Using this, an approximation of
log f by continuous functions and the dominated convergence theorem it follows that (47)
is applicable with ¢ = p. This can be expressed in coordinates in the following way. Let
g be the density of 1 with respect to Lebesgue measure dz on R**~!. Then

M= —% /M . /R log (%) o(2)dzdv(m)
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where Z; ' f (7, t,7) = t—%f(_g —1 Ly

t) 0t

Note that Z;'g = (Z7',/g)*. So by (46),

S]]

Mz [ IVE= (D) il m)

and now we are done by (44). O

It is also possible to use the m = 1 case of Theorem 4.5 to prove Holder continuity of
the density of states. In fact we will prove a refinement asserting that inside the spectrum
of the Laplacian the bounds in Le Page’s theorem are independent of the disorder for small
disorder. This can also be proved by an extension of the argument in section 3, in fact we
originally did it that way (see [24]). The two arguments are in a sense equivalent since
the operator Z; corresponds to the operator S of section 3 under the unitary equivalence
V1 given by (40). The supersymmetric approach has the advantage that it works directly
in finite volume, but the approach via Theorem 4.5 is shorter so we will do it that way.

We do not have a version of Proposition 4.8 below for the strip and will assume
n = 1 for the remainder of this section. The zero moment assumption on v is just a
normalization. The compact support could perhaps be weakened but we wanted to avoid
technicalities as much as possible.

Proposition 4.8 Suppose A < 1 and let v be a measure which is supported on {z : —AX <
z < AM} and satisfies (3), and assume [zdv(z) = 0. Then, on compact subintervals?
I C (—2,2) the integrated density of states for the Anderson model with single site
distribution v satisfies |k(z) — k(y)| < Clx — y|* where C' and « depend only on A, and
I (and not for example on ).

Proof We will actually consider the Liapunov exponent instead of the density of states
which of course is equivalent. We let 75 be translation by E, i.e. 7pf(x) = f(x — E) for
distributions f, and dvgy = Tgdv. We let ug be the invariant measure at energy F, i.e.
the measure pp corresponding to v = vg in (45), and we let A(E) be the corresponding
Liapunov exponent. We must prove that for Ey, E € I there is an estimate |[A\(E) —
AE)| S |E — Eol?.

Let Yy = W™z, let ¥; be the subspace of L7, ,»(R) consisting of functions with
fR fdz = 0, and let Yy be the complex interpolation space [Yy,Y1]p. Let ug be the
invariant measure corresponding to energy E. We first prove the following

Claim There are constants > 0 and C' < oo such that for sufficiently small 6, the
estimate ||ug — pg, ||y, < C|E — Eo|*A ™2 is valid.

4We are normalizing the free laplacian via Af(k) = f(k + 1) + f(k — 1) here, rather than including a
factor of % as in section 3.
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Since the invariant measure behaves correctly under weak convergence we can assume
that v has a smooth density provided we get bounds which are independent of this as-
sumption. If v has a smooth density then the invariant measures ugp will have (say)
continuous densities, dug(r) = fr(zr)dr with fg(z) < min(1,272). This is the one di-
mensional case of the claim in the proof of Corollary 4.7. We also let Pg(x) = %%,

where

FE E?
= —+iy/1—-—=— 48
(=75 +i 1 (48)

Thus ( is a point in the upper half plane with absolute value 1. It is a fixed point of the

map z — Z:—IE, and Pg is the corresponding Poisson kernel. It follows that Prdz is an

“invarian measure at zero disorder” i.e.

a well-known fact (cf. [3]) which can easily be verified by direct computation.
We note the following properties of the spaces Yp:

(i) If 0 < pthen Y, C Yy and || f|ly, < || f|ly,. Furthermore f € Y, implies translation
of f is Holder continuous into Yy,

Iof = Fllve S 12| fly, (50)

Since the Yy are defined by interpolation it suffices to give the proof when y =1, 6 = 0.
If f € Yy then f(0) = 0 and [|f|* + |f'|> < oo and it follows that f% < 00, li.e.
f €Yy, (50) is a standard fact about Sobolev spaces: |7 f— |3, = | W!]g(f)ﬁdf <
Jmin(#2[€], 1E17H1F(E)2dE S AT < RILFIS, -

(ii) If Jp fdz =0 and |f(z)] < Bmin(1,27?) then || f|ly, < B. Consequently| f|ly, <
B for all 6.

This is obvious. It follows that for any 6:

|1Pe — 7Py, S [v] (51)
| Pe — ve * ) Prlly, S A (52)
fe—PreY (53)

(51) just follows from (i) using that [“£2| < min(1,z72). As for (52), by (i) and (49)
it is equivalent to prove that |[Pz — v * Pglly, < A%, The latter is an easy calculation
using that v has zero first moment. And (53) follows from our a priori hypothesis and
the obvious fact that [ fp — Pgdz = 0.
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(iii) Define Tgf = vg*Z; f. Then for a certain 6y > 0 and any 6 € [0, 6], the operator
id—Tp is invertible on Yy with ||(id — Tg) ™y, —y, < A 72

We use id for the identity operator. To prove (iii), we introduce an equivalent norm
| - ||,z on Yy as follows: the new norm on Y; is the L|2x_§|2 norm, the norm on Y; remains
the same and the norm on Yy when 0 < 6 < 1 is obtained by interpolation. (this trick
is suggested by an idea in [3]). We let Yy r be Yy with the || ||o,z norm. The point is
that the operator f — 757, f may easily be seen to be an isometry on Y; . Furthermore,
using that v has zero first moment, it is not hard to show that convolution with v has
norm < 1+ O(X\?) on Y g. It follows that T2 has norm < 1+ O(A\?) on Yi z. On the
other hand T2 has norm < 1 — C~'A\? on Y; by Theorem 4.5. It follows by interpolation
that T2 has norm < 1 — C7'\* on Yz for § < 6, hence ||(id — Te) s pmavenw <
Hld + TEHYB,E_’YB,E H(ld - T§'>_1HY9,E_’Y9,E S )‘_2' This implies (iii> since H H9 and H H97E
are equivalent norms.

The function fg satisfies vy * 71 fr = fr and therefore vy x 71 (fr — Pg) = fg — Pg +
Pr — vg %71 Pg. By (53), this means that fzr — Pg is obtained from vg x Zy Pp — Pgr by
applying the operator (id — Tx)™! : Yy — Y,. Hence by (52) and (iii),

Ife = Pell, SA- X =1 (54)

~Y

We now finish with the proof of the claim. We have fr — fg, € Ys by (53) and the
obvious (from (ii)) fact that Py — Pg, € Yj, and

ve, * Li(fe — fr) — (fe — fr,) = (v, —ve)*xTifr
= (TEO—E - id)fE
= (Tg-r —id)(fe — Pp) + (Tg,—p — id) P
If 6 is small, then the first term on the right side in the bottom formula has Yy norm
S |E — Ep|® for suitable a > 0, by (54) and (50). The second term has norm < |E — Ey
by (51). The claim now follows from (iii).

To prove Proposition 4.8, we apply (47) with d6 = Pg,(z)dx. This gives the formula
for the difference of Liapunov exponents

NE) = MEy) = [ T(@)(fele) - ()i (55

) = [ 10w (2 v

Letting ¢ correspond to Ejy as in (48) we may rewrite (55) as follows:

where

22 Pg, () _ e |Eo+v—a7t = (J?
Pgy(Eo +v—a71) |z — ([?
— 1 _ 1Tue 2
0400 T8
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hence

NE) = MEy) = [ Ta)(fele) - S (o)

where :
T 1+C

F(2) :2/log i

Because of the claim (with 8 = 0) it now suffices to show that HfHW% < A%, We consider

dv(v) (56)

(56) with z in the lower half space R?, and v €suppr. The functions

¢
1+v¢

z=C

are bounded and bounded away from zero when z € R?, uniformly over v for fixed (.
Thus (56) defines a bounded harmonic function of z on R*. Differentiating under the
integral sign and using the zero moment condition, we obtain

z —

or -
Ial SNz =P

af2l 2
- 2 <
</Riraz> A

The W2 norm coincides with the Dirichlet integral of the harmonic extension, so the proof
is complete. 0

which implies

Remarks 1) If one compares Proposition 4.8 and Proposition 3.6 then one sees that
it should be possible to use multiscale analysis as in [8] to prove the following estimate
for the “localization length” in the one dimensional Anderson model, under the same
assumptions as in Proposition 4.8:

Let I be a compact interval contained in (—2,2). Then with probability 1, all eigen-

2
functions ¢ with eigenvalue in I satisfy |¢p(m)| < C’¢e_c_1)‘ ml with C = Ca,; being a
fixed constant and Cy a constant depending on ¢.

We omit the proof. It may be found in [24] together with analogous results when the
randomization decays at oo.

2) We have been unable to answer the following question. Fix a compact subinterval

I C (—=2,2), and let v be as in Proposition 4.8. Is the density of states Lipschitz (or
better) on I provided A is sufficiently small?

33



5. The lagrangian grassmannian

The purpose of this section is to prove a result like Theorem 4.6 for the action of Sp(n)
on the Lagrangian (maximal isotropic) subspaces instead of projective space.

We will work in the “noncompact picture”, i.e. with the action on M(n), the n x n
symmetric matrices. We define translation operators 74 (A € M(n)) acting on functions
on M(n) viataf(T) = f(T'—A). The inner product on M (n) is given by (A, B) =tr(AB),
and other quantities defined in terms of the inner product such as norm and Fourier
transform will be interpreted accordingly. We let D = {A € M(n) : | detA| < 1} and
define an inversion operator on functions via

Tf(A) = |det A|7F f(A7)
Then 7 is unitary on L? and evidently interchanges functions supported on D and on D¢.

Theorem 5.1 Let p be a probability measure on M(n) and assume that the plane
S(p) € M(n) (cf. (14)) contains a positive definite matrix. Define T\ : L*(M(n)) —
L*(M(n)) via

T\f=1fx*p)

where p is the dilation of p by A, cf. (11). Then, for A € (0, 1],
HT)2\HL2_)L2 <1-C7'\
where C' depends on p.

Remarks 1. More precisely, let A, (P) and A1 (P) be the largest and smallest eigenvalues
of the matrix P. Then C' depends on n, on a bound for the quantity

. An(P)
inf D)

: P e X(n), P positive definite)

and on constants A and v for which (10) and (9) hold for all e € X(u). It follows for
example that the bound is uniform over the family of all translates of a given measure p
and over any weakx compact family with a given ().

2. As with our earlier results, one can also consider the product of operators corre-
sponding to two different measures. Thus if p' and p? are two measures satisfying the
hypotheses and if T \ f = I f ,ug\, then |7} \T, \[| < 1— C~')\2. This follows by making
appropriate (purely notational) changes in the last part of the proof below.

Theorem 5.1 differs from Theorem 4.1 in that the set D is not compact, which means
that the usual “elliptic” uncertainty principle (e.g. Lemma 4.2) is not applicable. We will
base the proof on the fact that the relevant differential operator (the Cayley operator) is
hyperbolic in positive definite directions together with Corollary 1.3 and an uncertainty
principle type lemma for hyperbolic operators, Lemma 5.2 below. This approach is likely
not the shortest possible but it is natural from a certain point of view and Lemma 5.2
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may be of some independent interest. We recall that the Cayley operator (for symmetric

matrices) is the order n constant coefficient differential operator acting on functions on
M(n),

o) o)
oti1 77 Otin
) = det
o ... _0
Otin Otnn

where {t;;} are the entries of the matrix in question.

e o)
the corresponding constant coefficient differential operator, e € R? a unit vector, and
assume

(i) p is hyperbolic in the e direction, i.e., if £ € R then the equation p({ — te) = 0 has
only real roots.

(it) [p(€ + ie)| = C'(|€] + 1) for any € € R™.

(iii) If {A;(€)} are the roots of p(§ + te) = 0, ordered so that X;(§) < Ajy1(&), then
X5(6) = Al < ClE— .

(iv) the set {£€ € R?: p(¢€ + te) = 0 has a multiple root} has measure zero.

Let p be a homogenous polynomial in R? with real coefficients, P(D) = p(

Also let E C R be a set with the following property:

sup {t eR:t=uxz-eforsomez € END(a,1)} <e (57)
acR*

Lemma 5.2 If p satisfies (i) - (iv) and E satisfies (57) then there is an a priori estimate
on Schwarz functions

lullzae) < Ce(Jlullze + l[p(D)ullz2)

Remark: The example we care about is d = ”(”TH), p(D) = Cayley operator on n X n
symmetric matrices, e any positive definite matrix.
We show that (i) - (iv) are then satisfied. If £ € M(n), then

p(& — te) = det(e) - det(e_%fe_% —t)
So the roots {\;} of p(é+te) = 0 are the eigenvalues of the symmetric matrix e~ 2€e 5.
This gives (i), and (ii) also follows: |p({ +ie)| = dete []; [A; —i|. All the factors are > 1

and at least one must be comparable to |£] 4+ 1. Property (iv) is obvious, and (iii) is a
basic fact in eigenvalue perturbation theory (see [25], Theorem 1.20(b) for example).
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Note though that the Cayley operator is not strictly hyperbolic if n > 3. In order to
avoid assuming strict hyperbolicity we need some estimates on trigonometric polynomials
which are independent of any lower bounds on the gaps between frequencies, which we
now record.

Lemma 5.3 Let ¢(t) = Zjvzl a;e?™it where the {\;} are real numbers. Then
(i) For any R, ||q||ze(-r.ry < C(N, B)llql[ (-1,
(11) If ’)\j’ S 1 for all j, then Hq/HLoo([_Ll]) S C(N)HqHLoo([_Ll])

(iii) Suppose all {A;} belong to the set {|A] > 1} U {|A] < p}, where p < 1. Let ¢ =
2 in1<p @€ Then [|qu|| 2o (-1,1) < C(N, p)llgllze-1.1-

Proof All of this must clearly be known, but we do not know a reference for (iii), so
we will give proofs starting from a basic inequality of Turan (see [14], p. 62 or [21] - the
latter reference also gives several applications of Turan’s method to questions about the
uncertainty principle). Turan’s inequality is

gl Lo (-r.R) < C(N, R)|lq]| oo (-1,17) (58)

with an explicit C'(N, R), whose value we do not need here.

(i) This is a direct consequence of [21], Theorem I, but we will give a proof since the
same argument will be used below to prove (iii). Consider the function

sin(z — Aj) 2)

T — )\j
This is an entire function of exponential type S N and also satisfies [|¢]| ;. g) < N

since ¢(z) < 23(%)2 It follows that ¢ is supported in |z| < CN and ||¢|o < C'N.

Furthermore, ¢(A;) = 1 for all j. So (constants depend on N)

14(0)] = |Zaj! =1(d,9) = (¢, )| S lallziq-enemy

where we used the distributional Fourier transform. It follows by translation invariance
that HqHLOO([—Ll]) S HqHLl([—CN—LCN—i—l])' Then (58) lmphes

lgllzoo-rm)y S Ngllzr(-on-1.0n41))

for any fixed R and then (i) follows by rescaling.
(ii) We skip this argument since a stronger result is explicitly proved in [14].
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(i) We will construct a function ¢ such that

e ¢ has exponential type < C'(N, p)

o [9llLiw) < C(N, p)
e ¢(\;) =1 when |)\;| < p, ¢(A;) =0 when |\;| > 1

The following function has the indicated properties: let b;; be numbers such that
bij(Aj — Ai) = m(mod 27Z) and 1 < [b;j| < 1% and define

o) = T[T [1- [T - ERbule=2Ap

bii(x — N\,
i A >1 3:Aj1<p ”( J>

The same argument as for (i) now shows that ||q1|| o -1,1)) < Cn|lgll21(~cn-1,cn+1)) and
then (iii) follows from (i). O

Remark Part (iii) will be used in the following way. Suppose that

N
q(t) = Zaje%i)‘ft, )\j < )\j+1
j=1

o0
n=—oo

is a trigonometric polynomial. Then we can put the frequencies into groups {g,
that

SO

(1) )\ngn:>])\j—n]<1
(i) Aj € Gns A & 9o = [N — M| > 5

Namely, for each n there is an interval (c,,d,) C [n,n + 1] of length > N~! which
contains no A;’s. We fix such an interval for each n and define

g =1{Nj 1 dno1 <A <}

If we define A
bn(t) _ Z aj€27rz()\]-—n)t

)\jegn
so that

at) = 3 bu(t)em
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then Lemma 5.3(iii) implies (uniformly in n) that
1o oo -1,y S Nallz2-1,)
Proof of Lemma 5.2 We can assume e = e; and will denote points of R? by (x,t),x €

Rt e R.
We subdivide R? in “slabs”

Sp ={(z,t):n<t<n+1},neZ
and will also denote Sy by S. It suffices to show that

[ull2(zns) S Velllullaes) + [p(D)ull L2 s)) (59)

since the corresponding statement for S,, then follows by translation invariance and the
lemma, follows by taking an ¢? sum over n.
Let f = xsp(D)u and consider the solution of p(D)v = f given by

—

i = p((€7) +i- (0.1)) 7 H

Property (ii) implies that

le*™vllwz < lIp(D)ullLa(s)

2 def

where W'? is the inhomogeneous Sobolev space, i.e. ||g|l72 = |93+ [|Vgll3. Tt follows

in particular that
[0l z2(s) + 10l 2cs) S IP(D)ull L2 sy (60)
where v = %. Applying the one dimensional inequality
[0l o1y S lvlle2oay + 19122 0,0 (61)
in the ¢ variable and using (57), we obtain
0] L2(snm) S Vellp(D)ullLas) (62)
Set w = u —v. We are going to show that
lwllz2sne) S Vellwllras) (63)

This will finish the proof of (59) (hence of the lemma) since then

lullz2sney < Vellwllzas) + lp(D)ullras)) by (61) and (63)
S Vellullzaes) + vllzaes) + Ip(D)ullzas))
S Vellullas) + lp(D)ul| 2(s)

by (60).
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Let w(&, t) be the partial Fourier transform in the z variables, i.e.

w(, t) = /w(x,t)e%i”'gdx

Then, since p(D)w = 0 on S we have (here we use assumption (iv))

=3 ()

where {);(§)} are the roots of p((£,0) +¢-(0,1)) = 0. By the remark after Lemma 5.3

this means that A
— Z bm(é, t)€27rzmt

meZ

where the b, are trigonometric polynomials with frequencies in [—1, 1] and

1 1
/ b€ 8) Pt < / e, 1)|dt
0 0

uniformly in m and £. For fixed ¢ there are only a bounded number of values of m with
bm(&,+) # 0, so in fact

1 1
S [ mteopas [ lateopa (64
meZ

uniformly in . X
Now let ¢ be a fixed Schwarz function in R4~ such that ¢ has compact support and
|p(2)| > 1 when |z| < Vd. For k € Z%', let ¢p(x) = ¢(x — k). Let ¢ = ¢ and let

bk = Vg * by, where the convolution is on R?"!. Then

Z Hb(k HL2(d§ S Hbm('atm%%df) (65)
kEZd 1
> IO ey S 10m (s D agae) (96)
kEZd 1

uniformly in ¢ € [0, 1] and m; these estimates just follow from the Plancherel theorem in
R since > ket |¢(z — k)|? is bounded. Furthermore, for fixed § we can apply parts
(i) and (ii) of Lemma 5.3 to the trigonometric polynomial b,,(&, -) obtaining

sup (b€, )% + [bm(E,) / Iba(€, )|2dt (67)

te[0,1]

uniformly in £. If we integrate (67) dt and (65),(66) d§ we get

D Mo N acs) + 1651 2(5) S IbwallFas) (68)

kezd—1
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uniformly in m. Now, by the thinnness assumption (57),

[wllz2(sne) S Z / lw(x,t)|*dwdt

kezd—1 D(k, \/_ d)x Yy

where the Y}, are subsets of [0, 1] with measure < e. Consequently

HwHLQ(SﬂE) S Z/}R ]¢kw]2dxdt

kezd-1 JRITIXY,
= [ I e g (69)
Rd_lXYk m

by Plancherel. Assumption (iii) implies (since é has compact support) that for fixed &
and k there are only a bounded number of values of m for which bgf) (&,t) # 0. So by

Cauchy-Schwarz,
(69) < / 3 / B (¢, 1) P
k.m Yy

Using (61) we obtain

1 1
B OPd S e[ O+ [ P
Yy 0 0

o (68) implies

lolZssom < / 3 / (€. 1)t

S ellwllzzgs)
where the last line follows from (64). O

Corollary 5.4 Assume that £ C M(n) satisfies (57), with e being positive definite. Let
u € L*(M(n)) be such that supptt C D. Then

[ull2(m) < Cez|lulls (70)

Proof We can assume that u is a Schwarz function, and then (70) follows by applying
Lemma 5.2 to the Cayley operator, since suppt C D implies ||Qulls < [Jul]2. O

Proof of Theorem 5.1 Define J via 37 =7 f . Taking Fourier transforms, we see it
suffices to prove that ||y J iy |lr2—r2 <1 —C7IA\%

Let H = {u: suppu C D}. Let e be a positive definite matrix in ¥(x) and for suitable
constants C' and € let E = {m € M(n) : |i,(m)| > 1 — C~'e2X*}. Corollary 1.3 implies
that E satisfies (57). Hence if € is small then by Corollary 5.4

1
lull z2(my < 7 llullz

for all w € H. Since J interchanges H and H* the result now follows from Lemma 4.3.0]
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Appendix: A general contraction property in PSL(2,R)

After submitting this paper we realized that some of the results in the later sections
can be proved without using Fourier transforms. In particular this means that there is no
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need to restrict to situations involving parabolic elements. Here we will prove a general
form of Theorem 4.5. This can be read independently of the rest of the paper.

Before stating it we introduce some notation. H = {z = z +iy € C : y > 0} will be
the upper half space and R* = R U {oo} its boundary. The closure of a set in H will be
its closure relative to HUR™. An interval in R* will be allowed to contain oo, i.e. will be
any connected subset of R*. We regard PSL(2,R) as acting on H and on R* via Mobius
transformations, normalizing as in [19]. Thus, if

a b
g:(C d

) € PSL(2,R)

and r € HUR" then gr = Zlgﬁ. We will use the subgroups stabilizing a one or two point
set:

If ~ € H, then 7, % {g € PSL(2,R) : gz = z}.
If # € R*, then F, < {g € PSL(2,R) : gz = x}.

If 2,y € R*, x # y, then F,, = {g € PSL(2,R) : g maps the set {z,y} into itself}.

A convenient reference for basic properties of Mobius transformations is [30]. Abusing
slightly the terminology in [30], we define an elementary subgroup of PSL(2,R) to be a
subgroup which is of one of the three types F., F, or F,,. Any left coset of an elementary
subgroup is also a right coset of some elementary subgroup and vice versa.

By a representation we will always mean a unitary representation of PSL(2,R). For

0 < a <1, welet C* be the complementary series representation as defined in [19]; thus,

ifu:(z 2

), then

ar —c

C*(u)f(z) = | —bx + d’_(1+a)f(m

) (71)

We will view C% as acting on the L? Sobolev space
_a de A —a
WER) = {7+ 1517 [ 1FOPIE s < o)

This norm is the same as the one in [19] as may be seen by taking Fourier transforms.

For reasons that will be clear below, we will use C° to denote the principal series
representation obtained by inducing the trivial representation of the upper triangular
subgroup, i.e. the representation called P™ in [19]. Thus C° acts on L*(R) and C%u is
given by (71) with o = 0.

Theorem A.1 Let p be a probability measure on PSL(2,R) and assume that supppu is
not contained in a coset of an elementary subgroup.

Let p be a representation of PSL(2,R) such that for some § > 0, the direct integral
decomposition of p does not contain the trivial representation nor the representations
C*,u>1- 0. Define p(u) = [ p(g)dp(g). Then [[p(u)|| < 1.
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Corollary A.2 Let p be a probability measure on PSL(2,R) such that suppu is not
contained in an elementary subgroup. Let p be a representation satisfying the condition
in Theorem A.1. Then |[p(p)3| < 1.

Proof of the corollary If E C PSL(2,R) then let E¥ = {II¥_e; : ey, e5,..., e, € E}.
Using that a Mobius transformation has at most two fixed points it is easy to see that if E,
E? and E? are each contained in a coset of an elementary subgroup, then E is contained
in an elementary subgroup. We leave details of this argument to the reader. Let u be a
probability measure, E = supppu. If ||p(1)?]] = 1, then of course also ||p(1)?]| = ||p(p)|| =

1. Combining the preceding observation with Theorem A.1 we get the result. 0

Remarks 1. Theorem A.1 can be applied to the left regular representation of PSL(2,R),
whose direct integral decomposition contains no complementary series representations. It
follows that if u is a probability measure not supported on a coset of an elementary sub-
group, then left (or right) convolution with yu is a strict contraction on L?(PSL(2,R)).
Theorem A.1 also be applied to L*(PSL(2,R)/T) as indicated in the remarks in section
4.

2. The hypothesis that u not be supported on an elementary subgroup is exactly the
hypothesis of Furstenburg’s theorem [11] in the case of PSL(2,R), so our assumptions
are the natural ones. In fact it is easy to construct various examples showing that if y is
supported on an elementary subgroup then p(u) can have spectral radius 1.

Now the proof of Theorem A.1. It suffices to consider irreducible representations, and
although this could be avoided, we will simplify matters a bit further by using the “principe
de majoration” of Herz, which implies that it suffices to consider the representations
C* 0 < o < 1. This follows just as in [31] for example: the principe de majoration (e.g.
[31], Lemma 5.2) shows that if p is induced from a unitary representation of the upper
triangular subgroup then ||p(u)|| < [|C°(w)||. The other principal series representations
as well as the regular representation are induced from the upper triangular subgroup,
and the discrete series representations are direct summands of the regular representation.
Thus, Theorem A.1 is equivalent to the following

Theorem A.1’' Let p be a probability measure on PSL(2,R) not supported on a coset
of an elementary subgroup. Then, for any § > 0 there is € > 0 such that ||C*(u)|| <1—¢€
for all a € [0,1 —9).

We define an e-invariant vector for an operator 7" in the usual way, i.e. as a vector f
such that | Tf — f|| < €||f]|, and a vector is e-invariant for a collection of operators 7 if
it is e- invariant for each 7" € 7. Thus no vector is 0- invariant. It is well-known that
bounding ||p(u)]| away from 1 reduces to a question of nonexistence of e-invariant vectors
for small € > 0. The following lemma is a convenient formulation of this principle.
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Lemma A.3 Let k be a positive integer, p a unitary representation, and for each
9,91, gk, let €(g; g1 - . . gx) be such that collection of operators {p(gig7%), ..., p(grg™)}
has no €(g; g1 . .. gr)-invariant vectors. (We allow the possibility that €(g;¢1...gx) = 0)
Then for any probability measure p

L p()? > (2k) / (g 0n - .90 dulg)dulgy) . . dulge)

Proof For any unit vector f,

L= o)1 = 5 [ 100)1 = p@ 1 Pdn(a)in@

- i / Z 1p(9)f — p(g:) fIIPdp(g)dp(gr) - . . du(gn.)

1
> % e(g; 91 - - gr)*dp(g)dp(gr) - - - dpa(gr)
0
Lemma A.4 Let k € (0,1) U (1,00) and define
wp = ( k; k?l ) € PSL(2,R) (72)

Let I be an interval in R of the form [a,b] or [—b, —a], where 0 < a < . Let n € Z*
be such that max(k", k") > 3 Then, for 0 < o < 1 — ¢, any unit vector f which is
e—invariant under C*(uy) must satisfy

Ixrflly-s < Clne)s

where C' depends on ¢ only.

Proof We note that C*(uz) f(x) = k2" f(kz).

We consider the interval [a, b], where 0 < a < 3, and we may assume that n = 1 and
k> 3, since any vector e- invariant for a unitary operator 7' is €|n|-invariant for 7". We
will use the following fact:

For n € Z, let I, = [k™a, k"b]. Define A, f via A/n\f = anf, where x; is the indicator
function of I,. Let Sf be the Littlewood-Paley square function, Sf = (>, |A.f ]2)%.
Then, for 0 < a <1-—9,

/R 1Sf ()Pl ~dx < Cf /R @) Pl dz (73)

45



where Cs depends on ¢ only.

When o = 0 this is obvious, and the general case is also well-known. For example,
since |z|~® is an Ay weight uniformly in o < 1 — 9, it follows from Theorem 2 of [32] by
the randomization argument used there.

Using (73) and taking Fourier transforms, we have

Y Ixiflh g < CslfIE, o (74)
j

In particular,
IxefI-s < CsllfI5,-5 (75)

Now let f be an e-invariant vector with norm 1 and define f,, = C*(ugm)f. Then
Ilf — fimll < €|m| and therefore

Ixt(f = fm)ll < Celml
by (75). It follows that

Ixcf]
20’

1
If | < then [[x1fmll = 5lIxtf]
On the other hand, we have x;f, = C*(ugm)(x1,. f), and C*(ugm) is unitary, so if
im| < Bl then ||xg, Il > Llxif]l. If we square this, sum over m and use (74) we

2C€
obtain the following:

P < 8¢ > I fIP

< I

and therefore the lemma. O

Lemma A.5 Let h; and hs be two hyperbolic elements of PSL(2, R) without a common

fixed point. Let {p;, ¢} be the fixed point set of h; and let [py, g2, P2, ¢1] = %

be the cross ratio. Assume that
trace(h;) > 2+n% i=1,2 (76)

T_l S HPI:CII:CI2:]92” S T (77)

for certain numbers n € (0,1] and 7 € [2, 00).
Fix 6 > 0 and let ¢ = C_1$ for a suitable constant C' = Cg5. Then the pair
{C*(h1),C*(h2)} has no e-invariant vectors if 0 < o < 1 — 4.

Remark Of course any hyperbolic h; and hy without common fixed points will satisfy
(76) and (77) for some n € (0,1] and 7 € [2,00). Further, n, 7 and therefore also ¢ may
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be chosen uniformly over all pairs (hy, h2) in a small neighborhood of a given one. The
quantitative statement in Lemma A.5 is used only through this uniformity property.

Proof The statement is clearly invariant under conjugation in PSL(2,R), so, with wuy,
as in (72), we can assume that hy = uy and that hy has fixed points w and 1, with <
w < 1. Thus hg = Vlpv ~1 where v maps {0, 00} to {w,1}. Here k,m € (0 1) U (1,00)
must satisfy kz+ k=2 > 2 +n?, mz +m32 > 2472

Consider the four intervals in R* defined by I = [-2,-%], I, = [-%,%], I3 =
[£,2], Iy = [2,—2]. I, and I3 are of the form in Lemma A.4 with 2 ~ w‘l < 7 while
the images of I, and I, under v=! are of the form in Lemma A.4 Wlth <constant.

|€

Let n = Ck’% for a suitable fixed constant C. By taking C large enough, we can
make max(k™, k") > Cy7 (and also max(m”,m~") > C;) for any fixed constant Cy. If
[ is e-invariant for C*(hy) and C®(hs2) then we can apply Lemma A.4 for u, with the
intervals I; and I3 and the function f and for u,, with the intervals v='I, and v='I,
and the function C*(v™")f. It follows that ||x,f| < (el"%)%ﬂfﬂ for j = 1 or 3 and

Ix, fll S (%)% < (ek’%)%ﬂfﬂ for j =2 or 4. Since f is the sum of the four functions xy, f

~Y

we conclude that ek’% 2 1, as claimed. U

Proof of Theorem A.1" We fix § > 0; it is understood below that constants may depend
on §. Fix v € suppy, let ¥ = {gy™! : g € suppu} and let T be the group generated
(algebraically) by ¥. By [30], Theorem 5.1.3, I' must contain two hyperbolic elements
hY, hY without common fixed points. Hyperbolic elements without common fixed points
are open in PSL(2,R) x PSL(2,R); further, we can choose a neighborhood V of (hY, h9)
in PSL(2,R)x PSL(2,R) and numbers 7 € [2,00) and 1 € (0, 1] such that if (hy, he) € V,
then hy and hy satisfy (76) and (77) with these values of 7 and 7. It follows by Lemma A.5
that there is € > 0 such that if (hy, he) € V and o < 1 —§ then the pair {C*(h1),C%(h2)}
has no e-invariant vectors. Regarding h? and h) as words in the elements of ¥, we see
that there are a positive integer k£ and open sets S C PSL(2,R)x Ftimes x PSL(2,R)
with g x ... x pu(S) > 0 and U C PSL(2,R) with u(U) > 0 such that if g € U and
(g1,--.,9x) € S then there are two words hy and hy of length < k in (g197%,...,grg™")
such that (hy, hy) € V. It follows that if (¢g1,...,gr) € S and g € U then {C*(gig ')}~

have no %—invariant vectors. The theorem now follows by Lemma A.3. 0

Remark The above proof does not immediately give a quantitative result, because of
the appeal to Theorem 5.1.3 of [30]. It is not very difficult to modify the argument so as
to obtain such a result, but we will not pursue this here.

On the other hand, the above proof does give the following uniformity statement:

Corollary A.6 Let K be a weak*-compact set of probability measures on PSL(2,R)
and p a representation satisfying the hypothesis of Theorem A.1. If no measure in K is
supported on a coset of an elementary subgroup, then there is € > 0 such that ||p(u)| <
1 — ¢ for all p € K. If no measure in K is supported on an elementary subgroup, then
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there is € > 0 such that |[p(p)3|| <1 — € for all p € K.

To see this, fix 4 € K and v € suppu, and define S and U as in the proof of Theorem
A.1". Observe that for v in a suitable weak* neighborhood N of p, the quantities v(U) and
v x ...xv(S) are bounded away from zero independently of v. It follows that the bound
in Theorem A.1’ is uniform in ¥ € N, hence so is the bound in Theorem A.1. The first
part of Corollary A.6 now follows using the Heine-Borel property. The second part follows
from the first since taking the third convolution power preserves weak® compactness. [J
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