Rigidity theorems for actions of product groups and countable Borel equivalence relations

Greg Hjorth^∗ and Alexander S. Kechris^∗

∗ Research partially supported by NSF grants DMS-9970403, DMS-0140503 (G.H.) and DMS-9987437 (A.S.K.)

Table of Contents

Introduction.

Historical remarks and overview of the main results. 0. Preliminaries.

A. Actions.

B. Equivalence relations. C. Borel notions. D. Measures.

E. Borel actions and measures. F. Amenability.

1. Actions of free groups and treeable equivalence relations. 2. A cocycle reduction result.

The ad hoc notion of near hyperbolic.

The main technical device under the assumption of E_0-ergodicity (2.2). 3. Some applications.

Various applications are presented for the structure of countable Borel equivalence relations under Borel reducibility.

A. An “elementary” proof of existence of incomparables. B. Further “elementary” proofs of theorems of Adams-Kechris. C. An “elementary” proof of Adams’ result that inclusion does not imply reducibility. An “elementary” proof of Thomas’ result that nE may be <_B (n + 1)E.

D. Relative ergodicity results for product group actions (3.13, 3.14). Rigidity results for product group actions (3.15).

4. Factoring homomorphisms.

A further technical theorem without the assumption of E_0-ergodicity (4.2). A theorem on factoring homomorphisms of equivalence relations.

5. Further applications.

A. Rigidity results for reducibility and stable orbit equivalence. B. Products of hyperbolic groups.

6. Product actions, I.

Non-reducibility of mixing product group actions to products of treeable equivalence relations.

7. Product actions, II.

A parallel non-reducibility result for product actions of Γ_1 × Γ_2, where Γ_1 has large approximate ergodic dimension and Γ_2 is non-amenable, to smaller products of treeable equivalence relations.

8. A final application.

Product actions formed from the shift action of F_2 and shift actions formed from products of F_2 cataloged by Borel reducibility.

Appendix A. Strong notions of ergodicity.

1. Homomorphisms and relative ergodicity. 2. E_0-ergodicity and almost invariant sets. 3. Almost invariant vectors. 4. E_0-ergodicity of the shift action.

5. Characterizations of amenable and Kazhdan groups. 6. Mixing.

7. Non-orbit equivalent relations.

Appendix B. Cocycles and cocycle-invariant functions.

1. Review.

2. α-invariant functions. 3. α-invariant measures.

The existence in the measurable context for amenable groups. The nonexistence in the Baire measurable context and a negative answer to a question of Weiss.

4. Maximum two supported measures. Appendix C. Actions on boundaries.

1. Trees.

2. Free groups.

3. Free products of finite groups. 4. Hyperbolic groups.

Appendix D. K-structured equivalence relations. Appendix E. Proof of the general case of Theorem 4.4.

1. Amenable classes of structures. 2. The factoring lemma.

Introduction

A) This paper is a contribution to the theory of countable Borel equivalence relations on standard Borel spaces. As usual, by a standard Borel space we mean a Polish (complete separable metric) space equipped with its σ-algebra of Borel sets. An equivalence relation E on a standard Borel space X is Borel if it is a Borel subset of X^2.

Given two equivalence relations E, F on spaces X, Y , resp., we say that E is Borel reducible to F , in symbols,

E ≤_B F,

if there is a Borel map ρ : X → Y such that

xEy ⇔ ρ(x)F ρ(y).

We also say that E is Borel bireducible to F , in symbols

E ∼_B F

if E ≤_B F and F ≤_B E. Finally put

E <_B F ⇔ E ≤_B F & F ≰_B E.

We refer the reader to [Ke99] for a detailed discussion of the motivation for the study of the reducibility order on Borel (and more general definable) equivalence relations. On the one hand, this can be viewed as providing the basic underlying concept for the development of a theory of complexity of classification problems in mathematics. On the other hand, it can be understood as the basis of a theory of Borel (as opposed to the classical Cantor) cardinality of quotients of standard Borel spaces by Borel equivalence relations. One can view here E ≤_B F as expressing that X/E has Borel cardinality ≤ to that of Y/F , and E ∼_B F as expressing that X/E, Y/F have the same Borel cardinality.

In this paper, we will only discuss countable Borel equivalence relations. An equivalence relation E on a space X is called countable if every equivalence class [x]_E, x ∈ X, is countable. These include many important examples, like, for instance, all equivalence relations induced by Borel actions of countable (discrete) groups on standard Borel spaces, and, up to bireducibility, even those induced by Borel actions of Polish locally compact groups, the isomorphism relation on various types of countable structures that have “finite type” (again this is up to bireducibility), Turing or arithmetical equivalence, etc. Their study is actually closely connected with ergodic theory and other areas in dynamical systems, since by a result of Feldman-Moore [FM], the countable Borel equivalence relations are in fact exactly those induced by Borel actions of countable groups on standard Borel spaces.

Let us note here that, when E, F are countable Borel equivalence relations, E ∼_B F can be also expressed as follows: E ∼_B F iff there are Borel sets A ⊆ X, B ⊆ Y meeting every E, F -class, resp., and a Borel isomorphism of E|A with F |B. Also E ∼_B F is equivalent to the existence of a bijection σ : X/E → Y/F which is “Borel”, in the sense that it admits a Borel lifting (in both directions), i.e., there are Borel maps ρ : X → Y, ρ^′ : Y → X such that [ρ(x)]_F = σ([x]_E), [ρ^′(y)]_E = σ^{−1} ([y]_F ), for x ∈ X, y ∈ Y (see [DJK], 2.6).

B) We first state some basic facts concerning the structure of ≤_B on countable Borel equivalence relations, for which we refer the reader to [DJK], [JKL]. Below we identify a standard Borel space X with the equivalence relation Δ(X) of equality on X, and we call a countable Borel equivalence relation tame if it admits a Borel selector. Finally, we call a Borel equivalence relation finite if every equivalence class is finite (so a finite relation is tame), and hyperfinite if it can be written as a union of an increasing sequence of finite Borel equivalence relations. We now have:

(i) 1 <_B 2 <_B 3 <_B · · · <_B n <_B · · · <_B N <_B R (where n is any space of cardinality n) and, up to ∼_B, these are exactly the tame countable Borel equivalence relations.

(ii) All non-tame hyperfinite Borel equivalence relations are Borel bireducible to each other, and if E_0 denotes any one of them, then

1 <_B 2 <_B · · · <_B N <_B R <_B E_0

is an initial segment of the countable Borel equivalence relations under ≤_B.

(iii) There is a largest countable Borel equivalence relation, in the sense of ≤_B, called universal and denoted by E_∞. It is of course unique, up to ∼_B. Moreover, E_0 <_B E_∞. Thus every countable Borel equivalence relation is, up to ∼_B, one of 1, 2, . . . , n, . . . , N, R, if it is smooth, or else belongs in the interval E_0 ≤ E ≤ E_∞.

It has been also known for quite some time that there are intermediate equivalence relations E_0 <_B E <_B E_∞,

but until very recently only a small finite number of distinct, up to ∼_B, examples were known and they were all comparable under ≤_B. Then Adams- Kechris [AK] showed that the structure of ≤_B on countable Borel equivalence relations is indeed complex, by establishing that the partial order of inclusion among Borel sets of reals can be embedded in ≤_B on countable Borel equivalence relations, so, for example, any Borel partial order can be embedded as well. They also showed that the relations ≤_B, ∼_B on countable Borel equivalence relations are Σ^1_2-complete (in the codes).

C) The proofs of the main results of [AK] made heavy use of work of Zimmer [Zi84] in the ergodic theory of linear algebraic groups, in particular the so-called superrigidity theory. The key point can be informally summarized by saying that there is in our context a phenomenon of set theoretic rigidity analogous to the measure theoretic rigidity discovered by Zimmer.

Roughly speaking, measure theoretic rigidity refers to the fact that, under certain circumstances, the equivalence relation induced by a group action, with an associated invariant measure, “encodes” or “remembers” a lot of information about the group (and the action). Set theoretic rigidity, refers to the fact that such information about the group is simply “encoded” in the Borel cardinality of the orbit space (i.e., the quotient space of the induced equivalence relation). For example, if we use the notation | |_B to denote Borel cardinalities, then for the standard action of GL_n(Z) (= the group of n × n integer matrices with determinant ±1) by matrix multiplication on T^n, we have: m < n ⇒ |T^m/GL_m(Z)|_B < |T^n/GL_n(Z)|_B, so that, in particular, we have invariance of dimension, i.e., the Borel cardinality of T^n/GL_n(Z) “encodes” the dimension n. (Of course the classical cardinality of these quotient spaces is that of the continuum, for each n.) Also, if for a countable group Γ we consider the shift action of Γ on 2^Γ (γ · f(δ) = f(γ^{−1} δ), for γ ∈ Γ, f ∈ 2^Γ ), and denote by (2)^Γ = {f ∈ 2^Γ : ∀γ ≠ 1(γ · f ≠ f)} the free part of the action, and by F (Γ, 2) the induced equivalence relation on (2)^Γ , then for Γ_p = SO_7(Z[1/p]), p a prime, we have F (Γ_p, 2) ≤_B F (Γ_q, 2) ⇔ p = q, so F (Γ_p, 2) “encodes” p, and in particular the equivalence relations F (Γ_p, 2) are incomparable under ≤_B. For some very interesting more recent applications of these ideas to the classical classification problem of finite rank torsionfree abelian groups, see the papers of S. Thomas [T01] (and the references contained therein) and [T02].

D) It is therefore important to understand further the phenomenon of set theoretic rigidity as well as its connection with measure theoretic rigidity. To start with, there is an important dividing line, concerning rigidity, that of amenability versus non-amenability. Amenability is associated with “elasticity” (the opposite of rigidity) and non-amenability is (often) associated to rigidity. Recall that a countable group is amenable if it admits an invariant finitely additive probability measure defined on all its subsets. For example, all abelian, solvable, etc., groups are amenable, but all countable groups containing free groups F_n, 2 ≤ n ≤ ∞, are not.

In the sequel, we will use the following notation: If Γ acts on X, the induced equivalence relation will be denoted by E^X_Γ , so that

xE^X_Γ y ⇔ ∃γ ∈ Γ(γ · x = y).

We will also use the convention that measure on a standard Borel space always means Borel probability measure. Finally, we recall the following terminology from ergodic theory: If E, F are countable Borel equivalence relations on standard Borel spaces X, Y , resp., and μ, ν are measures on X, Y , resp., then we say that E is orbit equivalent (OE) to F iff there are Borel co-null sets A, B in X, Y resp., which are E, F -invariant, resp., and a Borel bijection π : A → B which sends E to F and μ to ν (i.e., for x, y ∈ A, xEy ⇔ π(x)F π(y), and π_∗μ = ν, where π_∗μ(Y_0) = μ(π^{−1} (Y_0)), for any Borel Y_0 ⊆ Y ). We say that E is stably orbit equivalent to F (SOE) if there are Borel sets A ⊆ X, B ⊆ Y of positive measure, with A meeting almost every E-class and B meeting almost every F -class, such that if μ_A, ν_B, resp., denote the normalized restrictions of μ, ν to A, B, resp., then there is a Borel bijection π : A → B sending E to F and μ_A to ν_B. Thus SOE is the measure theoretic analog of bi-reducibility, ∼_B. We also say that Borel actions of countable groups Γ, Δ on X, Y , which carry measures μ, ν, resp., are OE or SOE if the corresponding E^X_Γ , E^Y_Δ are OE or SOE.

Now Ornstein-Weiss [OW] have shown that if Γ is amenable and acts in a Borel way on a standard Borel space X, then for every measure μ, E^X_Γ is μhyperfinite, i.e., hyperfinite when restricted to a conull Borel Γ-invariant set. From this and Dye’s Theorem [D], one sees, for example, that if two countable amenable groups Γ_1, Γ_2 act freely on standard Borel spaces X_1, X_2 (an action being free if γ · x ≠ x, ∀γ ≠ 1) with invariant, ergodic measures μ_1, μ_2, then E^{X1}_{Γ 1} is OE to E^{X2}_{Γ 2} (ergodicity of course means that Γ_i-invariant Borel sets are either null or conull). Conversely, if Γ_1, Γ_2 are arbitrary countable groups, and Γ_1 acts freely on X_1 with invariant measure μ_1, while Γ_2 acts freely on X_2 with invariant measure μ_2, then if E^{X1}_{Γ 1} is SOE to E^{X2}_{Γ 2} , Γ_1 is amenable iff Γ_2 is amenable. Thus for an amenable group Γ, acting freely on X with ergodic, invariant measure μ, (E^X_Γ , μ) “encodes” nothing, except the amenability of Γ, thereby exhibiting the “elasticity” that we referred to earlier.

In the set theoretic context, this “elasticity” is only partially known at the present time. It was shown in [JKL], following work of Weiss for the groups Z^n, that if Γ is a finitely generated group of polynomial growth, then for any Borel action of Γ on a standard Borel space X, E^X_Γ is hyperfinite, and thus if Γ_1, Γ_2 are two such groups acting on X_1, X_2 so that E^{X1}_{Γ 1} , E^{X2}_{Γ 2} are not tame, then E^{X1}_{Γ 1} ∼_B E^{X2}_{Γ 2} (∼_B E_0).

For example, one cannot tell apart non-tame actions of Z^m, Z^n, up to ∼_B, for any m, n.

It is open however whether the previous result extends to all amenable groups (an open problem raised by Weiss in [W84]).

E) In the non-amenable case, there are several important measure theoretic rigidity results for actions of lattices of simple Lie groups of higher rank, see e.g., Zimmer [Zi84] and, more recently, Furman [Fu]. We will concentrate below on results and problems concerning the simplest, in some sense, nonamenable groups, namely the free (non-abelian) groups and related ones.

F) Solving a long standing problem, Gaboriau [Ga00] has recently shown that the idea of the “cost” of an equivalence relation, introduced in Levitt [Lev], provides a new invariant that leads to the following rigidity result: Let the free groups F_m, F_n act freely in a Borel way on standard Borel spaces X, Y resp., with invariant probability measures μ, ν, resp. Then if E^X_{Fm} is OE to E^Y_{Fn} , we have m = n. (Concerning actions of the same free group, say F_2, it is known that there are non-OE measure preserving, ergodic free Borel actions of F_2, but only finitely many distinct examples are known at this time (see the discussion in §1, C) below).)

However, it is well-known that this fails if OE is replaced by SOE, which is the measure theoretic analog of bireducibility, ∼_B. For example, there are free, ergodic measure preserving actions of F_2, F_3 which are SOE.

One can therefore ask whether there is any set theoretic rigidity for actions of free groups, and the plain answer at this time is that we do not know. In fact, our ignorance goes much further than this.

Consider all the equivalence relations E^X_F , induced by a free Borel action of a countable free group F on a standard Borel space X. Up to ∼_B, these are exactly the so-called treeable countable Borel equivalence relations. Here E, a countable Borel equivalence relation on X, is treeable if there is a Borel acyclic graph on X, whose connected components are the E-classes, i.e., we can assign in a uniform Borel way to each E-class C a tree T_C with vertex set C. Among the non-tame treeable equivalence relations there is a smallest one, in the sense of ≤_B, namely E_0, and a largest one, called universal treeable, and denoted by E_{∞T} , which is of course unique, up to ∼_B. One realization of E_{∞T} , is, for example, F (F_2, 2), the equivalence relation induced by the shift action of F_2 on (2)^{F2} , which is the free part of the shift action of F_2 on 2^{F2} . It is well-known that E_0 <_B E_{∞T} (see, e.g., [JKL]) but it is not known whether there are any E strictly between E_0, E_{∞T} :

E_0 <_B E <_B E_{∞T} .

In other words, it is not known if there are treeable non-hyperfinite Borel equivalence relations, which are different, up to ∼_B, than E_{∞T} . In particular, since every free Borel action of a free non-abelian group F on a standard Borel space X, which admits an invariant measure, has the property that E^X_F is not hyperfinite, it is unknown whether all such E^X_F are the same, up to ∼_B. It is natural to conjecture that this is not the case, but we are missing the techniques to demonstrate that.

In fact, even the following seems to be open: Is E_{∞T} the smallest, in the sense of ≤_B, countable Borel equivalence relation which is bigger (in <_B) than E_0?

G) Although we are completely ignorant about set theoretic rigidity in the realm of free actions of free groups, it turns out that there are interesting such rigidity phenomena, when one considers product groups, such as F_2 ×F_2, F_2 × Z, . . . (and sometimes even such products involving hyperbolic groups).

Gaboriau [Ga01] has recently introduced some new invariants, called ℓ^2- Betti numbers, ergodic dimension, etc., inspired by ideas in algebraic topology, in which one studies, instead of trees, higher dimensional analogs, i.e., contractible finite dimensional simplicial complexes. These can be used to obtain measure theoretic rigidity results as well as set theoretic ones.

In this paper, we employ a different method, which originates in work of Mostow [Mo], Margulis [Ma77, Ma77a] (see also [Zi84]) and, in a context closer to ours, further used in papers of Zimmer [Zi81] and Adams [Ad88, Ad94, Ad94a, Ad95, Ad96]. It has to do with the action of groups on “boundaries”, and allows us to obtain several set theoretic (as well as measure theoretic) rigidity results for actions of product groups. An interesting feature of this method, at least as it is used in our paper, is its “elementary” character, as it requires no more than standard measure theory and functional analysis.

Although there are some results that can be obtained by both Gaboriau’s methods and the methods used in our paper, these techniques seem to be complementary to each other.

H) We will not try to list in this introduction the various rigidity theorems that are obtained here, and which often take the form of cocycle reduction results, but we will rather state some of their applications, concerning the structure of ≤_B on countable Borel equivalence relations, that is our main motivation here.

The first application is to give an “elementary” proof of the main results in Adams-Kechris [AK], one that avoids the use of Zimmer’s Superrigidity Theory. This is based on the following result, proved in Section 3, (B).

Below, if E is a countable Borel equivalence relation on a standard Borel space X, μ is a measure on X and F is a countable Borel equivalence relation on a standard Borel space Y , we say that (E, μ), or simply E, is F -ergodic if for every Borel homomorphism ρ : X → Y of E to F (i.e., a map satisfying x_1Ex_2 ⇒ ρ(x_1)F ρ(x_2)), there is a conull set in X which is mapped by ρ into a single F -class.

Theorem 1. For each non-empty set S of odd primes, let

Γ_S = (∗_{p∈S}(Z_p ∗ Z_p)) × Z

and consider the shift action of Γ_S on 2^{Γ S} (γ · f(δ) = f(γ^{−1} δ)) and the equivalence relation induced by this action on its free part (2)^{Γ S} = {f ∈ 2^{Γ S} : ∀γ ∈ Γ_S(γ · f ≠ f)}, which is denoted by F (Γ_S, 2). Let μ_S be the usual product measure on 2^{Γ S} , which concentrates on (2)^{Γ 2} . Then

S ⊈ T ⇒ E_S is E_T -ergodic.

For example, if p ≠ q are odd primes and Γ_p = Γ_{{p}}, Γ_q = Γ_{{q}}, then F (Γ_p, 2), F (Γ_q, 2) are incomparable under ≤_B. Notice that in some sense F (Γ_p, 2), F (Γ_q, 2) are “just above” E_{∞T} , since F (Z_p ∗ Z_p, 2) ∼_B F (Z_q ∗ Z_q, 2) ∼_B E_{∞T} (see [JKL, §3]). In fact, replacing Z by an infinite locally finite group in the definition of Γ_p above, produces incomparable equivalence relations, which are unions of increasing sequences of treeable equivalence relations.

Our next application, discussed in §3, (C), is to provide “elementary” proofs of two other, more recent results, in the theory of Borel reducibility, that were originally proved by using Zimmer’s Superrigidity Theory as well as Ratner’s measure classification theorem [Ra]. First, Adams [Ad02], in response to a question of S. Thomas, constructed the first examples of countable Borel equivalence relations E, F , on an uncountable Polish space, with E ⊆ F but E ≰_B F . Thomas [T02a] then used these techniques to solve two other well-known problems, by constructing the first example of a countable Borel equivalence relation E, on an uncountable Polish space, satisfying E <_B 2E, where 2E denotes the (disjoint) sum of two copies of E, and also the first examples of aperiodic (i.e., having no finite classes) countable Borel equivalence relations E, F with E ∼_B F but for which E ≈_B F fails. (Here E ≈_B F means that E is Borel bireducible to F via injective reductions.) In §3, (C) we give new proofs of these results, that avoid superrigidity and Ratner’s theorem.

For the next result, proved in Section 3, (D), we need the following concepts. If a countable group Γ acts in a Borel way on a standard Borel space X and μ is a Γ-invariant measure on X, then for any Γ_1 ⊆ Γ we say that Γ_1 acts ergodically if every Γ_1-invariant Borel set in X is either null or conull. Given any countable Borel equivalence relation F on a standard Borel space Y , we say that Γ_1 acts F -ergodically if for every Borel homomorphism ρ : X → Y of E^X_{Γ 1} to F , there is a conull set mapped by ρ into a single F -class. Thus Γ_1 acts ergodically iff it acts F -ergodically for any tame F , and Γ_1 acts E_0-ergodically iff it acts F -ergodically for any hyperfinite F . Theorem 2. Let n ≥ 1, Γ = Γ_1 × · · · × Γ_n × Δ, where Γ_i are countable groups and Δ is a countable infinite amenable group. Assume Γ acts in a Borel way on a standard Borel space X with invariant measure μ, so that Δ acts ergodically, and each Γ_i acts E_0-ergodically. Then if H = H_1 × · · · × H_n is any product of free groups and H acts freely in a Borel way on a standard Borel space Y , we have that E^X_Γ is E^Y_H -ergodic.

In section 5, (B) we also prove the following non-reducibility result, (approximately) weakening the hypothesis and the conclusion. For the notion of hyperbolic groups, see, e.g., [GdlH].

Theorem 3. Let n ≥ 1 and Γ = Γ_1 × · · · × Γ_n × Δ, where each Γ_i is a countable non-amenable group and Δ is a countable infinite amenable group. Let Γ act freely in a Borel way on a standard Borel space X with invariant measure μ and assume that Δ acts ergodically. Let H = H_1 ×· · ·×H_n, where each H_i is a torsion-free hyperbolic group (e.g., a free group) and let H act freely in a Borel way on a standard Borel space Y . Then

E^X_Γ ≰_B E^Y_H .

In Section 5, (A), we also prove some rigidity results, of which the following is a sample.

Theorem 4. Let H_0 be a non-amenable countable torsion-free hyperbolic group (e.g., a non-abelian free group) and let Δ_0 be an infinite amenable group. Let also H_1 be a torsion-free hyperbolic group and let Δ_1 be an amenable group. Suppose H_0 × Δ_0 acts freely in a Borel way on a standard Borel space X with invariant measure μ, so that Δ_0 acts ergodically, and H_1 × Δ_1 acts freely in a Borel way on a standard Borel space Y . Then if E^X_{H0×Δ 0} ≤_B E^Y_{H1×Δ 1} , H_0 is isomorphic to a subgroup of H_1.

There is also a version of this result for stable orbit equivalence.

Theorem 5. In the context of Theorem 4, assume also that Δ_1 is infinite, the action of H_1 × Δ_1 on Y has an invariant measure ν and Δ_1 acts ergodically. If the action of H_0 × Δ_0 on X is SOE to the action of H_1 × Δ_1 on Y , then H_0 is isomorphic to H_1.

Recall that there are, for example, ergodic free measure preserving actions of F_2, F_3 which are SOE. In particular, by considering product actions, there are ergodic free measure preserving actions of F_2 × Z, F_3 × Z which are SOE. However, the preceding result shows that if free measure preserving actions of F_m × Z, F_n × Z are Z-ergodic, and they are SOE, then m = n.

We next consider product actions of groups. A sample result is the following, proved in §7. (This also follows from a recent, unpublished, result of Gaboriau, who uses very different methods.)

Theorem 6. Let n ≥ 1 and suppose F^n_2 acts freely in a Borel way on a standard Borel space X_1 with invariant measure μ_1 and Z acts freely in a Borel way on a standard Borel space X_2 with invariant measure μ_2. Consider the product action of F^n_2 × Z on X_1 × X_2 ((γ_1, γ_2) · (x_1, x_2) = (γ_1 · x_1, γ_2 · x_2)). Then for any treeable Borel equivalence relations E_1, . . . , E_n, E^{X1×X 2}_F n_{2 ×Z} ≰_B E_1× · · · × E_n (where (x_1, . . . , x_n)E_1 × · · · × E_n(y_1, . . . y_n) ⇔ ∀i ≤ n(x_iE_iy_i)).

Finally, in Section 8, by putting together several of these results and also using some theorems in Gaboriau [Ga01], we obtain the following application, which among other things, completely determines the relationship between the products (E_{∞T} )^n ∼_B E(F_2, 2)^n, i.e., products of the shift equivalence relation of F_2, and (the free part of) the shift equivalence relation of the product groups F^n_2 , F (F^n_2 , 2). Below Z is any infinite locally finite countable group (e.g., Z_2 ⊕ Z_2 ⊕ . . . ).

Theorem 7. i)

E_{∞T} <_B E_{∞T} × E_0 <_B (E_{∞T} )^2 <_B · · · <_B (E_{∞T} )^n <_B (E_{∞T} )^n × E_0 <_B

(E_{∞T} )^{n+1} <_B . . . ii) E_{∞T} <_B F (F_2 × Z, 2) <_B F (F^2_2 , 2) <_B · · · <_B F (F^n_2 , 2)

<_B F (F^n_2 × Z, 2) <_B F (F^{n+1}_2 , 2) <_B . . .

iii) Finally, for n ≥ 1, (E_{∞T} )^n ≤_B F (F^n_2 , 2) and (E_{∞T} )^n ×E_0 ≤_B F (F^n_2 × Z, 2), but F (F_2 ×Z, 2) ≰_B (E_{∞T} )^n, (E_{∞T} )^n ≰_B F (F^{n−1}_2 ×Z, 2) and (E_{∞T} )^n × E_0 ≰_B F (F^n_2 , 2). In particular F (F^n_2 , 2) and (E_{∞T} )^m are incomparable in ≤_B, if 2 ≤ n < m.

It was already known that E_{∞T} <_B E_{∞T} × E_0 (see [JKL, 3.28]) and (E_{∞T} )^n < E_∞ (see [HK, 10.8]).

The paper is organized as follows. After a section on preliminaries, we discuss in Section 1 treeable equivalence relations. In Section 2, we prove a cocycle reduction result concerning E_0-ergodic actions of groups. The related Appendix A discusses E_0-ergodicity and other strong notions of ergodicity, and contains proofs of related facts that are needed in this paper. It also provides a survey of relevant results in the literature. Also important here is Appendix B, which provides background information about cocycles and cocycle-invariant functions. The ideas involved in this Appendix can be also used to solve a problem of Weiss, see [W00], p. 290, concerning equivariant projections on the space of sequences of Baire measurable functions, see B3.5. In Section 3, we provide applications of this cocycle reduction result. Relevant here is Appendix C, which discusses in general concepts and results, concerning actions of groups on trees and boundaries, that are needed in our paper, and also summarizes some important properties of hyperbolic groups that we use here. In Section 4, we consider what happens when E_0-ergodicity is relaxed and prove a “factoring” result that often allows us to deal with this relaxation. Applications are given in Section 5. In Sections 6, 7, 8, we discuss the case of product actions and give various further applications. The work in Section 7 also uses ideas and results in Gaboriau [Ga01], and the related Appendix D provides some links between concepts contained in that paper and Borel reducibility. Finally, Appendix E contains a full proof of the factoring Theorem 4.4, which is only proved in a special case in Section 4, sufficient for the applications in Section 5.

In concluding this introduction, we would like to thank S. Adams, D. Gaboriau, J. Melleray, S. Popa, and S. Thomas for providing helpful information or comments related to our work in this paper.

Addendum 1. After the first draft of this paper was completed, we received two recent preprints by N. Monod and Y. Shalom, [MS02,MS02a], which also contain several rigidity results about product groups, in the measure theoretic context, obtained by using the techniques of bounded cohomology. Some of their results seem to have connections to results proved in our paper. For example, in certain cases there is an overlap between Theorem 5.3 below and Theorem 2.22 in the second paper above.

Addendum 2. In connection to the problems discussed in F), Hjorth has recently shown that there are indeed treeable equivalence relations strictly between E_0, E_{∞T} . This also answers negatively the question at the end of F). 0. Preliminaries

0A. Actions

Consider an action (γ, x) ∈ Γ×X → γ ·x of a group Γ on a set X, sometimes referred to as a Γ-action or a Γ-space. It induces an equivalence relation on X, xE^X_Γ y ⇔ ∃γ ∈ Γ(γ · x = y),

whose equivalence classes are the orbits of the action. The Γ-saturation of A ⊆ X is the set Γ · A = {γ · x : x ∈ A, γ ∈ Γ}. If Γ · A = A, we call A Γ-invariant. The stabilizer of a point x ∈ X, Stab(x) or Γ_x, is the subgroup of Γ defined by Γ_x = Stab(x) = {γ ∈ Γ : γ · x = x}.

If Stab(x) = {1} for all x ∈ X, i.e., γ · x ≠ x, ∀γ ∈ Γ, x ∈ X, we call the action free. In general the free part of the action of Γ on X is the Γ-invariant set {x ∈ X : Stab(x) = {1}}).

If Γ acts on spaces X, Y , a map ρ : X → Y is called a Γ-map if ρ(γ · x) = γ · ρ(x), ∀γ ∈ Γ, x ∈ X.

For any group Γ and any set X, we have the shift action of X on X^Γ , defined by (γ · f)(δ) = f(γ^{−1} δ). The corresponding equivalence relation is denoted by E(Γ, X).

We let (X)^Γ be the free part of this action, i.e., the set

(X)^Γ = {f ∈ X^Γ : γ · f ≠ f, ∀γ ∈ Γ, γ ≠ 1}.

The equivalence relation induced by the action of Γ on (X)^Γ is denoted by

F (Γ, X).

If Γ acts on each space X_i, i ∈ I, the diagonal action of Γ on � i X_i is given by:

γ · (x_i) = (γ · x_i).

If each Γ_i acts on X_i, i ∈ I, then the product action of � i Γ_i on � i X_i is given by:

(γ_i) · (x_i) = (γ_i · x_i).

0B. Equivalence relations

If E ⊆ X^2 is an equivalence relation on a set X, we write interchangeably xEy or (x, y) ∈ E to indicate that x is equivalent to y. We denote by X/E the quotient space, i.e., the set of its equivalence classes. We also denote by [x]_E the equivalence class or E-class of x ∈ X. More generally if A ⊆ X, we let [A]_E = {x ∈ X : ∃y ∈ A(xEy)},

and call [A]_E the E-saturation of A. If [A]_E = A, we call A E-invariant. If [A]_E = X, we call A a complete section of E. Finally, E|A = E ∩ A^2 is the restriction of E to A. A transversal for E is a subset T ⊆ X such that T intersects every E-class in exactly one point. We call an equivalence relation E finite (resp., countable) if all its classes [x]_E are finite (resp., countable). For each set X, I(X) = X^2 denotes the coarsest, and Δ(X) = {(x, x) : x ∈ X} the finest equivalence relation on X. If E, F are equivalence relations on

X, then E is a subequivalence relation of F , in symbols E ⊆ F , if xEy ⇒ xF y, ∀x, y ∈ X.

Suppose E_i is an equivalence relation on X_i, i ∈ I. The product is the equivalence relation � i E_i on � i X_i, given by

(x_i) � i E_i(y_i) ⇔ ∀i ∈ I(x_iE_iy_i).

If E, F are equivalence relations on sets X, Y , resp., a homomorphism of E to F is a map ρ : X → Y such that

x_1Ex_2 ⇒ ρ(x_1)F ρ(x_2).

We call ρ a reduction if, moreover,

x_1Ex_2 ⇔ ρ(x_1)F ρ(x_2).

A homomorphism ρ induces a map ρ̄ : X/E → Y/F , given by ρ̄([x]_E) = [ρ(x)]_F . If ρ is a reduction this map is 1-1. Conversely, if σ : X/E → Y/F is a map, a lifting of σ is any homomorphism ρ of E to F with σ = ρ̄.

0C. Borel notions

In this paper we work with standard Borel spaces, i.e., Polish (complete separable metric) spaces equipped with their σ-algebra of Borel sets. An equivalence relation E on X is Borel if it is a Borel subset of X^2.

A Borel isomorphism between Borel equivalence relations E, F on standard Borel spaces X, Y , resp., is a Borel bijection π : X → Y which sends E to F , i.e., x_1Ex_2 ⇔ π(x_1)F π(x_2). We use

E ∼=_B F

to denote that E, F are Borel isomorphic.

We say that E is Borel reducible to F , in symbols

E ≤_B F,

if there is a Borel reduction of E to F . If there is a 1-1 Borel reduction of E to F , we write E ⊑_B F . We say that E is Borel bireducible to F , in symbols,

E ∼_B F, if E ≤_B F and F ≤_B E. When E, F are countable Borel equivalence relations, the following are equivalent (see [DJK, Prop. 2.6]):

(i) E ∼_B F .

(ii) There are Borel sets A ⊆ X, B ⊆ Y which are complete sections for E, F , resp., so that (E|A) ∼=_B (F |B).

(iii) There is a “Borel” bijection of X/E onto Y/F , i.e., a bijection σ : X/E → Y/F , so that both σ, σ^{−1} admit Borel liftings.

Finally, we let

E <_B F ⇔ E ≤_B F & F ≰_B E.

A Borel equivalence relation E on X is called tame (or smooth) if there is a Borel map ρ : X → Y , where Y is a standard Borel space, such that

x_1Ex_2 ⇔ ρ(x_1) = ρ(x_2),

i.e., E ≤_B Δ(Y ). If E is also countable, this means exactly that E has a Borel transversal. We call E hypertame (or hypersmooth) if E = � n E_n, where E_1 ⊆ E_2 ⊆ . . . are tame Borel equivalence relations.

A countable Borel equivalence relation is called hyperfinite if it can be written as E = � n E_n, where E_1 ⊆ E_2 ⊆ . . . are finite Borel equivalence relations. (It can be shown, see [DJK, 5.1], that hyperfinite is equivalent to being countable and hypersmooth.)

Finally, we call a countable Borel equivalence relation E on a standard Borel space X compressible if there is a 1-1 Borel map ρ : X → X such that xEρ(x), ∀x, and for each E-class C, ρ(C) � C.

Our general references for the descriptive set theory of countable Borel equivalence relations will be [DJK] and [JKL].

0D. Measures

In this paper, measure in a standard Borel space, always means a probability Borel measure on that space.

If μ is a measure on X, a Borel set A ⊆ X is called (μ)-null if μ(A) = 0 and (μ)-conull if μ(A) = 1.

The measure class of a measure μ is the equivalence class of μ under measure equivalence:

μ ∼ ν ⇔ μ, ν has the same null sets ⇔ ∀δ∃ϵ(μ(A) < ϵ ⇒ ν(A) < δ) & ∀δ∃ϵ(ν(A) < ϵ ⇒ μ(A) < δ), where A varies over Borel sets.

If μ is a measure on X and π : X → Y is a Borel function, the image measure π_∗μ is the measure on Y defined by

π_∗μ(B) = μ(π^{−1} (B)),

for every Borel set B ⊆ Y .

If μ is a measure on X, we say that E is μ-hyperfinite if for some Einvariant conull Borel set A, E|A is hyperfinite.

0E. Borel actions and measures

Let Γ be a countable group and suppose Γ acts in a Borel way on a standard Borel space X (i.e., for each γ ∈ Γ, x → γ · x is Borel). Then Γ acts (also in a Borel way) on the standard Borel space M(X) of measures on X (see [Ke95]) by (γ · μ)(A) = μ(γ^{−1} · A), for any Borel set A ⊆ X. We say that μ if Γ-invariant if γ · μ = μ, ∀γ ∈ Γ. We say that μ is Γ-quasi-invariant if γ · μ ∼ μ, ∀γ ∈ Γ (in that case one also says that the action is non-singular).

We generalize this to countable Borel equivalence relations. By a theorem of Feldman-Moore [FM], if E is a countable Borel equivalence relation on X, there is a countable group Γ and a Borel action of Γ on X such that E^X_Γ = E. We then say that the measure μ is E-invariant (resp., quasiinvariant) if μ is Γ-invariant (resp., quasi-invariant) for some (equivalently any) countable group Γ and Borel action of Γ on X with E^X_Γ = E. In the case of quasi-invariance, it is easy to see that this is equivalent to saying that the E-saturation of any null Borel set is null.

Finally, if μ is a measure on X and we have a Borel action of a countable group Γ on X, we say that the measure μ is Γ-ergodic or that the Γ-action is ergodic (relative to μ) if every Γ-invariant Borel set A is either null or conull. Similarly we say that a countable Borel equivalence relation E on X is ergodic (with respect to μ) or that μ is E-ergodic, if every E-invariant Borel set is either null or conull.

0F. Amenability

We follow here [JKL, Section 2]. Given a countable set C, a finitely additive probability measure (f.a.p.) on C is a map φ : {A : A ⊆ C} → [0, 1] such that φ(C) = 1, φ(A ∪ B) = φ(A) + φ(B), if A ∩ B = ∅. A mean on C is a positive linear functional φ̄ on ℓ_∞(C), the Banach space of bounded real functions on C, with φ̄(1) = 1. Means and f.a.p.’s are the same thing via the identification: φ ↔ φ̄,

where φ̄(f) = � fdφ and φ(A) = φ̄(1_A), with

1_A = the characteristic function of A.

We will not distinguish between φ,φ̄ from now on.

A countable group Γ is amenable if there is a left-invariant mean φ on Γ (i.e., a mean φ on Γ such that φ(f) = φ(γ · f), with γ · f(δ) = f(δ^{−1} γ), ∀γ ∈ Γ, f ∈ ℓ_∞(Γ)).

We also say that a mean φ on N is shift-invariant if φ(f) = φ(f_s), when f_s(n) = f(n + 1) for f ∈ ℓ_∞(N).

By a result of Christensen [C], Mokobodzki, for each measure μ on [−1, 1]^N, N admits a μ-measurable, shift-invariant mean φ (i.e., a shift-invariant mean φ such that φ|[−1, 1]^N is μ-measurable), and similarly for any amenable group Γ and measure μ on [−1, 1]^Γ there is left-invariant mean φ on Γ such that φ|[−1, 1]^Γ is μ-measurable. Moreover, assuming the Continuum Hypothesis (CH), φ, in both cases, can be taken to be universally measurable, i.e., μmeasurable for any μ as before. Finally, in all the above, “left-invariant” can be replaced by “right-invariant” or even “(two-sided)-invariant”.

A basic result, due to Følner, is that every countable amenable group Γ admits a sequence (F_n) of nonempty finite subsets with the property

|γF_nΔF | |F_n| → 0, ∀γ ∈ Γ, where |A| = card (A) is the cardinality of A. Such

a sequence is called a Følner sequence.

If now E is a countable Borel equivalence relation on a standard Borel space X and μ is a measure on X, we say that E is μ-amenable if there is a map C → φ_C assigning to each E-class C a mean φ_C on C, such that if f : E → [−1, 1] is Borel, then x → φ_{[x]E} (f_x) is μ-measurable, where f_x(y) = f(x, y). We call E measure amenable if x → φ_{[x]E} (f_x) is universally measurable.

If Γ is amenable and acts in a Borel way on a standard Borel space X, then, for any measure μ on X, E^X_Γ is μ-amenable. Since the hyperfinite equivalence relations are exactly those of the form E^X_Z , every hyperfinite equivalence relation is μ-amenable for each μ. Finally, by the result of [CFW], μ-amenability is equivalent to μ-hyperfiniteness. Under CH, measure-amenability is equivalent to (μ-amenability, for every μ) and to (μhyperfiniteness, for every μ).

We will also occasionally refer to the concept of α-amenability (for α an ordinal, but we will be only dealing with α = 1, 2), for which we refer the reader to [JKL, Section 2.4].

Finally, we will often use the following standard fact (see, e.g., [JKL, 2.5]): If Γ is a countable group which acts freely on a standard Borel space X with invariant measure μ, and if E^X_Γ is μ-amenable, then Γ is amenable.

1 Actions of free groups and treeable equivalence relations

A) First we recall some results from [JKL,§3].

A countable Borel equivalence relation E on a standard Borel space X is treeable if it is T -structurable, where T is the class of trees (connected, acyclic graphs) (see also Appendix D). This means that there is a map C ∈ X/E → T_C assigning to each E-class C a tree T_C with vertex set C such that the relation R(x, y, z) ⇔ (x, y) ∈ T_{[z]E}

is Borel. This is of course equivalent to saying that there is a Borel acyclic graph with vertex set X, whose connected components are the E-classes.

Treeable equivalence relations are clearly connected to free actions of free groups, in view of the following fact.

Proposition 1.1. Suppose the free group F_n (1 ≤ n ≤ ∞) acts freely and in a Borel way on the standard Borel space X. Then E^X_{Fn} is treeable. Conversely, if a countable Borel equivalence relation E is treeable, there is a free Borel action of F_n (n ≥ 2) on a standard Borel space X such that

E ∼_B E^X_{Fn} .

Proof. The first assertion is obvious. For the second, we can assume that E is compressible (since E ∼_B E × I(N)). By [JKL, 3.1], E ⊑_B F (F_2, 2), the equivalence relation induced by the shift action of F_2 on (2)^{F2} . But then, by [DJK, 2.3], E ∼=_B F (F_2, 2)|A, with A a Borel invariant subset of (2)^{F2} , so clearly E is induced by a free Borel action of F_2. ⊣

There is a (unique up to ∼_B) largest or universal treeable equivalence relation, denoted by E_{∞T} , i.e., E ≤_B E_{∞T} for any treeable E. We have E_{∞T} ∼_B F (F_n, 2), for 2 ≤ n ≤ ∞. There is also a (unique up to ∼_B) smallest non-tame treeable equivalence relation, denoted by E_0, i.e., E_0 ≤_B E for any treeable E. Here E_0 can be taken to be the equivalence relation on 2^N defined by xE_0y ⇔ ∃n∀m ≥ n(x_m = y_m), or any hyperfinite non-tame equivalence relation, since these are all the same, up to ∼_B, by [DJK, 7.1].

Thus the non-tame treeable equivalence relations are exactly those in the interval E_0 ≤_B E ≤_B E_{∞T} .

Moreover, E_0 <_B E_{∞T} (see [JKL, 3.5]). However, it is not known whether this interval is non-trivial.

Open Problem 1.2 (see [JKL, 6.4]). Is there a countable Borel equivalence E with E_0 <_B E <_B E_{∞T} ?

In fact even the following, much bigger gap in our knowledge, exists. Open Problem 1.3. Is it true that E_{∞T} is the smallest non-hyperfinite Borel equivalence relation, i.e., E_{∞T} ≤_B E, for any non-hyperfinite countable Borel equivalence relation E?

Addendum. Hjorth has recently provided a positive answer to 1.2, and therefore a negative one to 1.3.

B) Thus we are missing at this stage techniques by which we can distinguish non-hyperfinite treeable equivalence relations, up to ∼_B. Noticing that if E is induced by a free Borel action of F_n (n ≥ 2) admitting an invariant measure, then E is not hyperfinite (see [JKL, 1.7]), we have a rich source of examples of non-hyperfinite treeable equivalence relations. Here is a sample:

(i) F (F_n, 2), the free part of the equivalence relation induced by the shift action of F_n on 2^{Fn} , n ≥ 2.

(ii) Let G be a compact Polish group containing a free subgroup with more than one generator (e.g., G = SO(3)). Thus F_n ≤ G, n ≥ 2. Consider the equivalence relation induced by the left-translation action of F_n on G (whose classes are the right cosets of F_n in G). Since this action leaves the Haar measure of G invariant, it is treeable but not hyperfinite.

(iii) Consider the natural action of SL_n(Z) on T^n (n ≥ 2) (by matrix multiplication). Fix a copy of F_2 ⊆ SL_n(Z). Then the action of F_2 on T^n is free a.e. with respect to the standard measure on T^n, which is invariant under this action. So restricted to a co-null set, it gives rise to a treeable non-hyperfinite equivalence relation.

(iv) Similarly consider F_2 as a subgroup of SO(n+1) (n ≥ 2) and consider its natural action on S^n.

(v) Let G be the group of Lipschitz automorphisms of 2^N (that is the group of automorphisms of the rooted binary tree). It can be seen (see e.g. [SS, Lemma 2]) that there are f, g in G so that every non-trivial reduced word in f, g moves every point of 2^N. Thus F_2 = ⟨f, g⟩ acts freely on 2^N and, since it leaves the usual product measure on 2^N invariant, it gives rise to a treeable non-hyperfinite equivalence relation.

(vi) Consider a free action of F_n on X_1 with invariant measure μ_1 and any action of F_n on X_2 with invariant measure μ_2. The diagonal action of F_n on X_1 × X_2 is defined by

g · (x_1, x_2) = (g · x_1, g · x_2).

It is free with invariant measure μ_1 × μ_2. So E^{X1×X 2}_{Fn} is treeable and nonhyperfinite, if n ≥ 2. Notice that E^{X2}_{Fn} may well be hyperfinite. This happens, for example, if we take an action of Z on X_2 with invariant measure μ_2, fix a subjective homomorphism φ : F_n → Z and let g · x_2 = φ(g) · x_2 for g ∈ F_n.

C) Although we do not know how to distinguish non-hyperfinite treeable equivalence relations, up to ∼_B, there are many important results in ergodic theory that distinguish such relations with respect to stricter notions of equivalence and it is instructive to review them here.

Suppose E_i is a countable Borel equivalence relation on the standard Borel space X_i with invariant measure μ_i, i = 1, 2. We say that (E_1, μ_1), (E_2, μ_2) (or just E_1, E_2) are orbit equivalent (OE) if there are invariant conull Borel sets A_i ⊆ X_i, i = 1, 2, and a Borel isomorphism φ of E_1|A_1 with E_2|A_2 such that φ_∗μ_1 = μ_2. We say that E_1, E_2 are stably orbit equivalent (SOE) if there are Borel sets S_i ⊆ X_i, i = 1, 2, whose saturations [S_i]_{Ei} are conull, and there is a Borel isomorphism φ of E_1|S_1 with E_2|S_2 such that φ_∗(μ_1)_{S1} = (μ_2)_{S2} , where (μ_i)_{Si} = μ_i|S_i μ_i(S_i) is the normalized restriction of μ_i to S_i.

Since for countable Borel equivalence relations E_i on X_i, i = 1, 2, E_1 ∼_B E_2 iff there are Borel sets A_i ⊆ X_i with [A_i]_{Ei} = X_i such that E_1|A_1 ∼=_B E_2|A_2 (see [DJK, 2.6]), one can view SOE as a measure theoretic analog of ∼_B.

Actions of groups are called (stably) orbit equivalent if the corresponding equivalence relations are.

Gaboriau [Ga00] has shown that free measure preserving actions of F_m, F_n are not orbit equivalent if m ≠ n. This can be also stated as:

Theorem 1.4 (Gaboriau [Ga00]). Suppose E, F are countable Borel equivalence relations on X, Y resp., each admitting an invariant measure. If E is induced by a free Borel action of F_n and F is induced by a free Borel action of F_m, with m ≠ n, then E ≁=_B F .

However it is well-known that there are free ergodic measure preserving actions of F_2, F_3 which are SOE (see, e.g., Gaboriau [Ga00, p. 44 or II.15]), so the preceding result fails if OE is replaced by SOE.

We next consider what is known about actions of the same free group, say F_2. At this stage only finitely many distinct, up to OE, examples of free measure preserving ergodic actions of F_2 are known. The first property that distinguished such actions was E_0-ergodicity, and this is discussed in Appendix A.7. Very recently Popa [Po] established the existence of a further non-OE example using the theory of von Neumann algebras.

We will conclude this section by reconsidering the method used to provide the first examples of two distinct, up to OE, free measure preserving ergodic actions of F_2, and studying its properties from the descriptive point of view.

This method provided an example of a free measure preserving ergodic action of F_2 which is not OE to F (F_2, 2). It would be interesting then to see whether this method could be used to produce examples of E such that E_0 <_B E <_B E_{∞T} .

D) This method is based on example (vi) of B). For a countable group Γ, denote by (2)^Γ the free part of the shift action of Γ on 2^Γ :

(2)^Γ = {x ∈ 2^Γ : ∀γ ≠ 1(γ · x ≠ x)},

where γ ·x(δ) = x(γ^{−1} δ). Denote by E(Γ, 2) the equivalence relation induced by the shift action of Γ on 2^Γ and by F (Γ, 2) its restriction to (2)^Γ .

Consider now the shift action of F_2 on (2)^{F2} and let μ be the usual product measure on 2^{F2} , which of course concentrates on (2)^{F2} . Let also F_2 act in a Borel way on a standard Borel space Y with ergodic, invariant measure ν, so that E^Y_{F2} is hyperfinite. Consider finally the diagonal (thus free) action of F_2 on (2)^{F2} × Y , which admits μ × ν as an ergodic, invariant measure. As discussed in the proof of A7.1, (E^{(2)F2}_{F2} , μ) = (F (F_2, 2), μ) is not OE to (E^{(2)F2 ×Y}_{F2} , μ × ν). We will discuss here the place of the equivalence relation E^{(2)F2 ×Y}_{F2} , even in the case Y has no invariant measure, in the Borel reducibility hierarchy.

Theorem 1.5. Let F_2 act in a Borel way on a standard Borel space Y with E^Y_{F2} hyperfinite. Then exactly one of the following holds:

(i) E^{(2)F2 ×Y}

F_2 ∼ B E∞T .

(ii) E^{(2)F2 ×Y}

F_2 is an increasing union of a sequence of hyperfinite Borel

equivalence relations.

Proof. We will make use of the following general lemma.

Lemma 1.6. Suppose Γ is a countable group, X_1, X_2 are two Borel Γ-spaces and π is a Borel Γ-map from X_1 onto X_2, i.e., π(γ·x) = γ·π(x). Suppose that E^{X2}_Γ is hyperfinite and all the stabilizers Γ_y, y ∈ X_2, are finitely generated of polynomial growth. Then E^{X1}_Γ is an increasing union of a sequence of hyperfinite Borel equivalence relations.

Granting this lemma, we will complete the proof. Since E^{(2)F2 ×Y}

F_2 is given by a free action of F2, clearly it is ≤ B E∞T .

Case (1). There is y_0 ∈ Y such that its stabilizer is a free group isomorphic to some F_n, 2 ≤ n ≤ ∞. Call this stabilizer Δ ≤ F_2. Let E^{(2)F2}_Δ be the subequivalence relation of E^{(2)F2}_{F2} given by the restriction of the shift action to Δ. Consider now the shift action of Δ on (2)^Δ . Clearly E^{(2)Δ}_Δ ∼_B E_{∞T} . Now E^{(2)Δ}_Δ ≤_B E^{(2)F2}_Δ via the map p ∈ (2)^Δ → p^∗ ∈ (2)^{F2} given by

p^∗(g) = � p(g), if g ∈ Δ, 0, if g ∉ Δ.

We will now show that

E^{(2)F2}_Δ ≤_B E^{(2)F2 ×Y}_{F2} ,

so we have E^{(2)F2 ×Y}_{F2} ∼_B E_{∞T} . To see this consider the map:

p ∈ (2)^{F2} → p̄ = (p, y_0) ∈ (2)^{F2} × Y.

If δ ∈ Δ, then δ · p = (δ·p, y_0) = (δ·p, δ·y_0) = δ·p̄. Conversely, ifp̄E^{(2)F2 ×Y}_{F2} q̄, then there is γ ∈ F_2 with γ ·p̄ = q̄ or γ · (p, y_0) = (γ · p, γ · y_0) = (q, y_0), so γ · y_0 = y_0, γ ∈ Δ, and γ · p = q, so pE^{(2)F2}_Δ q.

Case (2). All the stabilizers of the action on Y are isomorphic to Z or trivial. In that case, noticing that the map (p, y) → y is an F_2-map from the F_2-space (2)^{F2} × Y onto Y , Lemma 1.6 implies that E^{(2)F2 ×Y}_{F2} is an increasing union of a sequence of hyperfinite Borel equivalence relations.

This completes the proof modulo the lemma.

Proof of Lemma 1.6. Let R be the following equivalence relation on X_1:

xRy ⇔ xE^{X1}_Γ x^′ & π(x) = π(x^′). Then notice that if for y ∈ X_2, we let

X_1(y) = {x ∈ X_1 : π(x) = y},

then X_1(y) is R-invariant and Γ_y-invariant and R|X_1(y) is induced by the Γ_y-action on X_1(y). Thus it is hyperfinite (see [JKL, 1.20]) uniformly in y. So, as the sets X_1(y) form a partition of X_1, R is hyperfinite.

Now let {E_n} be an increasing sequence of finite Borel equivalence relations with � n E_n = E^{X2}_Γ . Let E^∗_n be defined on X_1 by:

xE^∗_nx^′ ⇔ xE^{X1}_Γ x^′ & π(x)E_nπ(x^′).

Then {E^∗_n} is increasing and � n E^∗_n = E^{X1}_Γ . Moreover, each E^∗_n-class contains only finitely many R-classes, so, by [JKL, 1.3], each E^∗_n is hyperfinite, thus E^{X1}_Γ is an increasing union of a sequence of hyperfinite Borel equivalence relations. ⊣

Remarks. (i) Simon Thomas pointed out that if the action of F_2 on Y admits an invariant measure, then (i) of 1.5 holds. This is because in this case F_2 acts freely on (2)^{F2} × Y with invariant probability measure, say μ. If (ii) is true, then E^{(2)F2×Y}_{F2} , being an increasing union of hyperfinite Borel equivalence relations, is μ-amenable (see, e.g., [JKL, 2.9]), contradicting the fact stated in the last paragraph of 0F.

(ii) The argument for Lemma 1.6 also shows that if all stabilizers Γ_y are amenable, then E^{X1}_Γ is an increasing union of a sequence of equivalence relations each of which is 1-amenable, thus E^{X1}_Γ is 2-amenable (for the definitions, see [JKL, 2.4]). Also if all the stabilizers Γ_y are finite, then E^{X1}_Γ is actually hyperfinite.

(iii) Note also the following additional observations concerning 1.6: If X_2 can be split into two Γ-invariant Borel sets Y, Z such that E^Y_Γ is tame and for y ∈ Y , Γ_y is finitely generated of polynomial growth, while for z ∈ Z, Γ_z is finite, then E^{X1}_Γ is also hyperfinite. To see this, note first that E^{X1}_Γ |π^{−1} (Z) is hyperfinite by the preceding paragraph. Consider now E^{X1}_Γ |π^{−1} (Y ). Let T be a Borel transversal for Y . Then, as before, for any y ∈ Y , R|π^{−1} ({y}) = E^{X1}_Γ |π^{−1} ({y}) is given by a Borel action of Γ_y, uniformly in y, so it is hyperfinite, uniformly in y. It follows that E^{X1}_Γ |π^{−1} (T ) is hyperfinite and, since the Γ-saturation of π^{−1} (T ) is π^{−1} (Y ), it follows that E^{X1}_Γ |π^{−1} (Y ) is hyperfinite. Thus E^{X1}_Γ is hyperfinite.

For example, if we take Γ = F_2, X_2 = the boundary of F_2 (i.e., the space of all infinite reduced words in the generators a, b of F_2) on which F_2 acts by left concatenation and cancelation, then E^{X2}_{F2} is hyperfinite and the stabilizers of this action are trivial except on a countable set on which they are isomorphic to Z (see Appendix C2). Thus the diagonal action of F_2 on X_1 × X_2, where X_1 is a compact metrizable space on which F_2 acts freely by homeomorphisms (see, e.g., (ii) or (v) of 1B), is an example of a free action of F_2 by homeomorphisms on a compact metrizable space with hyperfinite induced equivalence relation.

In a discussion about whether such an action exists, Adams pointed out that Zimmer [Zi78] proved that an extension of an amenable action (in the measure theoretic context) is also amenable and asked if a similar result is true in the hyperfinite case (in the Borel) context. This motivated the proof of Lemma 1.6.

(iv) It is not known whether an increasing union of a sequence of hyperfinite Borel equivalence relations is hyperfinite (see [JKL, 6.1 (A)]). So those equivalence relations of the form E^{(2)F2 ×Y}_{F2} which satisfy the hypotheses of Theorem 1.5 and are not hyperfinite, either provide a counterexample to this assertion or else they are the same, up to ∼_B, as E_{∞T} .

2 A cocycle reduction result

We will prove in this section a general cocycle reduction result for E_0-ergodic actions of groups containing infinite amenable normal subgroups, with target hyperbolic groups, and derive various applications in the next section. In order to make the ideas of the proof more transparent, and the treatment of the particular cases, that come up in the applications that we have in mind, as elementary as possible, we will formulate an ad hoc property, which we call near-hyperbolicity, already used, without a name, in [Ad96, Th. 4.8]. This is satisfied by all hyperbolic groups, but is not hard to verify by elementary means for the free groups, and related groups, that come up in the applications.

In the definition below, we use the following notation: For each compact metric space K, we denote by M(K) the compact, metric space of all measures on K, see, e.g., [Ke95]. Let M_{≤2} (K) be the Borel subset of M(K) consisting of all ν ∈ M(K) with support of cardinality ≤ 2, i.e., ν({a, b}) = 1 for some a, b ∈ K (not necessarily distinct). We also let

M_3(K) = M(K) \ M_{≤2} (K).

If a countable group H acts continuously on K, it also induces a continuous action on M(K), defined by

h · ν(A) = ν(h^{−1} · A),

for A ⊆ K Borel (or equivalently for every continuous f : K → C, � fd(h · ν) = � (h^{−1} · f)dν, where h · f(k) = f(h^{−1} · k)). Clearly M_{≤2} (K), M_3(K) are invariant under this action.

Definition 2.1. A countable group H is near-hyperbolic if it admits a continuous action on a compact metric space K with the following properties:

(a) The induced action of H on M_{≤2} (K) has amenable stabilizers and the corresponding equivalence relation E^{M≤2 (K)}_H is λ-hyperfinite for all measures λ on M(K).

(b) The induced action of H on M_3(K) has finite stabilizers and the corresponding equivalence relation E^{M3(K)}_H is tame.

Thus by Appendix C2.4, F_n, for 1 ≤ n ≤ ∞, is near-hyperbolic and by Appendix C4.4, every hyperbolic group is near-hyperbolic. Note also that a subgroup of a near-hyperbolic group is near-hyperbolic.

We now have the following result, where we refer the reader to Appendix B1 for the basic notions concerning cocycles.

Theorem 2.2. Let Γ be a countable group and Δ � Γ an infinite normal amenable subgroup. Suppose Γ acts in a Borel way on the standard Borel space X with invariant measure μ. Assume that this action is E_0-ergodic and the action of Δ is ergodic. Let H be near-hyperbolic and α : Γ × X → H a Borel cocycle. Then one of the following holds:

(i) There is a Borel cocycle β : Γ × X → H equivalent to α, α ∼ β, such that β(Γ × X) ⊆ H_0, where H_0 ≤ H is an amenable subgroup of H.

(ii) There is a Borel cocycle β : Γ × X → H equivalent to α, α ∼ β, such that β(Δ × X) ⊆ F_0, where F_0 ≤ H is a finite subgroup of H. And in this case, the double coset

π(γ) = F_0β(γ, x)F_0, γ ∈ Γ,

depends only on γ, μ-a.e. (x).

In particular, if H is torsion-free, then (ii) can be replaced by: (ii)^′ There is a homomorphism π : Γ → H with π(Δ) = {1} such that π (viewed as a cocycle from Γ × X into H via π(γ, x) = π(γ)) is equivalent to α, α ∼ π.

Proof. Let α_Δ = α|Δ×X, so that α_Δ is a Borel cocycle from Δ×X into H. Since Δ is amenable, by Appendix B3.1, there is a μ-measurable map

x → ν̄_x ∈ M(K),

which is α_Δ -invariant, i.e., for all δ ∈ Δ,

α(δ, x) ·ν̄_x = ν̄_{δ·x}, μ-a.e.(x).

We now have two cases:

(i) All μ-measurable maps x → ν_x ∈ μ(K) which are α_Δ -invariant, are such that ν_x ∈ M_{≤2} (K), μ-a.e. (x). Then, by B4.1, there is a maximum such map, which we denote by x → ν̂_x, and we can assume that ν̂_x assigns equal mass to the elements of its support. Note that, by Δ-ergodicity, the size of supp(ν̂_x) is fixed, μ-a.e. (x). We now check that this map is also α-invariant, i.e., for all γ ∈ Γ, α(γ, x) · ν̂_x = ν̂_{γ·x}, μ-a.e.(x).

To see this, fix γ ∈ Γ and put ν^′_x = α(γ, x)^{−1} · ν̂_{γ·x}.

Then x → ν^′_x ∈ M_{≤2} (K) is μ-measurable, and we claim that it is α_Δ - invariant, i.e., for δ ∈ Δ, α(δ, x) · ν^′_x = ν^′_{δ·x} μ-a.e.(x), or α(δ, x) · α(γ · x)^{−1} · ν̂_{γ·x} = α(γ, δ · x)^{−1} · ν̂_{γδ·x}, μ-a.e.(x).

Since Δ � Γ, let δ^′ ∈ Δ be such that γδ = δ^′γ, so that ν̂_{γδ·x} = ν̂_δ′_{γ·x} = α(δ^′, γ · x) · ν̂_{γ·x}. Then it is enough to check that, μ-a.e. (x), α(δ, x)α(γ, x)^{−1} = α(γ, δ · x)^{−1} α(δ^′, γ · x) or, μ-a.e. (x), α(γ, δ · x)α(δ, x) = α(δ^′, γ · x)α(γ, x).

But the left hand side is α(γδ, x) and the right hand side is α(δ^′γ, x), so we are done.

Since x → ν̂_x is maximum, we have ν^′_x ≤ ν̂_x, μ-a.e.(x), in the notation of B4.1. Since the support of ν^′_x has the same size as that of ν̂_x and assigns equal mass to each element of its support, it follows that ν^′_x = ν̂_x, μ-a.e.(x), i.e., α(γ, x) · ν̂_x = ν̂_{γ·x}, μ-a.e.(x) (*)

Define ρ : X → M_{≤2} (K) by

ρ(x) = ν̂_x.

Let λ = ρ_∗μ, a measure on M_{≤2} (K). Since E^{M≤2 (K)}_H is λ-hyperfinite, fix an H-invariant Borel subset Y_0 ⊆ M_{≤2} (K) and a Γ-invariant Borel subset X_0 ⊆ X with μ(X_0) = 1, ρ(X_0) ⊆ Y_0, E^{Y0}_H hyperfinite, and (by (∗)) such that ρ : X_0 → Y_0 is a homomorphism of E^{X0}_Γ to E^{Y0}_H .

Since E^{X0}_Γ is E_0-ergodic, it follows, by B2.1, that there is some fixed ν_0 ∈ Y_0 and β ∼ α such that β(Γ × X) ⊆ H_0 = stabilizer of ν_0, which is amenable, by condition (a) of near-hyperbolicity.

(ii) There is a μ-measurable map x → ν_x ∈ M(K) which is α_Δ -invariant but ν_x ∈ M_3(K) on a set of μ-positive measure. Then since, μ-a.e. (x), ν_x ∈ M_3(K) iff α(δ, x) · ν_x = ν_{δ·x} ∈ M_3(K), for any δ ∈ Δ, it follows, by the ergodicity of the Δ-action, that ν_x ∈ M_3(K), μ-a.e. (x). Then, on a conull set, x → ν_x is a homomorphism from E^X_Δ to E^{M3(K)}_H , which is tame, so by condition (b) of near-hyperbolicity and the ergodicity of the Δ-action again, we conclude, using B2.1 again, that there is a Borel cocycle β, with α ∼ β and β(Δ × X) ⊆ F_0, where F_0 ≤ H is the stabilizer of some ν_0 ∈ M_3(K), thus it is finite.

We verify in this case that also π(γ) = F_0β(γ, x)F_0, γ ∈ Γ, depends only on γ, μ-a.e. (x). To see this, fix γ and let

θ(x) = F_0β(γ, x)F_0.

It is enough to show, by the ergodicity of the Δ-action, that

θ(δ · x) = θ(x), μ-a.e. (x).

Fix δ^′ ∈ Δ with γδ = δ^′γ. Then θ(δ·x) = F_0β(γ, δ·x)F_0 = F_0β(γδ, x)β(δ, x)^{−1} F_0 = F_0β(γδ, x)F_0 = F_0β(δ^′γ, x)F_0 = F_0β(δ^′, γ ·x)β(γ, x)F_0 = F_0β(γ, x)F_0 = θ(x), μ-a.e. (x), since β(Δ × X) ⊆ F_0.

Finally, note that if H is torsion-free, F_0 = {1}, so β(Δ × X) = {1} and

π(γ) = β(γ, x) μ-a.e.(x),

thus

π(γ_1γ_2) = β(γ_1γ_2, x) = β(γ_1, γ_2 · x)β(γ_2, x), μ-a.e. (x) = π(γ_1)π(γ_2), so π is a homomorphism with π(Δ) = {1}. ⊣

Remark. Theorem 2.2 is related to Theorem 5.4 in Adams [Ad95], with the new ingredient being the use of E_0-ergodicity to refine the analysis and derive stronger conclusions in our case.

3 Some applications

We will now use Theorem 2.2 to derive various applications concerning Borel reducibility.

(A) An “elementary” proof of the existence of incomparable, under ≤_B, countable Borel equivalence relations.

We will actually find an infinite family of countable groups {Γ_p} and a Borel free action of each Γ_p on a standard Borel space X_p, with invariant measure μ_p, so that if p ≠ q, E^{Xp}_{Γ p} is E^{Xq}_{Γ q} -ergodic. In particular, E^{Xp}_{Γ p} ≰_B E^{Xq}_{Γ q} , if p ≠ q.

For prime p ≥ 3, let Γ_p = (Z_p ∗ Z_p) × Z,

where Z_p = Z/pZ, and let X_p = (2)^{Γ p} = the free part of the shift action of Γ_p on 2^{Γ p} . Let E_p = F (Γ_p, 2) be the associated equivalence relation and μ_p the usual product measure on X_p.

Theorem 3.1. If p, q are distinct odd primes, then E_p is E_q-ergodic. In particular, E_p ≰_B E_q.

Proof. The group Z_q ∗ Z_q is of course hyperbolic. In Appendix C3 we actually give an explicit elementary proof that Z_q ∗Z_q is near-hyperbolic, and this is all that we are going to use here.

Now assume that ρ : X_p → X_q

is a Borel homomorphism of E_p to E_q. Since Γ_q acts freely on X_q, let α be the associated cocycle α : Γ_p × X_p → Γ_q, given by

α(γ, x) · ρ(x) = ρ(γ · x), for γ ∈ Γ_p, x ∈ X_p. Write α = (α_1, α_2),

where α_1 = p_1 ∘ α,

α_2 = p_2 ∘ α,

with p_1 : Γ_q → (Z_q ∗ Z_q), p_2 : Γ_q → Z the two projections. So α_1, α_2 are cocycles of the Γ_p-action on X_p to H = Z_q ∗ Z_q, Z, resp.

We now apply Theorem 2.2 to Γ = Γ_p, Δ = Z, X = X_p, μ = μ_p, α_1, H. The hypotheses about (Γ, Δ, X, μ) are satisfied by Appendices A4.1, A6.1, and about H by the above remarks. So we have that one of (i), (ii) of 2.2 is true.

If (i) holds, then α_1 ∼ β_1, say via the Borel function x → h_x ∈ H,

α_1(γ, x) = h_{γ·x}β_1(γ, x)h^{−1}_x , μ-a.e. (x),

where β_1(Γ × X) ⊆ H_0 ≤ H, an amenable subgroup of H. Now it is well known that an amenable subgroup of H is cyclic. (This follows immediately from Kurosh’s Theorem, see [Ro, 11.55]. It is easier to see that H_0 is cyclicby-finite, using the standard fact that H is free-by-finite, see, e.g., [dlH, IIA.16], or [LS, p. 177], and this is enough for our purposes.) Also

α ∼ (β_1, α_2),

via the Borel map x → f_x = (h_x, 1), therefore

α ∼ β

for the Borel cocycle β = (β_1, α_2), with β(Γ × X) ⊆ Γ_0 ⊆ Γ_q, where Γ_0 = H_0 × Z. Put σ(x) = f^{−1}_x · ρ(x).

Then, since α(γ, x) = f_{γ·x}β(γ, x)f^{−1}_x , μ-a.e. (x), σ is a Borel homomorphism of E_p into E_q with associated cocycle β(γ, x), μ-a.e. (x). It follows that if F is the equivalence relation E^{Xq}_{Γ 0} induced by the Γ_0-action on X_q, then, on a conull set in X, σ is a Borel homomorphism of E_p into F . But F is hyperfinite, so σ maps into a single F -class μ-a.e. (x), and thus ρ(x) = f_x · σ(x) maps into a single E_q-class a.e., which completes the proof in case (i).

Now suppose that we are in case (ii). Then α_1 ∼ β_1, where β_1(Δ × X) ⊆ F_0, F_0 ≤ H a finite subgroup of H. Moreover π(γ) = F_0β_1(γ, x)F_0, for γ ∈ Γ, depends only on γ, μ-a.e. (x). Since F_0 is a finite subgroup of H = Z_q ∗ Z_q = A ∗ B, where we write A for the first copy of Z_q and B for the second, it follows that there is h_0 ∈ H with h_0F_0h^{−1}_0 ⊆ A or h_0F_0h^{−1}_0 ⊆ B (see, e.g. [Ro, 11.57]). Without loss of generality, we assume that h_0F_0h^{−1}_0 ⊆ A. Let β̄_1(γ, x) = h_0β_1(γ, x)h^{−1}_0 . Then β̄_1 ∼ β_1 and β̄_1(Δ × X) ⊆ A. So replacing β_1 by β̄_1, if necessary, we can assume, to start with, that already β_1(Δ×X) ⊆ A and π(γ) = Aβ_1(γ, x)A depends only on γ, μ-a.e. (x).

Let now γ_0 be an element of order p in Z_p ∗ Z_p. Then γ^p_0 = 1, so

β_1(γ^p_0 , x) = β_1(γ_0, γ^{p−1}_0 · x) . . . β_1(γ_0, γ_0 · x)β_1(γ_0, x) = 1. (*)

Fix h ∈ H so that

AhA = Aβ_1(γ_0, x)A, μ-a.e. (x) (**)

Then, from (∗), (∗∗), we have that there are ā_1, . . . ,ā_{p+1} in A such that

ā_1hā_2hā_3 . . .ā_phā_{p+1} = 1.

Claim. h ∈ A.

Granting this claim, we conclude that

β_1(γ_0, x) ∈ A, μ-a.e. (x).

Applying this to the generators of Z_p ∗Z_p, we conclude that for all γ ∈ Z_p ∗Z_p,

β_1(γ, x) ∈ A, μ-a.e. (x).

It follows that α ∼ β, where β = (β_1, α_2), and for all γ ∈ Z_p ∗ Z_p,

β(γ, x) ∈ A × Z, μ-a.e. (x).

Suppose x → p_x ∈ H × Z is Borel with α(γ, x) = p_{γ·x}β(γ, x)p^{−1}_x , μ-a.e. (x), for γ ∈ Γ, and put τ(x) = p^{−1}_x · ρ(x). Then τ is a Borel homomorphism of E_p into E_q with associated cocycle β(γ, x), μ-a.e. (x). But as β(γ, x) takes values in A × Z, μ-a.e. (x), for γ ∈ Z_p ∗ Z_p, it follows that τ is a homomorphism from E^X_{Zp∗Zp} , restricted to a conull set, to E^{Xq}_{A×Z} , which is hyperfinite. Since E^X_{Zp∗Zp} is E_0-ergodic, by A4.1, it follows that τ maps into a single E^{Xq}_{A×Z} -class, μ-a.e., so ρ maps into a single E_q-class, μ-a.e., and the proof is complete.

So it only remains to prove the claim. This follows from the following algebraic lemma and the fact that A has no non-trivial elements of order p.

Lemma 3.2. Suppose A, B are groups, n ≥ 1, h = a_1b_1a_2b_2 . . . a_nb_n ∈ A ∗ B, with a_i ∈ A, b_i ∈ B, b_1, a_2, b_2, . . . , a_n, b_n all different from 1, and ā_1hā_2hā_3 . . .ā_phā_{p+1} = 1 with ā_i ∈ A, p ≥ 2. Assume also that A, B have no involutions. If c is the middle element in the sequence b_1, a_2, b_2, . . . , a_n, b_n, then c^p = 1.

Proof. In case n = 1, h = a_1b_1, so that a^′_1b_1a^′_2b_1 . . . a^′_pb_1a^′_{p+1} = 1, for some a^′_i ∈ A. Since b_1 ≠ 1, it is clear that b^p_1 = 1.

Assume now n ≥ 2. We have a^′_1(b_1a_2 . . . a_nb_n)a^′_2(b_1a_2 . . . a_nb_n)a^′_3 . . . a^′_p (b_1a_2 . . . a_nb_n)a^′_{p+1} = 1, for some a^′_i ∈ A. Then there is 1 < i < p + 1 with a^′_i = 1, and we have a largest number of cancelations

b_nb_1 = 1, a_na_2 = 1, . . . ,

but these cannot reach the middle element c of the sequence b_1, a_2, . . . a_n, b_n, otherwise c^2 = 1. It follows that all a^′_2, . . . , a^′_p are 1 and b_nb_1 = 1, a_na_2 = 1, . . . are all canceled up to the middle element c of the sequence

b_1, a_2, . . . , a_nb_n,

so that c^p = 1. ⊣

Remark. J. Melleray pointed out that this lemma is true even without assuming that A, B have no involutions.

(B) “Elementary” proofs of the further main results in Adams- Kechris [AK].

As can be seen by reading sections 4, 5 in [AK], to derive Theorems 4.1 and 5.1 in that paper, one only needs to provide examples that satisfy Lemma 4.5 in [AK].

For each non-empty subset S of odd primes, let

Γ_S = (∗_{p∈S}(Z_p ∗ Z_p)) × Z.

Let also X_S = (2)^{Γ S} , E_S = F (Γ_S, 2). Then we have the following result, which provides the desired examples.

Theorem 3.3. If S ⊈ T , then E_S is E_T -ergodic.

Proof. Fix an odd prime p ∈ S \ T . Fix a Borel homomorphism

ρ : X_S → X_T

of E_S into E_T . Let α be the associated cocycle, and let α = (α_1, α_2), where α_1 = p_1 ∘ α, α_2 = p_2 ∘ α, p_1, p_2 the two projections of Γ_T on ∗_{q∈T} (Z_q ∗ Z_q), Z resp.

Now consider the subgroup Γ_p = (Z_p ∗ Z_p) × Z and its action on X_S and apply Theorem 2.2 to Γ = Γ_p, Δ = Z, X = X_S, μ = μ_S (= the usual product measure on (2)^{Γ S} ), α_1, H = ∗_{q∈T} (Z_q ∗ Z_q). The hypotheses about (Γ, Δ, X, μ) are satisfied by Appendices A4.1, A6.1, and about H by Appendix C3.3. So one of the alternatives (i), (ii) of 2.2 hold. Now (i) can be handled exactly as in the proof of 3.1 (we again have that an amenable subgroup of H is cyclic, by Kurosh’s Theorem, see, [Ro, 11.55]).

Now consider case (ii), so that α_1 ∼ β_1, where β_1(Δ × X) ⊆ F_0, F_0 ≤ H a finite subgroup of H and π(γ) = F_0β_1(γ, x)F_0, for γ ∈ Γ, depends only on γ, μ-a.e. (x). Again F_0 is conjugate to a subgroup of some Z_q, q ∈ T , which we can assume it is the first copy in Z_q ∗ Z_q. So by changing β_1 a bit if necessary, as in the proof of 3.1, we can assume that β_1(Δ × X) ⊆ A = Z_q and π(γ) = Aβ_1(γ, x)A depends only on γ, μ-a.e. (x). Again as in the proof of 3.1, we will complete the proof if we can show that β_1(γ, x) ∈ A, μ-a.e. (x), and for that it is enough to show that if γ_0 is an element of order p in Z_p ∗ Z_p and h ∈ H is such that

AhA = Aβ_1(γ_0, x)A μ-a.e. (x),

then h ∈ A. Again we have ā_1, . . . ,ā_{p+1} in A so that ā_1hā_2hā_3 . . .ā_phā_{p+1} = 1. Suppose h ∉ A, towards a contradiction. We can assume that h ∈ A ∗ B, where B is a subgroup of H of the form B = Z_{q1} ∗ Z_{q2} ∗ · · · ∗ Z_{qn} for q_1, . . . , q_n ∈ T , and h = a_1b_1a_2b_2 . . . a_nb_n, with a_i ∈ A, b_i ∈ B, n ≥ 1 and all b_1, a_2, . . . , b_n ≠ 1. Then by Lemma 3.2, there will be some c ∈ (A ∪ B) \ {1} with c^p = 1. But c, being of finite order, is a conjugate of some element of one of Z_q, Z_{q1} , . . . , Z_{qn} , so c^p ≠ 1, as p ∉ {q_,q_1, . . . , q_n}, a contradiction. ⊣

(C) “Elementary” proofs of results of Adams [Ad02] and Thomas [T02a].

Using Zimmer’s superrigidity theory as well as Ratner’s measure classification theorem [Ra], Adams [Ad02] constructed the first examples of countable Borel equivalence relations E, F , on an uncountable Polish space, with

E ⊆ F but E ≰_B F . Thomas [T02a] then used these techniques to solve two other well-known problems, by constructing the first example of a countable Borel equivalence relation E, on an uncountable Polish space, satisfying E <_B 2E and also the first examples of aperiodic countable Borel equivalence relations E, F such that E ∼_B F but for which E ≈_B F fails. (Here E ≈_B F means that E ⊑_B F and F ⊑_B E, where E ⊑_B F signifies that there is an injective Borel reduction of E to F .) We provide here alternative proofs of these results, that avoid the use of superrigidity and Ratner’s theorem.

We will first need the following corollaries of 2.2.

Lemma 3.4. Suppose Γ = F_2 ×F_2 acts freely in a Borel way on the standard Borel space X with invariant measure μ, so that the action of each nonamenable subgroup is E_0-ergodic and the action of each infinite subgroup is ergodic. Let H_2 be a countable non-amenable, torsion-free, hyperbolic group and let H = F_2 × H_2. Let α : Γ × X → H be a Borel cocycle such that its restriction to any non-amenable subgroup is not equivalent to a cocycle taking values in an amenable subgroup of H. Then, if F_2 = ⟨a, b⟩, α|(⟨a⟩ × {1}) × X → H is equivalent to a non-trivial homomorphism π : ⟨a⟩ × {1} → H.

Proof. Let α_{11} : (⟨a⟩ × F_2) × X → F_2, α_{12} : (⟨a⟩ × F_2) × X → H_2, α_{21} : (F_2 × ⟨a⟩) × X → F_2, α_{22} : (F_2 × ⟨a⟩) × X → H_2 be the projections of α, restricted to the appropriate subgroups, to the first and second factors of H. Our assumptions and 2.2 imply that one of α_{11}, α_{12} is equivalent to a homomorphism, which is trivial on ⟨a⟩ × {1}, and has non-amenable range. Similarly for one of α_{21}, α_{22}. Assume without loss of generality that α_{11} has this property. We claim then that α_{22} has also this property, and thus α|(⟨a⟩ × {1}) × X is equivalent to a non-trivial homomorphism. Indeed, otherwise α_{21} does. Then it follows that the projection to F_2 of α|(⟨a⟩ × {1}) × X is equivalent to both a trivial and a non-trivial homomorphism. This contradicts the following fact.

Sublemma 3.5. Let Z act freely in a Borel way on a standard Borel space X, with invariant measure μ. Let β : Z × X → G be a Borel cocycle into a countable torsion-free group G. Then β cannot be equivalent to both a trivial and a non-trivial homomorphism.

Proof. Otherwise there is a non-trivial homomorphism π : Z → G which is equivalent to the trivial homomorphism, i.e., there is a Borel function f : X → G such that ∀n ∈ Z

π(n) = f(n · x)f(x)^{−1} , μ-a.e.(x), or f(n · x) = π(n)f(x), μ-a.e.(x).

Say π(1) = a, so that π(Z) = ⟨a⟩. Choose a subset T ⊆ G meeting every right coset ⟨a⟩g, g ∈ G in exactly one point. Since f|(Z · x) is a bijection between Z·x and ⟨a⟩f(x), let g(x) = the element y ∈ Z·x such that f(y) ∈ T . Then g : X → X is a Borel selector for E^X_Z , i.e., E^X_Z is tame, contradicting the fact that Z acts freely with invariant measure. ⊣

Lemma 3.6. Let H_2 be a countable non-amenable group which cannot be mapped homomorphically onto a non-abelian free group. Let H = F_2 × H_2 act freely in a Borel way on a standard Borel space Y with invariant measure ν and assume that every non-amenable subgroup of H acts E_0-ergodically and every infinite subgroup acts ergodically. Let Γ = F_2 × F_2 act freely in a Borel way on a standard Borel space X. Then E^Y_H ≰_B E^X_Γ .

Proof. Let ρ : Y → X be a Borel reduction of E^Y_H to E^X_Γ , towards a contradiction, let α be the associated cocycle, and let α_1, α_2 be its projections to the first and second copy of F_2 in Γ. By 2.2, and our assumptions, α_i|(⟨a⟩× H_2)×Y will be equivalent to a homomorphism, trivial on ⟨a⟩×{1}, with nonamenable range, for some i ∈ {1, 2}, where F_2 = ⟨a, b⟩. Say it is α_1|(⟨a⟩ × H_2) × Y . Then this gives a homomorphism from H_2 to F_2 with free nonabelian range, a contradiction. ⊣

We will finally need the concept of unique ergodicity. (The idea of using unique ergodicity in these problems, as in the proof of 3.8 below, goes back to Adams [Ad02].) A Borel action of a countable group Γ on a standard Borel space X is uniquely ergodic if there is exactly one Γ-invariant measure on X (which must then necessarily be Γ-ergodic). It is a standard fact (e.g., a consequence of the ergodic decomposition theorem, see Farrell [F], Varadarajan [V]) that if the action of Γ on X has an invariant ergodic measure μ, then there is a Γ-invariant Borel set X_0 ⊆ X, with μ(X_0) = 1, such that the Γ-action on X_0 is uniquely ergodic (with corresponding measure μ restricted to X_0). (In case Γ = Z, which is really all we will use below, this can be easily proved using the Birkhoff ergodic theorem: Fix a countable Boolean algebra {B_k} of Borel subsets of X which generate the Borel sets. Let T be the Borel automorphism of X that gives the Z-action. By the ergodic theorem, card({i ∈ [−n, n] : T^i(x) ∈ B_k}) 2n + 1

→ μ(B_k), for every k, μ-a.e. (x). Define X_0 to be the set of x’s for which this happens for all k.)

We thus have:

Lemma 3.7. Let Γ be a countable group acting in a Borel way on a standard Borel space X with invariant measure μ. If the action is mixing, then there is a Γ-invariant Borel set X_0 ⊆ X such that μ(X_0) = 1, and every infinite cyclic subgroup of Γ acts uniquely ergodically on X_0.

We are now ready to give the new proof of

Theorem 3.8 (Adams [Ad02]). There are countable Borel equivalence relations E, F with E ⊆ F and E ≰_B F .

Proof. We fix a countable torsion-free, hyperbolic group H_2, containing a copy of F_2, which cannot be mapped homomorphically onto a non-abelian free group. (We will discuss specific examples of such H_2 below.) Let H = F_2 × H_2. Since H_2 contains a copy of F_2, we can view Γ = F_2 × F_2 as a subgroup of H. Consider the free part (2)^H of the shift action of H on 2^H and the usual product measure μ. We recall from A6.1 that this action is mixing, so every infinite subgroup acts ergodically, and from A4.1 that every non-amenable subgroup acts E_0-ergodically. Fix an H-invariant Borel subset X of (2)^H such that μ(X) = 1 and every cyclic subgroup of H acts uniquely ergodically on X. We also write μ for the restriction of μ to X.

We now let E = E^X_Γ , F = E^X_H .

Clearly E ⊆ F . So it is enough to check that E ≰_B F . Suppose ρ : X → X is a Borel reduction of E^X_Γ to E^X_H and let α : Γ × X → H be the corresponding cocycle. Then, by 3.4, α|(⟨a⟩ × {1}) × X ∼ π, where π : ⟨a⟩ × {1} → H is a non-trivial homomorphism. As usual, we can then modify ρ to another Borel reduction σ with ρ(x)E^X_H σ(x), μ-a.e. (x), so that if β is the cocycle associated to σ, then β(γ, x) = π(γ), ∀γ ∈ ⟨a⟩ × {1}, μ-a.e. (x) (see B.1). Thus σ(γ · x) = π(γ) · σ(x), ∀γ ∈ ⟨a⟩ × {1}), μ-a.e. (x). Let ν = σ_∗μ be the image of μ under σ.

Claim. If π(⟨a⟩ × {1}) = Z ⊆ H, then ν is Z-invariant.

Proof. Fix a Borel set A ⊆ X. Then for δ = π(γ) ∈ Z, where γ ∈ ⟨a⟩ × {1}, we have σ^{−1} (δ · A) = γ · σ^{−1} (A), so ν(δ · A) = μ(σ^{−1} (δ · A)) = μ(γ · σ^{−1} (A)) = μ(σ^{−1} (A)) = ν(A).

Then by unique ergodicity (since Z is cyclic) μ = ν. It follows that μ(σ(X)) = 1, and, by using a Borel inverse to σ, we see that there is a Borel conull H-invariant set Y ⊆ X with E^Y_H ≤_B E^X_Γ . This contradicts 3.6.

We finally comment on the existence of the group H_2. Here is an example provided to us by S. Thomas: Let H_2 = ⟨a, b|aba^2ba^3b . . . ba^n⟩. If n is large enough, H_2 satisfies the small cancelation property C^′(1/6) (see [LS, p. 240] or [GdlH, p. 227]). We take n = 22, which is enough. Thus H_2 is hyperbolic (see [GdlH, p. 254]). It is torsion-free, since the word aba^2ba^3b . . . ba^{22} is not a proper power (see [LS, II, 5.18]). Also H_2 contains a copy of F_2. For example, a^{23}b^{23}, a^{46}b^{46} generate a free group, since any nonempty freely reduced word in a, b, generated by these two elements, cannot contain more than half of an initial segment of a cyclic permutation of the relator of H_2 or its inverse. Thus, by Dehn’s algorithm (see [GdlH, p. 244]), it cannot represent the identity of H_2. Finally, H_2 cannot be mapped homomorphically onto a free non-abelian group F , since then the image of the two generators a, b would be a basis for F (see, e.g., [LS, I, 2.7]), which is obviously wrong. ⊣

The equivalence relation E used in the proof of 3.8 can be also recycled to prove the results of Thomas [T02a].

Theorem 3.9 (Thomas [T02a]). There is a countable Borel equivalence relation E with nE <_B (n + 1)E, ∀n ≥ 1, and E × I(2) ⋢_B E.

Here nE is the (disjoint) sum of n copies of E, i.e. the equivalence relation on X × n (where E lives on X), given by (x, i)nE(y, j) ⇔ i = j & xEy and E × I(2) is the equivalence relation on X × 2 given by

(x, i)E × I(2)(y, j) ⇔ xEy.

Thus clearly E × I(2) ∼_B E.

Proof of 3.9. We let E = E^X_Γ be as in the proof of 3.8. If (n+1)E <_B nE for some n ≥ 1, then, by ergodicity of μ and the pigeonhole principle, we see that there is a Borel Γ-invariant set Y ⊆ X, with μ(Y ) = 1 and two reductions ρ_1 : Y → X, ρ_2 : Y → X of E^Y_Γ to E^X_Γ with ρ_1(Y ) ∩ ρ_2(Y ) = ∅. As in the proof of 3.8 (using 3.4 again but with H_2 = F_2 this time), we can assume that (ρ_1)_∗μ = (ρ_2)_∗μ = μ, so that ρ_1(Y )∩ρ_2(Y ) ≠ ∅, a contradiction.

The proof of E × I(2) ⋢_B E is similar. ⊣

At the expense of making the argument more technical, one can also give a proof of 3.8 (and 3.9) that uses the group Z_p ∗ Z instead of H_2 as defined above, thus making the proof even more “elementary”. Since the ideas involved can probably be used to deal with other problems, in this context, concerning groups that have torsion, we present this proof below.

Let Γ be a group acting on a probability space (X, μ). A cocycle β : Γ × X → G is diffuse if the function γ → β(γ, x) is finite-to-one a.e; the cocycle is narrow if γ → β(γ, x) has finite image a.e.

Clearly when Γ is infinite these are opposing concepts. We observe in the next lemma that these are opposing even up to equivalence of cocycles. Lemma 3.10. Let Γ be a countably infinite group acting freely by measure preserving transformations on a standard Borel probability space (X, μ). Then no cocycle β : Γ × X → G can be simultaneously equivalent to both a diffuse cocycle and a narrow cocycle.

Proof. Otherwise we may find diffuse β_0 : Γ × X → G and narrow β_1 : Γ × X → G and measurable θ : X → G such that a.e. β_0(γ, x) = θ(γ · x)^{−1} β_1(γ, x)θ(x).

Claim. For almost every x ∈ X, the function y → θ(y) is finite-to-one on [x]_Γ .

Proof. Otherwise, for all x in a set of positive measure, we may collect together an infinite {γ_i : i ∈ N} ⊆ Γ such that there is a single g_0 ∈ G with θ(γ_i · x) ≡ g_0.

We may apply narrowness of β_1 to assume that β_1(γ_i, x) ≡ g_1 some single g_1, and obtain that for every i,

β_0(γ_i, x) ≡ g_0g_1θ(x),

contradicting the diffuseness of β_0.

Now we let (h_n)_{n∈N} enumerate Γ and at each x we let n(x) be least such that there exists y ∈ [x]_Γ with θ(y) = h_{n(x)}. Note that this is measurable and Γ-invariant, and so if we assign to each x the set S_x = {y ∈ [x]_Γ : θ(y) = h_{n(x)}} then we obtain a measurable and invariant selection of a finite subset of each equivalence class. Taking a Borel linear ordering on X and selecting for each x the least element of S_x we obtain a selector with the usual contradiction to the invariance of the measure. ⊣

For the next lemma we need to know that Z_p ∗ Z is near hyperbolic. This can be seen either by a direct proof along the lines of C3 from the appendix or an outright appeal to the well known fact that this group is actually hyperbolic and hence near hyperbolic by C4.4.

Lemma 3.11. Suppose that Γ = F_2 × F_2 acts freely and in a Borel way on a standard Borel space X with an invariant probability measure μ, so that the action of each non-amenable subgroup is E_0-ergodic and the action of each infinite subgroup is ergodic. Let H̄_2 = Z_p ∗ Z and let H̄ = F_2 × H̄_2. Let

α : Γ × X → H̄

be a Borel cocycle such that its restriction to any non-amenable subgroup is not equivalent to a cocycle taking values in an amenable subgroup of H̄. Then there is an infinite cyclic subgroup Δ of Γ such that the restricted cocycle

α : Δ × X → H̄ = F_2 × H̄_2

is equivalent to a cocycle

α̂ : Δ × X → H̄ = F_2 × H̄_2,

such that

(i) p_1 ∘ α̂ : Δ × X → F_2 is given by a non-trivial homomorphism into F_2; (ii) p_2 ∘ α̂ : Δ × X → H̄_2 takes its image inside Z_p a.e.

Proof. We let F_2 = ⟨a, b⟩ and consider the induced cocycles

α_{11} : (F_2 × ⟨a⟩) × X → F_2, α_{21} : (⟨a⟩ × F_2) × X → F_2, obtained by restricting α to the indicated subgroups and composing with the projection of H̄ onto its first coordinate. The proof splits here into cases.

Case(1). One of α_{11}, α_{21} is equivalent to a homomorphism whose image in F_2 is non-abelian.

We may then assume without damage to the generality of our argument that there is a homomorphism π : F_2 × ⟨a⟩ → F_2 with non-abelian image such that almost everywhere

α_{11}(γ, x) = π(γ).

Note then that restriction of α_{11}, and hence also α_{21}, to (⟨a⟩ × {1}) × X is diffuse.

We now apply the dichotomy of Theorem 2.2 to the cocycle

α_{21} : (⟨a⟩ × F_2) × X → F_2

and the normal cyclic subgroup Δ = ⟨a⟩ × {1} of ⟨a⟩ × F_2. By 3.10 we must have that alternative (ii) of 2.2 is excluded, and thus we have (i).

At this stage we consider the cocycle

α_{22} : (⟨a⟩ × F_2) × X → H̄_2,

obtained by composing the restriction of α with the projection onto the second coordinate of H. We again apply 2.2 to this cocycle and the amenable subgroup Δ = ⟨a⟩ × {1}. Alternative (i) of 2.2 would give that the restricted cocycle α_2 : (⟨a⟩ × F_2) × X → H̄ is equivalent to a cocycle into an amenable subgroup.

Therefore, we must be in case (ii) of 2.2. We have then a cocycle β : (⟨a⟩×F_2)×X → H̄_2 equivalent to α_2 and a finite subgroup F_0 of H_2 = Z_p ∗Z with β(x, δ) ∈ F_0, for all δ ∈ Δ. It is an easy combinatorial fact (proved for instance by applying Kurosh’s theorem as in the proof of 3.1) that F_0 must be cyclic with generator of the form

gug^{−1}

for some u ∈ Z_p, g ∈ H_2. Replacing β by the equivalent cocycle (γ, x) → g^{−1} β(γ, x)g we obtain the conclusion of the lemma for the cocycle

α̂ : Δ × X → F_2 × H̄_2

((⟨a^ℓ⟩, 1), x) → (π(a^ℓ, 1), g^{−1} β(a^ℓ, x)g).

Case(2). Neither of α_{11}, α_{21} is equivalent to a homomorphism whose image in F_2 is non-abelian. And hence, by 2.2, both are equivalent to cocycles into amenable subgroups.

We will complete the proof of the lemma by gradually arguing that this case splits into a sequence of subcases, each of which in turn renders a contradiction.

We first consider the induced cocycle

α_{12} : (F_2 × ⟨a⟩) × X → H̄_2.

Applying 2.2, and the lemma hypothesis as in the proof for Case(1), we can find an equivalent cocycle

β_0 : (F_2 × ⟨a⟩) × X → H̄_2

such that x → Z_pβ_0((γ, 1), x)Z_p

is constant a.e. for any γ ∈ F_2. Then for each γ in F_2 we may choose h_γ ∈ H̄_2 such that

(a) h_γ has the form h_γ = n_1ℓ̄_1n_2...n_kℓ̄_kn_{k+1}, some k, each n_i ∈ Z, each ℓ̄_i ∈ Z_p, and (b) Z_pβ_0((γ, 1), x)Z_p = Z_ph_γ Z_p a.e.

In other words, we strip away from the ends of β_0(γ, x) any elements of Z_p.

Subcase(2a). There is some h_γ , for γ ∈ F_2, which is not torsion. Thus the cocycle obtained by restricting β_0 to (⟨γ⟩ × {1}) × X is diffuse.

We then go across, as in the proof of Case(1), and consider the cocycle on the other side, α_{22} : (⟨γ⟩ × F_2) × X → H̄_2.

Again, following 3.10, we have that α_{22} restricted to (⟨γ⟩ × {1}) is not equivalent to a narrow cocycle. We again apply 2.2, to conclude that α_{22} must be equivalent to a cocycle into an amenable subgroup of H_2, and hence the restricted cocycle ({1} × F_2) × X → H̄

((1, σ), x) → (α_{21}((1, σ), x), α_{22}((1, σ), x) is equivalent to a cocycle into an amenable subgroup, with a contradiction to the assumptions of the lemma.

Subcase(2b). Whenever γ ∈ F_2, h_γ is torsion. And we split again.

Subsubcase(2bi). {h_γ : γ ∈ F_2} is finite.

Then, to each x, we may assign the finite set S_x = {β_0((γ, 1), x) : γ ∈ F_2} and observe that xE_{F2×{1}} y always implies that S_x is an H̄_2-translation of S_y, and in fact if y = (γ, 1) · x then

S_y = β_0((γ, 1), x)S_x.

Since the action of H̄_2 on its finite sets has only countably many orbits and the action of F_2 ×{1} is ergodic, we can apply the usual cocycle reduction and obtain a single, finite, non-empty S ⊆ H̄_2 and a cocycle β_1 equivalent to β_0, with β_1((γ, 1), x) · S = S.

all γ ∈ F_2, a.e. x ∈ X. Since the stabilizer of S is a finite subgroup of H̄_2, and therefore in particular amenable, we obtain that α restricted to F_2 × {1} is equivalent to

((γ, 1), x) → (α_{11}((γ, 1), x), β_1((γ, 1), x)),

which in turn, by the case assumptions, is equivalent to a cocycle into an amenable subgroup of H, with a contradiction to assumptions of lemma.

Subsubcase(2bii). {h_γ : γ ∈ F_2} is infinite.

Recalling our subcase assumptions we have that each h_γ is torsion, and hence by considering the combinatorics of Z_p ∗ Z (or applying Kurosh’s theorem as at C3.1), we have h_γ = g_γ u_γ g^{−1}_γ ,

where u ∈ Z_p and g_γ = n_{γ,1}ℓ̄_{γ,1}n_{γ,2}...ℓ̄_{γ,k(γ)−1} n_{γ,k(γ)} , where k(γ) ∈ N, each n_{γ,i} ∈ Z non-zero, assuming g_γ ≠ 1, and each ℓ̄_{γ,i} ∈ Z_p non-zero. We will forthwith remember this notation, and say that k(γ) is the length of h_γ .

Claim. If g_{γ1} , g_{γ2} ≠ 1 and the length of h_{γ1} is no greater than the length of h_{γ2} , then for every i ≤ γ_1(k)

n_{γ1,i} = n_{γ2,i}, and for i < γ_1(k) ℓ̄_{γ1,i} = ℓ̄_{γ2,i}.

Proof. Otherwise, a moment’s consideration of the combinatorics of concatenating words in Z_p ∗ Z, shows that for any w_1, w_2, w_3 ∈ Z_p, w_1h_{γ1} w_2h_{γ2} w_3 is of infinite order. But then since each β_0((γ_1γ_2, 1), x) has this form for a.e. x, we obtain a contradiction to the subcase assumptions.

Appealing to the subsubcase assumptions, we have that a.e.

{β_0((γ, 1), x) : γ ∈ F_2} ⊂ {w_1h_γ w_2 : γ ∈ F_2, w_1, w_2 ∈ Z_p} is infinite. The last claim implies that its closure under subsequences in the Cayley graph of H_2, which we henceforth denote by T_x, has at most 2p incompatible elements; this in turn implies that ∂T_x has a finite, non-zero, number of infinite branches.

Therefore, in the notation of appendix C3.1, we have an assignment x → E_x, X → [S¯_{H2} ]^{<∞}, of finite subsets of the reduced words from Z_p ⊔ Z, such that for all γ ∈ F_2, a.e. x ∈ X E_{(γ,1)·x} = β_0((γ, 1), x) · E_x.

Since the shift action of H̄_2 on [S¯_{H2} ]^{<∞} gives rise to an equivalence relation which is hyperfinite (since it can be viewed as the tail equivalence relation, just as in the proof of C3.1 i), and the action of F_2 × {1} on X is E_0- ergodic, we may apply the usual cocycle reduction to find a cocycle β_1 which is equivalent to β_0 and a single E ∈ [S¯_{H2} ]^{<∞} such that a.e. β_1((γ, 1), x) · E = E.

Then the restriction of α to (F_2 × {1}) × X is equivalent to the cocycle (F_2 × {1}) × X → H̄ ((γ, 1), x) → (α_{21}((γ, 1), x), β_1((γ, 1), x), thus equivalent to a cocycle into an amenable subgroup, with a contradiction to the assumptions of the lemma. ⊣

Corollary 3.12. Suppose that Γ = F_2 × F_2 acts freely and in a Borel way on a standard Borel space X with an invariant measure μ, so that the action of each non-amenable subgroup is E_0-ergodic and the action of each infinite subgroup is ergodic. Let H̄_2 = Z_p ∗ Z and let H̄ = F_2 × H̄_2 act freely and in a Borel way on a standard Borel space Y . Suppose ρ : X → Y witnesses E^X_Γ ≤_B E^Y_H .

Then there is an infinite cyclic subgroup Δ_0 of H̄ and a Δ_0-invariant measure ν on Y with ν(ρ(X)) ≠ 0.

Proof. Let α be the cocycle associated to the reduction ρ. Applying the last lemma we may assume that there is an infinite cyclic Δ ≤ Γ such that:

(i) p_1 ∘ α : Δ × X → F_2 is given by a non-trivial homomorphism π : Δ → F_2;

(ii) p_2 ∘ α : Δ × X → H̄_2 has image inside Z_p a.e.

Then let Δ_0 = π(Δ), and note that the actions of Δ_0 and Z_p on Y commute. Since Z_p is finite, we may assume that Y = Y_0 × Z_p and that Z_p acts by permuting the second coordinate of Y . We first obtain a suitably invariant measure on Y_0. Defining the function

φ : X → Y_0 by φ(x) = y

if and only if ρ(x) = (y, ℓ̄) for some ℓ̄, we can define the measure ν_0 = φ_∗μ by ν_0(A) = μ(φ^{−1} (A)).

Since φ respects the homomorphism π : Δ → Δ_0, we obtain a Δ_0 invariant measure on Y by

ν(A) = � Y_0

|{ℓ̄ : (y, ℓ̄) ∈ A}|dν_0(y). ⊣

On the basis of these facts, we can complete the proof as before. The argument in Lemma 3.6 goes through untouched for H̄_2, since this group cannot be mapped homomorphically onto a non-abelian free group. The rest of this alternate proof of 3.8 goes then as follows:

Let Γ = F_2 × F_2 and H̄ = F_2 × H̄_2. Since H̄_2 contains a copy of F_2, we view Γ as a subgroup of H̄. We consider the free part (2)^{H̄} of the shift action of H̄ on 2^{H̄} and the usual product measure. We recall from A6.1 that this action is mixing, so every infinite subgroup acts ergodically, and from A4.1 that every non-amenable subgroup acts E_0-ergodically. Fix an H̄-invariant Borel subset X of (2)^{H̄} such that μ(X) = 1 and every infinite cyclic subgroup of H acts uniquely ergodically on X. We also write μ for the restriction of μ to X.

We now let E = E^X_Γ , F = E^X_{H̄} .

Clearly E ⊆ F . So it is enough to check that E ≰_B F .

Suppose instead ρ : X → X is a Borel reduction of E to F . Applying 3.12, we obtain that there is an infinite cyclic subgroup Δ_0 of H and a Δ_0- invariant measure ν on Y with ν(ρ(X)) ≠ 0. Appealing to unique ergodicity, we have ν = μ, and hence μ(ρ(X)) ≠ 0, so μ(Δ_0 · (ρ(X))) = 1.

We let Y = � h∈H̄

h · Δ_0 · (ρ(X)),

and note that Y is H-invariant and still of μ measure 1; we let μ denote the restriction of μ to Y .

For each y ∈ Y , we may in a Borel manner assign some θ(y) ∈ X with ρ(θ(y))E^X_{H̄} y. But then θ witnesses

E^Y_{H̄} ≤_B E^X_Γ ,

which contradicts 3.6. ⊣

(D) Product groups

Theorem 3.13. Let Γ = Γ_1 × · · · × Γ_n × Δ, n ≥ 1, be a countable group, where Δ is an infinite amenable group, and let H = H_1 × · · · × H_n, where each H_i is countable and amenable or free. Let Γ act in a Borel way on a standard Borel space X with invariant measure μ and assume that Δ acts ergodically and each Γ_i acts E_0-ergodically. Let α : Γ × X → H be a Borel cocycle. Then one of the following holds:

(i) There is ∅ ≠ {i_1, . . . , i_k} ⊆ {1, . . . , n} such that α|((Γ_{i1} × · · · × Γ_{ik} × Δ) × X) ∼ β, with β((Γ_{i1} × · · · × Γ_{ik} × Δ) × X) ⊆ H_0 ≤ H, where H_0 is amenable.

(ii) For some 1 ≤ i ≤ n, 1 ≤ j ≤ n, we have that α|((Γ_i × Δ) × X) ∼ β, with β((Γ_i × Δ) × X) ⊆ H_j.

Corollary 3.14 Let Γ, H, X be as in the preceding theorem. Then if H acts freely in a Borel way on Y , E^X_Γ is E^Y_H -ergodic.

In particular, the shift action of Γ = Γ_1 × · · · × Γ_n × Z on 2^Γ , where Γ_i are not amenable, is E-ergodic, for any equivalence relation E induced by a free Borel action of the product of n amenable or free groups, e.g., F^n_2 or F^{n−1}_2 × Z, etc.

Proof of 3.14. Suppose H acts freely in a Borel way on Y and ρ : X → Y is a Borel homomorphism of E^X_Γ to E^Y_H . Let α be the associated cocycle,

α(γ, x) · ρ(x) = ρ(γ · x), γ ∈ Γ.

If (i) of Theorem 3.13 holds, we can let x → h_x be a Borel map from X to H, so that for γ ∈ Γ_{i1} × · · · × Γ_{ik} × Δ,

α(γ, x) = h_{γ·x}β(γ, x)h^{−1}_x , μ-a.e. (x).

Then if σ(x) = h^{−1}_x · ρ(x),

σ is also a Borel homomorphism of E^X_Γ to E^Y_H and its associated cocycle restricted to Γ_{i1} × · · · × Γ_{ik} × Δ is equal to β(γ, x), μ-a.e. (x), so it takes values as an amenable group H_0 ≤ H, μ-a.e. It follows that σ, restricted to a co-null set, is a homomorphism of E^X_{Γ i1} to a hyperfinite subequivalence relation of E^Y_H (since an equivalence relation induced by a Borel action of an amenable group is hyperfinite a.e. for any measure, by [OW]). Since Γ_{i1} acts E_0-ergodically, σ maps into a single E^Y_H -class, thus so does ρ.

So let us assume that (ii) of Theorem 3.13 holds. Then let x → f_x be Borel from X to H, so that for γ ∈ Γ_i × Δ,

α(γ, x) = f_{γ·x}β(γ, x)f^{−1}_x , μ-a.e. (x).

Put as usual τ(x) = f^{−1}_x · ρ(x),

so that τ is a Borel homomorphism of E^X_Γ to E^Y_H , whose associated cocycle α^′ satisfies, for γ ∈ Γ_i × Δ,

α^′(γ, x) = β(γ, x) μ-a.e. (x),

so α^′(γ, x) takes values in H_j μ-a.e. (x). If H_j is amenable, then we can see that ρ maps into a single E^Y_H -class as in the previous case. So let us assume that H_j is free. Then we can apply Theorem 2.2 to the action of Γ_i × Δ on X and the cocycle α^′|((Γ_i × Δ) × X), which takes values in H_j μ-a.e. If case (i) of 2.2 applies, we are done, as before, so we can assume that we are in case (ii)^′ of 2.2. Then α^′|(Γ_i × Δ) × X is equivalent to a homomorphism π of Γ_i × Δ into H_j, which is trivial on Δ. As usual, we can change τ to a Borel homomorphism φ of E^X_{Γ i×Δ} into E^Y_H such that the cocycle of φ is equal to π, μ-a.e., and φ(x)E^Y_H τ(x), μ-a.e. (x). But then φ is Δ-invariant, so by the ergodicity of the Δ-action, it is constant a.e., and thus τ and so ρ maps into a single E^Y_H -class, a.e. ⊣

Proof of Theorem 3.13.

Write α = (α_1, . . . , α_n), where α_j = p_j ∘α, with p_j the projection of H onto H_j. Then, applying 2.2 to α_j, we see that we have one of two possibilities:

(I) α_j ∼ β_j, where β_j takes values into an amenable subgroup of H_j or (II) α_j ∼ π_j, where π_j is a homomorphism of Γ into H_j, and π_j is trivial on Δ.

If (I) holds for all j = 1, . . . , n, clearly α ∼ β, where β takes values in an amenable subgroup of H, so (i) holds (with {i_1, . . . , i_k} = {1, . . . , n}).

Otherwise (II) holds for some j, with π_j not taking values into an amenable subgroup of H_j. If n = 1, clearly (ii) of 3.13 holds, so we assume n > 1. Also obviously H_j is free. We now use the following standard fact about free groups (see, e.g., [LS, 2.18]): The relation a�b ⇔ ab = ba, in any free group F , is an equivalence relation on the set of non-trivial elements of F . It follows that there is a unique i such that π_j(Γ_i) is not abelian and π_j(Γ_i′ ) = {1}, for i^′ ≠ i. Then α|((Γ_1 × · · · × Γ̂_i × · · · × Γ_n × Δ) × X) ∼ β, with β taking values in H_1 × · · · ×Ĥ_j × · · · × H_n, where Γ̂_i, Ĥ_j means that the corresponding groups are omitted. Proceeding this way by induction, we either get ∅ ≠ {i_1, . . . i_k} ⊆ {1, . . . , n}, so that α|(Γ_{i1} × · · · × Γ_{ik} × Δ) × X is equivalent to a cocycle taking values in an amenable subgroup of H or else this procedure continues for n − 1 steps and we find some i, j so that α|(Γ_i × Δ) × X is equivalent to a cocycle taking values in H_j, so we are done. ⊣ We also have the following rigidity result concerning the shift action of product groups. (We will see stronger results in §5.)

Theorem 3.15. Let Δ_0 be a countable, infinite amenable group, H_0 a countable non-amenable group, Δ_1 a countable amenable group and H_1 a torsion-free near-hyperbolic countable group. Then if F (H_0 × Δ_0, 2) ≤_B F (H_1 × Δ_1, 2), there is a normal amenable subgroup N � H_0 such that H_0/N is (isomorphic to) a subgroup of H_1. In particular, if H_0 is torsion-free, hyperbolic, F (H_0 × Δ_0, 2) ≤_B F (H_1 × Δ_1, 2) iff H_0 is (isomorphic to) a subgroup of H_1.

Proof. Denote by μ the usual product measure on 2^{H0×Δ 0} which concentrates on (2)^{H0×Δ 0} . Suppose ρ : (2)^{H0×Δ 0} → (2)^{H1×Δ 1} is a Borel reduction of F (H_0 × Δ_0, 2) to F (H_1 × Δ_1, 2). Let α : H_0 × Δ_0 → H_1 × Δ_1 be the associated cocycle. Let α_1 be its projection to H_1. Then by 2.2, for H_0 × Δ_0 and α_1, we have two possibilities:

(i) α_1 is equivalent to a cocycle taking values in an amenable subgroup of H_1 and thus α is equivalent to a cocycle β taking values in an amenable subgroup G of H_1 × Δ_1. Let then σ be a reduction from F (H_0 × Δ_0, 2) to F (H_1 × Δ_1, 2), whose associated cocycle is β, μ-a.e. Then, μ-a.e., σ reduces F (H_0 ×Δ_0, 2) to E^{(2)H1×Δ 1}_G and E^{(2)H1×Δ 1}_G is hyperfinite, ν-a.e., where ν = σ_∗μ. Thus F (F_0 × Δ_0, 2) is hyperfinite, μ-a.e., so H_1 × Δ_1 is amenable, a contradiction.

(ii) There is a homomorphism π : H_0 × Δ_0 → H_1, which is trivial on Δ_0 and α_1 ∼ π. It is thus enough to verify that N = ker(π) is amenable. If α = (α_1, α_2), where α_2 is the projection to Δ_1, then α ∼ (π, α_2), and we can find a reduction τ of F (H_0 × Δ_0, 2) to F (H_1 × Δ_1, 2), whose associated cocycle is (π, α_2), μ-a.e. Then note that τ is also a reduction of E^{(2)H0×Δ 0}_N to E^{(2)H1×Δ 1}

Δ_1 , which is hyperfinite λ-a.e., where λ = τ ∗μ. It follows that

E^{(2)H0×Δ 0}

N is hyperfinite, μ-a.e., so N is amenable.

The final conclusion follows from C4.2. ⊣

4 Factoring homomorphisms

We will start with a refinement of Theorem 2.2, which deals with the case when the action of Γ is not necessarily E_0-ergodic. In stating this result it is convenient to introduce the following:

Definition 4.1. A near-hyperbolic group H is called nice if in the definition 2.1, (a) is strengthened by requiring that the action of H on the set of elements of M_{≤2} (K) with non-trivial stabilizers has corresponding equivalence relation tame.

By Appendices C2.2, C4.3 this is true for all free groups and more generally all torsion-free hyperbolic groups. Z_2 ∗ Z_3 is, however, an example of a non-nice, near-hyperbolic group.

Theorem 4.2. Let Γ be a countable group and Δ � Γ an infinite normal amenable subgroup. Suppose Γ acts in a Borel way on the standard Borel space X with invariant measure μ. Assume that the action of Δ is ergodic. Let H be a nice near-hyperbolic group and let α : Γ × X → H be a Borel cocycle. Then one of the following three possibilities holds:

(i) There is a Borel cocycle β : Γ × X → H equivalent to α, α ∼ β, such that β(Γ × X) ⊆ H_0, where H_0 ≤ H is an amenable subgroup of H.

(i)^∗ There is a conull Borel Γ-invariant X_0 ⊆ X, a free Borel action of H on a standard Borel space Y_0 with E^{Y0}_H hyperfinite, and a Borel homomorphism ρ : E^{X0}_Γ → E^{Y0}_H such that for all γ ∈ Γ, x ∈ X_0

α(γ, x) = 1 ⇔ ρ(x) = ρ(γ · x).

(ii) There is a Borel cocycle β : Γ × X → H equivalent to α, α ∼ β, such that β(Δ × X) ⊆ F_0, where F_0 ≤ H is a finite subgroup of H. And in this case, the double coset

π(γ) = F_0β(γ, x)F_0, γ ∈ Γ,

depends only on γ, μ-a.e. (x).

In particular, if H is torsion-free, then (ii) can be replaced by: (ii)^′ There is a homomorphism π : Γ → H with π(Δ) = {1} such that π (viewed on cocycle from Γ × X into H, via π(γ, x) = π(γ)) is equivalent to α, α ∼ π.

Proof. We use the notation and follow the argument in the proof of 2.2, except that we also assume that if

Z = {ν ∈ M_{≤2} (K) : ν has non-trivial stabilizer},

then E^Z_H is tame. Let Y = M_{≤2} (K) \ Z.

Case (ii) is identical to that of 2.2, so we analyze further case (i) of 2.2, in order to obtain (i) or (i)^∗.

Because Γ acts ergodically on X, we have that

ρ(x) ∈ Z, μ-a.e. (x) or ρ(x) ∈ Y, μ-a.e. (x)

In the first case, we obtain (i), exactly as in the proof of 2.2, noting that since E^Z_H is tame we only need the ergodicity of the Γ-action. In the second case, let λ = ρ_∗μ and find a Γ-invariant Borel set X_0 ⊆ X and an H-invariant Borel set Y_0 ⊆ Y with μ(X_0) = 1, ρ(X_0) = Y_0 ⊆ Y , E^{Y0}_H hyperfinite, and α(γ, x) · ρ(x) = ρ(γ · x), for γ ∈ Γ, x ∈ X_0. Then ρ : E^{X0}_Γ → E^{Y0}_H is a Borel homomorphism, H acts freely on Y_0, and for γ ∈ Γ, x ∈ X_0

α(γ, x) = 1 ⇔ ρ(x) = ρ(γ · x),

so the proof is complete. ⊣

We next define the notion of factoring for Borel homomorphisms.

Definition 4.3. Let E, F be countable Borel equivalence relations on X, Y , resp. Let ρ : X → Y be a Borel homomorphism of E to F . We say that ρ factors through a countable Borel equivalence relation R on Z if there are Borel homomorphisms σ : X → Z, τ : Z → Y of E to R, and R to F , resp., with ρ = τ ∘ σ.

We now have the following result which we will use in conjunction with Theorem 4.2 to obtain rigidity theorems for actions of product groups.

Theorem 4.4. Let Γ be a countable group acting in a Borel way on a standard Borel space X. Let H_1, . . . , H_n be countable groups and assume that H = H_1 × · · · × H_n acts freely in a Borel way on a standard Borel space Y . Let ρ : X → Y be a Borel homomorphism of E^X_Γ to E^Y_H , with associated cocycle α, i.e., α(γ, x) · ρ(x) = ρ(γ · x). Let p_i be the projection of H to H_i and put α_i = p_i ∘α, i = 1, . . . , n. Suppose that for each i, one of the following holds:

(i) α_i(Γ × X) ⊆ H^′_i, where H^′_i is an amenable subgroup of H_i. (ii) There is a hyperfinite Borel equivalence relation E_i on Z_i and a Borel homomorphism ρ_i : X → Z_i of E^X_Γ to E_i such that for γ ∈ Γ, x ∈ X:

α_i(γ, x) = 1 ⇔ ρ_i(γ · x) = ρ_i(x).

Then there is a countable Borel equivalence relation F̂ on Ẑ such that ρ factors through F̂ , and F̂ is μ̂-hyperfinite, for any measure μ̂ on Ẑ.

Proof. We will prove the result here in the case ρ is a Borel reduction, which is enough for the applications in §5. We will give the proof in the general case, where ρ is an arbitrary Borel homomorphism, in Appendix E, see E2.1.

We will also assume, for convenience, that the Continuum Hypothesis (CH) is true. This is harmless, since the proposition we want to prove is a projective statement, so CH can be avoided by standard metamathematical results (see, e.g., Appendix 2 in [AL], where this is explained in some detail). Since ρ is a reduction, clearly ρ is countable-to-1, so ρ[X] is Borel and thus the E^Y_H -saturation of ρ(X) is Borel. So we can assume without loss of generality that ρ(X) is a complete section for E^Y_H , i.e., it meets every E^Y_H -class.

It is clear that it is enough to prove the result for n = 2. Then there are three different cases depending on whether (i) holds for both α_1, α_2, (ii) holds for both α_1, α_2, or (i) holds for one α_i and (ii) for the other.

In the first case, let H^′ = H^′_1 × H^′_2 ≤ H, so that H^′ is amenable. Let Ẑ = Y, F̂ = EY_{H′} . Then clearly F̂ is μ-hyperfinite for all μ (by [OW]), as it is induced by a Borel action of an amenable group, and of course ρ factors through F̂ .

The proofs in the last two cases are quite similar, so we will give below the argument for the third case. So let us assume that α_1(Γ×X) ⊆ H^′_1 ≤ H_1, with H^′_1 amenable, and that there is a hyperfinite Borel equivalence relation E_2 on Z_2 and a Borel homomorphism ρ_2 : X → Z_2 of E^X_Γ to E_2 such that for γ ∈ Γ, x ∈ X:

α_2(γ, x) = 1 ⇔ ρ_2(γ · x) = ρ_2(x).

Since clearly ρ is a homomorphism of E^X_Γ to E^Y_H′_{1×H 2} , we may as well assume that H_1 itself is amenable. We will then show that we can take Ẑ = Y, F̂ = EY_H . Since clearly ρ factors through F̂ , it is enough to show that E^Y_H is μ-hyperfinite for each μ. By [CFW], and the discussion in [JKL, Sections 2.2, 2.3], it is enough to show that E^Y_H is measure-amenable, which means that there is a universally measurable (in the sense of [JKL, Def. 2.7]) map C → φ_C which assigns to each E^Y_H -class C a mean φ_C on C.

Let F_1 = E^Y_{H1} , F_2 = E^Y_{H2} , and, since E_2 is hyperfinite, fix a Borel relation ≺ on Z_2 which induces on each E_2-class an ordering isomorphic to Z or else finite.

Now fix y, z ∈ ρ(X) with yF_1z and take any x_1, x_2 ∈ X with ρ(x_1) = y, ρ(x_2) = z. Then there is γ ∈ Γ, with γ · x_1 = x_2 and, since α_2(γ, x_1) = 1, it follows that ρ_2(x_1) = ρ_2(x_2). Put, for any y ∈ ρ(X),

σ(y) = ρ_2(x), for any x ∈ X with ρ(x) = y.

The above shows that σ is well-defined, Borel (since it has analytic graph), and F_1-invariant. Also if y, z ∈ ρ(X), yE^Y_H z, and it is not the case that yF_1z, then if x_1, x_2 ∈ X, γ ∈ Γ, are such that ρ(x_1) = y, ρ(x_2) = z and γ · x_1 = x_2, then α_2(γ, x_1) ≠ 1, so ρ_2(x_1) ≠ ρ_2(x_2), thus σ(y) ≠ σ(z). For any E^Y_H -class C, define then the following ordering ≺_C on the set of classes [y]_{F1} , with y ∈ ρ(X) ∩ C:

[y]_{F1} ≺_C [z]_{F1} ⇔ σ(y) ≺ σ(z).

By the above, this is well defined, and ≺_C has order type Z, N, N^∗ (= the reverse ordering in N) or finite. We will assume that ≺_C has always order type Z, since the other cases can be handled in a similar, but easier way.

Since H_1 is amenable, and F_1 = E^Y_{H1} , F_1 is measure-amenable (see, e.g., the paragraph following [JKL, Theorem 2.8]), so fix a universally measurable map C_1 → ψ_{C1} , where ψ_{C1} is a mean on C_1, and C_1 varies over F_1-classes. We finally define a universally measurable map C → φ_C , where C varies over E^Y_H -classes, with φ_C a mean on C.

Let θ be a universally measurable invariant mean on Z (see, e.g., [JKL, Cor. 2.2]). Then for each E^Y_H -class C, we define φ_C , a mean on C, as follows:

Fix f = ℓ_∞(C). For each F_1-class C_1 ⊆ C, let f_{C1} = f|C_1 ∈ ℓ_∞(C_1). Let g(C_1) = ψ_{C1} (f_{C1} ). Now fix a bijection ξ : Z → {[y]_{F1} : y ∈ ρ(X) ∩ C}, so that m < n ⇔ ξ(m) ≺_C ξ(n).

Put, finally φ_C (f) = θ(g ∘ ξ).

Note here that g ∘ ξ ∈ ℓ_∞(Z) and that φ_C (f) is independent of ξ, by the invariance of θ. The verification that C → φ_C is universally measurable is routine and the proof is therefore complete. ⊣

Remark. The preceding proof, for the case when ρ is a reduction, shows without any use of CH or the result of [CFW], that one can take in this case the relation F̂ in the statement of 4.4 to be 2-amenable (in the sense of [JKL, Def. 2.12]), and again this is enough for the applications in §5.

We finally note, for further reference, that the argument for the proof of 4.4 also gives the following.

Theorem 4.5 Let Γ be a countable group acting in a Borel way on a standard Borel space X. Let H be a countable group, Δ_1 � H a normal amenable subgroup and put H_1 = H/Δ_1. Assume that H acts in a Borel way on a standard Borel space Y . Let ρ be a Borel reduction of E^X_Γ to E^Y_H with associated cocycle α. Let p_1 be the projection of H to H_1 and put α_1 = p_1 ∘α. Suppose that there is a hyperfinite Borel equivalence relation E_1 on Z_1 and a Borel homomorphism ρ_1 : X → Z_1 of E^X_Γ to E_1 such that for γ ∈ Γ, x ∈ X:

α_1(γ, x) = 1 ⇔ ρ_1(γ · x) = ρ_1(x).

Then E^X_Γ is μ-hyperfinite for any measure μ on X.

5 Further applications

We will now derive some applications of the results in §4.

(A) Rigidity results for reducibility and stable orbit equivalence

Theorem 5.1. Let Γ be a countable non-amenable group, Δ � Γ an infinite amenable normal subgroup and suppose Γ acts freely in a Borel way on a standard Borel space X with invariant measure μ, so that the action of Δ is ergodic. Let H be a countable group, Δ_1 � H a normal subgroup such that H_1 = H/Δ_1 is a nice, near-hyperbolic, torsion-free group. Suppose H acts freely in a Borel way on a standard Borel space Y . If E^X_Γ ≤_B E^Y_H , then there is an amenable normal subgroup N � Γ containing Δ, so that Γ/N is (isomorphic to) a subgroup of H_1.

Proof. Let ρ : X → Y be a Borel reduction of E^X_Γ to E^Y_H , let α : Γ × X → H be the associated cocycle and α_1 = p_1 ∘ α its projection to H_1, where p_1 : H → H_1 is the canonical projection. We apply 4.2 to α_1.

If (i) of 4.2 holds, then, by the usual arguments (see Appendix B.1), and neglecting null sets, we see that there is a Borel reduction ρ̄ : X → Y of E^X_Γ to E^Y_H , whose associated cocycle ᾱ satisfies ᾱ(Γ × X) ⊆ G ≤ H, with G amenable. Then E^X_Γ ≤_B E^Y_G , so E^X_Γ is 1-amenable (in the terminology of [JKL, Section 2.4]), thus by [JKL, 2.15, 2.13, 2.14] Γ is amenable, a contradiction.

If (i)^∗ of 4.2 holds, then, by 4.5, we see that E^X_Γ is μ-hyperfinite, for any measure μ on X, so Γ is again amenable, a contradiction.

Finally, if (ii) of 4.2 holds, or rather (ii)^′, since H_1 is torsion-free, we have a homomorphism π : Γ → H_1 with N = ker(π) ≥ Δ and α_1 ∼ π. Then we can find a reduction ρ̄ of E^X_Γ to E^Y_H such that the associated cocycle ᾱ satisfies p_1 ∘ᾱ = π, neglecting null sets. Then ᾱ|(N × X) takes values in Δ_1, so E^X_N ≤_B E^Y_{Δ 1} , thus, as before, N is amenable, and π clearly shows that Γ/N is (isomorphic to) a subgroup of H_1. ⊣

Corollary 5.2. Suppose that a non-amenable countable group H_0 contains no non-trivial normal amenable subgroups (e.g., a non-abelian free group or even any torsion-free hyperbolic group which is not cyclic). Suppose Δ_0 is infinite amenable and H_0 ×Δ_0 acts freely in a Borel way on X with invariant measure μ, such that the Δ_0-action is ergodic. Let H_1 be torsion-free hyperbolic (e.g., a free group), Δ_1 amenable and suppose H_1 × Δ_1 acts freely in a Borel way on Y . If E^X_{H0×Δ 0} ≤_B E^Y_{H1×Δ 1} , then H_0 is (isomorphic to) a subgroup of H_1.

The conclusion of Theorem 5.1 can be strengthened in the case that the actions of Γ on X and H on Y are stably orbit equivalent. More precisely we have:

Theorem 5.3. In the context of 5.1, assume moreover that the action of H on Y has an invariant measure ν and H^′ acts ergodically for any nonamenable subgroup Δ_1 ≤ H^′ ≤ H. If the action of Γ on X and of H on Y are stably orbit equivalent, then there is an amenable normal subgroup N � Γ containing Δ, so that Γ/N ∼= H_1.

Proof. In the notation of the proof of 5.1, our extra assumptions imply that we can choose ρ : X → Y , so that for any null set X_0 ⊆ X, ρ(X_0) ⊆ Y is null, and for each co-null set X_1 ⊆ X, the E^Y_H -saturation of ρ(X_1) is conull. By following the proof of 5.1, we see that there is a homomorphism π : Γ → H_1 with N = ker(π) ≥ Δ, and N amenable, and a Borel reduction ρ̄ of E^X_Γ to E^Y_H with ρ(x)E^Y_Hρ̄(x), μ-a.e. (x), so thatρ̄ also sends null sets to null sets, and co-null sets to sets whose saturation is co-null, and moreover the cocycle ᾱ associated to ρ̄ satisfies (a.e., but we will assume it is everywhere, without causing any harm) p_1 ∘ᾱ = π, where p_1 : H → H_1 is the canonical projection. Say π(Γ) = H_0 ≤ H_1. We want to show that H_0 = H_1. Of course ᾱ(Γ × X) ⊆ p^{−1}_1 (H_0) = H^′.

Put ρ̄(X) = Y^′. Then, neglecting again a null set, Y^′ is a Borel complete section of E^Y_H , i.e., it meets every orbit of H. Let y_1, y_2 ∈ Y^′ satisfy y_1E^Y_H y_2. Say y_1 = ρ̄(x_1), y_2 = ρ̄(x_2). Then x_1E^X_Γ x_2, so let γ ∈ Γ be such that γ · x_1 = x_2. Then ᾱ(γ, x_1) · y_1 = y_2, so y_1E^Y_H′ y_2. Thus in every H-orbit C, Y^′ ∩ C is contained in a single E^Y_H′ -class. So if Y_0 is the H^′-saturation of Y^′ and we assume that H_0 ≠ H_1, towards a contradiction, so that H^′ ≠ H, Y_0 and Y \Y_0 both meet every E^Y_H -class, so they have positive measure. Now H^′ cannot be amenable, since then H_0 would be amenable and then Γ would be amenable (recall that Γ/N ∼= H_0 and N is amenable). So by H^′-ergodicity, one of Y_0, Y \ Y_0 is null, a contradiction. ⊣

Corollary 5.4. Let H_0 be a countable group which contains no non-trivial normal amenable subgroups (e.g., a non-abelian free group or even a torsionfree hyperbolic group, which is not cyclic). Suppose Δ_0 is infinite amenable and H_0 ×Δ_0 acts freely in a Borel way on X with invariant measure μ and the Δ_0-action is ergodic. Let H_1 be torsion-free hyperbolic (e.g., a free group), Δ_1 infinite amenable, and suppose H_1 × Δ_1 acts freely in a Borel way on Y with invariant measure ν and H × Δ_1 acts ergodically for any non-amenable subgroup H ≤ H_1. If the action of H_0 × Δ_0 on X and of H_1 × Δ_1 on Y are stably orbit equivalent, then H_0 ∼= H_1.

We have seen in Section 1, C) that there are free measure preserving ergodic actions of F_2, F_3 which are SOE. In particular, by considering product actions, there are ergodic free measure preserving actions of F_2 × Z, F_3 × Z which are SOE. However, the preceding corollary shows that if free measure preserving actions of F_m × Z, F_n × Z are Z-ergodic, and they are SOE, we must have m = n.

(B) Products of hyperbolic groups

Theorem 5.5. Let Γ_1, Γ_2, . . . , Γ_n (n ≥ 1) be countable non-amenable groups, Δ a countable amenable group and let Γ = Γ_1 × · · · × Γ_n × Δ act freely in a Borel way on a standard Borel space X with invariant measure μ, so that the action of Δ is ergodic. Let H_1, . . . , H_n be torsion-free hyperbolic groups (e.g., free groups) and let H = H_1 × · · · × H_n act freely in a Borel way on

Y . Then E^X_Γ ≰_B E^Y_H .

Proof. By induction on n.

Consider first the case n = 1. Suppose E^X_Γ ≤_B E^Y_H , where Γ = Γ_1 × Δ, H = H_1. Let ρ : X → Y be a Borel reduction of E^X_Γ to E^Y_H , and α the associated cocycle. Then, by 4.2, we have one of the following cases, in each of which we will derive a contradiction:

(i): α is equivalent to a cocycle with values in an amenable, thus cyclic-by-finite (see C4.1), subgroup of H. Then by changing ρ to another reduction, if necessary, and neglecting null sets, we can assume that α itself takes values in such a subgroup H_0 of H. Then clearly E^X_Γ ≤_B E^Y_{H0} , so, since E^Y_{H0} is hyperfinite, E^X_Γ is hyperfinite, so Γ is amenable a contradiction.

(i)^∗: There is a hyperfinite equivalence relation F on a standard Borel space Z and a Borel homomorphism σ : X → Z of E^X_Γ to F with α(γ, x) = 1 ⇔ σ(x) = σ(γ · x), μ-a.e. (x), ∀γ ∈ Γ. Without loss of generality we can assume this is true for all x. Then by 4.4, and neglecting μ-null sets, we conclude that there is a hyperfinite countable Borel equivalence relation F̂ on Ẑ such that ρ factors through F̂ , say ρ = ρ_2 ∘ ρ_1, where ρ_1 is a Borel homomorphism of E^X_Γ to F̂ and ρ_2 a Borel homomorphism of F̂ to E^Y_H . It follows that ρ_1 is a reduction and so E^X_Γ is hyperfinite, thus Γ is amenable, a contradiction.

(ii)^′: α is equivalent to a homomorphism π : Γ → H with π(Δ) = {1}. Again we can assume, by changing ρ and by neglecting null sets, that actually α = π. This implies that ρ is Δ-invariant, so that by the ergodicity of the Δ-action, it is constant a.e., a contradiction.

Now suppose n > 1 is arbitrary. Assume again ρ is a Borel reduction of E^X_Γ to E^Y_H , towards a contradiction, and let α be the associated cocycle. Let α_i = p_i ∘ α, where p_i is the projection of H to H_i. We apply again 4.2 to each α_i. If (i) or (i)^∗ of 4.2 holds for each i, then again by changing ρ to another reduction, if necessary, and neglecting null sets, we can assume that for each i, either α_i maps into an amenable subgroup of H_i or (i)^∗ holds for α_i. Then by 4.4, neglecting null sets, ρ factors through some hyperfinite equivalence relation and we get a contradiction as in the case n = 1.

So for some 1 ≤ i ≤ n, α_i satisfies (ii)^′, i.e., α_i ∼ π, where π : Γ → H_i is a homomorphism, with π(Δ) = {1}, and π(Γ) not amenable. We claim then that there is a unique 1 ≤ k ≤ n such that π(Γ_k) ≠ {1}. Indeed, there is at least one such k. Assume also π(Γ_ℓ) ≠ {1}, for some ℓ ≠ k. Fix h ∈ π(Γ_k) \ {1}, so that h has infinite order. Then for any m ≠ k, π(Γ_m) ⊆ C_{Hi} (h) = the centralizer of h in H_i. But ⟨h⟩ has finite index in C_{Hi} (h), see [GdlH, p. 156, Théorème 34] (in case, H_i is free, of course C_{Hi} (h) is cyclic), so π(Γ_m) is amenable. Thus π(Γ_m) is amenable, for each m ≠ k, and similarly π(Γ_m) is amenable, for each m ≠ ℓ. Since k ≠ ℓ, this shows that �_n

m=1 π(Γ_m) = π(Γ) is amenable, a contradiction.

We can assume without loss of generality that k = i = 1, so that π(Γ_2) = π(Γ_3) = · · · = π(Γ_n) = {1}. Let Γ^′_1 = Γ_1 ∩ ker(π), so that π(Γ^′_1) = {1} as well. By changing ρ, if necessary, to another reduction, and neglecting null sets, we can assume that actually α_1 = π. Notice then that ρ is a reduction of E^X_Γ ′_{1×Γ 2×···×Γ n×Δ} to E^Y_{H2×···×Hn} . Indeed, if xE^X_Γ ′_{1×Γ 2×···×Γ n×Δ} y, say (γ^′_1, γ_2, . . . , γ_n, δ) · x = y with γ^′_1 ∈ Γ^′_1, γ_2 ∈ Γ_2, . . . γ_n ∈ Γ_n, δ ∈ Δ, then

(α_1((γ^′_1, γ_2, . . . , γ_n, δ), x), . . . , α_n((γ^′_1, γ_2, . . . , γ_n, δ), x)) · ρ(x) = ρ(y). But α_1((γ^′_1, . . . , γ_n, δ), x) = π(γ^′_1, . . . , γ_n, δ) = 1,

so ρ(x)E^Y_{H2×···×Hn} ρ(y). Conversely, if ρ(x)E^Y_{H2×···×Hn} ρ(y), clearly xE^X_Γ y, so let (γ_1, . . . , γ_n, δ) · x = y, with γ_i ∈ Γ_i, δ ∈ Δ. Then

(α_1((γ_1, . . . , γ_n, δ), x), . . . , α_n((γ_1, . . . , γ_n, δ), x)) ∈ H_2 × · · · × H_n,

i.e., α_1((γ_1, . . . , γ_n, δ), x) = π(γ_1) = 1, so γ_1 ∈ Γ^′_1 and xF^X_Γ ′_{1×Γ 2×···×Γ n×Δ} y.

Put Γ^′_2 = Γ^′_1 ×Γ_2, Γ^′_3 = Γ_3, . . . , Γ^′_n = Γ_n. Then Γ^′_i is not amenable, for 2 ≤ i ≤ n and E^X_Γ ′_{2×···×Γ} ′_{n×Δ} ≤_B E^Y_{H2×···×Hn} , violating the induction hypothesis.⊣

Remark. For the case where the Γ_i’s are free, non-abelian and the H_i’s are free, and one of them is abelian, this result also follows from the results of Gaboriau [Ga01].

6 Product actions, I

In this and the next section, we will prove some results concerning nonreducibility of product actions, and use them in §8 to provide some applications concerning the relationship of the shift actions of product groups, whose factors are free or amenable groups, versus product actions of such groups. In general, if groups Γ_1, . . . , Γ_n act on spaces X_1, . . . , X_n, resp., the product action of Γ_1 × · · · × Γ_n on X_1 × · · · × X_n is given by

(γ_1, γ_2, . . . , γ_n) · (x_1, . . . , x_n) = (γ_1 · x_1, . . . , γ_n · x_n).

If E_1, . . . , E_n are the equivalence relations induced by Γ_1, . . . , Γ_n, resp., then the equivalence relation induced by the product action is E_1 ×· · ·×E_n, where

(x_1, . . . , x_n)E_1 × · · · × E_n(y_1, . . . , y_n) ⇔ ∀i ≤ n(x_iE_iy_i).

Theorem 6.1. Let Γ be a countable non-amenable group, which contains two infinite amenable subgroups Δ_1, Δ_2 ≤ Γ such that Δ_1 ⊆ N_Γ (Δ_2), Δ_2 ⊆ N_Γ (Δ_1), Γ = N_Γ (Δ_1)N_Γ (Δ_2), where for any Δ ⊆ Γ, N_Δ (Γ) is the normalizer of Δ in Γ. Suppose Γ acts freely in a Borel way on a standard Borel space X with invariant measure μ and assume that each infinite subgroup of Γ acts ergodically (e.g., the Γ-action is mixing). Let E_1, . . . , E_n be treeable countable Borel equivalence relations. Then

E^X_Γ ≰_B E_1 × · · · × E_n.

Corollary 6.2. Let Γ = Γ_1 × · · · × Γ_m, m ≥ 2, be a countable non-amenable group, where at least two of the Γ_i’s contain an infinite amenable subgroup. Then for any free mixing Borel action of Γ on X with invariant measure, E^X_Γ cannot be Borel reduced to a finite product of treeable countable Borel equivalence relations.

Proof of Theorem 6.1. We will employ a variation of the ideas explained in Appendices B3, B4. We use the concept of the boundary of a tree, ∂T , as discussed in C1.

We will first introduce a few concepts that are needed in the proof. Suppose the free group F_2 = ⟨a, b⟩ acts freely in a Borel way on a standard Borel space Y . Fix an orbit C of this action. Then define a tree T_C , with vertex set C, by

(y_1, y_2) ∈ T_C ⇔ ∃γ ∈ {a^± , b^± }(γ · y_1 = y_2).

For any y ∈ C, the bijection φ_y : C → F_2 given by φ_y(z) = the unique γ ∈ F_2 with γ^{−1} · y = z, clearly gives an isomorphism between T_C and the Cayley graph of F_2 (see C2), and induces a homeomorphism, also denoted by φ_y, of ∂T_C with ∂F_2. It also induces a Borel bijection of [∂T_C ]^k with [∂F_2]^k and a homeomorphism of M(∂T_C ) and M(∂F_2), all denoted by φ_y again. Note that if γ ∈ F_2, φ_y(z) = δ (so that δ · z = y), then φ_{γ·y}(z) = γδ (since γδ·z = γ·y). So φ_{γ·y}(z) = γφ_y(z), thus, if e is in ∂T_C , then φ_{γ·y}(e) = γ·φ_y(e), where in the right hand side we have the action of F_2 on ∂F_2.

Assume now π : X → Y is a Borel homomorphism of E^X_Γ to E^Y_{F2} = E. As usual, we denote by [Y ]_E = F_2 · y, the E-class of y.

We will often consider below maps x → S(x), with domain X and values S(x), which are either finite subsets of ∂T_{[π(x)] E} or measures on ∂T_{[π(x)] E} . Given a class of functions F, whose domain is X and co-domain is a Polish space (e.g., F = Borel, universally measurable, μ-measurable, etc.), we want to define what it means for S to be in F. Consider, for example, the case when S(x) is a measure on ∂T_{[π(x)] E} . We say then that S is in F if the map S^∗ : X → M(∂F_2), defined by

S^∗(x) = φ_{π(x)} (S(x)),

is in the class F.

For the remainder of the proof, it will be convenient to assume the Continuum Hypothesis (CH). This is harmless, as explained in the proof of 4.4.

We will derive the theorem from the following lemma:

Lemma 6.3. Let Γ, X, μ be as in the hypothesis of Theorem 6.1, and let F_2 act freely in a Borel way on a standard Borel space Y with induced equivalence relation E^Y_{F2} = E, and let C → T_C , for C ∈ Y/E, be the corresponding trees. Let π : X → Y be a Borel homomorphism of E^X_Γ to E, and assume that it does not map μ-a.e. into a single E-class. Then there is a universally measurable map x → S(x) such that:

(i) S(x) ⊆ ∂T_{[π(x)] E} , μ-a.e. (x). (ii) 0 < |S(x)| ≤ 2, μ-a.e. (x).

(iii) ∀γ ∈ Γ(S(γ · x) = S(x)), μ-a.e. (x), i.e., S is Γ-invariant a.e.

Granting this lemma, we can complete the proof of 6.1 as follows: If 6.1 fails, we can assume that E^X_Γ ≤_B E_1 ×· · ·×E_n, and n is least so that for some action of Γ on some X^′, μ^′ satisfying the hypotheses of 6.1, E^{X′}_Γ can be Borel reduced to a product of n treeable equivalence relations. By 1.1, we can also assume that E_i (1 ≤ i ≤ n) is induced by a free Borel action of F_2 on a standard Borel space Y_i. Fix then a Borel reduction ρ : X → Y_1 × · · · × Y_n of E^X_Γ to E_1 × · · · × E_n.

Write ρ = (π_1, . . . , π_n), where π_i = p_i ∘ ρ, with p_i : Y_1 × · · · × Y_n → Y_i the ith projection function. We will apply Lemma 6.3 to Γ, X, μ, E_i, π_i.

If μ(π^{−1}_i (C)) = 1 for some E_i-class C, then letting X^′ = π^{−1}_i (C), which is Γ-invariant, we see that π^′ = (π_1, . . . , π_{i−1} , π_{i+1}, . . . , π_n) is such that

xE^{X′}_Γ y ⇔ π^′(x)(E_1 × · · · × E_{i−1} × E_{i+1} × · · · × E_n)π^′(y),

contradicting the minimality of n. (If n = 1, then ρ : X → Y_1 maps into a single E_1-class, μ-a.e., contradicting the fact that ρ is a reduction. Thus n ≥ 2, if μ(π^{−1}_i (C)) = 1 for some i and some E_i-class C.)

It follows that μ(π^{−1}_i (C)) = 0, for all i = 1, . . . , n, and all E_i-classes C. Apply then 6.3 to each π_i, i = 1, . . . , n to find a universally measurable map x → S_i(x) such that for μ-a.e. (x):

(i) S_i(x) ⊆ ∂T_{[π i(x)]Ei} . (ii) 0 < |S_i(x)| ≤ 2. (iii) S_i(x) is Γ-invariant.

By restricting to a Γ-invariant set of measure 1, we can assume that each S_i is actually defined everywhere and Borel.

Let [ρ(X)]_{E1×···×En} = A ⊆ Y_1 × · · · × Y_n. We will argue that (E_1 × · · · × E_n)|A is measure-amenable (see [JKL, 8.3]), so since E^X_Γ ≤_B (E_1 × · · · × E_n)|A, E^X_Γ is measure-amenable, so Γ is amenable, a contradiction.

We will consider the case where n = 2, |S_1(x)| = 1, |S_2(x)| = 2. The general case is only notationally more complicated.

Consider an (E_1 × E_2)-class C contained in A. Then C = C_1 × C_2, where C_1 ∈ Y_1/E_1, C_2 ∈ Y_2/E_2, and, since |S_1(x)| = 1, |S_2(x)| = 2, we can assign to C an end e^1_C ∈ ∂T_{C1} and a pair {d^2_C , e^2_C } ⊆ ∂T_{C2} . We will use this to define means φ^C_1 on C_1 and φ^C_2 on C_2. We will then take φ_C = φ^C_1 ⊗ φ^C_2 , the Fubini product of φ^C_1 , φ^C_2 . It will be straightforward to verify that C → φ_C is universally measurable, in the sense of [JKL, 2.7]. Thus (E_1 × E_2)|A is measure amenable, as claimed.

To define φ^C_1 , fix any α ∈ C_1 and let α_0 = α, α_1, α_2 . . . be the geodesic from α to e^1_C . Put T^n(α) = α_n. Define then for any f ∈ ℓ_∞(C_1),

φ^1_α (f) = � f(T^0(α)) + · · · + f(T^n(α)) n + 1 dθ(n),

where θ is a universally measurable shift invariant mean on N (see [JKL, 2.1]–we are using CH here). Then it is easy to see that φ^1_α is independent of α, so we put φ^C_1 = φ^1_α , for any α ∈ C_1.

To define φ^C_2 , note that by the usual arguments (see [JKL, 3.19] and [Ke01, 8.2]), we can find equivalence relations {E^2_{n,C} } on C^∗_2 , where C^∗_2 = [d^2_C , e^2_C ] is the line determined by {d^2_C , e^2_C }, depending in a Borel way on any representative (x_1, x_2) ∈ C, such that

(a) E^2_{0,C} ⊆ E^2_{1,C} ⊆ E^2_{2,C} ⊆ . . . , (b) � n E^2_{n,C} = C^∗_2 × C^∗_2 , (c) Each E^2_{n,C} is finite (i.e., has finite classes). For each E^2_{n,C} class D now define the mean φ^2_{n,D} by

φ^2_{n,D}(f) = � β∈D f(β) |D| , for f ∈ ℓ_∞(D) = R^D (as D is finite). Then put for any β ∈ C^∗_2 , f ∈ ℓ_∞(C_2),

φ^2_β (f) = � φ^2_{n,[β] E2n,C} (f|[β]_E2_{n,C} )dθ(n).

Again it is easy to check that φ^2_β is independent of β ∈ C^∗_2 , so put

φ^C_2 = φ^2_β , for any β ∈ C^∗_2 .

It only remains to give the

Proof of Lemma 6.3.

Fix Δ ⊆ Γ infinite amenable.

Lemma 6.4. There is a map x → S^0(x), defined on X, such that (i) S^0(x) ⊆ ∂T_{[π(x)] E} , (ii) 0 < |S^0(x)| ≤ 2, (iii) S^0 is Δ-invariant.

(iv) S^0 is universally measurable.

Proof. By B3.2 applied to the Δ-action on X, H = F_2, K = ∂F_2, α the (strict) cocycle associated to π (restricted to Δ × X), we see that there is a universally measurable map x → ν_x from X to M(∂F_2), with α(δ, x) · ν_x = ν_{δ·x}, for x ∈ X, δ ∈ Δ. Let

ν^′_x = φ^{−1}_{π(x)} (ν_x) ∈ M(∂T_{[π(x)] E} ).

Then it is easy to verify that x → ν^′_x is universally measurable and Δinvariant. If ν^′_x ∈ M_{≤2} (∂T_{[π(x)] E} ), let S^0(x) = supp(ν^′_x). If ν^′_x ∈ M_3(∂T_{[π(x)] E} ), then, by the argument in C2.3, (ν^′_x)^3([∂T_{[π(x)] E} ]^3) > 0, and if φ({e_1, e_2, e_3}) = [e_1, e_2, e_3] (see the notation in C1), for {e_1, e_2, e_3} ∈ [∂T_{[π(x)] E} ]^3, then the image, ν^{′′}_x , of the normalized restriction of (ν^′_x)^3 to [∂T_{[π(x)] E} ]^3, is a measure on [π(x)]_E, so let A_x be the finite set of elements of [π(x)]_E, which have maximum measure. Let η : [F_2]^{<∞} → F_2 be an F_2-map (see the proof of C2.3) and let S^∗(x) = φ^{−1}_{π(x)} (η(φ_{π(x)} (A_x))) ∈ [π(x)]_E. Put S^0(x) = {b(S^∗(x))}, where b is a Borel map that assigns to each y ∈ Y an end b(y) ∈ ∂T_{[y]E} .

It is clear that this S^0 works. ⊣

Lemma 6.5. Suppose x → S(x) satisfies:

(i) S(x) ⊆ ∂T_{[π(x)] E} , μ-a.e. (x), (ii) S(x) ≠ ∅ and is finite, μ-a.e. (x), (iii) S is Δ-invariant, μ-a.e., (iv) S is universally measurable.

Then |S(x)| ≤ 2, μ-a.e. (x).

Proof. Let A = {x : |S(x)| > 2}. Then if μ(A) > 0, find a Borel set B ⊆ A which is Δ-invariant and μ(B) > 0. Then by the argument in the preceding lemma, we can find, shrinking B a bit if necessary, a Borel function g on B which is Δ-invariant and g(x) ∈ [π(x)]_E. Then, since the Δ-action is ergodic, g(x) = y_0, μ-a.e. (x), for some y_0 ∈ Y . Thus y_0 ∈ [π(x)]_E, μ-a.e. (x), so π(x) ∈ [y_0]_E = C, μ-a.e. (x), a contradiction. ⊣

Denote by S_Δ the set of all functions x → S(x) satisfying: (i) S(x) ⊆ ∂T_{[π(x)] E} , μ-a.e. (x), (ii) 0 < |S(x)| ≤ 2, μ-a.e. (x), (iii) S is Δ-invariant, μ-a.e., (iv) S is universally measurable.

Define a partial (pre-)order ⪯ on S_Δ by

S ⪯ T iff S(x) ⊆ T (x), μ-a.e. (x).

Let also for S ∈ S_Δ , D(S) = {x : |S(x)| = 2}.

The following is an analog of B4.1 and can be proved by the same argument, but we prefer to present the proof in a different way for further use.

Lemma 6.6. The partial order (S_Δ , ⪯) has a maximum element, denoted by S_Δ . (This is of course unique a.e.)

Proof. Assume not, towards a contradiction. Define by transfinite induction functions {S_α }_{α<ω 1} in S_Δ as follows: S_0 = S^0 is given by Lemma 6.4. Assume now S_α is defined. It is not a maximum, so there is S ∈ S_Δ such that S(x) ⊈ S_α (x) on a set of positive measure. Put S_{α+1} = S_α ∪ S. By Lemma 6.5, S_{α+1} ∈ S_Δ . Clearly S_{α+1} ⪰ S_α . Put D_α = {x : |S_α (x)| = 2}, D_{α+1} = {x : |S_{α+1} (x)| = 2}.

Since |S_{α+1} (x)| ≤ 2 μ-a.e. (x) and S_α ⪯ S_{α+1} , clearly D_α ⊆ D_{α+1} μ-a.e. (Here we let A ⊆ B μ-a.e., stand for μ(A \ B) = 0, and A � B μ-a.e., for μ(A \ B) > 0.) Consider any x with S(x) ⊈ S_α (x). Then |S_{α+1} (x)| ≥ 2, so x ∈ D_{α+1} , and also x ∉ D_α μ-a.e. (x), so μ(D_{α+1} \ D_α ) > 0. Thus we have D_α � D_{α+1} μ-a.e.

Finally assume S_α have been defined for all α < λ, λ limit, with S_α ⪯ S_β and D_α � D_β μ-a.e. for all α < β < λ. Put S_α = � α<λ S_α . We claim that S_α ∈ S_Δ . Then clearly S_α ⪯ S_λ , ∀α < λ, and D_α � D_λ μ-a.e., ∀α < λ.

Put D = � α<λ D_α . If x ∈ D, |S_λ (x)| = 2, since if x ∈ D_α , then S_α (x) = S_β (x), ∀α ≤ β < λ, μ-a.e (x). If x ∉ D, then |S_α (x)| = 1, ∀α < λ, and S_α (x) ⊆ S_β (x), ∀α < β < λ, so S_α (x) = S_β (x) = S_λ (x), and |S_λ (x)| = 1.

Since we have D_α � D_β μ-a.e., ∀α < β < ω_1, the sets {D_{α+1} \ D_α }_{α<ω 1} clearly violate the countable chain condition, a contradiction. ⊣ Lemma 6.7. S_Δ is N_Γ (Δ)-invariant, μ-a.e.

Proof. Fix γ ∈ N_Γ (Δ). Put S_γ (x) = S_Δ (γ · x).

Then for δ ∈ Δ,

S_γ (δ · x) = S_Δ (γδ · x) = S_Δ (δ^′γ · x), for some δ^′ ∈ Δ, = S_Δ (δ^′ · (γ · x)) = S_Δ (γ · x) = S_γ (x), μ-a.e. (x).

So S_γ is Δ-invariant, thus S_γ ⪯ S_Δ . Also x ∈ D(S_γ ) ⇔ |S_γ (x)| = 2 ⇔ |S_Δ (γ · x)| = 2 ⇔ γ · x ∈ D(S_Δ ).

So μ(D(S_γ )) = μ(D(S_Δ )) and since S_γ ⪯ S_Δ , thus D(S_γ ) ⊆ D(S_Δ ), μ-a.e., we have D(S_γ ) = D(S_Δ ), μ-a.e., so S_γ = S_Δ , μ-a.e. Thus S_Δ (γ · x) = S_Δ (x), μ-a.e. (x), i.e., S_Δ is γ-invariant a.e., and so S_Δ is N_Γ (Δ)-invariant a.e. ⊣ We complete now the proof of Lemma 6.3:

Fix two infinite amenable subgroups Δ_1, Δ_2 ≤ Γ with Δ_1 ⊆ N_Γ (Δ_2), Δ_2 ⊆ N_Γ (Δ_1) and N_Γ (Δ_1)N_Γ (Δ_2) = Γ. Consider the two functions S_{Δ 1} , S_{Δ 2} . As Δ_2 ⊆ N_Γ (Δ_1), S_{Δ 1} is also Δ_2-invariant μ-a.e. and so S_{Δ 1} ⊆ S_{Δ 2} μ-a.e. Similarly S_{Δ 2} ⊆ S_{Δ 1} μ-a.e., so S_{Δ 1} = S_{Δ 2} μ-a.e. Thus letting S = S_{Δ 1} , clearly S is both N_Γ (Δ_1) and N_Γ (Δ_2)-invariant μ-a.e., so it is Γ-invariant μ-a.e. ⊣ Remark. It appears that, using the results in [Ad94], one could also extend 6.1, so that it also applies to E_1, . . . , E_n induced by free Borel actions of hyperbolic groups, but we have not verified the details.

7 Product actions, II

We will employ here also some concepts and results from Gaboriau [Ga01]. In particular, we recall that the approximate ergodic dimension of a countable group Γ is the smallest n such that for some free Borel action of Γ with invariant measure on some X, E^X_Γ can be written as � m E_m, with {E_m} an increasing sequence of Borel equivalence relations each of which can be Borel reduced to a K_n-structurable countable Borel equivalence relation, in the sense of Appendix D (here K_n = the class of n-dimensional contractible simplicial complexes). If β_n(Γ) denotes the nth l^2-Betti number of Γ (see [Ga01, 1.2]), and Γ has approximate ergodic dimension < n, then β_n(Γ) = 0 (see [Ga01, 5.13]). In particular, as β_n(F^n_2 ) = 1 ≠ 0 for n ≥ 1 (see [Ga01, 1.5, 1.6]), F^n_2 has approximate ergodic dimension equal to n. Theorem 7.1. Let n ≥ 1. Let Γ = Γ_1×Γ_2, where Γ_1 has approximate ergodic dimension ≥ n and Γ_2 contains an infinite amenable subgroup. Assume Γ_1 acts freely in a Borel way on a standard Borel space X_1 with invariant measure μ_1 and Γ_2 acts freely in a Borel way on a standard Borel space X_2 with invariant measure μ_2. Consider the product action of Γ = Γ_1 × Γ_2 on X = X_1 ×X_2 (which has invariant measure μ = μ_1 ×μ_2). Then if E_1, . . . , E_n are treeable countable Borel equivalence relations,

E^X_Γ ≰_B E_1 × · · · × E_n.

Corollary 7.2. Let n ≥ 1. Suppose F^n_2 acts freely in a Borel way on X_1 with invariant measure μ_1 and Z acts freely in a Borel way on X_2 with invariant measure μ_2. Then if F^n_2 × Z acts by the product action on X_1 × X_2,

E^{X1×X 2}

F^n_2 ×Z ≰ B E1 × · · · × En,

for any treeable Borel equivalence relations E_1, . . . , E_n.

Proof of Theorem 7.1. We can assume that E_i is induced by a free Borel action of F_2 on a standard Borel space Y_i. Assume then that ρ : X → Y = Y_1 × · · · × Y_n is a Borel reduction of E^X_Γ to E_1 × · · · × E_n, towards a contradiction. As in the proof of 6.1, we will make the harmless assumption that the Continuum Hypothesis (CH) holds. Let p_i : Y → Y_i be the ith projection and put π_i = p_i · ρ. Finally we fix an infinite amenable subgroup Δ ⊆ Γ_2.

Lemma 7.3. There are maps x → S^0_i (x), i = 1, . . . , n, such that (i) S^0_i (x) ⊆ ∂T_{[π i(x)]Ei} . (ii) 0 < |S^0_i (x)| ≤ 2. (iii) S^0_i is Δ-invariant.

(iv) S^0_i is universally measurable.

Proof. As in Lemma 6.4. ⊣

For each Δ-invariant Borel set A ⊆ X, and 1 ≤ i ≤ n, denote by S^A_i the set of functions x → S(x) defined on A and satisfying:

(i) S(x) ⊆ ∂T_{[π i(x)]Ei} , μ-a.e. (x). (ii) 0 < |S(x)| ≤ 2, μ-a.e. (x). (iii) S is Δ-invariant, μ-a.e. (iv) S is universally measurable.

As usual, we define the partial order ⪯ on S^A_i by

S ⪯ T ⇔ S(x) ⊆ T (x), μ-a.e. (x).

We call the set A i-nice if S^A_i has a maximum element in ⪯.

Lemma 7.4. For every Δ-invariant Borel set A of positive measure, there is a Δ-invariant Borel set B ⊆ A of positive measure and i ∈ {1, . . . , n} such that B is i-nice.

Proof. Consider the functions (S_1, . . . , S_n) = (S^0_1 , . . . , S^0_n) given in Lemma 7.3. Start with S_1|A and define a transfinite sequence {T_α }_{α<β 1} (β_1 some countable ordinal to be determined later) of functions in S^A_1 , as follows:

T_0 = S_1|A

Suppose T_α has been defined. If T_α is maximum in S^A_1 , we stop the construction at α, i.e., we let β_1 = α + 1, and we are done, as A itself is 1-nice. Else there is S ∈ S^A_1 so that S(x) ⊈ T_α (x) on a set of positive measure. Put T̃_{α+1} = S ∪ T_α . Clearly T̃_{α+1} satisfies (i), (iii) of Lemma 7.3 a.e. on A, and also (iv). If it also satisfies (ii) a.e. on A, then clearly T̃_{α+1} ∈ S^A_1 and we put T_{α+1} = T̃_{α+1} . Note that if we let D_α = {x ∈ A : |T_α (x)| = 2}, then D_α � D_{α+1} μ-a.e. Otherwise, T̃_{α+1} fails to satisfy (ii) a.e. on A, so there is a Δ-invariant Borel set A_1 ⊆ A of positive measure and a function U_1 on A_1 satisfying (i), (iii). a.e. on A_1, satisfying also (iv), and finally such that 3 ≤ |U_1(x)| ≤ 4 a.e. on A_1. If this happens, we stop the construction at α (i.e., we let β_1 = α + 1) and we say that we are in the bad_1-case.

Finally, if T_α has been defined for all α < λ, λ a limit ordinal, so that T_α ⪯ T_β and D_α � D_β , μ-a.e., for all α < β < λ, we take T_λ = � α<λ T_α , so that T_λ ∈ S^A_1 and T_α ⪯ T_λ , D_α � D_λ , μ-a.e., ∀α < λ.

Since this process cannot, by the countable chain condition, go on for all α < ω_1, it follows that it must stop, either because some T_α is maximum, in which case we are done, or else because we hit a bad_1-case with witness (A_1, U_1).

Now repeat the same procedure on A_1 starting with S_2|A_1 (and working within S^{A1}_2 ), etc. Proceeding this way for m steps if necessary, we see that either we are done, or else we can find a set C = A_n ⊆ A_{n−1} ⊆ · · · ⊆ A_1 ⊆ A of positive measure which is Δ-invariant, and we can find functions U_1, . . . , U_n on C which satisfy (i), (iii) of Lemma 7.3 a.e. on C, satisfy (iv), and also 3 ≤ |U_i(x)| ≤ 4 a.e. on C, i = 1, . . . , n. Shrinking C a bit, if necessary, we can find, as in the proof of Lemma 6.5, a Borel function g : C → Y such that g(x) ∈ [ρ(x)]_{E1×···×En} , ∀x ∈ C. Since Δ acts freely on C with invariant measure, E^{A1}_{Δ 1} is not tame, so there is, by a version of the Glimm-Effros Dichotomy (see, e.g., [DJK, 3.4]), or the ergodic decomposition theorem, a Δ-ergodic, non-atomic measure on C. As in the proof of 6.5, this leads to contradiction. ⊣ Lemma 7.5. For each i = 1, . . . n, there is a maximum i-nice Borel set, i.e., there is a Borel set A_i which is i-nice, and for any Borel set A which is i-nice, we have A ⊆ A_i μ-a.e.

Proof. By a straightforward exhaustion argument. ⊣ By Lemma 7.4, we have

A_1 ∪ A_2 ∪ · · · ∪ A_n = X, μ-a.e..

Denote also by M_i the maximum element of S^{Ai}_i , i = 1, . . . , n. Lemma 7.6. A_i, M_i is Γ_1 × Δ-invariant, μ-a.e.

Proof. Fix γ_1 ∈ Γ_1. Consider γ_1 · A_i. It is clearly Δ-invariant. Define on it f_{γ1} (x) = M_i((γ_1)^{−1} · x).

Then f_{γ1} is the maximum element of S^{γ1·Ai}_i , so γ_i ·A_i is i-nice, thus γ_1 ·A_i ⊆ A_i μ-a.e. It follows that A_i is Γ_i-invariant and thus Γ_1 × Δ-invariant μ-a.e. Similarly for M_i. ⊣ Since A_1 ∪ A_2 ∪ · · · ∪ A_n = X μ-a.e., one of the A_i’s has positive measure, say it is A_1. Since A_1 ⊆ X_1 × X_2 has positive measure, by Fubini we can find x_2 ∈ X_2 such that if (A_1)^{x2} = {x_1 : (x_1, x_2) ∈ A_1}, then μ_1((A_1)^{x2} ) > 0. Put A^′ = (A_1)^{x2} . Clearly, A^′ is Γ_1-invariant, since A_1 is Γ_1 × Δ-invariant. For x_1 ∈ A^′, let ρ^′(x_1) = ρ(x_1, x_2).

Then for x_1, y_1 ∈ A^′:

x_1E^{A′}_{Γ 1} y_1 ⇔ (x_1, x_2)E^X_{Γ 1×Γ 2} (y_1, x_2) ⇔ ρ(x_1, x_2)(E_1 × · · · × E_n)ρ(y_1, x_2) ⇔ ρ^′(x_1)(E_1 × · · · × E_n)ρ^′(y_2),

i.e., ρ^′ reduces E^{A′}_{Γ 1} to E_1 × · · · × E_n. Also if, for x_1 ∈ A^′, we put

M^′(x_1) = M_1(x_1, x_2),

we have (letting ρ^′ = (π^′_1, . . . , π^′_n)):

(i) M^′(x_1) ⊆ ∂T_{[π} ′_{1(x1)]E1} , a.e. (ii) 0 < |M^′(x_1)| ≤ 2, a.e. (iii) M^′ is Γ_1-invariant a.e. (iv) M^′ is universally measurable.

We will now derive a contradiction from this.

By shrinking A^′ a bit, we can assume that M^′ is actually Borel and (i)-(iii) hold for every x_1 ∈ A^′. Put

Z = [ρ^′(A^′)]_{E1×···×En} .

This is a Borel (E_1 × · · · × E_n)-invariant subset of Y = Y_1 × · · · × Y_n. Put Y^′ = Y_2 ×· · ·×Y_n, E^′ = E_2 ×· · ·×E_n. Then every (E_1 ×· · ·×E_n) = (E_1 ×E^′)- class is of the form C = C_1 ×C^′, with C_1 an E_1-class and C^′ an E^′-class. Also E^′ is K_{n−1} -structurable, where K_{n−1} = the class of simplicial complexes of dimension ≤ n−1 which are contractible (see the last paragraph of Appendix D). Now fix an (E_1 × E^′)-class C = C_1 × C^′ contained in Z, so that C = [ρ^′(x_1)]_{E1×E} ′ , for some x_1 ∈ A^′. Consider two cases, according to whether |M^′(x_1)| = 1 or 2.

Case 1. |M^′(x_1)| = 1 (note that this only depends on the E^{A′}_{Γ 1} -class of x_1).

For y_1 ∈ C_1, let y_1, y_2 . . . be the geodesic from y_1 to M^′(x_1) (we view here M^′(x_1) as an element of ∂T_{[π 1(x1)]E1} = ∂T_{C1} , as opposed to a singleton). Consider the tail equivalence relation E_t on Y^N_1

(u_1, u_2, . . . )E_t(v_1, v_2, . . . )

⇔ ∃n∃m∀k(u_{n+k} = v_{m+k}).

This is hypertame, i.e., the union of an increasing sequence of tame Borel equivalence relations (see [DJK, §8]), so let E_t = � m R_m, where (R_m) is an increasing sequence of tame Borel equivalence relations on Y^N_1 . Let f_m : Y^N_1 → R be such that uR_mv ⇔ f_m(u) = f_m(v). For (y_1, y^′) ∈ C, put

g_m(y_1, y^′) = (f_m(y_1, y_2, . . . ), 1) ∈ R × {1, 2}.

Note that for (y_1, y) ∈ C, (z_1, z^′) ∈ C:

(a) g_m(y_1, y^′) = g_m(z_1, z^′) ⇒ g_{m+1}(y_1, y^′) = g_{m+1}(z_1, z^′).

Case 2. |M^′(x_1)| = 2.

Then M^′(x_1) is a pair of ends in ∂T_{C1} , so it defines a unique line L(x_1) in T_{C1} . L(x_1) is Γ_1-invariant as well. By the usual arguments (see [BK, proof of Lemma 4.5.3] and [Ke01, proof of 8.2]) we can define, in a Γ_1-invariant way, finite subequivalence relations E^′_m(x_1) on L(x_1) such that E^′_m(x_1) ⊆ E^′_{m+1}(x_1) and � m E^′_m(x_1) = L(x^′)×L(x^′). For y_1 ∈ C_1, let v(y_1) be the vertex in L(x_1) of least distance from y_1. Assume, without loss of generality, that Y_1 is a Borel subset of R, and put ḡ_m(y_1) = the least element of [v(y_1)]_E′_{m(x1)}. Finally, for (y_1, y^′) ∈ C, put

g_m(y_1, y^′) = (ḡ_m(y_1), 2) ∈ R × {1, 2}.

Again note that for (y_1, y^′), (z_1, z^′) ∈ C

(a) g_m(y_1, y^′) = g_m(z_1, z^′) ⇒ g_{m+1}(y_1, y^′) = g_{m+1}(z_1, z^′).

This completes the definition of the functions g_m on Z. We next note the following property:

(b) If C, D are two (E_1 × E^′)-classes contained in Z, and (y_1, y^′) ∈ C, (z_1, z^′) ∈ D are such that g_m(y_1, y^′) = g_m(z_1, z^′), then C_1 = D_1.

To see this, notice that, since g_m(y_1, y^′) = g_m(z_1, z^′), C, D are both in Case 1 or both in Case 2. If they are in Case 1, then f_m(y_1, y_2, . . . ) = f_m(z_1, z_2, . . . ), so (y_1, y_2, . . . )R_m(z_1, z_2, . . . ), thus yE_tx, so ∃k, ℓ with y_k = z_ℓ and thus C_1 = D_1. If they are in Case 2, then ḡ_m(y_1) = ḡ_m(z_1), so again C_1 = D_1.

Now define a subequivalence relation Q_m of (E_1 × E^′)|Z by

(y_1, y^′)Q_m(z_1, z^′) ⇔ (y_1, y^′)(E_1 × E^′)(z_1, z^′) & g_m(y_1, y^′) = g_m(z_1, z^′).

Then Q_m ⊆ Q_{m+1} and � m Q_m = (E_1 × E^′)|Z.

Claim. Q_m is Borel reducible to a K_{n−1} -structurable equivalence relation.

Granting this, let Q^′_m = (ρ^′)^{−1} (Q_m). Then Q^′_m ⊆ Q^′_{m+1}, � m Q^′_m = E^{A′}_{Γ 1} and Q^′_m is Borel reducible to a K_{n−1} -structurable equivalence relation, and thus the approximate ergodic dimension of Γ_1 is < n, a contradiction.

So it only remains to verify the Claim.

Proof of Claim. By Appendix D.1 it is enough to verify that Q_m admits a tame K_{n−1} -structured Q_m-space.

Consider the following fiber space U over Z:

(y_1, y^′, v, z^′) ∈ U ⇔ (y_1, y^′) ∈ Z & v = g_m(y_1, y^′) & z^′E^′y^′,

with projection function

(y_1, y^′, v, w) → (y_1, y^′).

Fixing (y_1, y^′) ∈ Z and v = g_m(y_1, y^′), use the map z^′ ∈ [y^′]_E′ → (y_1, y^′, v, z^′) to carry over the contractible simplicial complex of dimension ≤ n − 1 from [y^′]_E′ to the fiber above (y_1, y^′). If (y_1, y^′)Q_m(z_1, z^′) and v = g_m(y_1, y^′) = g_m(z_1, z^′), then the action of Q_m on U is defined by

((y_1, y^′), (z_1, z^′)) · (z_1, z^′, v, t^′) = (y_1, y^′, v, t^′).

This is clearly an isomorphism of the corresponding complexes. It only remains to verify that the corresponding equivalence relation of this action is tame. Call this equivalence relation U^m. Then we claim that

(y_1, y^′, v, w)U^m(z_1, z^′,v̄,w̄) ⇔ v = v̄ & w = w̄,

which clearly shows that it is tame.

⇒: is obvious.

⇐: If v = v̄, w = w̄, then v = g_m(y_1, y^′) = g_m(z_1, z^′) = v̄, so, by (b) if [(y_1, y^′)]_{E1×E} ′ = C = C_1 × C^′, [(z_1, z^′)]_{E1×E} ′ = D = D_1 × D^′, we have that C_1 = D_1, and since w = w̄ and w ∈ C_2,w̄ ∈ D_2, we also have C_2 = D_2. So C = D. Thus (y_1, y^′)(E_1 × E^′)(z_1, z^′) and clearly

((y_1, y^′), (z_1, z^′)) · (z_1, z^′,v̄,w̄) = (y_1, y^′,v̄,w̄) = (y_1, y^′, v, w),

so (y_1, y^′, v, w)U^m(z_1, z^′, v, w). ⊣

Remark. Recently Gaboriau proved a result about ergodic dimension and l^2-Betti numbers that, in particular, implies that if, in the context of 7.1, β_n(Γ_1) ≠ 0, then for any free Borel action of Γ on X with invariant measure, E^X_Γ cannot be Borel reduced to a K_n-structurable equivalence relation. In particular, this also gives another proof of 7.1, when β_n(Γ_1) ≠ 0, and also 7.2.

8 A final application

Fix below an infinite locally finite countable group Z (i.e., Z is an increasing union of a sequence of finite subgroups). We will consider the groups F^n_2 × Z, F^n_2 , for n = 1, 2, . . . and the following two free actions:

(i) The shift action of F^n_2 ×Z (resp., F^n_2 ) on (2)^{F n2 ×Z} , (resp., (2)^{F n2} ), whose corresponding equivalence relation is F (F^n_2 × Z, 2) (resp., F (F^n_2 , 2)).

(ii) The product of n copies of the shift action of F_2 on (2)^{F2} and the action of Z on (2)^Z (resp., the product of n copies of the shift action of F_2 on (2)^{F2} ), whose corresponding equivalence relation is F (F_2, 2)^n ×F (Z, 2) (resp., F (F_2, 2)^n), which up to bireducibility, ∼_B, is the same as (E_{∞T} )^n ×E_0 (resp., (E_{∞T} )^n), since E(Z, 2) ∼_B E_0; see [DJK, 7.1].

It should be pointed out that F (F^n_2 × Z, 2) is the largest, in the sense of ≤_B, equivalence relation induced by a free Borel action of F^n_2 × Z, see [JKL, 3.16]. Therefore (E_{∞T} )^n × E_0 ≤_B F (F^n_2 × Z, 2).

Similarly (E_{∞T} )^n ≤_B F (F^n_2 , 2)

It is also clear, from [JKL, 3.16] again, that (E_{∞T} )^n ≤_B (E_{∞T} )^n × E_0 ≤_B (E_{∞T} )^{n+1}, and F (F^n_2 , 2) ≤_B F (F^n_2 × Z, 2) ≤_B F (F^{n+1}_2 , 2), for n ≥ 1. It was also known that E_{∞T} <_B E_{∞T} × E_0 (see [JKL, 3.28]) and (E_{∞T} )^n < E_∞ = the universal countable Borel equivalence relation (see [HK, 10.8]). The next theorem is a corollary of earlier results in this paper and results of Gaboriau.

Theorem 8.1. i)

E_{∞T} <_B E_{∞T} × E_0 <_B (E_{∞T} )^2 <_B · · · <_B (E_{∞T} )^n <_B (E_{∞T} )^n × E_0

<_B (E_{∞T} )^{n+1} <_B . . . ii) (F (F_2, 2) ∼_B) E_{∞T} <_B F (F_2 × Z, 2) <_B F (F^2_2 , 2) <_B . . .

<_B F (F^n_2 , 2) <_B F (F^n_2 × Z, 2) <_B F (F^{n+1}_2 , 2) <_B . . .

iii) Finally, for n ≥ 1, (E_{∞T} )^n ≤_B F (F^n_2 , 2) and (E_{∞T} )^n×E_0 ≤_B F (F^n_2 × Z, 2), but F (F_2×Z, 2) ≰_B (E_{∞T} )^n, (E_{∞T} )^n ≰_B F (F^{n−1}_2 ×Z, 2), and (E_{∞T} )^n× E_0 ≰_B F (F^n_2 , 2). In particular, F (F^n_2 , 2), (E_{∞T} )^m are incomparable, in ≤_B, if 2 ≤ n < m.

Proof. i) That (E_{∞T} )^n <_B (E_{∞T} )^n × E_0, n ≥ 1, follows from 7.2. Also (E_{∞T} )^n × E_0 <_B (E_{∞T} )^{n+1}, n ≥ 1, follows from results of Gaboriau [Ga01]. Indeed, write E_0 = � m R_m, with R_m an increasing sequence of finite Borel equivalence relations on 2^N. Then S_m = E^n_{∞T} × R_m is also increasing and � m S_m = E^n_{∞T} × E_0. Now E^n_{∞T} × R_m can be Borel reduced to a

K_n-structurable countable Borel equivalence relation (see Appendix D). If (E_{∞T} )^{n+1} ≤_B (E_{∞T} )^n × E_0, towards a contradiction, say via a Borel reduction ρ, put T_m = ρ^{−1} (S_m), so that T_m is increasing and � m T_m = (E_{∞T} )^{n+1}.

Also T_m can be Borel reduced to a K_n-structurable countable Borel equivalence relation, so by Appendix D and [Ga01, 2.1, 2.2, 3.5] this implies, in Gaboriau’s terminology, that the dimension of each T_m (with respect to the product measure on ((2)^{F2} )^{n+1}) is ≤ n. But then by [Ga01, 5.13], β_p((E_{∞T} )^{n+1}) = 0, ∀p > n, so, in particular, β_{n+1}((E_{∞T} )^{n+1}) = 0, thus by [Ga01, 3.16], β_{n+1}(F^{n+1}_2 ) = β_n((E_{∞T} )^{n+1}) = 0, contradicting the fact that β_{n+1}(F^{n+1}_2 ) = 1.

ii) F (F^n_2 , 2) <_B F (F^n_2 × Z, 2) follows from 3.14. We next prove that F (F^n_2 ×Z, 2) <_B F (F^{n+1}_2 , 2). Indeed assume that F (F^{n+1}_2 , 2) ≤_B F (F^n_2 ×Z, 2) towards a contradiction, via a Borel reduction ρ.

First, clearly F (F^n_2 × Z, 2) = � k R_k, where R_k is an increasing sequence of countable Borel equivalence relations induced by a free action of a group of the form F^n_2 × Z_k, where Z_k is finite. Consider the Cayley graph of F_2 as a 1-dimensional contractible simplicial complex and its n-fold product (see the last paragraph of Appendix D), which is an n-dimensional contractible simplicial complex. View this as a structure A_n in K_n. Clearly F_2 acts freely by automorphisms on A_n, and thus F^n_2 × Z_k acts by automorphisms on A_n with finite stabilizers, where we let Z_k act trivially. Then by the construction in [JKL, 3.2] R_k can be Borel reduced to a K_n-structurable equivalence relation, and thus so can ρ^{−1} (R_k). Thus F (F^{n+1}_2 , 2) can be written as the union of an increasing sequence of equivalence relations S_k, F (F^{n+1}_2 , 2) = � k S_k, where each S_k is Borel reducible to a K_n-structurable Borel equivalence relation. This yields a contradiction, as in i) above.

iii) We have F (F_2 × Z, 2) ≰_B (E_{∞T} )^n, by 3.14 or 6.2. The proof that (E_{∞T} )^n ≰_B F (F^{n−1}_2 × Z, 2) is similar to the proofs in i), ii) above. Finally (E_{∞T} )^n × E_0 ≰_B F (F^n_2 , 2) for n ≥ 1, follows from the recent (unpublished) result of Gaboriau that the ergodic dimension (see [Ga01]) of F^n_2 ×Z is n+1, which implies that (E_{∞T} )^n ×E_0 cannot be Borel reduced to a K_n-structurable countable Borel equivalence relation. ⊣

We do not know if F (F^n_2 × Z, 2) ∼_B F (F^n_2 × Z, 2), for n ≥ 1.

Appendix A. Strong notions of ergodicity

A1. Homomorphisms and relative ergodicity

Let E, F be countable Borel equivalence relations in standard Borel spaces X, Y , resp. A map ρ : X → Y such that

xEy ⇒ ρ(x)F ρ(y)

is called a homomorphism of E to F . This induces a map ρ̄ : X/E → Y/F . If, moreover, xEy ⇔ ρ(x)F ρ(y),

then ρ is called a reduction of E to F . This means that ρ̄ is injective.

Now suppose that μ is a measure on E. We say that (E, μ) or, for simplicity, E, is F -ergodic, if for any Borel homomorphism ρ : X → Y of E to F there is some y_0 ∈ Y such that ρ(x)F y_0, μ-a.e. (x). Notice that “Borel homomorphism” can be replaced by “μ-measurable homomorphism” in this definition.

Recall that E is called ergodic if every E-invariant Borel set is either null or co-null. Thus it is easy to check that E is ergodic iff E is F -ergodic for every tame Borel equivalence relation F . We will discuss in this appendix stronger notions of ergodicity, where instead of tame F , which are the simplest equivalence relations, we look at the next more complicated class, namely the hyperfinite ones.

Finally, we call a Borel action of a countable group Γ on X F -ergodic if E^X_Γ is F -ergodic.

A2. E_0-ergodicity and almost invariant sets

Recall that E_0 is the equivalence relation on 2^N defined by

xE_0y ⇔ ∃n∀m ≥ n[x(m) = y(m)].

This is a universal hyperfinite Borel equivalence relation, i.e., it is Borel hyperfinite, and for any Borel hyperfinite F we have F ≤_B E_0. In particular, this means that E is E_0-ergodic iff E is F -ergodic for every hyperfinite F .

Ergodicity of an equivalence relation E is characterized by the nonexistence of non-trivial invariant sets. It turns out that E_0-ergodicity is characterized by the non-existence of non-trivial “almost invariant” sets. We proceed to explain this concept and state precisely the result.

Let Γ be a countable group and suppose that Γ acts in a Borel way on the standard Borel space X. Suppose also that μ is a Γ-quasi-invariant measure on X. This means that if A ⊆ X is a Borel null set, so is γ · A, ∀γ ∈ Γ, or equivalently that for every γ ∈ Γ and every ϵ > 0, there is a δ > 0 such that if μ(A) < δ, then μ(γ · A) < ϵ.

For any ϵ > 0, F ⊆ Γ finite, a Borel set A ⊆ X is (ϵ, F )-invariant if μ(γ · A△A) < ϵ, ∀γ ∈ F . The action has non-trivial almost invariant sets if there is δ > 0 so that ∀ϵ, F as above there is Borel A ⊆ X with δ ≤ μ(A) ≤ 1 − δ, which is (ϵ, F )-invariant. Equivalently this means that there is a sequence of Borel sets A_n with μ(γ · A_n△A_n) → 0, ∀γ ∈ Γ, but μ(A_n)(1 − μ(A_n)) ↛ 0.

First we note that the existence of non-trivial almost invariant sets depends only on the orbit equivalence relation E^X_Γ and not on the action. Recall that if E is a countable Borel equivalence relation on the X, then [E] denotes the set of all Borel automorphisms of X which leave the E-classes invariant, i.e., a Borel automorphism f is in [E] if f(x)Ex, ∀x ∈ X. We now have

Lemma A2.1. If, in the above notation, μ(γ · A_n△A_n) → 0, ∀γ ∈ Γ, then for every f ∈ [E^X_Γ ], μ(f(A_n)△A_n) → 0.

Proof. Fix ϵ > 0. Then, since f ∈ [E^X_Γ ], we can find finitely many elements γ_1, . . . , γ_k of Γ and finitely many pairwise disjoint Borel sets X_1, . . . X_k of X with f(x) = γ_i · x for x ∈ X_i, such that μ(f(X \

�_k

i=1 X_i)) ≤ ϵ/4.

Choose then N large enough so that μ(γ_i · A_n△A_n) ≤ ϵ/4k and hence μ(f(γ^{−1}_i · A_n△A_n)) ≤ ϵ/4k, for i = 1, . . . , k and n > N. Fix such an n > N. If x ∈ f(A_n) \ A_n, say x = f(y), y ∈ A_n, then either y ∈ X \ (

�_k i=1 X_i), so x ∈ f(X \ (

�_k

i=1 X_i)), or else y ∈ X_i, i = 1, . . . , k, and so x = f(y) = γ_i · y, thus x ∈ γ_i · A_n \ A_n. So

f(A_n) \ A_n ⊆ k� i=1 (γ_i · A_n \ A_n) ∪ f(X \ k� i=1 X_i).

Similarly,

A_n \ f(A_n) = f(f^{−1} (A_n) \ A_n) ⊆ k� i=1 f(γ^{−1}_i · A_n \ A_n) ∪ f(X \ k� i=1 X_i).

So, μ(A_n△f(A_n)) ≤ k� i=1 μ(γ_i · A_n \ A_n) + k� i=1 μ(f(γ^{−1}_i · A_n \ A_n))

+ 2μ(f(X \ k� i=1 X_i)) ≤ ϵ. ⊣ It follows that if E is a countable Borel equivalence relation on a standard Borel space X and μ an E-quasi-invariant measure (i.e., the E-saturation of a null set in null), then we can define unambiguously the notion: E has nontrivial almost invariant sets. It simply means that some Borel action of a countable group Γ that induces E has non-trivial almost invariant sets, and this is equivalent to saying that every Borel action of a countable group Γ that induces E has non-trivial almost invariant sets, and also equivalent to the statement that there is a sequence A_n of Borel sets with μ(f(A_n)△A_n) → 0, ∀f ∈ [E], but with μ(A_n)(1 − μ(A_n) ↛ 0.

It is also easy to see that this notion does not depend on the measure μ but only on the measure class of μ.

We now have the following result:

Theorem A2.2 (Jones-Schmidt [JS]). Let E be a countable Borel equivalence relation on a standard Borel space X and let μ be a measure on X. Assume that E is ergodic and μ is E-quasi-invariant. Then the following are equivalent:

(i) E is E_0-ergodic.

(ii) E fails to have non-trivial almost invariant sets.

Proof. Fix a countable group Γ and a Borel action of Γ on X with E = E^X_Γ .

(i) ⇒ (ii): Assume (ii) fails. Then fix δ > 0 and a sequence A_n of Borel sets with δ ≤ μ(A_n) ≤ 1 − δ, such that for any given γ ∈ Γ, we have μ(γ · A_n△A_n) ≤ 2^{−n} , for all sufficiently large n. We will find a Borel homomorphism ρ of E to E_0 with ρ^{−1} ([y]_{E0} ) null for each y ∈ Y . Then ρ shows that E is not E_0-ergodic.

For each fixed γ ∈ Γ, and all large enough n,

A^γ_n = γ^{−1} · A_n△A_n has measure ≤ 2^{−n} , thus the set

A^γ = � m � m≤n A^γ_n

has measure 0, so for each γ ∈ Γ and almost all x, x ∈ � m � n≥m (X \ A^γ_n), i.e., for almost all x,

∃m∀n ≥ m(x ∈ A_n ⇔ γ · x ∈ A_n). (∗)

So fix an E-invariant co-null set X_0 ⊆ X such that for each x ∈ X_0, γ ∈ Γ, we have that (∗) holds.

Now define ρ : X → 2^N by

ρ(x) = � n → 1_{An} (x), if x ∈ X_0, a, if x ∉ X_0,

where a is some fixed element of 2^N and 1_A = characteristic function of A. From (∗) it is immediate that ρ is a Borel homomorphism of E to E_0. We finally check that ρ^{−1} ([y]_{E0)} is null, for each y ∈ 2^N.

We have B = ρ^{−1} ([y]_{E0} ) = � m � n≥m A^{y(n)}_n ,

where A^1_n = A_n, A^0_n = X \ A_n. Since B is E-invariant, and E is ergodic, it is enough to check that μ(B) < 1. But clearly μ( � n≥m A^{y(n)}n ) ≤ 1 − δ, since μ(A_n), μ(X \ A_n) ≤ 1 − δ, so μ(B) ≤ 1 − δ, and the proof is complete.

(ii) ⇒ (i): Assume (i) fails and fix a Borel homomorphism π : X → 2^N from E to E_0 which does not map a co-null set into a single E_0-class. We will show that E has non-trivial almost invariant sets.

Write E_0 =

�_∞ n=1 E_n, where E_n are increasing finite Borel equivalence relations. Fix ϵ > 0, F ⊆ Γ symmetric (i.e., closed under inverses) finite, in order to find an (ϵ, F )-invariant set. Since the E_n are increasing, we have for each x ∈ X some n_x ≥ 1 with π(F · x) ⊆ [π(x)]_{Enx} . So X =

�_∞

n=1 X_n, where X_n = {x ∈ X : π(F · x) ⊆ [π(x)]_{En} }. Clearly X_1 ⊆ X_2 ⊆ . . . , so there is some large enough n with μ(X \ X_n) < ϵ/2 and μ(γ · (X \ X_n)) < ϵ/2 for all γ ∈ F . Put Y = X_n. Then μ(X \Y ) < ϵ/2 and for x ∈ Y, π(F ·x) ⊆ [π(x)]_{En} . Fix a Borel transversal, T , for E_n. Let ν = π_∗μ, so that ν(C) = 0 for each E_n-class C. Define the measure τ on T by

τ(S) = ν([S]_{En} ), for any Borel set S ⊆ T . Clearly τ is non-atomic. So there is a Borel set T_0 ⊆ T with τ(T_0) = 1/2. Put A = π^{−1} ([T_0]_{En} ), so that μ(A) = 1/2.

If γ ∈ F, x ∈ A\γ ·A and x ∈ Y , then, as γ^{−1} ∈ F, π(γ^{−1} ·x) ∈ [π(x)]_{En} ⊆ [T_0]_{En} , so γ^{−1} · x ∈ A, or x ∈ γ · A, a contradiction. So A \ γ · A ⊆ X \ Y . Similarly, γ · A \ A = γ · (A \ γ^{−1} · A) ⊆ γ · (X \ Y ). So γ · A△A ⊆ (X \ Y ) ∪ γ · (X \ Y ) and thus μ(γ · A△A) < ϵ, ∀γ ∈ F , i.e., A is (ϵ, F )- invariant. ⊣

Remark A2.3. Notice that the proof of (ii)⇒(i) also shows that the sets witnessing almost invariance can be chosen to have measure c for any fixed 0 < c < 1.

Remark A2.4. In [JS, 2.1], it is actually shown that if (ii) fails, then one can find ρ : X → 2^N, a Borel homomorphism of E to E_0, so that moreover ρ_∗μ ∼ μ_0, where μ_0 is the usual product measure on 2^N, and if μ is actually E-invariant we can insure that ρ_∗μ = μ_0.

A3. Almost invariant vectors

Consider now a Borel action of a countable group Γ on a standard Borel space X with invariant measure μ. An I-sequence is a sequence A_n of Borel sets with μ(A_n) > 0, μ(A_n) → 0, such that^{μ(A n△γ·An)}_{μ(A n)} → 0, ∀γ ∈ G (see [dJR], [R], [S81]). If this action has non-trivial almost invariant sets, then, as we discussed in A2.3, for each 0 < c < 1 there is a sequence B^c_n with μ(γ · B^c_n△B^c_n) → 0, ∀γ ∈ G and μ(B^c_n) = c. Let then, for each n, A_n = B^{1/n}_{kn} , where k_n is large enough so that μ(γ_i · B^{1/n}_{kn} △B^{1/n}_{kn} ) <^1_{n2} , for i = 1, . . . , n, where Γ = {γ_i}^∞_{i=1}. Clearly A_n is an I-sequence. So we have:

Proposition A3.1. If the action has non-trivial almost invariant sets, then it has an I-sequence.

Schmidt [S81, 2.7] has a counterexample to show that the converse fails, for some ergodic measure preserving action of F_3. In fact one can prove the following stronger result.

Theorem A3.2. Let the free group F_2 = ⟨a, b⟩ act in a Borel way freely on a standard Borel space X with invariant measure μ. Let T_a(x) = a · x be the Borel automorphism of X corresponding to the generator a of F_2. Assume that μ is ergodic with respect to T_a. Then there is another free action of F_2 on

X, which gives the same orbit equivalence relation on an F_2-invariant Borel set of μ measure 1, and such that this new action admits an I-sequence.

The hypotheses of this theorem are satisfied if the given action of F_2 is mixing, like, e.g., the free part of the shift action of F_2 on 2^{F2} with the usual product measure μ (see A6.1). This shift action does not have an I-sequence (so in particular it does not have non-trivial almost invariant sets). This follows from A4.1 and A3.4. However, by A3.2, one can modify it to another action of F_2, on the same space, generating the same equivalence relation, μ-a.e., so that this new action has an I-sequence but no non-trivial almost invariant sets. In particular, this shows that the existence of an I-sequence is a property of the action and not the equivalence relation.

Proof of A3.2. We will use the following:

Lemma A3.3. There is a standard Borel space Y , a measure ν on Y and a measure preserving, ergodic, aperiodic (i.e., having no finite orbits) Borel automorphism S of Y , with the following property. For each n = 1, 2, . . . there is a Borel set A_n of positive measure such that

(1)^{ν(An△S(An))}

ν(A_n) ≤ 1 n , ν(A_n) ≤ 2^{−n} , (2) ∀|i| ≤ n∀|j| ≤ m(S^i(A_n) ∩ S^j (A_m) = ∅), if n ≠ m.

Assuming this, we complete the proof as follows:

The equivalence relations induced by T_a, S are Borel isomorphic, when restricted to invariant sets of measure 1, by an isomorphism that sends μ to ν, by Dye’s Theorem (see [D], [Zi84, 4.3.12]). Neglecting null sets, denote by S_a the Borel automorphism of X corresponding to S by this isomorphism, and B_n the sets in X corresponding to A_n. Thus, modulo null sets, S_a generates the same equivalence relation as T_a, and^{μ(B n△Sa(Bn))}_{μ(B n)} ≤^1_n , μ(B_n) ≤ 2^{−n} , and ∀|i| ≤ n∀|j| ≤ m(S^i_a(B_n) ∩ S^j_a(B_m) = ∅), if n ≠ m.

Now consider any atom C of the Boolean algebra on X_n = � |i|≤n S i a(B_n) generated by the sets {S^i_a(B_n) : |i| ≤ n}, such that C has positive measure. Since μ(b·C) = μ(C), and μ is S_a-ergodic, there is φ_C , a Borel automorphism of X, with φ_C (x) = S^{n(x)}a (x), for some n(x) ∈ Z, μ-a.e., and φ_C (b · C) = C. Let ψ_C : C → C be defined by ψ_C (x) = φ_C (b · x).

Similarly if D = X \ � n X_n define φ_D, ψ_D. Finally, let S_b = ψ_D ∪ � n{ψ_C :

C is an atom of X_n of positive measure}. Clearly S_b is a Borel automorphism of X, μ-a.e., and S_b(S^i_a(B_n)) = S^i_a(B_n) for each n and |i| ≤ n. Consider the action of F_2 on X, where a acts by S_a and b by S_b. Clearly this action generates the same equivalence relation as the original one, μ-a.e. Moreover, it is free a.e. by Gaboriau’s [Ga00] results on costs: The equivalence relation has cost 2, and the new action gives a graphing of cost at most 2, thus exactly 2, so it has to be a treeing, i.e., it is free a.e.

Finally, we check that {B_n} is an I-sequence for the new action. Fix γ ∈ F_2. Say γ = a^{i1} b^{j1} . . . a^{ik} b^{jk} . Fix n > |i_1| + |i_2| + · · · + |i_k|. Then S^{jk}_b (B_n) = B_n,

S^{ik}_a (S^{jk}_b (B_n)) = S^{ik}_a (B_n),

S^{jk−1}_b (S^{ik}_a S^{jk}_b (B_n)) = S^{jk−1}_b (S^{ik}_a (B_n)) = S^{ik}_a (B_n),

as |i_k| < n, etc., and so γ · B_n = S^{i1+i2+···+ik}_a (B_n). So μ(γ · B_n△B_n) = μ(S^{i1+···+ik} a (B_n)△B_n) ≤ (|i_1| + · · · + |i_k|)μ(S_a(B_n)△B_n). Thus clearly

μ(γ·B_n△B_n) μ(B_n) → 0,

as n → ∞.

So it is enough to give the

Proof of Lemma A3.3. Consider the odometer map O : 2^N → 2^N given by O(1^n0x) = 0^n1x, and the usual product measure ρ on 2^N. O is measure preserving and ergodic. Let C^n = {1^n0x : x ∈ 2^N}, so that O(C^n) = {0^n1x : x ∈ 2^N}. Clearly ρ(C^n) =^1_{2n+1} , and if 1 ≤ m < n, then the family {C^m, O(C^m), C^n, O(C^n)} is pairwise disjoint.

For each n, let X^n_0 = C^{2n}, X^n_1 , . . . X^n_2n+1 , X^n_2n+1_{+1} = O(C^{2n}) be disjoint copies of C^{2n} and fix Borel bijections O^n_i : X^n_i → X^n_{i+1}, 0 ≤ i ≤ 2^{n+1}. Let Y be the disjoint union of 2^N and the sets X^n_1 , X^n_2 , . . . X^n_2n+1 , n = 1, 2, . . . Define S on Y as follows: S|(2^N \

�_∞

n=1 C^{2n}) = O|(2^N \

�_∞

n=1 C^{2n}), S|X^n_i = O^n_i , 0 ≤ i ≤ 2^{n+1}, n = 1, 2, . . . Define the measure ν̄ on Y , so that ν̄|2^N = ρ and ν̄ on X^n_i is a copy of ρ|C^{2n} in the obvious way, so that each O^n_i is measure preserving. Of course, ν̄ is not a probability measure, but ν̄(Y ) = 1 + �_∞ n=1 2^{n+1} 2^{2n+1} = 2, so put ν = ν̄ 2 . It is easy to see that S is a measure preserving Borel automorphism on (Y, ν) and it is ergodic (since X ⊆ Y is a complete section for the equivalence relation given by S, and this equivalence relation restricted to X is the one given by O). Finally, take for n ≥ 3,

A^′_n = n� i=−n

X^n_2n_{+i},

and let A_n = A^′_{n+2}. This clearly works. ⊣

If a countable group Γ acts in a Borel way on a standard Borel space X with invariant measure μ, then Γ acts unitarily on L^2(X, μ) by

γ · f(x) = f(γ^{−1} · x).

Let L^2_0(X, μ) be the closed subspace of L^2(X, μ) defined by

L^2_0(X, μ) = {f ∈ L^2(X, μ) : � fdμ = 0}.

This is clearly the orthogonal complement of the closed subspace of L^2(X, μ) consisting of the constant functions. Of course L^2_0(X, μ) is also Γ-invariant. Finally note that μ is Γ-ergodic iff the only invariant vectors for the action of Γ on L^2(X, μ) are the constant functions iff the action of Γ on L^2_0(X, μ) has no non-0 invariant vectors.

In general, if a countable group Γ acts unitarily on a Hilbert space H, and ϵ > 0, F ⊆ Γ is finite, then a non-0 vector x ∈ H is called (ϵ, F )-invariant if^{||γ·x−x||}_{||x||} < ϵ, ∀γ ∈ F . The action has non-0 almost invariant vectors if ∀ϵ, F as above there is a non-0 (ϵ, F )-invariant vector (depending of course on (ϵ, F )). This is, as usual, equivalent to the existence of a sequence x_n of non-0 vectors in H with^{||γ·xn−x n||}_{||xn||} → 0, ∀γ ∈ Γ.

Recall also that in the context of a Borel action of Γ on (X, μ) with μ Γ-invariant, a Γ-invariant mean on L^∞(X, μ) is a linear functional M : L^∞(X, μ) → C with M(1) = 1, M(f) ≥ 0, ∀f ≥ 0, and M(γ · f) = M(f), ∀f ∈ L^∞(X, μ), γ ∈ Γ (as usual Γ acts on L^∞(X, μ) by γ · f(x) = f(γ^{−1} · x)). Clearly integration by μ, i.e., M(f) = � fdμ is a Γ-invariant mean on L^∞(X, μ).

It turns out that the existence of an I-sequence is equivalent to other important properties of the action of Γ on (X, μ) and the corresponding unitary action of Γ on L^2_0(X, μ).

Theorem A3.4 (Rosenblatt [R], Schmidt [S81]). Let Γ be a countable group acting in a Borel way on a standard Borel space X with invariant, ergodic measure μ. Then the following are equivalent:

(i) The action has an I-sequence.

(ii) The action of Γ on L^2_0(X, μ) has non-0 almost invariant vectors. (iii) There is more than one Γ-invariant mean on L^∞(X, μ).

The equivalence of (i), (iii) is proved in [R, 1.4]. The equivalence of (i), (ii) is proved in [S81, 2.3]. (The implication (i)⇒(ii) is quite easy: If

A_n is an I-sequence, let f_n = 1_{An} − μ(A_n), so that f_n ∈ L^2_0(X, μ). Then

||γ·f_n−f_n|| ||f_n|| → 0, ∀γ ∈ Γ, so the unitary action of Γ on L 2 0(X, μ) has non-0 almost invariant vectors.)

In particular, of course, if the action of Γ on X has non-trivial almost invariant sets, by A3.1 it has an I-sequence, so the action of Γ on L^2_0(X, μ) has non-0 almost invariant vectors. This last conclusion is however easy to prove directly from the existence of non-trivial almost invariant sets. Indeed, fix δ > 0 and for each ϵ, F choose Borel A ⊆ X with δ < μ(A) < 1 − δ which is (ϵ^2δ^2, F )-invariant. Put f = 1_A − μ(A). Then f ∈ L^2_0(X, μ), ||f|| > δ and ||γ · f − f|| = � μ(γ · A△A) < ϵδ, so^{||γ·f−f||}_{||f||} < ϵ, i.e., f is (ϵ, F )-invariant.

To conclude this section, we recall how the notion of almost invariant vectors can be used to characterize amenability.

For each countable group Γ, the regular action (or representation of Γ) is the action of Γ on ℓ^2(Γ) given by

γ · x(δ) = x(γ^{−1} δ).

Theorem A3.5 (Hulanicki; see [Zi84, 7.1.8]). A countable group Γ is amenable iff the regular action of Γ on ℓ^2(Γ) has non-trivial almost invariant vectors.

A4. E_0-ergodicity of the shift action

We will see here that the shift action of Γ on 2^Γ is E_0-ergodic, when Γ is not amenable. (Clearly the converse is also true, since if Γ is amenable the equivalence relation E^{2Γ}_Γ is hyperfinite a.e. by [OW]). We will actually state this result in a somewhat stronger form.

Theorem A4.1 (see Losert-Rindler [LR], Jones-Schmidt [JS]). Let Δ be a countable group and Γ ≤ Δ a non-amenable subgroup. Consider the shift action of Γ on 2^Δ (i.e., the restriction to Γ of the shift action of Δ on 2^Δ ) and equip 2^Δ with the usual product measure μ. Then the action of Γ on L^2_0(2^Δ , μ) does not admit non-0 almost invariant vectors and thus the shift action of Γ on 2^Δ is E_0-ergodic.

Proof. We will relate the action of Γ on L^2_0(2^Δ , μ) to the regular action of Γ and show that if the first action had non-0 almost invariant vectors, so would the second, contradicting A3.5.

We will identify 2^Δ with Z^Δ_2 (Z_2 = Z/2Z), which is a compact abelian group. Thus μ is simply the Haar measure of Z^Δ_2 . The dual group of Z^Δ_2 , i.e., its group of characters, is ^Z^Δ_2 ∼= Z^Δ_2 = {χ ∈ Z^Δ_2 : χ(δ) = 0 for all but finitely many δ ∈ Δ} and the character associated to a given χ ∈ Z^Δ_2 is defined by

χ̂(x) = (−1)^{�δ χ(δ)x(δ)} ,

for x ∈ Z^Δ_2 . We will not distinguish between χ ∈ Z^Δ_2 and the associated character χ̂ (a homomorphism from Z^Δ_2 into T). Moreover � χ(x)dμ(x) = 0 for any χ ∈ Z^Δ_2 , χ ≠ 0 and {χ ∈ Z^Δ_2 : χ ≠ 0} form an orthonormal basis for the Hilbert space L^2_0(Z^Δ_2 , μ) (see, e.g., [Ka, p. 193]). (In fact, one can see this directly for this specific case, as follows: Easy calculation show that they are an orthonormal set. To see that they span, we note that the characters separate parts and are closed under multiplication, hence their linear combinations are dense by Stone-Weierstrass.)

Consider now the action of Γ on {χ ∈ Z^Δ_2 : χ ≠ 0}. Since every χ ∈ Z^Δ_2 , χ ≠ 0, is simply a characteristic function of a finite non-∅ subset of Δ, this is just the left-translation action of Γ on the set of finite non-∅ subsets of Δ, thus this action has finite stabilizers. (In case Γ is torsion-free, the action is actually free.) Let O_1, O_2 . . . be the orbits of the action of Γ on {χ ∈ Z^Δ_2 : χ ≠ 0} and choose χ_n ∈ O_n. Let H_n be the closed subspace of L^2_0(X, μ) with basis consisting of all χ ∈ O_n (i.e., all γ · χ_n, γ ∈ Γ). Then clearly L^2_0(Z^Δ_2 , μ) = H_1 ⊕ H_2 ⊕ . . . , and each H_n is Γ-invariant. Denote by Γ_n the stabilizer of χ_n (i.e., the set {γ ∈ Γ : γ · χ_n = χ_n}). Then Γ_n is a finite subgroup of Γ. Consider the left-coset space Γ/Γ_n, on which Γ acts by γ · hΓ_n = γhΓ_n. This gives a unitary action of Γ on ℓ^2(Γ/Γ_n) given by γ · f(hΓ_n) = f(γ^{−1} hΓ_n). Clearly this action is isomorphic to the action of Γ on H_n. (Two unitary actions of Γ on Hilbert spaces H_1, H_2 are isomorphic if there is a Hilbert space isomorphism φ : H_1 → H_2 such that φ(γ · x) = γ · φ(x), ∀x ∈ H_1.)

Now assume, towards a contradiction, that the action of Γ on L^2_0(Z^Δ_2 , μ) has non-0 almost invariant vectors. We will show that for each (ϵ, F ) there is an n ≥ 1 such that the action of Γ on H_n, and thus on ℓ^2(Γ/Γ_n) has an (ϵ, F )-invariant vector. We will then easily deduce from this that ℓ^2(Γ) has an (ϵ, F )-invariant vector, i.e., ℓ^2(Γ) has non-0 almost invariant vectors, a contradiction.

So fix ϵ > 0, F ⊆ Γ finite. Find then x ≠ 0 in L^2_0(Z^Δ_2 , μ) with^{||γ·x−x||}_{||x||} < ϵ/F, ∀γ ∈ F . Let x = x_1 + x_2 + . . . , with x_n ∈ H_n. Then � γ∈F ||γ · x − x||^2 < ϵ^2 · ||x||^2, so � γ∈F � n ||γ · x_n − x_n||^2 < ϵ^2 · � n ||x_n||^2 or � n � γ∈F ||γ · x_n − x_n||^2 < ϵ^2 � n ||x_n||^2,

so, for some n, � γ∈F ||γ · x_n − x_n||^2 < ϵ^2||x_n||^2,

thus ||γ · x_n − x_n||^2 ||x_n||^2

< ϵ^2, for all γ ∈ F,

i.e., x_n is (ϵ, F )-invariant.

So we have seen that ℓ^2(Γ/Γ_n) has an (ϵ, F )-invariant vector, for which we can of course assume that it has norm 1. Call it v. We will find an (ϵ, F )-invariant vector for ℓ^2(Γ) as follows:

Let u ∈ ℓ^2(Γ) be defined by

u(h) = 1 � |Γ_n| v(hΓ_n).

Then ||u|| = 1 and ||γ · u − u|| = ||γ · v − v|| < ϵ, ∀γ ∈ F , so we are done. ⊣

A5. Characterizations of amenable and Kazhdan groups

Theorem A5.1 (Schmidt [S81]). Let Γ be a countable group. Then the following are equivalent:

(i) Γ is amenable.

(ii) Every Borel action of Γ on a standard Borel space X with quasiinvariant, ergodic measure μ has non-trivial almost invariant sets.

(iii) Every Borel action of Γ on a standard Borel space X with invariant, ergodic measure μ has an I-sequence.

(i) ⇒(ii) follows from the Ornstein-Weiss Theorem [OW], which implies that E^X_Γ is hyperfinite, μ-a.e., and A2.2. (ii)⇒(iii) is clear from A3.1. Finally, ¬(i)⇒ ¬(iii) follows from A4.1 and A3.4, (i)⇒(ii).

Next we have a characterization of Kazhdan groups.

Theorem A5.2 (Connes-Weiss [CW], Schmidt [S81]). Let Γ be a countable group. Then the following are equivalent:

(i) Γ is Kazhdan.

(ii) Every Borel action of Γ on a standard Borel space X with invariant, ergodic measure μ does not have non-trivial almost invariant sets (i.e., it is E_0-ergodic).

(iii) Every Borel action of Γ on a standard Borel space X with invariant, ergodic measure μ does not have an I-sequence (i.e., the corresponding action of Γ on L^2_0(X, μ) does not have non-0 almost invariant vectors).

Recall that Γ is a Kazhdan group iff any unitary action of Γ on a separable Hilbert space H, which has non-0 almost invariant vectors, actually has non- 0 invariant vectors. Thus (i)⇒(iii) is immediate. ¬(ii)⇒ ¬(iii) follows from A3.1. Finally (ii)⇒(i) is proved in Connes-Weiss [CW].

A6. Mixing

Another strong ergodicity property that is considered in ergodic theory is the concept of mixing.

Let Γ be any infinite countable group acting in a Borel way on a standard Borel space X with invariant measure μ. This action is (strongly) mixing if for any two Borel sets A, B ⊆ X.

lim_{γ→∞} μ(γ · A ∩ B) = μ(A)μ(B)

(here lim_{γ→∞} f(γ) = a means that ∀ϵ∃F ⊆ Γ (F finite & |f(γ)−a| < ϵ, ∀γ ∉ F ).

For general information about mixing, see Schmidt [S84], Schmidt-Walters [SW], and Bekka-Mayer [BM, Ch. I]).

It is clear that mixing is inherited to infinite subgroups, i.e., if the action of Γ on X is mixing so is the restriction of the action to any infinite Δ ≤ Γ. Since it is clear that any mixing action is ergodic (take A = B to be an invariant set in the definition), it follows that if the action of Γ on X is mixing, the action of any infinite Δ ≤ Γ is, in particular, ergodic. It is not however true that, conversely, if every infinite subgroup Δ ≤ Γ acts ergodically on X, then the action of Γ is mixing. To see an example, notice first that if G is an infinite compact Polish group with its Haar measure μ and Γ ≤ G a countable dense subgroup, then the action of Γ on G by left-translation is ergodic (see e.g., [Zi84, 2.2.13]). On the other hand, this action is not mixing. Indeed, fix γ_n ∈ Γ, γ_n → g ≠ 1. Then find a compact nbhd N of 1 ∈ G such that N ∩ gN = ∅. Then for large enough n, N ∩ γ_nN = ∅. So, if this was mixing, μ(N)^2 = μ(N)μ(γ_nN) = lim_{n→∞} μ(N ∩ γ_nN) = 0, a contradiction.

In particular, if G = T, Γ is a dense subgroup of T isomorphic to Z, then every infinite subgroup of Γ is also dense, thus the translation action of Γ on T has the property that every infinite subgroup acts ergodically but the action is not mixing.

The primary example of a mixing action of Γ is its shift action on 2^Γ . The following is well-known.

Proposition A6.1. The shift action of an infinite countable group Γ on 2^Γ , with the usual product measure, is mixing.

Proof. The basic clopen sets in 2^Γ are the sets

N_s = {f ∈ 2^Γ : f|dom(s) = s},

where s varies over all maps s : F → {0, 1}, with F a finite subset of Γ. Since finite unions of basic clopen sets are dense in the measure algebra of μ, it is enough to verify the mixing condition for A, B finite unions of basic clopen sets. If N_s is as above, we call F the support of N_s. If A = N_{s1} ∪· · ·∪N_{sk} and F_i is the support of N_{si} , we call F_1 ∪ · · · ∪ F_k a support of A. Fix then F_A, F_B supports for A, B resp. Then, except for finitely many γ, γF_A ∩ F_B = ∅, so γ · A, B are independent sets, thus

μ(γ · A ∩ B) = μ(γ · A)μ(B) = μ(A)μ(B). ⊣ It is easy to verify that mixing is preserved under diagonal actions: If the actions of Γ on (X_i, μ_i), i = 1, 2, . . . are mixing, so is the diagonal action

γ · (x_i) = (γ · x_i)

on ( � i X_i, � i μ_i). Another important property is that if an action of Γ on (X, μ) is mixing and an action of Γ on (Y, ν) is ergodic, then the diagonal action of Γ on (X × Y, μ × ν) is ergodic, see [SW, 2.3] or [S84].

Finally, we point out that the two strong notions of ergodicity that we have discussed in this appendix are not related. There are E_0-ergodic actions that are not mixing and there are mixing actions that are not E_0-ergodic.

For the first type, consider the standard action (by matrix multiplication) of SL_2(Z) on T^2 (equipped with the product measure). In [S80, 3.6] it is shown that this action admits no non-trivial almost invariant sets, so it is E_0-ergodic. (This can be also proved as follows: It is enough to show that the action of SL_2(Z) on L^2_0(T^2) admits no non-0 almost invariant vectors. To see this, find a copy of F_2 contained in SL_2(Z) so that the non-identity matrices in this copy do not have 1 as an eigenvalue (see [Wa, p. 86]), thus act freely by matrix multiplication on Z^2 \ {(0, 0)}. As in the proof of A4.1 (since a basis for L^2_0(T^2) is given by the non-trivial characters, i.e., the elements of Z^2 \ {(0, 0)}, on which F_2 acts freely), it follows that the restriction to this copy of F_2 of the action of SL_2(Z) on L^2_0(T^2) gives a representation, which can be decomposed as a direct sum of subrepresentations isomorphic to the left regular representation. As in the proof of 4.1, this shows that F_2 is amenable, a contradiction.) But it is well-known that this action is not mixing (see, e.g., [BM, 2.11 (iv)]).

One can also give a completely “soft” proof that E_0-ergodicity does not imply mixing. We begin with any measure preserving free action of F_2 on a standard Borel probability space (X, μ) which is E_0-ergodic. We let T_a, T_b : X → X be the measure preserving transformations induced by the generators of the free group. Following Dye’s theorem we can find a new automorphism S : X → X of the space which has the same orbit equivalence relation as T_a but which is not mixing. Then if we go back and define a new action of F_2 with a · x = S(a),

b · x = T_b(x),

then the equivalence relation remains E_0-ergodic, since it is in fact unchanged, but the action is not mixing simply because the induced action of the subgroup ⟨a⟩ ≤ F_2 is not mixing. It is also not hard to see that the action will still be free a.e.

For the second type, we can quote the following characterization of the so-called groups with the Haagerup approximation property (HAP), for which we refer the reader to [CCJJV] (see also [HK] where these groups were called strongly non-Kazhdan (SNK) groups).

Theorem A6.2 (Jolissaint, see [CCJJV, 2.1.3]). Let Γ be a countable group. Then Γ has the HAP iff Γ admits a free Borel action on a standard Borel space X with invariant measure μ which is mixing but not E_0-ergodic.

Since, e.g., F_2 has the HAP, this shows that F_2 has free Borel actions with invariant measure which are mixing but not E_0-ergodic.

Such an example can be also constructed by elementary means:

We will consider the shift action of F_2 on 2^{F2} and define a sequence of invariant measures μ_n on 2^{F2} such that the action of F_2 on (X_n, μ_n) = (2^{F2} , μ_n) is mixing, therefore the diagonal action of F_2 on ( � n X_n, � n μ_n) is mixing, but fails to be E_0-ergodic.

Consider the Cayley graph of F_2 = ⟨a, b⟩, i.e., the undirected graph with vertex set F_2 and edges between g, gh where h ∈ {a^{±1} , b^{±1} }. This is of course a tree. By a finite subtree (of this graph) we mean a finite subset T ⊆ F_2 such that T contains the unique path between any two of its elements (in particular, ∅ and {γ} for γ ∈ F_2 are subtrees). For such a T and s ∈ 2^T , let

N_s = {x ∈ 2^{F2} : x|T = s}.

Then an application of the usual generalization of the Kolmogorov Consistency Theorem (see [P, V.4.2]) shows that for any function φ : � T 2^T → [0, 1] which satisfies the following consistency condition, there is a unique measure μ on 2^{F2} with μ(N_s) = φ(s):

Consistency condition. For any two finite subtrees T, T^′ with T^′ = T ∪{γ}, where γ ∉ T^′ and γ is connected by an edge to some vertex in T , we have, for s ∈ 2^T ,

φ(s) = φ(s^0) + φ(s^1), (*)

where s^i : T^′ → 2 is defined by s^i|T = s, s^i(γ) = i. Moreover for T = ∅, φ(∅) = 1.

(Clearly every measure μ on 2^{F2} arises in this fashion (take φ(s) = μ(N_s)).)

To see this, take in the notation of Theorem V.4.2 of [P], X = 2^{F2} , Δ = {T : T is a finite subtree}, ≤ = ⊆, B_T = {π^{−1}_T (A) : A ⊆ 2^T }, where π_T : 2^{F2} → 2^T is defined by π_T (f) = f|T , so that B_T is the σ-algebra generated by the sets {N_s : s ∈ 2^T }, μ_T (π^{−1}_T (A)) = � s∈A φ(s). Condition (iv) in the statement of V.4.2 is trivially satisfied, since the atoms of B_T are exactly the sets {π^{−1}_T ({s}) : s ∈ 2^T } = N_s. Finally the system {μ_T } is consistent (according to the definition preceding V.4.2), as it can be easily verified using the condition (∗), noticing that if S ≤ T then there is a sequence T_0 = S ≤ T_1 ≤ · · · ≤ T_n = T , so that T_{i+1} is obtained from T_i by adding one vertex connected by an edge to some vertex of T_i.

Now fix a positive sequence 1 > p_n → 0, and for s ∈ 2^T , define φ_n(s) as follows:

If T = ∅, φ_n(∅) = 1. If T = {γ}, and s ∈ 2^T , let φ_n(s) = 1/2. Otherwise, given s ∈ 2^T , let K_0 be the number of edges e = (γ_1, γ_2) with γ_1, γ_2 ∈ T , such that s(γ_1) = s(γ_2) and K_1 be the number of edges, e = (γ_1, γ_2) with γ_1, γ_2 ∈ T , where s(γ_1) ≠ s(γ_2). Put

φ_n(s) = 1 2 (1 − p_n)^{K0} p^{K1}_n .

Let μ_n be the corresponding measure, so that

μ_n(N_s) = 1 2 (1 − p_n)^{K0} p^{K1}_n .

It is clear from the definition that μ_n is shift-invariant. Moreover, an argument similar to that of A6.1 shows that the action of F_2 on (2^{F2} , μ_n) is mixing. Put A = {x ∈ 2^{F2} : x(1) = 0}.

Then, for any γ ∈ F_2,

A△γ · A = {x ∈ 2^{F2} : x(1) ≠ x(γ)}.

Assume now γ ≠ 1. Let T_γ be the set of vertices in the unique path from 1 to γ. Now

A△γ · A ⊆ � {N_s : s ∈ 2^{Tγ} , for some edge e = (γ_1, γ_2) with

γ_1, γ_2 ∈ T_γ , we have s(γ_1) ≠ s(γ_2)}. So μ_n(A△γ · A) ≤ M_γ p_n, where M_γ is some positive constant depending on γ only, so μ_n(A△γ ·A) → 0 as n → ∞. It follows that if A_n ⊆ � n X_n, where X_n = 2^{F2} , is defined by

A_n = X_0 × X_1 × · · · × X_{n−1} × A × X_{n+1} × . . . ,

then for the diagonal action of F_2 on � n X_n and the measure μ = � n μ_n, we have for any γ ∈ F_2, μ(A_n△γ · A_n) = μ_n(A△γ · A) → 0 and

μ(A_n) = 1 2 , so this action admits non-trivial almost invariant sets, thus it fails to be E_0-ergodic.

A7. Non-orbit equivalent relations

The theorem of Dye [D] together with the theorem of Ornstein-Weiss [OW], show that if Γ is an amenable group, any two Borel actions with non-atomic invariant, ergodic measure are OE. On the other hand we have: Theorem A7.1 (Schmidt [S81]). Let Γ be a non-amenable countable group. If Γ is not Kazhdan, then there are two free Borel actions of Γ with invariant, ergodic measure, which are not OE.

Proof. Fix such a Γ. Since Γ is not amenable, the shift action of Γ on 2^Γ is E_0-ergodic by A4.1. Now since Γ is not Kazhdan, by A5.2 it admits a Borel action on a standard Borel space X with invariant, ergodic measure ν that is not E_0-ergodic. Fix a free mixing Borel action of Γ on a standard Borel space Y with invariant measure ρ (e.g., the free part of the shift action of Γ on 2^Γ ) and consider the product space X^′ = X × Y , with the measure μ^′ = ν × ρ, and the diagonal action γ · (x, y) = (γ · x, γ · y). This is clearly free and μ^′ is invariant. The fact that μ^′ is ergodic was discussed in A6.

It is clear that E^{X′}_Γ is not E_0-ergodic, therefore not OE to the shift action of Γ. ⊣ Open Problem A7.2. Is it true that every non-amenable countable group has at least two free Borel actions with invariant, ergodic measure, that are not OE?

Addendum. Hjorth has recently provided a positive answer to this question.

Appendix B. Cocycles and cocycle-invariant functions

B1. Review

We will recall here the basic definitions and some simple facts concerning cocycles. Detailed accounts can be found in Zimmer [Zi84] and Adams- Kechris [AK].

Let Γ be a countable group acting in a Borel way on a standard Borel space X with invariant measure μ, and H a countable group. A cocycle of this action into H is a Borel map α : Γ × X → H such that for all γ, δ ∈ Γ,

α(γδ, x) = α(γ, δ · x)α(δ, x), μ − a.e. (x).

If this equation is true for all x we say that α is a strict cocycle.

Two cocycles α : Γ × X → H, β : Γ × X → H are equivalent or cohomologous, in symbols α ∼ β,

if there is a Borel map x → h_x from X to H such that for all γ ∈ Γ,

α(γ, x) = h_{γ·x}β(γ, x)h^{−1}_x , μ − a.e. (x).

A standard way in which cocycles arise is the following: Suppose H acts freely in a Borel way on the standard Borel space Y and ρ : X → Y is a Borel homomorphism of E^X_Γ to E^Y_H . Then define the (strict) cocycle α : Γ×X → H by α(γ, x) · ρ(x) = ρ(γ · x).

We call this the cocycle associated to the homomorphism ρ.

Let us note that if α is associated to ρ and β ∼ α, say α(γ, x) = h_{γ·x}β(γ, x)h^{−1}_x , μ-a.e. (x), then if we put

σ(x) = h^{−1}_x · ρ(x),

σ is also a homomorphism of E^X_Γ to E^Y_H , such that moreover

σ(x)E^Y_H ρ(x), for all x ∈ X,

and finally the cocycle associated to σ is equal to β, μ−a.e. In other words, we can “adjust” ρ to a homomorphism that only changes ρ(x) up to E^Y_H - equivalence, to obtain any given cocycle equivalent to α.

Quite often in this paper we will be concerned about “cocycle reduction” results, which show that, under certain circumstances, a cocycle α can be replaced by an equivalent one β, α ∼ β, whose range β(Γ × X) is contained in a “small” subgroup of H.

B2. α-invariant functions

Suppose α : Γ × X → H is a Borel cocycle as in B1, and H acts in a Borel way on some space Y . Then a μ-measurable function f : X → Y is called α-invariant if for all γ ∈ Γ,

α(γ, x) · f(x) = f(γ · x), μ − a.e. (x)

We will often use the following variation of a basic fact, called the Cocycle Reduction Lemma in Zimmer [Zi84, 5.2.11].

Proposition B2.1. Let a countable group Γ act in a Borel way on X with invariant measure μ and assume H is a countable group acting in a Borel way on Y , so that E^X_Γ is E^Y_H -ergodic. Let α : Γ × X → H be a Borel cocycle and assume that there is a μ-measurable, α-invariant function f : X → Y . Then there is y_0 ∈ Y and β ∼ α with β(Γ × X) ⊆ H_{y0} = the stabilizer of y_0.

Proof. Since α(γ, x) · f(x) = f(γ · x), μ-a.e. (x), f restricted to a Borel co-null set X_0, is a homomorphism of E^X_Γ |X_0 to E^Y_H . So by the E^Y_H -ergodicity of E^X_Γ , there is y_0 ∈ Y with f(x)E^Y_H y_0, μ-a.e. (x). Let x → h_x be Borel such that f(x) = h^{−1}_x · y_0, μ − a.e. (x).

Then note that if β(γ, x) = h_{γ·x}α(γ, x)h^{−1}_x ,

β ∼ α, and β(γ, x) · y_0 = y_0, μ − a.e. (x),

so β(γ, x) ∈ H_{y0} , μ-a.e. (x). By defining β(γ, x) = 1 on a null set, we can actually assume that β(Γ × X) ⊆ H_{y0} . ⊣

B3. α-invariant measures

The following is a standard fact, see Zimmer [Zi84, p. 78], that we will often use, so, for completeness, we include a proof below.

If K is a compact, metric space, we denote by M(K) the compact, metric space of measures on K (see, e.g., [Ke95, 17.E]). If a countable group H acts in a Borel way on K, then it acts in a Borel way on M(K) by

h · μ(A) = μ(h^{−1} · A),

for every Borel set A ⊆ K, or equivalently � fd(h · μ) = � (h^{−1} · f)dμ,

where h · f(k) = f(h^{−1} · k)), for every (real or complex) continuous function f on K. If the action of H on K is continuous, so is the action of H on M(K).

Proposition B3.1 (see, e.g., Zimmer [Zi84, p.78]). Let Δ be a countable amenable group acting in a Borel way on a standard Borel space X with invariant measure μ. Let H be a countable group acting continuously on a compact, metric space K. Let α : Δ × X → H be a Borel cocycle. Then there is an α-invariant, μ-measurable map x → ν_x from X to M(K).

Proof. Let ℓ^∞_1 (X, M(K)) be the space of all measurable assignments

λ : X → M(K).

We equip this space with the topology provided by the semi-norms of the form λ → � X (x → � K f_xdλ(x))dμ,

where x → f_x is some measurable function from X to the continuous functions on K of norm ≤ 1.

The space ℓ^∞_1 (X, M(K)) can be thought of as a closed subset of the dual to the Banach space of measurable functions

x → f_x,

X → C(K), from X to the continuous functions on K, which have the property that

x → ||f_x||,

(where ‖f_x‖ = sup_{c∈K} |f_x(c)|) is in ℓ^1(X, μ). Thus in the topology generated by the seminorms it becomes a compact space, which is also convex, in the sense that if λ_1, λ_2, . . . , λ_n are in ℓ^∞_1 (X, M(K)) and r_1, r_2, . . . , r_n are nonnegative reals summing to 1, then � i≤n r_iλ_i ∈ ℓ^∞_1 (X, M(K)).

We let Δ act on ℓ^∞_1 (X, M(K)) by

(h · λ)(x) = α(h, h^{−1} · x) · λ(h^{−1} · x).

We let (Δ_n)_{n∈N} be a Følner sequence for Δ. If we put

T_n : ℓ^∞_1 (X, M(K)) → ℓ^∞_1 (X, M(K)) λ → 1 |Δ_n| � h∈Δ_n

h · λ and take any point in the intersection of the closures of the images of the operators T_n, then we have a fixed point as required. ⊣ Under the assumption on CH one can obtain a stronger result.

Proposition B3.2 (Assume the Continuum Hypothesis). Let Δ be a countable amenable group acting in a Borel way on a standard Borel space X with invariant measure μ. Let H be a countable group acting continuously on a compact, metric space K. Let α : Δ×X → H be a Borel cocycle. Then there is an α-invariant, universally measurable map x → ν_x from X to M(K).

Proof. Since Δ is amenable, a theorem of Christensen [C], Mokobodzki, gives, using CH, a universally measurable right-invariant mean on Δ, i.e., a positive linear functional φ on ℓ_∞(Δ), the Banach space of bounded real functions on Δ, with φ(1) = 1, and φ(γ ∗ p) = φ(p), where γ ∗ p(δ) = p(δγ), which is such that φ|[−1, 1]^Δ is a universally measurable map from [−1, 1]^Δ into [−1, 1].

Now fix ν_0 ∈ M(K) and define, for x ∈ X, a positive linear functional Λ_x on C(K) = the Banach space of real continuous functions on K, by

Λ_x(f) = φ(δ → � fd(α(δ, x)^{−1} · ν_0)).

By the Riesz Representation Theorem, Λ_x corresponds to a measure ν_x ∈ M(K), i.e., Λ_x(f) = � fdν_x,

and the universal measurability of φ implies that x → ν_x is universally measurable. Finally, we verify that for every γ ∈ Δ,

α(γ, x) · ν_x = ν_{γ·x}, μ-a.e. (x),

that is, for every f ∈ C(K)

Λ_x(α(γ, x)^{−1} · f) = Λ_{γ·x}(f), μ − a.e. (x) or φ(δ → � (α(γ, x)^{−1} · f)d(α(δ, x)^{−1} · ν_0))

= φ(δ → � fd(α(δ, γ · x)^{−1} · ν_0)), μ − a.e. (x).

Now α(δ, γ · x) = α(δγ, x)α(γ, x)^{−1} , μ − a.e. (x), so � fd(α(δ, γ · x)^{−1} · ν_0) = � (α(δ, γ · x) · f)dν_0 = � (α(δγ, x)α(γ, x)^{−1} · f)dν_0, μ − a.e. (x), and � (α(γ, x)^{−1} · f)d(α(δ, x)^{−1} · ν_0) = � (α(δ, x)α(γ, x)^{−1} · f)dν_0.

Letting p(δ) = � (α(δ, x)α(γ · x)^{−1} · f)dν_0, we have, by the right-invariance of φ, φ(p) = φ(γ ∗ p),

where γ ∗ p(δ) = p(δγ), and the proof is complete. ⊣

Proposition B3.1 can be used to give a neat proof that free measure preserving actions of the free group on probability spaces are never hyperfinite (a special case of the fact mentioned at the end of 0F); and that neat proof can in turn be used to show that the analog of B3.1 fails in the Borel, or even Baire measurable, context.

Corollary B3.3. If F_2 acts freely on a standard Borel space X with invariant measure μ, then E^X_{F2} is not hyperfinite.

Proof. Appealing to the ergodic decomposition theorem, we may assume, without loss of generality, that F_2 acts ergodically. Write F_2 = ⟨a, b⟩, so that a and b are the generators. We suppose, towards a contradiction, that there is a Borel action of Z on X with E^X_Z = E^X_{F2} . (Recall that an equivalence relation is hyperfinite if and only if it is induced by a Borel action of Z; see [DJK].)

We have a Borel cocycle

α : Z × X → F_2 given by α(k, x) = σ if k · x = σ · x. Appealing to B3.1, and following the notation of C2, in using ∂F_2 to indicate the boundary of the Cayley graph of the free group, we may find an invariant conull Borel set X_0 ⊆ X and a Borel assignment x → μ_x X_0 → M(∂F_2) such that μ_{ℓ·x} = α(ℓ, x) · μ_x for all x ∈ X_0, ℓ ∈ Z. Observing that for each x, σ ∈ F_2, there will be ℓ = ℓ(σ, x) ∈ Z with α(ℓ, x) = σ, we obtain μ_{σ·x} = σ · μ_x, for all x ∈ X_0, σ ∈ F_2.

Claim: μ_x /∈ M_3(∂F_2), a.e. x.

(Here M_3(∂F_2) refers to the collection of measures which are not supported on two or less points.)

Proof of claim: Otherwise ergodicity gives that for almost every x, μ_x ∈ M_3(∂F_2) and, appealing to lemma C2.3, we may find a Borel invariant conull set X^′_0 ⊆ X_0 and Borel function s^∗ : X^′_0 → F_2 such that for all σ ∈ F_2, x ∈ X^′_0 s^∗(σ · x) = σs^∗(x).

Letting A_1 = {x ∈ X^′_0 : s^∗(x) = 1}, we have that A_1 is a Borel transversal for E^{X′0}_{F2} , i.e., E^{X′0}_{F2} is tame, which immediately contradicts the fact that F_2 acts freely with invariant measure on X^′_0. (⊣Claim) So we can assume that there is a Borel set Y_0 ⊆ X_0, conull and invariant, and a Borel function Y_0 → [∂F_2]^{≤2} x → {e_x, e^′_x}

such that σ · {e_x, e^′_x} = {e_{σ·x}, e^′_{σ·x}},

for every x ∈ Y_0, σ ∈ F_2. (Here [A]^{≤2} is the set of subsets of A of cardinality ≤ 2.)

Let A_0 be the set of x ∈ Y_0 such that neither e_x nor e^′_x begin with a or a^{−1} . Here we view ∂F_2 and the action of F_2 on ∂F_2 as in the last paragraph of the proof of C2.1, i). For each x ∈ Y_0, we can find some n ∈ Z with b^n · x ∈ A_0, thus μ(A_0) > 0.

Also for n_1 ≠ n_2 ∈ Z,

a^{n1} · A_0 ∩ a^{n2} · A_0 = ∅,

thus A_0 is a Borel transversal for E^{Z0}_{⟨a⟩}, where ⟨a⟩ = {a^n : n ∈ Z}, Z_0 = ⟨a⟩·A_0, which is a contradiction as before. ⊣

Counterexample B3.4. There is a continuous free action of Z on a Polish space X with dense orbits, and a Borel cocycle α : Z × X → F_2 such that there is no Baire measurable map

X → M(∂F_2),

x → μ_x

such that for all x in a comeager invariant set, n ∈ Z,

μ_{n·x} = α(n, x) · μ_x.

One constructs the example as follows. Again, letting a and b be the generators of F_2, we start with the free part of the shift action of F_2 on 2^{F2} ; notice that this action is generically ergodic, in the sense that every invariant Borel set is either meager or comeager. Following [SWW], we may find an invariant dense G_δ set X ⊆ 2^{F2} , contained in this free part, on which:

(a) E^X_{F2} is hyperfinite, and in fact there is a continuous action of Z on X with E^X_{F2} = E^X_Z .

(b) {a^ℓ · x : ℓ ∈ Z} is dense in X, for all x ∈ X; (c) {b^ℓ · x : ℓ ∈ Z} is dense in X, for all x ∈ X.

It follows easily from (b) and (c) that the orbit equivalence relation E^X_{F2} as well as E^X_{⟨a⟩} and E^X_{⟨b⟩}, induced by the respective cyclic subgroups ⟨a⟩ and

⟨b⟩, are generically ergodic, and hence non-tame (compare [Hj00a, 3.1]), and in fact non-tame even when restricted to any comeager subset of X. Let also α : X × Z → F_2 be the Borel cocycle defined as in the proof of B3.3.

Now, towards a contradiction, suppose that we can find a Baire measurable map x → μ_x with μ_{n·x} = α(n, x) · μ_x,

on an invariant comeager set X_0. As in the corollary above, we obtain

μ_{σ·x} = σ · μ_x,

for x ∈ X_0, σ ∈ F_2.

Claim: μ_x /∈ M_3(∂F_2), for a comeager set of x.

Proof of claim: Otherwise generic ergodicity gives, on a comeager set X^′_0 ⊆ X_0, μ_x ∈ M_3(∂F_2), and, as before, this implies that E^{X′0}_{F2} is tame, which is a contradiction. (⊣Claim)

So, again as before, on an invariant comeager Borel subset Y_0 ⊆ X_0, we can find a Borel map x → {e_x, e^′_x} with

{e_{σ·x}, e^′_{σ·x}} = σ · {e_x, e^′_x}

for all σ ∈ F_2, x ∈ Y_0. We can again let A_0 be the set of x ∈ Y_0 for which neither e_x nor e^′_x begins with an a or an a^{−1} . By considering the action of ⟨b⟩ we obtain that A_0 is non-meager. Thus Z_0 = ⟨a⟩ · A_0 is comeager, by generic ergodicity, and A_0 is a Borel transversal for E^{Z0}_{⟨a⟩}, contradicting its generic ergodicity.

Remark. Actually, the results of [SWW] imply the following: For each infinite countable group Γ and continuous free action of Γ on a perfect Polish space Y with dense orbits, there is an invariant dense G_δ set Z ⊆ Y , an invariant dense G_δ set X ⊆ 2^{F2} contained in the free part of 2^{F2} , and a homeomorphism φ of Z onto X with xE^Z_Γ y ⇔ φ(x)E^X_{F2} φ(y). In particular, the set X ⊆ 2^{F2} in B3.4 can be chosen so that there is a continuous free action of Γ on X with E^X_{F2} = E^X_Γ . Thus, we can replace Z by any infinite countable group Γ in B3.4.

Finally, B3.4 can be also used to negatively answer a question of Weiss, see [W00], p. 290.

Fix an infinite countable group Γ and a free continuous action of Γ on a perfect Polish space X with dense orbits. Denote by B(X) the linear space of all bounded Baire measurable functions u : X → R modulo meager sets (i.e., the elements of B(X) are equivalence classes of Baire measurable f : X → R modulo the equivalence relation f_1 ∼ f_2 ⇔ f_1, f_2 agree on a comeager set, and every u ∈ B(X) is bounded modulo meager sets). Although technically a u ∈ B(X) is an equivalence class, as usual we think of it as a function. Let also U(X) be the linear space of all {u_n} ∈ B(X)^N, which are uniformly bounded, i.e., for some c and all n, |u_n(x)| < c on a comeager set of x’s. Note that Γ acts on B(X) by (γ · u)(x) = u(γ^{−1} · x) and similarly on U(X) by γ · {u_n} = {γ · u_n}.

A map π : U(X) → B(X) is called a natural projection if it satisfies: (i) π is linear, (ii) π({u, u, . . . }) = u, for u ∈ B(X), (iii) lim_nu_n ≤ π({u_n}) ≤ lim_nu_n, for {u_n} ∈ U(X) (this of course means that for a comeager set of x’s, lim_nu_n(x) ≤ π({u_n}(x)) ≤ lim_nu_n(x)), (iv) π is shift-invariant, i.e., π({u_{n+1}}) = π({u_n}), for {u_n} ∈ U(X), (v) π is a Γ-map, i.e., π(γ · {u_n}) = γ · π({u_n}).

Note that, in the presence of the other conditions, (iii) is equivalent to (iii)^′ If u_n ≥ 0 (i.e., u_n(x) ≥ 0 on a comeager set) for all n, then π({u_n}) ≥ 0. We now have the following result, which in the special case Γ = Z_2 ⊕Z_2 ⊕ Z_2 ⊕ . . . and the canonical action of Γ on 2^N given by ((i_0, i_1, . . . ) · x)(k) = x(k) + i_k mod 2, provides a negative answer to Weiss’s question.

Theorem B3.5 For any infinite amenable group Γ and continuous free action of Γ on a perfect Polish space X with dense orbits, there is no natural projection π : U(X) → B(X).

Proof. In view of B3.4 and the remark following it, we can assume (by replacing X by an invariant dense G_δ set, if necessary), that there is a Borel cocycle α : Γ × X → F_2 such that there is no Baire measurable map X → M(∂F_2), x → μ_x with μ_{γ·x} = α(γ, x) · μ_x, for all γ ∈ Γ, in a comeager set of x.

Assuming now that there is a natural projection π : U(X) → B(X), we will derive a contradiction, by finding such a map x → μ_x.

Fix a (right) Følner sequence {F_n} for Γ, i.e., a sequence of non-empty finite sets F_n ⊆ Γ with^{|FnγΔF n|}_{Fn} → 0, for all γ ∈ Γ. Fix also a measure ν_0 ∈ M(∂F_2), and put for x ∈ X, n ∈ N

ν_{n,x} = 1 |F_n| � δ∈F_n

α(δ, x)^{−1} · ν_0.

We view below M(∂F_2) as a compact subset of the dual space C(∂F_2)^∗ of C(∂F_2), the Banach space of all continuous functions on ∂F_2. Norms refer to these spaces.

An easy calculation, using the cocycle identity, shows that for γ ∈ Γ, x ∈ X ||ν_{n,γ·x} − α(γ, x) · ν_{n,x}|| ≤

|F_nγΔF_n| F_n

→ 0.

For f ∈ C(∂F_2), let u^f_n : X → R be the Borel function defined by

u^f_n(x) = ν_{n,x}(f).

and put u^f = π({u^f_n}).

(Note that |u^f_n(x)| ≤ ||f||, for all x, n.)

Fix a countable Q-subspace {f_i} ⊆ C(∂F_2), norm-dense in C(∂F_2), containing 1, and closed under the F_2-action on C(∂F_2). For any x ∈ X, define μ_x : {f_i} → R by μ_x(f_i) = u^{fi} (x).

(Here we think of u^{fi} as a function by picking a representative in its class.) Thus, |μ_x(f_i)| ≤ ||f_i|| on a comeager invariant set, using condition (iii) of a natural projection. It is also easy to check, using condition (i) of a natural projection, that μ_x is Q-linear, on a comeager invariant set. It is positive (f_i ≥ 0 ⇒ μ_x(f_i) ≥ 0) on a comeager invariant set, using condition (iii)^′, and μ_x(1) = 1, on a comeager invariant set, using condition (ii). Thus, μ_x extends uniquely to a measure, also denoted by μ_x, on a comeager invariant set. We let μ_x be equal to ν_0 outside this set, so x → μ_x is defined everywhere. Since the function x → u^{fi} (x) is Baire measurable for each i, it follows that x → μ_x is Baire measurable. Finally, to get a contradiction, it is enough to verify that on a comeager invariant set of x’s,

μ_{γ·x} = α(γ, x) · μ_x, for all γ ∈ Γ.

This means that we need to check that for each i, γ ∈ Γ,

μ_{γ·x}(f_i) = (α(γ, x) · μ_x)(f_i) for a comeager set of x, or equivalently u^{fi} (γ · x) = μ_x(α(γ, x)^{−1} · f_i) = u^{α(γ,x) −1 ·fi} (x) or π({u^{fi}_n })(γ · x) = π({u^{α(γ,x) −1 ·fi} n })(x).

Now, by condition (v), π(γ^{−1} · {u^{fi}_n }) = γ^{−1} · π({u^{fi}_n }), so we have π({u^{fi}_n })(γ · x) = (γ^{−1} · π({u^{fi}_n })(x) = π(γ^{−1} · {u^{fi}_n })(x), thus we only need to show that π(γ^{−1} · {u^{fi}_n }) = π({u^{α(γ,x) −1 ·fi} n }).

Since conditions (i), (iii) imply that if {v_n}, {w_n} ∈ U(X) are such that |v_n(x) − w_n(x)| → 0 for a comeager set of x, then π({v_n}) = π({w_n}), it is enough to verify that |γ^{−1} · u^{fi}_n (x) − u^{α(γ,x) −1 ·fi} n (x)| → 0 on a comeager set of x, i.e., |ν_{n,γ·x}(f_i) − ν_{n,x}(α(γ, x)^{−1} · f_i)| → 0 or equivalently |ν_{n,γ·x}(f_i) − (α(γ, x) · ν_{n,x})(f_i)| → 0, which is immediate, since ||ν_{n,γ·x} − α(γ, x) · ν_{n,x}|| → 0, and the proof is complete. ⊣ Remark. Note that condition (iv) of a natural projection was never used in this proof. However, if one has a π that satisfies all the other conditions except (iv), then π^′({u_n}) = π({^1_{n+1} � i≤n u_n}) satisfies all conditions (i)-(v).

Finally, note that if “Baire measurable” is replaced by “measurable” (with respect to some fixed measure), then, by the Christensen, Mokobodzki result, using CH, there is a natural projection from uniformly bounded sequences of measurable functions into bounded measurable functions.

B4. Maximum two-supported measures

We will prove here a basic fact, which goes back, in some form or another, to papers of Adams and Zimmer, e.g., [Zi81, 3.7], [Ad88, 3.1], [Ad95, 2.6]. We will make frequent use of this and some of its variations in this paper.

We use the following notation below: If K is a compact, metric space, we denote by M_{≤2} (K) the Borel subset of M(K) consisting of measures supported by at most 2 points, i.e., the ν ∈ M(K) for which there are a, b ∈ K (not necessarily distinct) with ν({a, b}) = 1. Put supp(ν) = {a, b} in this case. If H acts continuously on K and we consider the induced action on M(K), the set M_{≤2} (K) is clearly invariant. Put also M_3(K) = M(K) \ M_{≤2} (K).

Proposition B4.1 (Adams, Zimmer). Let Γ be a countable group acting in a Borel way on a standard Borel space X with invariant measure μ. Let H be a countable group acting in a continuous way on a compact, metric space K and consider the induced action on M(K). Let α : Γ × X → H be a Borel cocycle. Let S denote the set of all μ-measurable, α-invariant functions x → ν_x from X to M(K), and assume that S ≠ ∅ and all x → ν_x in S satisfy ν_x ∈ M_{≤2} (K), μ-a.e. (x). Define a partial pre-order ≾ on S by letting, for ν_1, ν_2 ∈ M_{≤2} (K),

ν_1 ≤ ν_2 ⇔ supp(ν_1) ⊆ supp(ν_2) and (x → ν_x) ≾ (x → ν^′_x) iff (ν_x ≤ ν^′_x, μ-a.e. (x)).

Then there is a maximum element in (S, ≾).

Proof. Consider any S ∈ S, where for S = (x → ν_x) we write S(x) = ν_x. Put D(S) = {x ∈ X : |supp(ν_x)| = 2}, with |A| = card(A). Then D(S) is μ-measurable and we put

r = sup{μ(D(S)) : S ∈ S}.

We first argue that this sup is attained. Indeed, pick S_n = (x → ν^n_x ) ∈ S with μ(D(S_n)) > r −^1_n . Let ν̄^n_x =^1_2 (δ_an_{(x)} + δ_bn_{(x)}), where supp(ν^n_x ) = {a^n(x), b^n(x)}. Here δ_a = the Dirac measure at a. Then clearly S̄_n = (x → ν̄^n_x ) ∈ S as well. Put S_∞ = (x → ν^∞_x ), where

ν^∞_x = � 2^{−n} ν^n_x .

Then again S_∞ ∈ S, so ν^∞_x ∈ M_{≤2} (K), μ-a.e. (x), by our assumption. Clearly D(S_∞) ⊇ D( S̄_n) = D(S_n), for each n, so μ(D(S_∞)) = r.

We will now see that actually S_∞ is a maximum element of (S, ≾). Indeed, fix any S = (x → ν_x) ∈ S. By a similar argument to the above,^{(S+S∞)}_2 ∈ S, so μ(D(S) \ D(S_∞)) = 0, since, otherwise, μ(D(^{S+S∞}_2 )) > μ(D(S_∞)) = r. Also for the same reason,

μ({x ∈ X :|supp(ν_x)| = 1, |supp(ν^∞_x )| = 1, supp(ν_x) ⊈ supp(ν^∞_x )} = 0,

and, by our assumption on S,

μ({x ∈ X :|supp(ν_x)| = 1, |supp(ν^∞_x ) = 2|, supp(ν_x) ⊈ supp(ν^∞_x )} = 0,

It then follows that supp(ν_x) ⊆ supp(ν^∞_x ), μ-a.e. (x), i.e., ν_x ≤ ν^∞_x , μ-a.e. (x), or S ⪯ S_∞. ⊣

Appendix C. Actions on boundaries

C1. Trees

In this paper, by a tree we will always mean an acyclic connected graph ⟨V, T ⟩, with countable vertex set V , and edge relation T (i.e., T ⊆ V^2 and (x, y) ∈ T iff x, y are connected by an edge). When V is understood or irrelevant, we simply write T for the tree. A finite path in T is a sequence (v_0, v_1, . . . , v_n) with n ≥ 1, (v_i, v_{i+1}) ∈ T , and v_i ≠ v_j for i ≠ j.

The boundary of the tree T , in symbols ∂T , is defined as follows: An (infinite) path through T is a sequence (v_0, v_1, . . . ) such that v_i ≠ v_j for i ≠ j, and (v_i, v_{i+1}) ∈ T for each i. We call two paths (v_n), (w_n) equivalent, in symbols, (v_n) ∼ (w_n), if ∃n∃m∀i(v_{n+i} = w_{m+i}). An end of T is an equivalence class of paths. The boundary of T is the set of ends of T .

It will be also convenient to use another (but closely related) concept of tree, which is a standard tool in descriptive set theory. To distinguish it from the notions above, we will call it a set-theoretic tree.

A set-theoretic tree on a countable set A is a subset S ⊆ A^{<∞}, the set of finite sequences from S, such that ∅ (=the empty sequence) is in S and if

(a_0, . . . , a_{n−1} ) ∈ S and m ≤ n, then (a_0, . . . , a_{m−1} ) ∈ S. The body of S is the set [S] = {(a_0, a_1, . . . ) ∈ A^N : ∀n(a_0, . . . , a_{n−1} ) ∈ S}.

When A^N is equipped with the product topology, with A discrete, [S] is a closed subspace of A^N. A basis for the topology of [S] is given by the sets N_{(a0,...,an−1 )} = {(b_0, b_1, . . . ) ∈ [S] : ∀i < n(b_i = a_i)}, for (a_0, . . . , a_{n−1} ) ∈ S.

Now suppose (V, T ) is a tree and fix v_0 ∈ V . Then for each end e ∈ ∂T there is a unique path (v_0, v_1, . . . ) ∈ e starting from v_0, called the geodesic from v_0 to e and denoted by [v_0, e]. Let

T (v_0) = {∅} ∪ {(v_1, v_2, . . . , v_{n−1} ) : n ≥ 2, (v_0, v_1, v_2, . . . , v_{n−1} ) is a finite path of T }.

Then T (v_0) is a set-theoretic tree on V , and so [T (v_0)] is a closed subset of V^N. The map φ_{v0} : [T (v_0)] → ∂T given by

φ_{v0} (x) = e iff x = [v_0, e],

is a bijection for [T (v_0)] onto ∂T , and can be used to put a topology on ∂T , by transferring, via this map, the topology of [T (v_0)]. It is important to note here that this topology is independent of v_0, so intrinsically defined, since if w_0 is another vertex, the map φ^{−1}_{w0} ∘φ_{v0} : T (v_0) → T (w_0) is a homeomorphism. A basis for the topology of ∂T is given by the sets

[v_0, . . . , v_n] = {e ∈ ∂T : ∃v_{n+1}, v_{n+2}, . . .

(v_0, v_1, v_2, . . . , v_n, v_{n+1}, . . . ) ∈ e},

with (v_0, v_1, . . . , v_n) a finite path in T .

It is clear that if T is locally finite, i.e., every vertex has finite degree, ∂T is compact, metrizable.

When T is not necessarily locally finite, we can define a canonical compactification of ∂T as follows:

Let ∂^∗T = ∂T ∪V . We now define the topology on ∂^∗T . Let (v_0, v_1, . . . , v_n) be a finite path in T . We allow the possibility that n = 0, i.e., a single vertex (v_0). First define [v_0, v_1, . . . , v_n]^∗ for n ≥ 1, by

[v_0, . . . , v_n]^∗ = [v_0, . . . , v_n] ∪ {v ∈ V :

∃v_{n+1}, . . . , v_m[(v_0, v_1, . . . , v_n, v_{n+1}, . . . v_m = v) is the unique path from v_0 to v]}

Next, for v_0 ∈ V and F a finite set of vertices, let [v_0]^∗_F = {v_0} ∪ � {[v_0, v_1]^∗ : (v_0, v_1) ∈ T, v_1 ∉ F }.

Finally, the basis for the topology of ∂^∗T consists of all the sets [v_0, v_1, . . . , v_n]^∗, [v_0]^∗_F , for n ≥ 1, (v_0, . . . , v_n) a path in T , v_0 ∈ V , F a finite set of vertices.

It is not hard to check that ∂^∗T is compact, metrizable and ∂T is a subspace of ∂^∗T .

Similarly, if S ⊆ A^{<∞} is a set theoretic tree on A, we define the compactification [S]^∗ of S by letting [S]^∗ = [S] ∪ S, and taking as a basis for the topology of [S]^∗ the sets N^∗_{(a0,...,an−1 )} = N_{(a0,...,an−1 )} ∪ {(b_0, . . . , b_{m−1} ) :

m ≥ n, ∀i < n(b_i = a_i)} for (a_0, . . . , a_{n−1} ) ∈ S, and N^∗_{a0,...,an−1 ,F} = {(a_0, . . . , a_{n−1} )} ∪ {N^∗_{(a0,...,an−1 ,an)} :

(a_0, . . . , a_{n−1} , a_n) ∈ S, a_n ∉ F } for (a_0, . . . , a_{n−1} ) ∈ S, F ⊆ A finite.

Then, if (V, T ) is a tree and v_0 ∈ V , the map φ^∗_{v0} : [T (v_0)]^∗ → ∂^∗T given by φ^∗_{v0} |[T (v_0)] = φ_{v0} , φ^∗_{v0} (∅) = v_0 φ^∗_{v0} (v_1, . . . , v_{n−1} ) = v_{n−1} , for n ≥ 2 is a homeomorphism of [T (v_0)]^∗ with ∂^∗T .

For each set X, we denote by [X]^k the set of subsets of X of cardinality k (k = 0, 1, 2, . . . ). Let also [X]^{<∞} = � k[X]^k. If T is a tree and {e_1, e_2} ∈ [∂T ]^2, then the (geodesic) line from e_1 to e_2 in symbols

[e_1, e_2]

is a sequence (v_n)_{n∈Z} such that (v_n, v_{n+1}) ∈ T, ∀n ∈ Z, and [v_0, e_2] = (v_0, v_1, v_2, . . . ), [v_0, e_1] = (v_0, v_{−1} , v_{−2} , . . . ). It is uniquely determined up to a shift. We will also occasionally write [e_1, e_2] = {v_n : n ∈ Z} for the set of vertices on this line. Finally, if {e_1, e_2, e_3} ∈ [∂T ]^3, then there is a unique vertex in V , denoted by [e_1, e_2, e_3],

which belongs to [e_1, e_2], [e_2, e_3], [e_3, e_1].

Suppose now Γ is a countable group acting by automorphisms on T , i.e., Γ acts on V and (x, y) ∈ T ⇔ (γ · x, γ · y) ∈ T . We will simply say in this case that Γ acts on T . Since (x_i) ∼ (y_i) ⇔ (γ · x_i) ∼ (γ · y_i), Γ acts naturally on ∂T by γ · [(x_i)]_∼ = [(γ · x_i)]_∼ .

This action is continuous. Similarly, Γ acts continuously on ∂^∗T . Of course Γ acts in a natural (Borel) way on the standard Borel spaces [∂T ]^2, [∂T ]^3 as well, and the map {e_1, e_2, e_3} → [e_1, e_2, e_3] is a Borel Γ-map from [∂T ]^3 to T .

C2. Free groups

Consider now F_n, 1 ≤ n ≤ ∞, the free group of rank n and fix a set of generators a_1, a_2, . . . for F_n. The Cayley graph of F_n (relative to this fix set of generators) has vertex set V = F_n and edge relation T given by

(γ, δ) ∈ T ⇔ ∃i(δ = γa_i or γ = δa_i).

The group F_n acts on T by left-multiplication

γ · δ = γδ.

We will consider now the action of F_n on ∂T , which is usually denoted by ∂F_n and called the boundary of F_n. The following results are part of the folklore.

Proposition C2.1. i) The action of F_n on ∂F_n has hyperfinite associated equivalence relation E^{∂Fn}_{Fn} . Similarly the action of F_n on [∂F_n]^2 has hyperfinite associated equivalence relation E^{[∂Fn]2}_{Fn} .

ii) For e ∈ ∂F_n, the stabilizer of e is either trivial or isomorphic to Z. There are only countably many e ∈ ∂F_n for which the stabilizer is non-trivial. Similarly for {e_1, e_2} ∈ [∂F_n]^2, the stabilizer of {e_1, e_2} is either trivial or isomorphic to Z and there are only countably many {e_1, e_2} for which it is non-trivial.

Proof. i) Note that the first assertion implies the second. To see this, fix a Borel ordering ≺ of ∂F_n, let X = {(e_1, e_2) ∈ (∂F_n)^2 : e_1 ≠ e_2} and define the involution π on X by π((e_1, e_2)) = (e_2, e_1). Identify [∂F_n]^2 with the Borel subset X_0 = {(e_1, e_2) ∈ (∂F_n)^2 : e_1 ≺ e_2}. If E^{∂Fn}_{Fn} is hyperfinite, so is E = (E^{∂Fn}_{Fn} × E^{∂Fn}_{Fn} )|X, and thus so is E^′ on X defined by

xE^′y ⇔ xEy or xEπ(y),

since E^′ has finite index over E|X; see [JKL, 1.3]. Now clearly E^{[∂Fn]2}_{Fn} ⊆ E^′, so E^{[∂Fn]2}_{Fn} is hyperfinite.

To prove that E^{∂Fn}_{Fn} is hyperfinite, choose v_0 = 1 (the identity of F_n) as a fixed vertex in F_n. Then given e ∈ ∂F_n, the geodesic [1, e] is simply an infinite reduced word s_0s_1s_2 . . . in the generators a_1, a_2, . . . , i.e., an infinite sequence (s_i) such that s_i is of the form a^{±1}_j and s_is_{i+1} ≠ 1. Thus we can identify ∂F_n with the set of such words, which is a closed subset of {a_1, a_2, . . . }^N. With this identification, it is easy to check that the action of γ = t_0 . . . t_k ∈ F_n on s_0s_1s_2 . . . , where t_0 . . . t_k is a finite reduced word, is given by left-concatenating

t_0t_1 . . . t_ks_0s_1s_2 . . .

and then doing the obvious cancelations. It follows that, under this identification, the equivalence relation E^{∂Fn}_{Fn} corresponds to the following tail equivalence relation on the set of infinite reduced words:

(s_i)E_t(t_i) ⇔ ∃n∃m∀i(s_{n+i} = t_{m+i}),

which by [DJK, 8.2] is hyperfinite, and the proof of i) is complete.

ii) Using the notation and concepts of i), it is easy to check that if an infinite reduced word has non-trivial stabilizer, then it is of the form

e = ŵ p^p^ . . .

where w, p ∈ F_n. So clearly there are only countably many such e. Replacing e by w^{−1} ·e we get p^p^p^ . . . , whose stabilizer is a conjugate of the stabilizer of e, so we may as well assume that e = p ^ p ^ . . . with p of least possible length. Then it is easy to check that its stabilizer is {p^n : n ∈ Z}.

Now suppose {e_1, e_2} ∈ [∂F_n]^2. If 1 ≠ γ ∈ Stab({e_1, e_2}), then clearly γ^2 ∈ Stab(e_1) ∩ Stab(e_2). It follows that there are only countably many {e_1, e_2} whose stabilizer is non-trivial. For each {e_1, e_2}, if γ is as above and Stab(e_1) = {δ^n : n ∈ Z}, then δ^n = γ^2 for some n ≠ 1, so since commutativity of non-trivial elements is an equivalence relation in any free group (see, e.g. [LS, 2.18]) it follows that γ, δ commute. Thus the stabilizer of {e_1, e_2} is abelian, so isomorphic to Z. ⊣

Finally, we consider the action of F_n on M(∂F_n), for finite n (so that ∂F_n, M(∂F_n) are compact).

Proposition C2.2. Let n be finite, and consider the action of F_n on M(∂F_n).

i) The action of F_n on M_3(∂F_n) is free and the corresponding equivalence relation E^{M3(∂Fn)}

F_n is tame.

ii) There is a Borel partition M_{≤2} (∂F_n) = M_1 ∪ M_2 into F_n-invariant Borel sets, such that the action of F_n on M_1 is free and E^{M1}_{Fn} is hyperfinite, and the action of F_n on M_2 has stabilizers isomorphic to Z, and F^{M2}_{Fn} is tame.

Proof. i) This is clear from the following lemma, where F_n acts on itself by left-translation (γ · δ = γδ).

Lemma C2.3. There is a Borel F_n-map from M_3(∂F_n) to F_n.

Proof (Lyons, see [AL]). Fix μ ∈ M_3(∂F_n). Using Fubini (see, e.g., [JKL, proof of 2.24]), if μ^3 is the product of three copies of μ (a measure on (∂F_n)^3), then μ^3([∂F_n]^3) > 0, where we write here [∂F_n]^3 for the set of triples (x, y, z) ∈ (∂F_n)^3 with x, y, z distinct. Consider the Borel F_n-map

φ({e_1, e_2, e_3}) = [e_1, e_2, e_3],

and let ν = φ_∗((μ^3|[∂F_n]^3)/μ^3([∂F_n]^3)). This is a measure on F_n, so let

θ(μ) = {γ ∈ ∂F_n : ν({γ}) is maximum}.

Clearly θ(μ) ∈ [F_n]^{<∞}_0 , the set of finite non-empty subsets of F_n, and if F_n acts on [F_n]^{<∞}_0 in the obvious way by left-translation, then clearly θ is a

Borel F_n-map from M_3(∂F_n) to [F_n]^{<∞}_0 . Now, since F_n is torsion free, F_n acts freely on [F_n]^{<∞}_0 , so there is an F_n-map η : [F_n]^{<∞}_0 → F_n. Then

η ∘ θ

is a Borel F_n-map from M_3(∂F_n) to F_n. ⊣ ii) Decompose M_{≤2} (∂F_n) as M_{≤2} (∂F_n) = M_0 ⊔ � 0<r< 12 Mr ⊔M 12 , where

M_0 consists of all measures supported by exactly one point, M 1_2 consists of all measures supported by two points, each one having measure^1_2 , and M_r consists of all measures of the form rδ_a + (1 − r)δ_b, a ≠ b. Then, by the proof of C2.1, it is easy to see that each one of the sets M_r (0 ≤ r ≤^1_2 ) can be split into two F_n-invariant Borel sets M^1_r, M^2_r such that the action of F_n on M^1_r is free and F^{M1r}_{Fn} is hyperfinite, and the action of F_n on M^2_r has stabilizers isomorphic to Z and M^2_r is countable. Put then

M_1 = � 0≤r≤^1_2

M^1_r

M_2 = � 0≤r≤^1_2

M^2_r. ⊣ Corollary C2.4. The groups F_n, 1 ≤ n ≤ ∞, are near-hyperbolic.

Proof. This is clear from C2.2, if n is finite, and it follows for F_∞, since F_∞ ⊆ F_2. ⊣

C3. Free products of finite groups

We will consider here free products

Γ = A_0 ∗ A_1 ∗ . . . ,

of finite non-trivial groups, where the sequence A_0, A_1, . . . may be finite or infinite. The facts below are part of the folklore.

We associate to Γ the following set theoretic tree S_Γ on A = � i(A_i \ {1}):

(a_0, a_1, . . . , a_{n−1} ) ∈ S_Γ ⇔ a_0a_1 . . . a_{n−1} is a reduced word in Γ, where a_0a_1 . . . a_{n−1} is reduced if a_i ∈ A_{ni} \ {1} with n_i ≠ n_{i+1}, ∀i ≤ n − 2. Thus the elements of S_Γ are in 1-1 correspondence with the elements of Γ:

(a_0, . . . , a_{n−1} ) ↔ a_0 . . . a_{n−1} , for n ≥ 1,

∅ ↔ 1.

The infinite sequences (a_0, a_1, . . . ) ∈ [S_Γ ] can be viewed as infinite reduced words.

The group Γ acts on S_Γ by left-concatenation and cancelation, i.e., for (a_0, a_1, . . . , a_{n−1} ) ∈ S_Γ , γ ∈ Γ,

γ · (a_0, . . . , a_{n−1} ) = the reduced work equal to γa_0 . . . a_{n−1} .

Similarly Γ acts continuously on [S_Γ ] by left-concatenation and cancelation and also acts continuously on [S_Γ ]^∗ = [S_Γ ] ∪ S_Γ . We will now prove results analogous to C2 for Γ.

Proposition C3.1. i) The action of Γ on [S_Γ ] has hyperfinite associated equivalence relation E^{[SΓ ]}_Γ . Similarly the action of Γ on [S_Γ ]^2 has hyperfinite associated equivalence relation E^{[SΓ ]2}_Γ .

ii) For e ∈ [S_Γ ], the stabilizer of e is cyclic. There are only countably many e ∈ [S_Γ ] for which the stabilizer is non-trivial. Similarly for {e_1, e_2} ∈ [S_Γ ]^2, the stabilizer of {e_1, e_2} is cyclic-by-finite and there are only countably many {e_1, e_2} for which it is non-trivial.

Proof. i) The proof here is essentially identical to that of C2.1, i), since the equivalence relation E^{[SΓ ]}_Γ is simply the tail equivalence relation.

ii) The part concerning [S_Γ ] is again similar to that of C2.1, ii). Concerning [S_Γ ]^2, we have again that if {e_1, e_2} ∈ [S_Γ ]^2 and 1 ≠ γ ∈ Stab({e_1, e_2}), then γ^2 ∈ Stab({e_1}) ∩ Stab({e_2}). It follows that Stab({e_1, e_2}) cannot contain a free non-abelian subgroup. Now, by Kurosh’s Theorem (see, e.g., [Ro, 11.55]) any subgroup of Γ is isomorphic to a free product of a free group (perhaps trivial) and subgroups of each A_i. Since the free product A ∗ B of two groups with |A| ≥ 3, |B| ≥ 2 contains a free non-abelian subgroup (see, e.g., [LS, p. 177]), it follows that each stabilizer must be cyclic-by-finite. ⊣

Let us also note the following fact concerning the action of Γ on [S_Γ ]^3.

Proposition C3.2. There is a Borel Γ-map φ : [S_Γ ]^3 → [Γ]^{<∞}.

Proof. For e ≠ f ∈ [S_Γ ], let e ∧ f = the largest common initial segment of e, f ∈ [S_Γ ]. For {e, f, g} ∈ [S_Γ ]^3, the sequences e ∧ f, f ∧ g, g ∧ e are compatible, i.e., each for each two of them one is an initial segment of the other, so let ⟨e, f, g⟩ be the union of e ∧ f, f ∧ g, g ∧ e, i.e., the longest of these three sequences. Say

⟨e, f, g⟩ = a_0a_1 . . . a_{n−1} ,

where n ≥ 0 (so that ⟨e, f, g⟩ could be ∅). Consider now two cases:

(a) ⟨e, f, g⟩ = e ∧ f = f ∧ g = g ∧ e. Then e = a_0a_1a_2 . . . a_{n−1} e_n . . . , f = a_0a_1 . . . a_{n−1} f_n . . . , g = a_0a_1 . . . a_{n−1} g_n . . . , and say e_n ∈ A_{kn} , f_n ∈ A_{ℓn} , g_n ∈ A_{mn} . If k_n, ℓ_n, m_n are distinct, put

φ({e, f, g}) = ⟨e, f, g⟩ = {a_0 . . . a_{n−1} }.

If at least two of k_n, ℓ_n, m_n are equal, with common value k, put

φ({e, f, g}) = a_0 . . . a_{n−1} A_k.

(b) One of e∧f, f∧g, g∧e is longer than the other two, say, e.g., e∧f. Then e = a_0a_1 . . . a_{n−1} e_n . . . , f = a_0a_1 . . . a_{n−1} f_n . . . , and say e_n ∈ A_{kn} , f_n ∈ A_{ℓn} . If k_n ≠ ℓ_n, let φ({e, f, g}) = ⟨e, f, g⟩ = {a_0 . . . a_{n−1} }.

If k_n = ℓ_n = k, put φ({e, f, g}) = a_0 . . . a_{n−1} A_k.

It is easy to check that φ : [S_Γ ]^3 → [Γ]^{<∞} is a Γ-map. ⊣ Finally we verify that Γ is near-hyperbolic.

Proposition C3.3. Let Γ = A_0 ∗ A_1 ∗ . . . be a free product of finite groups. Then Γ is near-hyperbolic.

Proof. When there are only finitely many factors, [S_Γ ] is compact, so consider the continuous action of Γ on [S_Γ ] and the induced action on M([S_Γ ]).

The action of Γ on M_{≤2} ([S_Γ ]) has cyclic-by-finite stabilizers and E^{M≤2 ([SΓ ])}_Γ is hyperfinite, by arguments similar to that of C2.2 ii), using C3.1.

Consider now the action of Γ on M_3([S_Γ ]). As in the proof of C2.2, if μ ∈ M_3([S_γ ]), μ^3([S_Γ ]^3) > 0, and if φ is as in C3.2

ν = φ_∗((μ^3|[S_Γ ]^3)/μ^3([S_Γ ]^3))

is a measure on [Γ]^{<∞}, so let

θ(μ) = � {F ∈ [Γ]^{<∞} : ν({F }) is maximum}.

Then θ(μ) ∈ [Γ]^{<∞} and θ is a Borel Γ-map from M_3([S_Γ ]) to [Γ]^{<∞}. Thus the equivalence relation E^{M3([SΓ ])}_Γ is tame and the stabilizers of the action of Γ on M_3([S_Γ ]) are finite.

We now consider the case where there are infinitely many A_0, A_1, . . . In this case we work with the compact space [S_Γ ]^∗ instead of [S_Γ ]. Recall that [S_Γ ]^∗ is the disjoint union of the two Γ-invariant Borel sets [S_Γ ] and S_Γ . Since the action of Γ on [S_Γ ] and [S_Γ ]^2 has associated equivalence relation hyperfinite, it is easy to verify that the action of Γ on M_{≤2} ([S_Γ ]^∗) has also associated equivalence relation hyperfinite. It is also clear from C3.1 that the stabilizers of the action of Γ on M_{≤2} ([S_Γ ]^∗) are cyclic-by-finite.

Finally, we consider the action of Γ on M_3([S_Γ ]^∗). We split M_3([S_Γ ]^∗) into the two Γ-invariant Borel sets

M^′ = {μ ∈ M_3([S_Γ ]^∗) : μ(S_Γ ) > 0}

M^{′′} = {μ ∈ M_3([S_Γ ]^∗) : μ(S_Γ ) = 0}.

Then, by arguments similar to the case of M_3([S_Γ ]) above, we see that there is a Borel Γ-map from M^′ to [Γ]^{<∞} and a Borel Γ-map from M^{′′} to [Γ]^{<∞}, so there is a Borel Γ-map from M_3([S_Γ ]^∗) to [Γ]^{<∞}. Thus as before, all the stabilizers of the Γ-action on M_3([S_Γ ]^∗) are finite and E^{M3([SΓ ]∗ )}_Γ is tame. ⊣

C4. Hyperbolic groups

For the definition and basic properties of hyperbolic groups, we refer the reader to [Gr], [GdlH], [CPD], [KB]. Free groups are well as finite free products of finite groups are hyperbolic. We will summarize below various facts about hyperbolic groups that we use in this paper, providing appropriate references.

Theorem C4.1 (see [GdlH, 8.37). Suppose H is a hyperbolic group and G ≤ H is a subgroup. Then one of the following holds:

(i) G is finite, (ii) G is Z-by-finite (i.e., contains an infinite cyclic subgroup of finite index),

(iii) G contains a copy of F_2.

From this, one has the following corollary, whose proof was supplied to us by Simon Thomas.

Corollary C4.2. If H is a hyperbolic group which is not amenable, then H does not contain an infinite normal amenable subgroup. In particular if H is torsion-free, it contains no non-trivial normal amenable subgroups.

Proof. Suppose N � H is an infinite normal amenable subgroup. Then, by C4.1, N contains an infinite cyclic subgroup C of finite index. We then claim that if γ ∈ H, then for some n ≥ 1, γ^n ∈ C. From this it immediately follows that H does not contain a copy of F_2, so, by C4.1 again, H is itself Z-by-finite, thus amenable, a contradiction.

To prove the claim, assume it fails, and consider the subgroup ⟨γ⟩N of H. It is amenable, so it contains an infinite cyclic subgroup ⟨δ_0⟩ of finite index. Clearly δ_0 ∉ N, say δ_0 = γ^{n0} g_0, where n_0 ≠ 0, g_0 ∈ N. Then δ^k_0 = γ^{n0k}g_k, for some g_k ∈ N. So ⟨δ_0⟩ ∩ N = {1}, and thus ⟨δ_0⟩ has infinite index in N, a contradiction. ⊣

If H is hyperbolic, we denote by ∂H its boundary, a compact, metrizable space. The group H acts continuously on ∂H. We summarize below the relevant for us properties of this action and the induced action on M_{≤2} (∂H) and M_3(∂H).

Theorem C4.3. Suppose H is hyperbolic.

i) (See [KB, 4.2] and the proof of C2.2, ii)) If γ ∈ H is torsion-free, then γ fixes exactly two elements of ∂H. In particular, if H is torsion-free, the set of elements of ∂H with non-trivial stabilizers is countable and if we consider the action of H on the set of elements of M_{≤2} (∂H) with non-trivial stabilizer, the corresponding equivalence relation is tame.

ii) (Adams [Ad94, 5.1], [Ad96, 3.3 and 3.7]) The action of H on ∂H has associated equivalence relation E^{∂H}_H which is μ-hyperfinite for every measure μ on ∂H, and all the stabilizers are amenable (therefore cyclic-by-finite). Similarly, for the action of H on M_{≤2} (∂H), the associated equivalence relation E^{M≤2 (∂H)}

H is λ-hyperfinite for every measure λ on M_{≤2} (∂H) and all the stabilizers are amenable.

iii) (See [Ad96, 5.3]) The action of H on M_3(∂H) has finite stabilizers and the corresponding equivalence relation E^{M3(∂H)}_H is tame.

Corollary C4.4. Every hyperbolic group is near-hyperbolic.

Appendix D. K-Structured equivalence relations

We use the terminology and notation of [JKL, Section 2.5]. For L a countable relational language and K a class of countable L-structures, closed under isomorphism, we refer to a countable Borel equivalence relation E on X together with a Borel assignment to each E-class C of a structure A_C = ⟨C, . . . ⟩ ∈ K as a K-structured equivalence relation. We denote this by (E, A_C )_{C∈X/E}. If E admits such (E, A_C )_{C∈X/E}, we call E K-structurable.

We now review some notions from Gaboriau [Ga01].

Suppose E is a countable Borel equivalence relation on X. An E-space consists of:

i) A standard Borel space U and a surjective Borel map π : U → X with each fiber π^{−1} ({x}) countable. The triple (X, U, π) is called a standard fiber space over X.

ii) A Borel map which assigns to each (x, y) ∈ E and u ∈ U with u ∈ π^{−1} ({y}), an element (x, y) · u ∈ π^{−1} ({x}) such that if xEyEz, then for any u ∈ π^{−1} ({z}), (x, y) · ((y, z) · u) = (x, z) · u, and for any x ∈ X, u ∈ π^{−1} ({x}), (x, x) · u = u.

Notice that, for each fixed xEy, the map u → (x, y) · u is a bijection of π^{−1} ({y}) with π^{−1} ({x}) with inverse v → (y, x) · v and (by definition) u → (x, x) · u is the identity on π^{−1} ({x}).

Define the following equivalence relation R^U_E on U:

uR^U_E v ⇔ ∃(x, y) ∈ E[(x, y) · u = v].

Thus the R^U_E -class of u is the E-orbit {(x, y) · u : (x, y) ∈ E, π(u) = y} of u. Clearly R^U_E is a countable Borel equivalence relation on U. If R^U_E is tame, i.e., admits a Borel transversal, we call the E-space U tame (or discrete according to Gaboriau).

A K-structured standard fiber space consists of a standard fiber space (X, U, π) together with a Borel assignment x → A_x = ⟨π^{−1} ({x}), . . . ⟩ ∈ K. A K-structured E-space consists of an E-space (X, U, π) such that (X, U, π) is K-structured and for each (x, y) ∈ E the map u → (x, y)·u is an isomorphism of A_y with A_x.

Proposition D.1. Let E be countable Borel equivalence relation on X. Then the following are equivalent:

(i) E admits a tame K-structured E-space.

(ii) E can be Borel reduced to a K-structurable countable Borel equivalence relation.

Proof. (i)⇒(ii): Let (X, U, π), (A_x)_{x∈X} be a tame K-structured E-space. Let Y be a Borel transversal for R^U_E .

Define the following equivalence relation F on Y

uF v ⇔ π(u)Eπ(v).

First we claim that E ≤_B F :

Let {g_n} be a countable set of Borel functions such that xEy ⇔ ∃n(g_n(x) = y). Let also h : X → U be a Borel function with h(x) ∈ π^{−1} ({x}). Given now x ∈ X, let n(x) be the least n such that (g_n(x), x) · h(x) ∈ Y . Put f(x) = (g_{n(x)}(x), x) · h(x). Then clearly xEy ⇔ f(x)F f(y).

So it is enough to show that F is K-structurable. Fix an F -equivalence class C ⊆ Y , in order to assign, in a Borel way, a structure B_C = ⟨C, S^{BC} ⟩_{S∈L} ∈ K. Fix S ∈ L, an n-ary relation symbol. All π(u), u ∈ C, are in the same E-class D, so choose an element x_0 ∈ D. Given now u_1, . . . , u_n ∈ C, consider π(u_i) = x_i, i = 1, . . . , n and v_i = (x_0, x_i) · u_i ∈ π^{−1} ({x_0}). Put

(u_1, . . . , u_n) ∈ S^{BC} ⇔ (v_1, . . . , v_n) ∈ S^{Ax0} .

It only remains to show that this definition is independent of the choice of x_0 ∈ D. Suppose another x^′_0 ∈ D was chosen. Let v^′_i = (x^′_0, x_i) · u_i ∈ π^{−1} ({x^′_0}). We have to show that

(v_1, . . . , v_n) ∈ S^{Ax0} ⇔ (v^′_1, . . . , v^′_n) ∈ S^{Ax′}0 .

For that is enough to check that (x^′_0, x_0) · v_i = v^′_i, i = 1, . . . n. But this is clear as

(x^′_0, x_0) · v_i = (x^′_0, x_0) · (x_0, x_i) · u_i = (x^′_0, x_i) · u_i = v^′_i.

Remark. What is really shown here is that (in the obvious sense) U/R^U_E is K-structurable. The tameness of R^U_E is only used to guarantee that this is a standard Borel space.

(ii)⇒(i): Let (F, B_C )_{C∈Y/F} be a K-structured countable Borel equivalence relation on Y . Let also f : X → Y be Borel with

xEy ⇔ f(x)F f(y).

Let U ⊆ X × Y be defined by (x, y) ∈ U ⇔ yF f(x).

Let for (x, y) ∈ U, π(x, y) = x. Clearly (X, U, π) is a standard fiber space. Given x ∈ X, define A_x = ⟨π^{−1} ({x}), S^{Ax} ⟩_{S∈L} = ⟨{x} × [f(x)]_F , S^{Ax} ⟩_{S∈L} as follows: Given (x, y_1), . . . , (x, y_n) ∈ π^{−1} ({x}), let S^{Ax} ((x, y_1), . . . , (x, y_n)) ⇔ (y_1, . . . , y_n) ∈ S^{BC} , where C = [f(x)]_F . Thus (x, y) → y is an isomorphism between A_x and B_{[f(x)]F} .

We finally define the E-action on this fiber space: Given (x_1, x_2) ∈ E and (x_2, y) ∈ π^{−1} ({x_2}), let (x_1, x_2) · (x_2, y) = (x_1, y).

Clearly u → (x_1, x_2) · u is an isomorphism from A_{x2} to A_{x1} , so the only thing we need to check is that this E-space is tame. But clearly for (x_1, y_1), (x_2, y_2) ∈ U, (x_1, y_1)R^U_E (x_2, y_2) ⇔ y_1 = y_2.

(Notice that (x_1, y_1), (x_2, y_2) ∈ U, y_1 = y_2, imply that f(x_1)F f(x_2), thus (x_1, x_2) ∈ E). So R^U_E is indeed tame. ⊣ We note next the following fact.

Proposition D.2. Suppose E ⊆ F are countable Borel equivalence relations. If F admits a tame K-structured space, so does E.

Corollary D.3. If E ⊆ F are countable Borel equivalence relations and F can be Borel reduced to a K-structurable countable Borel equivalence relation, so can E.

Proof of Proposition D.2. Let (X, U, π), (A_x)_{x∈X} be a smooth Kstructured F -space. The restriction of the F -action to E clearly gives a K-structured E-space and it only remains to show that it is tame, i.e., R^U_E is tame. But note that R^U_E ⊆ R^U_F and R^U_F is a countable tame equivalence relation, thus so is R^U_E . ⊣

Of particular interest to us in this paper is the class K_m of m-dimensional contractible (abstract) simplicial complexes (see, e.g., [L, p. 96]). A simplicial complex consists of a non-empty countable set A and for each k = 1, 2, . . . , a collection S_k of nonempty subsets of A of cardinality k + 1, such that letting S_0 = A, we have that every k element subset of any B ∈ S_k is in S_{k−1} . The elements of S_k are called the k-simplexes of the simplicial complex. If there is a largest m such that S_m ≠ ∅, we say that the simplicial complex is m-dimensional. An m-dimensional complex ⟨A, S_k⟩_{k=1,2,...,m} can be represented as a structure A in the countable language L_m = {R_1, . . . , R_m} where R_i is an (i + 1)-ary relation symbol, by letting

A = ⟨A, R^A⟩_{i=1,...,m},

where R^A_i (a_0, . . . , a_i) ⇔ {a_0, . . . , a_i} ∈ S_i.

We say that a simplicial complex is contractible if its geometric realization, (see, e.g., [L, p. 98]) is contractible. We denote by K_m the class of m-dimensional contractible simplicial complexes. (For m = 0, K_0 consists of the trivial structures with one element and no relations.) A one-dimensional contractible simplicial complex is simply a tree (see, e.g., [Ma, Section 6.4], thus K_1 can be identified with the class T of trees.

Using the concept of a product of simplicial complexes (see, e.g., [EDM2, p. 262]), one can see that if E_1, . . . , E_m are equivalence relations, where each E_i is induced by a free Borel action of F_2, then E_1 × · · · × E_m is K_mstructurable.

Appendix E. Proof of the general case of Theorem 4.4

E.1 Amenable classes of structures

In what follows we will adopt the convention that whenever we consider a class of structures C we have in mind that they are all on the fixed set N.

We say that a Borel class of structures C, closed under isomorphism, is essentially countable if (∼= |C) ≤_B E_∞;

that is to say, if its isomorphism relation is Borel reducible to the universal countable Borel equivalence relation of [DJK], or equivalently, there is some countable Borel equivalence relation to which it is reducible. We say that a class of countable structures C is measure amenable if there is an assignment M → φ_M of means on N to structures in C such that whenever π : M ∼= N is an isomorphism, then φ_N ∘ π = φ_M, and moreover the map Φ : C × [−1, 1]^N → [−1, 1] given by (M, f) → φ_M(f) is universally measurable.

For example: Assume the Continuum Hypothesis, and let C be the structures M on N which are isomorphic to (Z, <, P ), the integers under the usual ordering, equipped with some unary predicate P ⊆ Z which will depend on the particular M ∈ C. For each M ∈ C, we can, in a Borel manner, choose an isomorphism ψ : M ∼= Z, and then, for each n, let φ_{M,n} : [−1, 1]^M → [−1, 1] f → 1 2n + 1 i=n�

i=−n

f(ψ^{−1} (i)).

Using Christensen, Mokobodzki, as in 0F, we may find a universally measurable shift-invariant mean φ on N and for each M let φ_M(f) = φ(n → φ_{M,n}(f)).

We have to face up to the fact that C may be measure amenable without being essentially countable: For instance, consider the class C of the models of [Mak], consisting of isomorphic copies of expansions of (N · Z, <^{lex}); as discussed in [Hj00a], this isomorphism relation is far from essentially countable, but if we assume CH then we can, in parallel to the example above, show that it is measure amenable.

The counterexamples can get worse. The class C of countable structures may be amenable and essentially countable, without ∼=|C being Borel reducible or universally measurably reducible to an amenable countable Borel equivalence relation. If we take any class of structures B whatsoever and replace it by C = {M ⊔ ⟨Z, <⟩ : M ∈ B} (appropriately coded as structures on N) then, under CH, we may assign suitably invariant means by concentrating on the ⟨Z, <⟩, while maintaining (∼= |B) ≤_B (∼= |C). This difficulty is the subject of the lemmas below. Under suitable assumptions, we do indeed obtain that essential countability will entail reduction to an amenable countable Borel equivalence relation.

The second problem is that without CH there is no known way to obtain any examples of measure amenable structures. This we will bypass by the now standard metamathematical trick. As mentioned in the course of 4.4, the statements being proved are all projective, and this licenses the use of CH. The next lemma is implicit in [HK].

Lemma E1.1. Let C be a class of structures with

θ : C → X_∞

witnessing that (∼= |C) ≤_B E_∞. Then we may find a countable Borel equivalence relation F on a standard Borel Y with γ : C → Y witnessing (∼= |C) ≤_B F , and we may, in a Borel manner, assign to each M ∈ C a pair (A_M, ρ_m) such that

(a) A_M ⊆ � n M^n;

(b) ρ_M : A_M → Y ;

(c) M → (A_M, ρ_M) is ∼=-invariant, in the sense that if π : M ∼= N then

π(A_M) = A_N ,

ρ_M = ρ_N ∘ π;

(d) ρ_M(⃗a)F γ(M), for all ⃗a ∈ A_M;

(e) Y equals the range of γ;

(f) there is Borel ψ : Y → C such that ψ(γ(M)) ∼= M, for all M ∈ C.

Proof. Following [HK], we may find a countable fragment F ⊆ L_{ω1,ω} such that for each M ∈ C there will be some ⃗a ∈ M^{<N} such that ⟨M,⃗a⟩ is F-atomic. The following are all routine consequences of the definition of atomicity:

(i) the set {⟨M,⃗a⟩ : ⟨M,⃗a⟩ is F-atomic } is Borel;

(ii) in a given fragment F_n = F(c_1, ..., c_n) (where c_1, ..., c_n are fresh constant symbols), the collection of T ⊆ F_n which are complete and admit an atomic model is Borel;

(iii) for each T as in (ii) we may in a Borel way choose some ⟨M,⃗a⟩ with ⟨M,⃗a⟩ |= T .

Given these facts, we let

A_M = {⃗a : ⟨M,⃗a⟩ is F−atomic},

ρ_M(⃗a) = Th_F (⟨M,⃗a⟩),

Y = {Th_F (⟨M,⃗a⟩) : ⃗a ∈ A_M, M ∈ C};

for each T ∈ Y we choose in a Borel manner M ∈ C using (iii) and let this be ψ(T ); we set T_1F T_2 if ψ(T_1) ∼= ψ(T_2); and we let γ(M) = ρ_M(⃗a), for ⃗a the first tuple, in the lexicographic ordering on N^{<N}, with ⃗a ∈ A_M. ⊣

Lemma E1.2. Let C be a measure amenable class of countable structures, and suppose that for all M ∈ C and a ∈ M,

M |= ∀b � t a term

t(a) = b;

that is to say, the algebraic closure of any a ∈ M is the whole structure.

Then ∼= |C is Borel bireducible to a measure amenable countable Borel equivalence relation.

Proof. It is easily seen, and observed in the course of [HK], that, since structures in C are finitely generated, ∼= |C is essentially countable. Thus E1.1 applies and, using its notation, we will show that F is measure amenable.

Let (t_i)_{i∈N} be some fixed enumeration of terms. Define for each M ∈ C

σ_M : M → A_M, by σ_M(a) = (t_{i(1)}(a), t_{i(2)}(a), ..., t_{i(n)}(a)),

where the sequence i(1), i(2), ..., i(n) is chosen of least length and then lexicographically least so that

(t_{i(1)}(a), t_{i(2)}(a), ..., t_{i(n)}(a)) ∈ A_M.

Clearly, M → (A_M, σ_M) is isomorphism invariant.

To see that F is measure amenable, notice that each F -class D is of the form {Th_F (⟨M,⃗a⟩) : ⃗a ∈ A_M}, for some M ∈ C, and that if it is also equal to {Th_F (⟨N ,⃗b⟩) : ⃗b ∈ A_N } for some N ∈ C, then M ∼= N .

We define a mean ψ_D on D as follows. Fix a universally measurable assignment M → φ_M that verifies that C is measure amenable. Then given f ∈ ℓ_∞(D), put

ψ_D(f) = φ_M(a ∈ M → f(Th_F (⟨M,⃗a⟩))).

Using the invariance properties of φ_M, it is easy to see that ψ_D is welldefined, i.e., independent of the choice of M. The verification of universal measurability is routine. ⊣

Remark. A similar argument works if we replace the hypothesis that the algebraic closure of each a ∈ M is the whole structure, by the hypothesis that, for some n, the algebraic closure of each ⃗a ∈ M^n is the whole structure.

E2. The factoring lemma

We prove here the general case of 4.4.

Lemma E2.1 Let Γ and H = H_1 × H_2 × . . . H_n be countable groups acting by Borel transformations on standard Borel spaces X and Y , resp., with the H acting freely, and let ρ : X → Y

be a Borel homomorphism of E^X_Γ to E^Y_H with

α : X × Γ → H

the associated cocycle, and

α_i = p_i ∘ α : X × Γ → H_i the induced cocycle for the various H_i.

Suppose that for each i ≤ n we have either: (i) α_i maps into an amenable subgroup of H_i, or (ii) there is a hyperfinite equivalence relation E_i on some standard Borel Z_i and a Borel homomorphism ρ_i : X → Z_i from E^X_Γ to E_i with the property that for all x ∈ X, γ ∈ Γ

ρ_i(γ · x) = ρ_i(x) ⇔ α_i(γ, x) = 1.

Then there is a countable Borel equivalence relation F̂ on Ẑ, such that ρ factors through F̂ and F̂ is μ̂-hyperfinite for any measure μ̂ on Ẑ.

Proof. We may as well assume that n = 2, H_1 is amenable, and that there is a Borel homomorphism

(ρ_2 =)ρ^′ : X → Z(= Z_2)

from E^X_Γ to some hyperfinite F (= E_2) with the additional property that for all x ∈ X, γ ∈ Γ ρ^′(γ · x) = ρ^′(x) ⇔ α_2(γ, x) = 1.

We make the further harmless assumption that each ρ^′([x]_Γ ) is infinite; the case for those which are finite can be dealt with separately using an argument which is similar to and somewhat easier than the one below.

Since hyperfinite equivalence relations are induced by Z-actions (see [DJK], [JKL]), we may in a Borel fashion assign

z →<_z,

where each <_z is a linear order of order type Z on [z]_F with the invariance property that z_1F z_2 ⇒<_{z1} =<_{z2} .

We then write xR_ℓx^′

if ρ^′(x)F ρ^′(x^′) and ρ^′(x), ρ^′(x^′) are exactly ℓ many places apart in the linear order <_ρ′_{(x)}=<_ρ′_{(x}′_) restricted to ρ^′([x]_Γ ). In other words, if there are x_0, x_1, . . . , x_ℓ ∈ [x]_Γ with x_0 = x,

x_ℓ = x^′, ρ^′(x_0) = ρ^′(x), ρ^′(x_ℓ) = ρ^′(x^′), each ρ^′(x_i) <_ρ′_{(x)} ρ^′(x_{i+1}) and for all u ∈ [x]_Γ with

ρ^′(x_0) <_ρ′_{(x)} ρ^′(u) <_ρ′_{(x)} ρ^′(x_ℓ)

there will be some i with ρ^′(x̂) = ρ^′(x_i).

This definition makes sense for ℓ ≥ 0, and we can extend it in the natural way to ℓ < 0 by setting x^′R_ℓx if xR_{(−ℓ)} x^′.

We will build a measure amenable class of structures C and then a class of expansions D. We will show that ρ factors through ∼= |D and then appeal to E1.2 to argue that ∼= |D is Borel bireducible to a measure amenable countable Borel equivalence relation.

The language for C will have unary functions (F_ℓ)_{ℓ∈Z}, (F̂_h)_{h∈H1} , and an equivalence relation E^∗. The structures in C are those structures on N that satisfy:

(i) ∀a([a]_E∗ = {F̂_h(a) : h ∈ H_1}); for all h_1, h_2 ∈ H_1, F̂_{h1} ∘ F̂_{h2} = F̂_{h1+h2} ,

∀b(F̂_0(b) = b);

(ii) ∀a, b, � ℓ∈Z � h∈H_1

(F̂_h ∘ F_ℓ(a) = b);

(iii) for all ℓ ∈ Z, h_1, h_2, h_3, h_4 ∈ H_1,

∀a, b � h̄∈H_1

(F̂¯_h ∘ F̂_{h1} ∘ F_ℓ ∘ F̂_{h2} (a) = F̂_{h3} ∘ F_ℓ ∘ F̂_{h4} (a));

(iv) ∀a � h∈H_1

(F̂_h(a) = F_0(a));

(v) for all ℓ_1, ℓ_2 ∈ Z, ∀a � h∈H_1

(F̂_h ∘ F_{ℓ1+ℓ2} (a) = F_{ℓ1} ∘ F_{ℓ2} (a)).

In essence, (i) states that the {F̂_h : h ∈ H_1} act transitively on each E^∗- equivalence class, and that the action respects the group structure suggested by H_1. (ii) states in particular that the algebraic closure of any point is the whole structure. (iii)-(v) state that in essence that Z, via the assignment ℓ → F_ℓ, acts on the structure’s collection of all E^∗ equivalence classes.

We will in fact see that this class of structures is not only measure amenable but “2-amenable” in the sense of [JKL].

We begin with a Følner sequence (D_n)_{n∈N} for H_1. For n ∈ N, M ∈ C, a ∈ M, we first let f^{a,M}_n = 1 |D_n|

1_{{Fh(a):h∈Dn}};

that is to say, f^{a,M}_n (b) equals 1/D_n if there exists h ∈ D_n with M |= F̂_h(a) = b, and equals zero otherwise. We iterate and define for each n, m,

f^{a,M}_{n,m} : M → [0, 1]

f^{a,M}_{n,m} = 1 2m + 1 ( � ℓ∈[−m,m]

f^{Fℓ(a),M} n ).

For each M ∈ C and a, b ∈ M with aE^∗b, it follows from (i) and the properties of the Følner sequence that

lim_{n→∞}||f^{a,M}_n − f^{b,M}_n ||_{ℓ1} → 0,

and then by (ii) we have that for all a, b ∈ M,

lim_{m→∞}(lim_{n→∞}||f^{a,M}_{n,m} − f^{b,M}_{n,m} ||_{ℓ1} ) → 0.

We massage this into the form required by [JKL, 2.5] by recalling that each M ∈ C has N = {0, 1, 2, 3, . . . } as its underlying set, and letting

f^M_{n,m} = f^{0,M}_{n,m} ,

and thereby obtain that C is 2-amenable. It then follows that we can integrate against an invariant universally measurable mean to obtain that C is measure amenable (see [Ke91], [JKL], or the example at the start of E.1).

The class D arises by expanding the structures in C through the addition of fresh unary predicates, (U_n)_{n∈N}. For this purpose let us fix a countable Borel separating family (B_n)_{n∈N} for Y . To each M ∈ C and function

σ : M → Y

we associate the structure M^σ which includes the language of C, on which it behaves just like M, but interprets the fresh unary predicates by obeying the dictate that (N^σ |= U_n(a)) ⇔ σ(a) ∈ B_n.

We let D be the collection {M^σ |M ∈ C, σ : M → Y }. These satisfy the assumptions of E1.2 and so it suffices to show that ρ factors through ∼= |D.

For each x, we define a pair n_x, σ_x : N_x → Y .

The underlying set of N_x will be the set of pairs (ℓ, y) such for some u ∈ [x]_Γ we have

(a) xR_ℓu;

(b) yE_{H1} ρ(u). We set (ℓ, y)E^∗(ℓ̄,ȳ)

if and only if ℓ = ℓ̄. We naturally enough define the F̂_h functions as suggested by the action of H_1, so that

F̂_h(ℓ, y) = (ℓ, h · y).

The F_ℓ functions require more care.

First fix an enumeration (h̄_i)_{i∈N} of H_1 × H_2. Then let

F_ℓ((y, ℓ̄)) = (h̄_{i0} · y, ℓ +ℓ̄),

where i_0 is least such that for some u ∈ [x]_Γ we have

xR_{ℓ+}¯_ℓu,

(h̄_{i0} · y)E_{H1} ρ(u).

We then, in the most obvious way possible, define

σ_x : N_x → Y

(ℓ, y) → y.

In a Borel manner it is possible to choose for each x a bijection π_x : N ∼= {(ℓ, y) : ℓ ∈ Z, ∃u ∈ [x]_Γ (yE_{H1} ρ(u), xR_ℓu)}, and we finish the definition by letting N^∗_x be the copy on N of N_x provided by π_x and then setting M_x = (N^∗_x )^{σ x∘π x} .

Claim (I): If u_1, u_2 ∈ [x]_Γ with xR_ℓu_1, xR_ℓu_2, then [ρ(u_1)]_{H1} = [ρ(u_2)]_{H1} .

Proof of claim: Fix γ ∈ Γ with γ ·u_1 = u_2. It follows from the definition of R_ℓ that ρ^′(u_1) = ρ^′(u_2), and hence α_2(γ, u_1) = 1 ∴ α(γ, u_1) ∈ H_1 × {1} ∴ [ρ(u_1)]_{H1} = [ρ(u_2)]_{H2} . (⊣Claim) Claim (II): For any x ∈ X we have N^∗_x in C.

Proof of claim: Appealing to Claim (I), we have {y : (ℓ, y) ∈ N_x} is an H_1-equivalence class for any ℓ ∈ Z. This quickly implies (i) in the definition of C. (ii) follows from the careful choice of the F_ℓ functions. For (iii)-(v) we observe that the E^∗-equivalence classes are arranged into a Zchain by {xR_ℓ(·) : ℓ ∈ Z} and that the action of the F_ℓ functions respects that ordering. (⊣Claim) Claim (III): M_{x1} ∼= M_{x2} ⇒ ρ(x_1)E_H ρ(x_2).

Proof of claim: Since the functions σ_{x1} ∘ π_{x1} and σ_{x2} ∘ π_{x2} must have a point in common. (⊣Claim)

Claim (IV): x_1E^X_Γ x_2 ⇒ M_{x1} ∼= M_{x2} .

Proof of claim: If x_1E^X_Γ x_2, then we can find some ℓ̂ with x_1R^_ℓx_2, and hence for all ℓ x_1R_{ℓ+}^_ℓ(·) = x_2R_ℓ(·).

We simply define an isomorphism ψ : N_{x1} ∼= N_{x2} by ψ(ℓ, y) = (ℓ − ℓ̂, y).

This isomorphism clearly intertwines σ_{x1} and σ_{x2} . (⊣Claim) Thus ρ factors through ∼= |D. By E1.2, we have that ∼= |D is Borel bireducible to a measure amenable countable Borel equivalence relation, which by [CFW] will be μ̂-hyperfinite for all measures μ̂. ⊣

References

[Ad88] S. Adams, Indecomposability of treed equivalence relations, Israel J. Math., 64(3), 362–380, 1988.

[Ad94] S. Adams, Boundary amenability for word hyperbolic groups and an application to smooth dynamics of simple groups, Topology, 33(4), 765–783, 1994.

[Ad94a] S. Adams, Indecomposability of equivalence relations generated by word hyperbolic groups, Topology, 33, 785–798, 1994.

[Ad95] S. Adams, Some new rigidity results for stable orbit equivalence, Ergod. Th. and Dynam. Syst., 15, 209–219, 1995.

[Ad96] S. Adams, Reduction of cocycles with hyperbolic targets, Erg. Th.

and Dynam. Sys., 16, 1111–1145, 1996.

[Ad02] S. Adams, Containment does not imply Borel reducibility, Set Theory, S. Thomas (Ed.), DIMACS Series, 58, Amer. Math. Soc., 1–23, 2002.

[AK] S. Adams and A.S. Kechris, Linear algebraic groups and countable Borel equivalence relations, J. Amer. Math. Soc., 13(4), 909–943, 2000.

[AL] S. Adams and R. Lyons, Amenability, Kazhdan’s property and percolation for trees, groups, and equivalence relations, Israel J. Math., 75, 341–370, 1991.

[BK] H. Becker and A.S. Kechris, The Descriptive Set Theory of Polish Group Actions, London Math. Society Lecture Note Series, 232, Cambridge Univ. Press, 1996.

[BM] M.B. Bekka and M. Mayer, Ergodic Theory and Topological Dynamics of Group Actions on Homogeneous Spaces, London Math. Soc. Lecture Note Series, 269, Cambridge Univ. Press, 2000.

[CCJJV] P.-A. Cherix, M. Cowling, P. Jolissaint, P. Julg, and A. Valette, Groups with the Haagerup Property, Progress in Mathematics, 197, Birkhäuser, 2001.

[C] J.P.R. Christensen, Topology and Borel Structure, North-Holland Math. Studies, 10, North-Holland, 1974.

[CFW] A. Connes, J. Feldman, and B. Weiss, An amenable equivalence relation is generated by a single transformation, Erg. Th. and Dynam. Syst., 1, 431–450, 1981.

[CW] A. Connes and B. Weiss, Property T and asymptotically invariant sequences, Israel J. Math., 37, 209–210, 1981.

[CDP] M. Coornaert, T. Delzant, and A. Papadopoulos, Géométrie et théorie des groupes, Lecture Notes in Math., 144, Springer-Verlag, 1990.

[dlH] P. de la Harpe, Topics in Geometric Group Theory, Chicago Lectures in Math., Univ. of Chicago Press, 2000.

[dJR] A. del Junco and J. Rosenblatt, Counterexamples in ergodic theory and number theory, Math. Ann., 245, 185–197, 1979.

[DJK] R. Dougherty, S. Jackson, and A.S. Kechris, The structure of hyperfinite Borel equivalence relations, Trans. Amer. Math. Soc., 341, 193–225, 1994.

[D] H. Dye, On groups of measure preserving transformations, I, II, Amer. J. Math., 81, 119–159 and 85, 551–576, 1963.

[EDM2] Encyclopedic Dictionary of Mathematics, 2nd Ed., K. Itô (Ed.), MIT Press, 1996.

[F] R.H. Farrell, Representation of invariant measures, Ill. J. Math., 6, 447–467, 1962.

[FM] J. Feldman and C.C. Moore, Ergodic equivalence relations and von Neumann algebras, I, Trans. Amer. Math. Soc., 234, 289– 324, 1977.

[Fu] A. Furman, Orbit equivalence rigidity, Ann. of Math., 150, 1083– 1108, 1999.

[Ga00] D. Gaboriau, Coût des relations d’equivalence et des groupes, Invent. Math., 739, 41–98, 2000.

[Ga01] D. Gaboriau, Invariants ℓ^2 de relations d’equivalence et de groupes, preprint, 2001.

[GdlH] E. Ghys and P. de la Harpe, Sur les Groupes Hyperboliques d’après Mikael Gromov, Progress in Math., 83, Birkhäuser, 1990.

[Gr] M. Gromov, Hyperbolic groups, Essays in Group Theory, 75–263, Springer, 1987.

[Hj00a] G. Hjorth, Classification and Orbit Equivalence Relations, Math.

Surveys and Monographs, 75, Amer. Math. Soc., 2000.

[Hj00b] G. Hjorth, Wildness in the product groups, Fund. Math., 164, 1–33, 2000.

[HK] G. Hjorth and A.S. Kechris, Borel equivalence relations and classification of countable models, Ann. Pure Appl. Logic, 82, 221–272, 1996.

[JKL] S. Jackson, A.S. Kechris, and A. Louveau, Countable Borel equivalence relations, J. Math Logic, 2(1), 1–80, 2002.

[JS] V. Jones and K. Schmidt, Asymptotically invariant sequences and approximate finiteness, Amer. J. Math., 109, 91–114, 1987.

[KB] I. Kapovich and N. Benakli, Boundaries of hyperbolic groups, preprint, 2001.

[Ka] Y. Katznelson, An Introduction to Harmonic Analysis, Dover, 1976.

[Ke91] A.S. Kechris, Amenable equivalence relations and Turing degrees, J. Symb. Logic, 56, 182–194, 1991.

[Ke95] A.S. Kechris, Classical Descriptive Set Theory, Springer-Verlag, 1995.

[Ke99] A.S. Kechris, New directions in descriptive set theory, Bull. Symb.

Logic, 5(2), 161–174, 1999.

[Ke01] A.S. Kechris, Lectures on costs of equivalence relations and groups, preprint, 2001.

[L] J.M. Lee, Introduction to Topological Manifolds, Springer, 2000. [Lev] G. Levitt, On the cost of generating an equivalence relation, Erg.

Th. and Dyn. Syst., 15, 1173–1181, 1995.

[LR] V. Losert and H. Rindler, Almost invariant sets, Bull. London Math. Soc., 13, 145–148, 1981.

[LS] R.C. Lyndon and P.E. Schupp, Combinational Group Theory, Springer 2001.

[M] W.S. Massey, Algebraic Topology: An Introduction, Springer, 1967. [Mak] M. Makkai, An example concerning Scott heights, J. Symb. Logic, 46, 301–318, 1981.

[Ma77] G.A. Margulis, Discrete groups of motions of manifolds of nonpositive curvature, Amer. Math. Soc. Transl., 109, 33-45, 1977.

[Ma77a] G.A. Margulis, Arithmeticity of irreducible lattices in semisimple groups of rank greater than 1, Appendix to Russian translation of M. Ragunathan, Discrete subgroups of Lie groups, Mir, Moscow (1977), in Russian.

[Mo] G.D. Mostow, Strong rigidity of locally symmetric spaces, Ann. of Math. Studies, 78, Princeton Univ. Press, 1973.

[MS02] N. Monod and Y. Shalom, Cocycle superrigidity and bounded cohomology for negatively curved spaces, preprint, 2002.

[MS02a] N. Monod and Y. Shalom, Orbit equivalence rigidity and bounded cohomology, preprint, 2002.

[OW] D. Ornstein and B. Weiss, Ergodic theory of amenable group actions, I, The Rohlin Lemma, Bull. Amer. Math. Soc., 2, 161–164, 1980.

[P] K.R. Parthasarathy, Probability Measures on Metric Spaces, Academic Press, 1967.

[Po] S. Popa, private communication, 2001.

[Ra] M. Ratner, On Raghunathan’s measure conjecture, Ann. of Math., 134, 545–607, 1991.

[R] J. Rosenblatt, Uniqueness of invariant means for measurepreserving transformations, Trans. Amer. Math. Soc., 265, 623– 636, 1981.

[Ro] J.J. Rotman, An Introduction to the Theory of Groups, Springer- Verlag, 1995.

[S80] K. Schmidt, Asymptotically invariant sequences and an action of SL(2, Z) on the 2-sphere, Israel J. Math., 37, 193–207, 1980.

[S81] K. Schmidt, Amenability, Kazhdan’s Property T, strong ergodicity and invariant means for ergodic group actions, Erg. Th. and Dyn. Systems, 1, 223–236, 1981.

[S84] K. Schmidt, Asymptotic properties of unitary representations and mixing, Proc. London Math. Soc., 48, 445–460, 1984.

[SW] K. Schmidt and P. Walters, Mildly mixing actions of locally compact groups, Proc. London Math. Soc., 45, 506–518, 1982.

[SS] T. Slaman and J. Steel, Definable functions on degrees, Cabal Seminar 81–85, Lecture Notes in Math., 1333, Springer-Verlag, 37–55, 1988.

[SWW] D. Sullivan, B. Weiss, and J.B. Wright, Generic dynamics and monotone complete C^∗-algebras, Trans. Amer. Math. Soc., 295, 795–809, 1986.

[T01] S. Thomas, On the complexity of the classification problem for torsion-free abelian groups of finite rank, Bull. Symb. Logic, 7(3), 329–344, 2001.

[T02] S. Thomas, The classification problem for p-local torsion-free abelian groups of finite rank, preprint, 2002.

[T02a] S. Thomas, Some applications of superrigidity to Borel equivalence relations, Set Theory, S. Thomas (Ed.), DIMACS Series, 58, Amer. Math. Soc., 129–134, 2002.

[V] V.S. Varadarajan, Groups of automorphisms of Borel spaces, Trans. Amer. Math. Soc., 109, 191–220, 1963.

[W84] B. Weiss, Measurable dynamics, Contemp. Math., 26, 395–421, 1984.

[W00] B. Weiss, A survey of generic dynamics, Descriptive Set Theory and Dynamical Systems, Ed. by M. Foreman et al., London Math. Soc. Lecture Note Series, 277, Cambridge Univ. Press, 273–291, 2000.

[Zi78] R. Zimmer, Amenable ergodic group actions and an application to Poisson boundaries of random walks, J. Funct. Anal., 27, 350–372, 1978.

[Zi81] R. Zimmer, Orbit equivalence and rigidity of ergodic actions of Lie groups, Erg. Th. and Dynam. Syst., 1, 237–253, 1981.

[Zi84] R. Zimmer, Ergodic Theory and Semisimple Groups, Birkhäuser, 1984.

Department of Mathematics UCLA Los Angeles, CA 90095 greg@math.ucla.edu

Department of Mathematics Caltech Pasadena, CA 91125 kechris@caltech.edu