
Lecture 1: Induction and the Natural numbers
Math 1a is a somewhat unusual course. It is a proof-based treatment of Calculus,

for all of you who have already demonstrated a strong grounding in Calculus at the high
school level. You may have heard complaints about the course from the upperclassmen.
How much truth is in their complaints? Is Math 1a useless for all applied work? Are
formal proofs just a voodoo in which mathematicians engage which has no impact on “the
right answers.” Mathematicians usually defend a course like Math 1a in a philosophical
vein. We are teaching you how to think and the ability to think precisely and rigorously
is valuable in whatever field one pursues. There is some truth in this idea, but one must
be humble in its application and admit that the value of being able to think does depend
somewhat on what one is thinking about. You will be learning to think about analysis,
the theoretical underpinning of the Calculus. Is that worth thinking about?

A fair description of the way I hope most of you already understand Calculus is that
you are familiar with some of the theorems of the Calculus and you know some ways of
applying them to practical problems. Why then study their proofs? Different answers
are possible. If your interest is in applying Calculus to the real world, the proofs of the
theorems have surprisingly much to say about the matter. As a scientist or an engineer,
usually data in the real world comes to you with limited measurement accuracy, not as
real numbers, but as numbers given to a few decimal places with implicit error intervals.
Nevertheless, studying the abstraction of the real numbers as we shall do in the next lecture,
tells us what we know reliably about the way in which these errors propagate. (Indeed
all of analysis concerns the estimation of errors.) Another subtler reason for the study of
theory, is that there is more to Calculus than strictly the statements of the theorems. The
same ideas from Calculus can be recycled in slightly unfamiliar settings, and if one doesn’t
understand the theory, one won’t recognize them. We will start to see this even today, in
discussing the natural numbers, and it will be a recurring theme in the course.

For the purposes of this course, the natural numbers are the positive integers. We
denote by N, the set of natural numbers.

N = {1, 2, . . . , n, . . .}.

Here on the right side of the equation, the braces indicate that what is being denoted is a
set (a collection of objects.) Inside the braces, we write what objects are in the set. The
. . . indicate that we are too lazy to write out all of the objects (there are after all infinitely
many) and mean that we expect you to guess based on the examples we’ve put in (1, 2, n)
what the rest of the objects are. An informal description of the natural numbers is that
they are all the numbers you can get to by counting, starting at 1.

Most of you have been studying the natural numbers for at least the last 13 years
of your life, based on some variant of the informal description. Indeed, most of what
you have learned about the natural numbers during your schooling has not been lies.
Mathematicians can be expected to be unsatisfied with such descriptions, however, and to
fetishize the process of writing down a system of axioms describing all the properties of the
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natural numbers. There is such a system, called the Peano axioms, but we will dispense
with listing them except for the last which details an important method of proof involving
the natural numbers, that we will use freely.

The Principle of Induction: Let {P (n)} be a sequence of statements running over
the natural numbers. (The fact that we denote the n dependence of the statement P (n)
indicates that it is a member of a sequence.) Suppose that P (1) is true and suppose that
if P (n) is true, it follows that P (n + 1) is true. Then P (n) is true for all natural numbers
n.

In case this statement of the principle of induction is too abstract, we will give a
number of examples in this lecture, indicating how it can be used. We begin by saying
however, that the principle of induction is very closely related to the informal description of
the natural numbers, namely that all natural numbers can be reached from 1 by counting.
We give an informal proof of the informal description by induction. Don’t take this too
seriously if you prefer that all your terms be defined.

Proof of informal description: Let P (n) be the statement “n can be reached from
1 by counting.” Clearly 1 can be reached from 1 by counting. So P (1) is true. Suppose
P (n) is true. Then n can be reached from 1 by counting. To reach n + 1 from n by
counting, just do whatever you did to reach n by counting and then say “n + 1”. Thus
P (n) implies P (n + 1). Thus the principle of induction says that P (n) is true for all n.
Thus we know that every natural number n can be reached from 1 by counting.

The most important statement that we will prove in this lecture using induction is the
principle of well ordering. We will use well ordering when understanding the real number
system. Instead of setting up the real numbers axiomatically, we will describe them as
they have always been described to you, as infinite decimal expansions. We will use the
well ordering principle to obtain an important completeness property of the reals: the least
upper bound property.

Well ordering principle Every nonempty set of natural numbers has a smallest
element.

Proof of well ordering principle We will prove this by proving the contrapositive:
any set A of natural numbers without a smallest element is empty. Here’s the proof: Let
A be a set of natural numbers without a smallest element. Let P (n) be the statement:
every natural number less than or equal to n is not an element of A. Clearly P (1) is true,
because if 1 were an element of A, it would be the smallest element. Suppose P (n) is true.
Then in if n + 1 were an element of A, it would be the smallest. So we have shown that
P (n) implies P (n + 1). Thus by induction all P (n) are true so that no natural number is
in A. Thus A is empty.

What is the value of a proof. Often a proof consists of an algorithm that one could
implement as a programmer. Suppose we’re presented with a set of natural numbers and
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a way of testing whether each natural number belongs to the set. To find the smallest
element, we count through the natural numbers, checking each one in turn to see if it
belongs to the set. If the set is nonempty, we are guaranteed that this algorithm will
terminate. That is the practical meaning of the above proof.

A common example to demonstrate proof by induction is the study of formulas for
calculating sums of finite series. An example with a rich history is

S1(n) = 1 + 2 + 3 + . . . + n =

n∑
j=1

j.

(Here we wrote the sum first with . . ., assuming you knew what I meant (the sum of the
first n natural numbers) and then wrote it in summation notation which is somewhat more
precise.) Legend has it that when the great mathematician Gauss was in grade school, his
teacher asked the whole class to compute S1(100), hoping to take a coffee break. Before
the teacher left the room, Gauss yelled out 5050. How did he do it? He first wrote the
sum forwards,

1 + 2 + . . . + 100.

then backwards
100 + 99 + 98 + . . . + 1.

Then he added the two sums vertically getting 101 in each column. Thus, twice the sum
is 10100. So the sum is 5050.

Applying Gauss’s idea to general n, we get

S1(n) =
n(n + 1)

2
=

(
n + 1

2

)
.

A common example of a proof by induction is to prove this formula for S1(n). We
dutifully check that

(
1+1
2

)
= 1, verifying the formula for n = 1. We assume that

(
n+1
2

)
is the sum of the first n natural numbers. Then we do a little algebra to verify that(
n+2
2

)
−
(
n+1
2

)
= n+ 1 concluding that

(
n+2
2

)
is the sum of the first n+ 1 natural numbers.

We have thus shown by induction that the formula is true for all n.

Gauss’ proof seems like a lot more fun. It tells us the answer, finding the formula for
the sum. The induction proof seems just like mumbo jumbo certifying the formula after
we already know what it is.

Before leaving Gauss’ proof, let us at least examine how it generalizes to sums of
squares. Let us consider

S2(n) = 1 + 4 + . . . + n2 =

n∑
j=1

j2.
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In order to calculate this sum, a la Gauss, it helps to have a geometric notion of the number
j2. It is in fact the number of pairs of natural numbers less than or equal to j. In set
theoretic notation

j2 = #{(l,m); l,m ∈ N, l,m ≤ j}.

Thus we can write S2(n) as the number of elements of a set of triples. Basically we use
the third component of the triple to write down which term of the sum the ordered triple
belongs to.

S2(n) = #{(j, l,m) : j, l,m ∈ N, l,m ≤ j, j ≤ n}.

Thus the number we seek, S2(n) is the number of triples of natural numbers less than or
equal to n, so that the first component is greater than or equal to the last two components.
Gauss’ trick generalizes to the following observation. For any ordered triple, one of the
components is at least as big as the other 2. This suggests we should compare 3 copies
of S2(n) to n3 which is the number of triples of natural numbers less than or equal to n.
But we have to be careful, we are counting triples where there are two components larger
than the third twice and we are counting triple where all three components are equal three
times.

Now observe that the number of triples of natural numbers less than or equal to n
with all components equal, formally

#{(j, j, j) : j ∈ N, j ≤ n}

is just equal to n, the number of choices for j. It is also easy to count triples that have
the first two components large and the third smaller. We observe that

#{(j, j, l) : j, l ∈ N, j ≤ n, l ≤ j} = S1(n).

We get this because for each j there are j choices of l, so we are summing the first n
numbers. Then like Gauss we observe that each triple with two equal components at least
as the third, has the third component somewhere. Combining all these observations we
can conclude that

n3 = 3S2(n)− 3S1(n) + n.

(Basically the first term correctly counts triples with all different components. The first
term double counts triples with two equal components and one unequal but the second
term subtracts one copy of each of these. The first term triple counts triples with all
components the same, but the second term also triple counts them, so we have to add n
to correctly account for all triples.) Since we already know the formula for S1(n), we can
solve for S2(n) and a little algebra gives us the famous formula,

S2(n) =
n(2n + 1)(n + 1)

6
,

which you may have already seen before.
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As you can imagine, the argument generalizes to the sum of kth powers.

Sk(n) =
n∑

j=1

jk.

Keeping track of k + 1-tuples with some entries the same is tricky, but the highest order
term in the formula is easy to guess. Gauss’s trick is that k+ 1-tuples with a single largest
component have that component in one of k + 1 places. So what we get is that

Sk(n) =
1

k + 1
nk+1 + lower order terms.

You guys know some calculus so this should be familiar to you as one of the most basic
facts in calculus. It encodes that the indefinite integral of xk is 1

k+1x
k+1. That’s the

same factor of 1
k+1 in both places. So what’s actually happening is that Gauss’ trick gives

you a new (and perhaps unfamiliar) way of proving this fundamental fact. What is the
way you’re used to deriving it? Basically you work through the fundamental theorem of
calculus, you know how to take derivatives and you know you have to guess a function
whose derivative is xk. (Ask yourself: how are these different proofs related?)

How does induction fit in? Let me ask an even more general question. Pick some
function f acting on the natural numbers. Define the sum

Sf (n) =
n∑

j=1

f(j).

Now, we can only calculate this by induction if we can guess an answer. Let’s consider
a guess F (n) for this sum. What has to be true for induction to confirm that indeed
Sf (n) = F (n). First we have to check that Sf (1) = f(1) = F (1). Otherwise, the formula
will already be wrong at n = 1. Then we have to check that

F (n + 1)− F (n) = Sf (n + 1)− Sf (n) = f(n + 1),

concluding that the formula being correct at n implies that the formula is correct at n+ 1.
If you stare at this for a moment, you’ll see that this is in direct analogy to the fundamental
theorem of calculus. The difference F (n + 1) − F (n) plays the role of the derivative of
F . The sum plays the role of the integral of f , to calculate the sum, you have to guess
the antiderivative. Induction here plays the role of the calculus you already know and the
unfun guess is a process you’re familiar with.

To sum up: we’ve learned today about proofs by induction. We used induction to
prove the well ordering principle. In calculating finite sums, induction plays the same role
as the fundamental theorem of calculus. I hope I’m also starting to convince you that
proofs have meaning and that we can learn surprising and interesting things by examining
their meaning. If you starting taking todays lecture overly seriously, you might conclude
that the calculus you know doesn’t need the real numbers in order to operate. It mostly
consists of algebraic processes that work on the natural numbers as well. That isn’t what
this course is about, however. Next time, we’ll begin studying the real numbers and much
of the focus of this course will be on what is special about them.
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