Ma 109b Geometry and Topology Winter 2010

HOMEWORK 8 SOLUTIONS

1. Note that
z5(s,0) = d/(s) + vb'(s) = t(s) + vrn(s)
Ty(s,v) = b(s)
which are linearly independent.

Along a, i.e. where v = 0, the tangent space is spanned by t(s) and b(s). Note
that o”(s) is perpendicular to these so it is geodesic.

2. a) We know that for all u,v € T,(S?) we have
< dP,(u),dP,(v) >=< u,v > .
In particular, dP, takes an orthonormal basis to an orthonormal basis, so it’s

an isometry.

b) For any 6 use the path in problem 4 of homework 7.

3. Let L : S? — S? be an isometry. Then the length of a geodesic between any
p,q € S? is preserved. But this length is the angle in R? between p and ¢ so in
particular we have that p- ¢ is preserved. Now pick an orthonormal basis in R¥.
This is sent under L to an orthonormal basis and inner products are preserved
so L is just the restriction of an orthogonal linear map.

Conversely, if L : R? — R? is an orthogonal map, then dL = L so it is an
isometry when restricted to the tangent space.

4. The geodesic curvature along the boundary is zero and each region is homeo-
morphic to a disc, so by the Gauss-Bonnet theorem we have
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Using the change of variables formula we find that the area of N(A) is
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where x : R — A is a parametrization of A and similarly for B



